Sh:464

Forcing Isomorphism

Author(s): J. T. Baldwin, M. C. Laskowski and S. Shelah

Source: The Journal of Symbolic Logic, Vol. 58, No. 4 (Dec., 1993), pp. 1291-1301
Published by: Association for Symbolic Logic

Stable URL: http://www.jstor.org/stable/2275144

Accessed: 11/12/2014 15:47

Y our use of the JSTOR archive indicates your acceptance of the Terms & Conditions of Use, available at
http://www.jstor.org/page/info/about/policies/terms.jsp

JSTOR is anot-for-profit service that helps scholars, researchers, and students discover, use, and build upon a wide range of
content in atrusted digital archive. We use information technology and tools to increase productivity and facilitate new forms
of scholarship. For more information about JSTOR, please contact support@jstor.org.

Association for Symbolic Logic is collaborating with JSTOR to digitize, preserve and extend access to The
Journal of Symbolic Logic.

http://www.jstor.org

This content downloaded from 128.235.251.160 on Thu, 11 Dec 2014 15:47:13 PM
All use subject to JSTOR Terms and Conditions



http://www.jstor.org/action/showPublisher?publisherCode=asl
http://www.jstor.org/stable/2275144?origin=JSTOR-pdf
http://www.jstor.org/page/info/about/policies/terms.jsp
http://www.jstor.org/page/info/about/policies/terms.jsp

Sh:464

THE JOURNAL OF SYMBOLIC LoGIC
Volume 58, Number 4, Dec. 1993

FORCING ISOMORPHISM

J. T. BALDWIN, M. C. LASKOWSKI, AND S. SHELAH

If two models of a first-order theory are isomorphic, then they remain isomor-
phic in any forcing extension of the universe of sets. In general however, such a
forcing extension may create new isomorphisms. For example, any forcing that
collapses cardinals may easily make formerly nonisomorphic models isomorphic.
However, if we place restrictions on the partially-ordered set to ensure that the
forcing extension preserves certain invariants, then the ability to force nonisomor-
phic models of some theory T to be isomorphic implies that the invariants are not
sufficient to characterize the models of T.

A countable first-order theory is said to be classifiable if it is superstable and
does not have either the dimensional order property (DOP) or the omitting types
order property (OTOP). If T is not classifiable, Shelah has shown in [5] that sen-
tences in L, ; do not characterize models of T of power A. By contrast, in [8]
Shelah showed that if a theory T is classifiable, then each model of cardinality 4 is
described by a sentence of L, . In fact, this sentence can be chosen in the L¥. (L
is the result of enriching the language L, -+ by adding for each x4 < 4 a quantifier
saying the dimension of a dependence structure is greater than p.) Further work
([3],[2]) shows that 2% can be replaced by N,. The truth of such sentences will
be preserved by any forcing that does not collapse cardinals <4 and that adds no
new countable subsets of 4, e.g., a A-complete forcing. That is, if two models of a
classifiable theory of power 4 are nonisomorphic, they remain nonisomorphic after
a A-complete forcing.

In this paper we show that the hypothesis of the forcing adding no new count-
able subsets of A cannot be eliminated. In particular, we show that nonisomorphism
of models of a classifiable theory need not be preserved by ccc forcings. The follow-
ing definition isolates the key issue of this paper.
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0.1. DeFINITION. Two structures M and N are potentially isomorphic if there is a
ccc-notion of forcing 2 such that if G is 2-generic, then V[G] = M ~ N.

We chose to use ccc forcing as the basic notion due to their familiarity. However,
all of the forcings mentioned in this paper actually satisfy the stronger requirement
of being g-centered. A subset 2 < 2 is centered if for all {q,,...,q,} < 2 thereisa
p € 2 such that p < g, for each i. A partially ordered set 2 is g-centered if it can be
partitioned into countably many centered subsets. The reader is referred to [9,§3]
for a discussion of o-centered forcings.

In the first section will show that any theory that is not classifiable has models
that are not isomorphic but are potentially isomorphic. In the second section we
show that this phenomenon can also occur for classifiable theories. The reader may
find it useful to examine first the example discussed in Theorem 2.3.

§1. Nonclassifiable theories. We begin by describing a class (which we call
amenable) of subtrees of Q= that are pairwise potentially isomorphic. Then we use
this fact to show that every nonclassifiable theory has a pair of models that are not
isomorphic but are potentially isomorphic.

1.1. Notation. (i) We adopt the following notation for relations on subsets of
0=°. [C denotes the relation of being an initial segment; < denotes lexicographic
ordering; for o < o, lev, is a unary predicate that holds of sequences of length (level)
a; A is the operation on two sequences that produces their largest common initial
segment. We denote the ordering of the rationals by <.

(i) For ne Q, let D, = {6 € Q“: 6(2n) = y(n)} and S, = {o € D,: 6(2n + 1) is 0
for all but finitely many n}. Let C = U"EQQ, S,

(iii) The language L' (for tree) contains the symbols [, <, lev,, A, and unary
predicates F, for n € Q°.

(iv) For any 4 = C, A* denotes the L'-structure with universe 4 U Q= under
the natural interpretations of [, <, lev,, A, and with F(4*) = §, n 4.

(v) A substructure of C* is proper if it is the closure of a subset of C under A.

Note that {C, <) is isomorphic to a subordering of the reals. Since C is dense
we may assume Q is embedded in C but not necessarily in a natural way.

1.2. DEFINITION. A substructure A* of C* is amenable if for ally € 0, allne w
and all se Q" if B(C*) contains an element extending s, then P,(4*) does also.

1.3. MAIN LEMMA. If A* and B* are amenable substructures of C*, then they
are potentially isomorphic. In fact, they can be forced isomorphic by a o-centered
forcing.

Proor. Let 2 denote the set of L'-isomorphisms between finite, proper
substructures of 4* and B*, under the natural partial order of extension. For p € Z,
let supp(p) = dom(p) N Q®. Note that p|supp(p) uniquely determines p.

1.4. Claim 1. 2 is o-centered.

For p e 2 let k(p) be the least integer k such that a2n+ 1)=0 and p(a)(2n+ 1)=0
for all n such that 2n + 1 > k and all a € supp(p). Let D(p) = {a|k(p): a € supp(p)}
and R(p) = {p(a)| k(p): a € supp(p)}. Define an equivalence relation ~ on 2 by

p ~ q if and only if k(p) = k(q), D(p) = D(q), and R(p) = R(qg).

As Q=¢ is countable and supp(p) is finite, Z has only countable many ~-classes.
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We shall show that if p, g € # and p ~ g then thereisre Z such thatr < p,r <gq
and r ~ p. It follows from this that £ is o-centered.

Fix p, g € 2 such that p ~ q. Let k = k(p). Choose a € supp(p) and b € supp(qg).
We first claim that if I < k and a|l = b|l, then p(a)|! = q(b)|I. To see this, choose
Co <+ <c,_ fromsupp(p) and dy < --- < d,_, from supp(q) such that

D(p) = {co|ks-..,cr—1 | K} = {do] k..., d,_; | K} = D(q).

As < is lexicographic order, ¢;|k =d;|k for all j<r. As p, q are each L'
isomorphisms, p(co)|k <--- <plc,—,)|k and q(do)|k <--- < q(d,—,)|k, so as
R(p) = R(g), it follows that p(c;))|k = q(d;)|k for all j < r. Thus, if a|l = b]l
for some | < k, then we can find j < r such that a|l = ¢;|I and b|l = d,|l, so
p(@)|1= plc)|1 = a(d)|1 = q(b)| L

We next claim that if a|l = b|l for | > k, then again p(a)|l = q(b)|l. So choose
i,k <i< 1. We must show that p(a)(i) = q(b)(i). If i is odd, this is clear as p(a)(i) =
0 = q(b)(i) by the definition of k. If i is even, then as p and g are L’-isomorphisms,
p(@)(i) = a(i) and q(b)(i) = b(i), so p(a)(i) = q(b)(i) as required.

It follows from what we have shown that p U q is a function that is A -preserving.
To finish, it suffices to show that p U q preserves <, as then we can take r € 2 to
be the unique L'-isomorphism extending p U g with domain A4,, where A4, is the
closure of dom(p)udom(q) under A. So assume that a € supp(p), b € supp(q),
and a < b. Choose | maximal such that a|l = b|l. As < is lexicographic order,
a(l) < b(l). From above, p(a)|l = q(b)|l, so we must show that p(a)(!) < q(b)(l).
There are three cases. If | < k, choose a’ € supp(p) such that a’|k = b|k. Now as p
preserves A and <, p(a) |l = p(a’) |l and p(a)(l) < p(a’)(!). However, p(a’)(!) = q(b)(!)
from above. If [>k and [ is even, then p(a)(l)=a(l) <b(l)=q(b)(]). Finally, >k and
I odd cannot occur as then a(l)=b(l)=0 by definition of k. Thus, £ is o-centered.

To show the generic object is a map defined on all of 4%, it suffices to show that
that for any pe 2 and any ae A — supp(p) there is a g€ # with p = q and
supp(q) = supp(p) v {a}. (The argument that the range is all of B* is symmetric.)
Let {ay,...,a,y enumerate supp(p) in lexicographic order. Fix s < n with a; < a <
a,+ 1 (the other cases are similar). Let m be least such that a,|(m + 1), a|(m + 1),
@541 |(m + 1) are distinct, and let ¢ denote a|m. Suppose P,(a,), P,(a), and P(a, ).
Note that since a; < a < ag, 4, it is impossible for a, and a,, , to agree on a larger
initial segment than a and a, do. Thus, without loss of generality we may assume
that a;|m = a|m. Two cases remain.

Case 1. a|m=a|m=a,,,|m = c. Suppose mis odd. Let b, = p(a,) and b, =
p(ag+ ). Then by|m = b, ; |m and by(m) < b, ,(m). By the definition of amenability
for any r with bym) < r < by, ((m), there is a be BN S, with b|(m + 1) = c™r.
So thereis g € #, q 2 pu {{a,b)} as required.

If m is even choose any element of B N S, extending p(c) "o (m/2) to be the image
of a.

Case 2. a|m=a|m=c but a,,|m # c. Again let b;= p(a,) and b, = p(a,+,),
and denote b,|m by d. By amenability thereis a be Bn S, with b |m=d.(If mis
odd, then we require that b(m) = by(m) + 1 as well.) Any such b is less than b, ;. If
m is even, b > b, is guaranteed by a(m/2) > p(m/2); if m is odd, then b > b, by the
additional requirement on b(m).
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We deduce three results from this lemma. First, we note that there are non-
isomorphic but potentially isomorphic suborderings of the reals. Then we will show
in two stages that any countable theory that is not classifiable has a pair of models
of power 2%° that are not isomorphic but are potentially isomorphic.

1.5. THEOREM. Any two suborderings of {(C, <) that induce amenable L'-
structures are potentially isomorphic.

ProoF. Since the isomorphism we constructed in proving Lemma 1.3 preserves
levels, restricting it to the infinite sequences and reducting to < yields the required
isomorphism.

1.6. DEFINITION. Let M be an L-structure. We say that (a@,e M:ne Q=“) isa
set of L-tree indiscernibles if for any two sequences 7, v from Q=¢:

If 77 and V realize the same atomic type in (Q=; [, <,lev, A ),then{a,,,...,a, >
and {a,,,...,a,, ) satisfy the same L-type.

1.7. THEOREM. Let T be a complete unsuperstable theory in a language L. Suppose
L< L, and T < T, with |T;| < 2°. Then there are L,-structures M, M, = Ty such
that each M;| L is a model of T of cardinality 2°, M, and M, are not L-isomorphic,
but in a o-centered forcing extension of the universe M, ~;, M,.

PrROOF. We may assume that T; is Skolemized. Note there is no assumption that
T, is stable. Let M be a reasonably saturated model of T;. By [4, VI1.3.5(2)] there
are L-formulas ¢;(X, y) for i € w and a tree of elements {a, € M:n € Q=) such that
for any ne w, n€ Q°, and ve Q"1 if v|n = n|n, then ¢, ,(a,,a,) if and only if
v C #. By [4, VIL3.6(3)] (applied in L,!) we may assume that {(a,e M:ne Q=)
is a collection of L,-tree indiscernibles.

Let Y =<a,e M:ve Q). For neQ®, let p, be the type over Y containing
¢>n+ 1(56; &‘nln’“r](n)) A _|¢n+ 1(2’ a_rlln‘r,(n)+ 1) forall ne w.

Now a direct calculation from the definition of tree indiscernibility shows

Claim. For any i € Q“ and any Skolem term f, if f(a,,,...,a,,) realizes p,, then
some #; = v.

Let M, be the Skolem hull of C' = Yu {a,: n e C}, where C is chosen as in
1.1. Since Y is countable, there are at most 2™ embeddings of Y into M,; let
f, for n e Q® enumerate them. For € Q®, define b, € S, by b,(2n) = n(n) and
b,(2n + 1) = O0for all n € w.

Let A = U"EQQ, S, where §} =S, — {b"} if M, realizes f (p, ) and S, =S5, if
M, omits f,(ps,)-

It is easy to check that A* = C* is amenable. Let M, be the Skolem Hull of
A =Yula,ne A}

Since A* and C* are amenable, there is a ccc-forcing notion 2 such that V[G] k=
A* ~ C*. Since A’ and C’ are sets of L;-tree indiscernibles, the induced map is an
L,-isomorphism. Thus, V[G] = M, =, M,. Thus, we need only show that M,
and M, are not isomorphic in the ground universe. Suppose h were such an isomor-
phism. Choose 1 € Q° such that h|Y = f,. Now if b, € 4 the construction of A4
guarantees that M, omits f,(p,, ) = h(p,,), but a, realizes p,, in M;. On the other
hand, if b, ¢ A4, then by the claim, M, omits p,, , but M, realizes f,(ps,)-

We now want to show the same result for theories with DOP or OTOP. We
introduce some specialized notation to clarify the functioning of DOP.

1.8. Notation. For a structure M elementarily embedded in a sufficiently satu-
rated structure M*, b from M, and @ from M*, dim(a, b, M) is the minimal cardi-
nality of a maximal, independent over b, set of realizations of stp(@/b) in M. For

N
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models M of superstable theories, if dim(a, b, M) is infinite, then it is equal to
the cardinality of any such maximal set. For p(X,¥) € S() and b from M, let
d(p(x; b); M) = sup{dim(a’, b, M): tp(a’/b) = p}.

1.9. LEMMA. If a complete, first-order, superstable theory T of cardinality A has
DOP, then there is a type p(v,u, X, y) such that for any cardinal k there is a model M
and a sequence {a,:a € k} from M such that for all «, f €k and all ¢ from M,
d(p(v; ¢, @y, ag); M) < A" and

1) (u e M)[d(p(v; 4, a,,az); M) = A"] if andonlyif o <§p.

Proor. This is the content of condition (st 1) [8, p. 517]. (As for any infinite
indiscernible I there is a finite J < I such that if d e I\ J, then tp(d, | )J) is a station-
ary type and Av(I, | JI) is a nonforking extension of it).

1.10. PROPOSITION. Suppose |L| = 4 and T is a superstable L-theory with either
DOP or OTOP. There is an expansion T, 2 T, |T;| = A* such that T, is Skolemized,
and an L-type p (p = p(v,u4,X,¥) if T has DOP, p = p(v,X,y) if T has OTOP) such
that v, 4, X, y are finite, lgx = lgy and for any order type (I, <) there is a model
M, of T, and a sequence {a;: i € I} from M, of L,-order indiscernibles such that

(a) M is the Skolem Hull of {a;:iel};

(b) If T has DOP, then for all i, j € I,

(3a e M)Ld(p(; 4, @, a@); My) > 271 if and only if i< j;

(©) If T has OTOP, then for all i, j € I, M, = (0)p(v, a;, a;) iff i <, j.

PrROOF. Let k be the Hanf number for omitting types for first-order languages
of cardinality A*. If T has OTOP, then by its definition (see [8, XII §4]) there is
amodel M of T and sequence {a,: « € k} of finite tuples from M and type p(7, X, y)
such that M = (30)p(v, a,, ap) iff « < B.

By Lemma 1.9 when T has DOP we can find a model M of T, a sequence
{@,: o € k}, and a type p(v,4,X, y) so that d(p(v; ¢, a,,a;); M) < A" for all o, f ek
and ¢ and (3u € M) [d(p(v; u, a,, ap); M) = A" ] if and only if a < f.

Let L, be a minimal Skolem expansion of L. That is, L, is a minimal expansion
of L such that there is a function symbol Fy(y) € L, for each formula ¢(x, y) € L,.
Let M, be any expansion of M satisfying the Skolem axioms Vy[(3x)d(x,y) —
d(F,(¥),y)], and let T, = Th(M,). Without loss of generality A* + 1 = M,.

From now on assume we are in the DOP case as the OTOP case is similar
and does not require a further expansion of the language (i.e, take L, = L, and
T, = T,.) Expand L, to Ly by adding relation symbols <, €, P, constants for all
ordinals less than or equal to A*, and a new function symbol f(w,,X, 7). Let M},
be an expansion of M, so that < linearly orders the a, and the set of a, is the
denotation of P. Interpret the constants and € in the natural way. For all «, f €
and all realizations d "¢ of p(5, 7, a,,a;) in My, let (Aw)f(w,¢,a,,a;) be a 1-1 map
from an initial segment of A" to a maximal, independent over ¢uU a, U ag, set of
realizations of stp(d/ca,ay).

Let L, be a minimal Skolem expansion of Ly, let M; be a Skolem expansion of
My, to an L;-structure, and let T, denote the theory of M,. So |T}| = A",

Note that if, for some ¢, the domain of (/"yw)f(w,c_,da,dﬂ) is A*, then o < . Also,
for all «, f € x and ¢ from M, the independence of the range of (Aw)f(w,c,a,,a,)
is expressed by an L,-type. Thus, M, omits the type q(v; i, X, ¥) which implies that
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p(7,u,X,7) holds, that v is independent from { f(y,%, X, ¥): y < A"} over uxy, that
P(x)and P(y) hold, and that X £ y as well as the type r(v)={v e AT }u{v#y:y € A7}

To complete the proof of the proposition construct an Ehrenfeucht-Mostowski
model M, of T, built from a set of L,-order indiscernibles {a;: i € I'} omitting both
q(v,u,%,y) and r(v). The existence of such a model follows as in the proof of
Morley’s omitting types theorem (see, e.g., [4, VIL.5.4]).

Note that in the DOP case of the proposition above the argument shows
d(p(v; ¢,a;,a;); My) < A" forall i,j e I and ¢.

We have included a sketch of the proof of Lemma 1.10 which is essentially
[8, Fact X.2.5B + 6204] and [6, Theorem 0.2] to clarify two points. We would
not include this had not experience showed that some readers miss these points.
Note that the parameter ¢ is needed in the DOP case not only to fix the strong type,
but because in general we cannot ensure the existence of a large set of realizations
that are independent over @, U @;. Also, it is essential that we pass to a Skolemized
expansion to carry out the omitting types argument and that the final set of indis-
cernibles are indiscernible in the Skolem language. We can then reduct to L for the
many models argument (if we use [7, I11.3.10] not just [8, VIII §3]) but for the pur-
poses of this paper we cannot afford to take reducts as the proof of Theorem 1.13
requires that an isomorphism between linear orders I, I, induces an isomorphism
of the corresponding models.

Let us expand on why we quote [7] above. In [7, Theorem 111.3.10] it is proved
that for all uncountable cardinals A and all vocabularies 7, if there is a formula
&(X, y) such that for every linear order (J, <) of cardinality A there is a z-structure
M; of cardinality A and a subset of elements {a;: s € J} satisfying

(i) M, = &(a,,a,)if and only if s <; t and

(ii) The sequence <a,: s € J) is skeleton like in M; (i.e., any formula of the form

@(x,b) or &(b,X) divides {a,: s € J ) into finitely many intervals),
then there are 2* nonisomorphic M;’s.

The point, compared with earlier many-models proofs, is that we do not demand
that the M,’s be constructed from J in any specified way. It is true that the natural
example satisfying these conditions is an Ehrenfeucht-Mostowski model built from
{ag: s € J) in some expanded language, but this is not required. In particular, our
generality allows taking reducts, so long as the formula @ remains in the vocabu-
lary. Further, there is no requirement that @ be first order.

However, in Theorem 1.13 we want to introduce an isomorphism between two
previously nonisomorphic models. The natural way of doing this is to produce two
nonisomorphic but potentially isomorphic orderings J; and J, and then conclude
that M;, and M;, become isomorphic. Consequently, it is important for us to know
that the models are E.M. models.

We can simplify the statement of the conclusion of Lemma 1.10 if we define the
logic with ‘dimension quantifiers’. In this logic we demand that in addition to the
requirement that ‘equality’ is a special predicate to be interpreted as identity, we
require that another family of predicates also be given a canonical interpretation.

1.11. Notation. Expand the vocabulary L to L by adding new predicate sym-
bols Q,(X, y) of each finite arity for all cardinals u < 2*. Now define the logic L o
by first demanding that each predicate Q, is interpreted in an L-structure M by

M= Q,(ab) if and onlyif dim(a,b, M) = p.
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Then define the quantifiers and connectives as usual. We will only be concerned
with the satisfaction of sentences of this logic for models of superstable theories.

1.12. REMARKS. (i) The property coded in condition (1) of Lemma 1.10 is ex-
pressible by a formula @(x, y) in the logic LA,AW. Each formula in f,r‘w, and in
particular, this formula @ is absolute relative to any extension of the universe that
preserves cardinals. More precisely @ is absolute relative to any extension of the
universe that preserves ™.

(ii) If T has OTOP, the formula @ can be taken in the logic L;. ,,. So in this case @
is preserved in any forcing extension.

(iii) Alternatively, the property coded in condition (1) of Lemma 1.10 is also
expressible in L;. ;.. That is, there is a formula ¥Y(X,y) € L. ,+ (in the original
vocabulary L) so that

M; = ¥(a;,a;) if and onlyif i<, j.

The reader should note that satisfaction of arbitrary sentences of L.+ is, in
general, not absolute for cardinal-preserving forcings. However, the particular
statements M; = ¥(a;,a;) and M, = 1¥(a;, a;)) will be preserved under any
cardinal-preserving forcing by the first remark.

(iv) Note that we could have chosen the type p (in the DOP case) such that
p(v; ¢, a,, ag) is a stationary regular type. Note also that had we followed [8, X2.5B]
more closely, we could have insisted that |T;| = A. In fact, we could have arranged
that in M;, every dimension would be <¥, or ||M;||. However, neither of these
observations improve the statement of Theorem 1.13.

1.13. THEOREM. If T is a complete theory in a vocabulary L with |L| < 2° and T
has either OTOP or DOP, then there are models M, and M, of T with cardinality
the continuum that are not isomorphic but are potentially isomorphic.

ProoF. By Theorem 1.7 we may assume that T is superstable. By Proposition
1.10 and Remark 1.12(i) there is a model M of a theory T; 2 T in a Skolemized
language L, 2 L containing a set of L,-order indiscernibles {a,: 7 € Q=°} and an
L;+ ,-formula &(X, y) so that &(a,,a,) holds in M if and only if # is lexicographi-
cally less than v. Further, the statements “M = &(a,,a,)” and “M = 1 ®(a,,a,)”
are preserved under any ccc forcing. Note that this L,-order indiscernibility cer-
tainly implies L-tree-indiscernibility in the sense of Definition 1.6.

Thus, the construction of potentially isomorphic but not isomorphic models
proceeds as in the last few paragraphs of the proof of Theorem 1.7 once we estab-
lish the following claim.

Claim. For any v e Q° there is a collection p,(X) of Boolean combinations of
(X, a) as aranges over Y such that for any € Q“ and any L,-term {,if f(a,,,...,a,,
realizes p, in M, then some n; = v.

Proof. The conjunction of the @(X; a,jn~¢ym+1y) and IP(X; @y jn~¢ym+13)
that define the ‘cut’ of &, will constitute p,. Now if v is not among the 5, choose
any n such that #n |n,n,|n,...,n|n v|n are distinct. Then the sequences
Mgy, V|1 ¥(n) + 1) and <ny,...,m, v|n~{v(n) — 1)) have the same type
in the lexicographic order, so

M '= ¢(f(an17 s 6nk); dvln“(v(n)+ 1)) < ¢(f(dn17 vee 5,;;(); 5v|n“(v(n)— 1>)'

Thus, f(a,,,...a,,) cannot realize p,.
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1.14. REMARKS. (i) Note that in Theorem 1.7 we were able to use any expansion
of T as T, so the result is actually for PC,-classes. In Theorem 1.13 our choice of
T, was constrained, so the result is true for only elementary as opposed to pseudo-
elementary classes. The case of unstable elementary classes could be handled by
the second method thus simplifying the combinatorics at the cost of weakening
the result.

(i) While we have dealt only with models and theories of cardinality 2¢, The-
orems 1.7 and 1.13 extend immediately to models of any larger cardinality and
straightforwardly to theories of cardinality x with k® = « if we replace the notion
of ccc-forcing by x*-cc forcing in the definition of potential isomorphism.

§2. Classifiable examples. We begin by giving an example of a classifiable theory
having a pair of nonisomorphic, potentially isomorphic models. We then extend
this result to a class of weakly minimal theories.

Let the language L, consist of a countable family E; of binary relation symbols,
and let the language L, contain an additional uncountable set of unary predicates
PB,, n € 2°. We first construct an L,-structure that is rigid but can be forced by a
cec-forcing to be nonrigid. Our example will be in the language L, but we will use
expansions of the L,-structures to L,-structures in the argument.

We now revise the definitions leading up to the notion of an amenable structure
in §1 by replacing the underlying structure on Q= by one with universe 2¢. In par-
ticular, D,,S,, and C are now being redefined.

2.1. Notation. (i) For n € 2%, let D, = {o € 2°: 6(2n) = y(n)} and
S, = {0 € D,: 6(2n + 1) is 0 for all but finitely many n} U {b,},

where b, is any element of D, satisfying b,(2n + 1) = 1 for infinitely many n. Let
C= Une 2@ Sn‘

(ii) Let M* be the L,-structure with universe 2, where E;(o, 7) holds if o | i=1t | i,
and the unary relation symbol P, holds on the set S,. Let M, be the L,-substructure
of M* with universe C.

(iii) Any subset A of C inherits a natural L, structure from M, with P, inter-
preted as S, N A.

2.2. DEFINITION. An L,-substructure M, of M, is amenable if for all n € 2%, all
new,and all s € 2", if there is a v € P,(M,) with v|n = s, then there is a v’ € F,(M,)
with v'|n =s.

Note that any L,-elementary substructure of M, is amenable. Moreover, it easy
to see that (i) each D, is a perfect tree, (ii) 2 is a disjoint union of the D,, and (iii) for
each s € 2<“ there are 2 sequences # such that s has an extension b € D,.

2.3. THEOREM. The theory FER, of countably many refining equivalence relations
with binary splitting has a pair of models of size the continuum which are not isomor-
phic but are potentially isomorphic.

This result follows from the next two propositions and the fact that M, | L, is
not rigid.

2.4. PROPOSITION. There is an L,-elementary substructure M, of M, such that

(i) |B(M,) — B(M,)| < 1,

(i) Mo |Lo is rigid.
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Proor. Note that each automorphism of M, |L is determined by its restriction
to the eventually constant sequences, so there are only 2 such. Thus, we may let
{fi:i < 2®) enumerate the nontrivial automorphisms of M, |L. We define by in-
duction disjoint subsets 4;, B; of M, each with cardinality less than the continuum.
We denote U i<jA; by A4;. At stage i, choose o € M, such that f; moves «. Then by
continuity, there is a finite sequence s such that every element of W, = {t:s = 1} is
moved by f;. Since | 4;],| B;| < 2¢ and by the definition of an amenable substructure,
thereisann e 2” and a § € P, n (f;(W,) — 4;). Thenlet B; = {f} and 4; = S, — {f}.
Finally, let My = M; — B,..

Since no element is ever removed from an A4;, condition (i) is satisfied. It is easy
to see that M, is rigid, as any nontrivial automorphism s of M, would extend in a
unique way to an automorphism f; of M, but at step i we ensured that the restric-
tion of f; to M, is not an automorphism. It is easy to verify that M, < M,; hence,
M, is an amenable substructure of M.

2.5. PROPOSITION. If M, is an amenable substructure of My, then M, and M, are
potentially isomorphic.

PROOF. Let £ be the collection of all finite partial L,-isomorphisms between
M, and M,. The verification that £ is o-centered and that the generic map will be
an isomorphism of M, onto M, is nearly identical to the argument in Lemma 1.3
and so is left to the reader.

2.6. REMARK. The notion of a classifiable theory having two nonisomorphic,
potentially isomorphic models is not very robust and, in particular, can be lost by
adding constants. As-an example, let FER¥ be an expansion of FER, formed by
adding constants for the elements of a given countable model of FER,,. Then every
type in this expanded language is stationary and the isomorphism type of any
model of FER¥ is determined by the number of realizations of each of the 2 non-
algebraic 1-types. Thus, if two models of FER? are nonisomorphic, then they re-
main nonisomorphic under any cardinal-preserving forcing.

Similarly, nonisomorphism of models of the theory CEF, of countably many
crosscutting equivalence relations (ie., Th(2%, E;);.,,, Where E;(o,7) iff o(i) = (i)
is preserved under ccc forcings.

We next want to extend the result from Theorem 2.3 to a larger class of theories.
Suppose T is superstable and there is a type g, possibly over a finite set e of param-
eters, and an e-definable family {E,: n € w} of properly refining equivalence rela-
tions, each with finitely many classes that determine the strong types extending q.
Let T be such a theory in a language L, and let M be a model of T. Let L, be the
reduct of L to the language with only the E,’s.

We say {a, € M:ne2®)is a set of unordered tree L-indiscernibles if the follow-
ing holds for any two sequences 7, v from 2¢:

If 77 and ¥ realize the same atomic L,-type, then {q,,,...q, > and <a,,,...qa, >
satisfy the same L-type.

We say that a superstable theory T with a type of infinite multiplicity as above
embeds an unordered tree if there is a model M of T containing a set of unordered
tree L-indiscernibles indexed by 2. (Note that the index set of the tree is 2¢ regard-
less of the number of E,-classes.) We deduce below the existence of potentially
isomorphic nonisomorphic models of weakly minimal theories that embed an un-
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ordered tree. Every small superstable, non-w-stable theory has a type of infinite
multiplicity with an associated family of {E,: n < w} of refining equivalence rela-
tions and a set of tree indiscernibles in the sense of [1]. The existence of such a tree
of indiscernibles suffices for the many model arguments but does not in itself suffice
for this result. Marker has constructed an example of such a theory which does
not embed an unordered tree. However, an apparently ad hoc argument shows this
example does have potentially isomorphic but not isomorphic models.

2.7. Notation. Given A = {a,: n € 2°} a set of unordered tree indiscernibles let
D = {a, € A: n(n) = 0 for all but finitely many n}. For n € 2° let p,(x) € S'(D) be
q(x) U {E,(x,a,): a, € D and v|n = n|n}. Note that D is a dense subset of A, each
a, realizes p, and each p, is stationary.

2.8. LEMMA. Let T be a weakly minimal theory that embeds an unordered tree.
Fix A and D as described in Notation 2.7. There is a set X satisfying the following
conditions:

(i) X v A is independent over the empty set;

(i) for any Y with D = Y < A, and any n € 2%, p, is realized in acl(XY) if and
only if p, is realized in Y;

(iii) for any Y withD € Y < A, acl(XY) is a model of T.

PRrOOF. It is easy to see from the definition of unordered tree indiscernibility
that if X = &, then conditions (i) and (ii) of the lemma are satisfied for any Y < A.
We will show that for any X and Y with D < Y = A with XY satisfying conditions
(i) and (ii) and any consistent formula ¢(v) over acl(XY) that is not satisfied in
acl(XY) it is possible to adjoin a solution of ¢ to X while preserving the condi-
tions. By iterating this procedure we obtain a model of T.

Now suppose there is a Y with D < Y < 4 such that acl(XY) is not an elemen-
tary submodel of the monster. Choose a formula ¢(x,¢,a) with ce X and ae Y
such that ¢(x,c,a) has a solution d in .# but not in acl(XY). If we adjoin d to X
we must check that conditions (i) and (ii) are not violated. Since T is weakly mini-
mal and d ¢ acl(XY), XYd is independent. As Y is dense in 4 it follows from com-
pactness that XAd is independent. Suppose for contradiction that for some a’ € Y,
p, is not realized in a’ but p, is realized in acl(Xda’) by say e. Since condition (ii)
holds for XY, e ¢ acl(X a’). Therefore, by the exchange lemma d € acl(Xea’). Let
O(v,c’,a’,e) with ¢’ € X witness this algebraicity. Then

xc.c,a,a’,z) = (Ax)[o(x,¢,a) A 8(x,¢",a",z)] A (37"X)0(x,¢",a’, 2)

is a formula over Xaa' satisfied by e. Moreover, e ¢ acl(Xaa’). For if so, transi-
tivity would give d € acl(Xaa') < acl(XY). Now tp(e/Xaa’), and in particular,
x(¢,¢’,a,a’,z) is implied by p, and the assertion that z ¢ acl(Xaa’). Since X4 is
independent, it follows by compactness that there is b € D such that (¢, ¢’,a,a’, b)
holds. So there is a solution of ¢(x,c,a) in the algebraic closure of XY. This contra-
dicts the original choice of ¢, so we conclude that condition (ii) cannot be violated.

2.9. THEOREM. If T is a weakly minimal theory in a language of cardinality at
most 2%° that embeds an unordered tree, then T has two models that are not isomor-
phic but are potentially isomorphic (by a g-centered forcing).

PRrROOF. Let L be the language of T. Assume that the type g is based on a finite
set e. Let T’ be the expansion of T formed by adding constants for e. Let .# be a
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large saturated model of the theory T’, and let the sets 4, X, and D be chosen as in
Lemma 2.8 applied in L' to T".

Recall the definition of C from Notation 2.1. For any W < C, let M} be the
L'-structure with universe acl(X U {a,:n € W}) and denote M ’W|L by My,. We
will construct an amenable set W such that My, # M. Since both are amenable,
there is a forcing extension where W ~ C as L,-structures. Since {a,:n e C} is a
set of unordered tree L'-indiscernibles, the induced mapping of {a,: n € W} into
{a,:n € C} is L'-elementary. Thus, My ~;. M and a fortiori My, ~, M.

To construct W, let {f,: n € 2°} enumerate all L-embeddings of Dé into M.
Note that each p, can be considered as a complete L-type over De.

Let W ={J,.,.5,, where S, =S, — {b,} if M, realizes f(p, ) and S, =S, if
M_ omits f,(p,,). (See Notation 2:1.)

Suppose for contradiction that g is an L-isomorphism between My, and M.
Then for some 1, g| D = f,. Now if ¢, € W, the definition of W yields f,(p,) is not
realized in M. This contradicts the choice of g as an isomorphism. But if ¢, is not
in W, then by the construction of W, f,(c,) = g(c,) does not realize g(p,). But this
is impossible since g is a homomorphism.

The large number of hypotheses of Theorem 2.9 suggests a number of questions:
Does the conclusion of Theorem 2.9 hold for any weakly minimal but not w-stable
theory? Is there an w-stable example? Work is continuing on these and related
problems.
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