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THE JOURNAL OF SYMBOLIC LoGIC
Volume 56, Number 3, Sept. 1991

FORCING MINIMAL DEGREE OF CONSTRUCTIBILITY
HAIM JUDAH! AND SAHARON SHELAH

Abstract. In this paper we will study four forcing notions, two of them giving a minimal degree of
constructibility. These constructions give answers to questions in [Th].

§0. Introduction. In this work we will study the possible connections between
the structure of the degrees of constructibility and certain properties of the set of
constructible reals, such as Lebesgue measurability. To be more general, we will use
the term “constructibility” to denote constructibility over an arbitrary ground
model V, not necessarily L, but often satisfying CH. We will also show that the
forcing notions used for “shooting a real through an ultrafilter” produce many
degrees of constructibility. In the literature [Sa] Sacks introduces a real number (a
Sacks real) which has minimal degree of constructibility, i.e., if S denotes the Sacks
forcing, then

(%) 0Fs“(Vx e R)(x eV or ge Vix]),

where ¢ is the canonical name for the Sacks real.
This real number, the Sacks real, is not useful when we are interested in Lebesgue
measurability or in Baire property of the old set of reals, because

s “R N V is not Lebesgue measurable”
and
|Fs “R n V does not have the Baire property”.

From this we can ask if the Lebesgue measurability, or the Baire property, of the
constructible reals implies that the number of degrees of constructibility is more
than two.

For the Baire property of the constructible reals the answer is no:

Gray [Gr], in his Ph.D. thesis, has shown that a Laver real has minimal degree
of constructibility. Because a Laver real is a dominating real, we have that in such

Received September 1, 1988; revised September 15, 1989.

The first author would like to thank the National Science Foundation for its partial support under
grant number DMS-8701828, and the second author would like to thank the U.S.-Israel Binational
Science Foundation for partial support.

!Note new spelling (formerly Jaime Thoda).
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generic extensions the old reals have the Baire property (they are meager; see [1h]).
In [ISh2] we have shown that if we add a Laver real (or a countable support itera-
tion of such reals) we get an extension where the reals of the ground model have
outer measure one, i.e. they are not Lebesgue measurable.

Some time ago, J. Truss conjectured that if the constructible reals have measure
zero then it is possible to get a Cohen real over L. This conjecture was proved false
by A. Miller, who remarked that by adding a Mathias real to L, we produce the
negation of the Truss conjecture [Mi]. In [Ma] it was proved that, over L, Mathias
reals produce a great number of degrees of constructibility, and therefore it was
possible to think that the following holds: if L » R has measure zero then there are
more than two degrees of constructibility (clearly this is a weakening of the Truss
conjecture (see [ASh])). In §3 we will prove that the Blass-Shelah ([BSh]) is a mini-
mal real. This real has the following property (like a Mathias real): let P be the
Blass-Shelah forcing; then

OFp(Vxe[w]”* N V)(g<*xVvg<to—x),
where g is the canonical name for the generic subset of w. Clearly this implies that

0|Fp“2° N V has measure zero”,

and this gives an answer to our question. In §1 we will show that the forcing notion
used for “shooting a real through an ultrafilter” produces many degrees of con-
structibility. This will answer a question that appears in [Ih].

Looking at the forcing notions that have minimal degree of constructibility over
the ground model, like (*), we see that they do not satisfy the countable chain
condition (e.g. Silver forcing, Laver forcing, rational perfect forcing). The natural
question is: if V = ZFC, does there exist P € V satisfying

(i) P = “ccc”,

i) Op“(VxeR)(xe Vorge V[x])?

We do not yet have a general answer to this question. We will show, in §2, that under
CH (MA) there are such partially ordered sets.

All our notation is standard. We finish this section by giving some definitions.

0.1. DEFINITION. (a) [w]® = {a € w: |a] = N,}.

(b) [w]=° = {a < w:|a|l <Ny}

(c) For a, bin [w]® we say

(i) a <*biff (In € w)(a — n < b), and
(i) a=*biff a =*band b <*a.

0.2. DErFINITION. Let D be a filter over w.

(a) We say that D is selective iff (Vg €® w)(Vn)(g~'(n) € [w]“® - (Fae D)(g | ais
one-to-one)) (also this means “rare”).

(b) We say that D is Ramsey iff D is a nonprincipal ultrafilter and for every
n: [w]* — {0, 1} there is x € D such that [z”[x]| = 1. It is well known (and easy to
show) that Ramsey ultrafilters are selective.

In this work we assume that all the filters are proper, are nonprincipal, and
contain the filter of the cofinite sets.

We thank the referee for simplifying the proof of 1.2 and for many suggestions
for improvement of the presentation.
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§1. Ramsey reals and Silver reals. In [Ma] it was proved that forcing with Py,
when D is a Ramsey filter, produces a great number of reals which have incompa-
rable degrees of constructibility. In [ISh1] we proved that in such cases, i.e. when
D is a Ramsey ultrafilter, P(D) produces the same generic extension as Pp,. In this
section we will show, without any assumption on D, that P(D) produces a great
number of reals which have incompatible degrees of constructibility. We will also
show that P;, adds a Cohen real (and therefore many degrees of constructibility), if
D is an ultrafilter that is not Ramsey. This was previously proved by many people.

1.0. DerntTiON [ISh1]. (a) P(D)will denote the following partially ordered set:

(i) pe P(D) iff p is a subtree of w=® with the property that there exists sep
(denoted s(p)) so that Vte p,t S sors =t,and if s < ¢ € p then

p'={new:t"<{n)ep}eD

for every p € P(D) and for every t € p, t is an increasing function;

(ii) py < p,iff py 2 p,.

(b) f septhenp™ = {tep:t<sorsct}.

() py <°p,iff s(p;) = s(p,) and p; < p,.

(d) We say that A = p e P(D) is a front of p iff, for every s, t € A, s & t, and for
every branch X of p there exists k € w such that X [ k € A.

This notion of forcing is the same as the Q(U) defined by Blass in [BL, §5].

1.1. DerNITION. If 7 is a P(D)-name of a subset of w and a € [w]®, we define
1% € VPP by setting

OlFppynez®iflztnnleannez”.

Clearly this defines 7 unequivocally from .
1.2. THEOREM. If 1 is the P(D)-name of the generic subset of w, produced by
forcing with P(D), and a #* w, then

0“1 ¢ V[zT"

Proor. Suppose a condition p forced T = Val(x,7¢) for a certain name X in the
ground model. By extending p, we can arrange that p* depends only on max(t) and
decreases (with respect to <) as max(t) increases; this ensures that, for any path
through the tree p, any infinite subset that includes the stem is also a path through
p. Let o be a generic path through p. Clearly, it has two distinct infinite subsets t
and 7, each containing the stem of p, with 7% = ¢’%. By [ISh1, 1.14], both 7 and 1’
are generic paths through p. So © = Val(x, t%) = Val(x,1"*) = 1/, a contradiction.

1.3. DEerFINITION. Let D be an ultrafilter on w. Let Py, be the following forcing
notion:

(@) (a,A) e Py iff a e [w]=? and 4 € D and sup(a) < inf(A4);

(b) (a,A) < (b,B)iff acband BS Aand b —a = A.

This forcing notion was introduced by J. Silver.

1.4. Fact. If D is not Ramsey, then forcing with Py, produces Cohen reals.

Proof. If D is not Ramsey, then there is a function 7: [w]* — {0,1} such that for
all x e D, n”"[x]* = {0,1}. Hence

(*) Vx e DVie {0,1}3a,b e x: a < b and n(a,b) = i.
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For any (finite or infinite) y  w with increasing enumeration y = {yo,y1,...},
define

Ty = {(Yo, y1), (Y2, V3)s-- -

Let t be the name for the generic real produced by Pp, ie., |Fp,“c = { J{s: (s, 4)
€ G}” We will show that |-, “7rz is Cohen-generic over V7.

Let {s;: i < w) be a maximal antichain of the Cohen forcing 2<%, and let (s, A)
€ Py. It is enough to find (¢, B) > (s, A) and i < w such that @t 2 s;, because clearly
(¢, B) -7z = @t

Find i such that 7s is compatible with s;, say (ws)"<cy,...,¢) 2 5;. By (%)
we can find a, < b, in A4 such that n(a,,b,) = ¢,. Let s; =s U {a;,b,} and 4, =

— (by + 1). Then (s;,A;) 2(s,4), and 7©s; = 7s"{c,). Continuing by induc-
tion, we can find (s;,A4;) <(s;,4,) < -+ < (5, 4,) =(t,B) such that 7t =

TS CqyennsChy 2 8. O
(This fact is mentioned without proof in [BL], and was probably first noticed by
Baumgartner.)

1.5. REMARK. We call r € [w]® a Ramsey real over V, if for every min V, n: [w]?
— {0, 1} there is an n such that |z"[r — n]| = 1. If D is a Ramsey ultrafilter, then P,
or P(D) produces Ramsey reals. Conversely, if r is a Ramsey real over V, we can
define D < P(w)n V by
aeD o rc*a

D will be a Ramsey ultrafilter over P(w) n V, and if P(w)"'® = P(w), then r is P(D)-
generic over V[D] (see [ISh1]). We do not know if Ramsey reals could have
minimal degree.

§2. Minimal degrees. In this section we introduce a new forcing notion which is
similar to the Laver forcing and Mathias forcing with an ultrafilter. The aim is to
force a minimal degree of constructibility and satisfy c.c.c. First we will give these
two facts under the assumption of the existence of some family of filters; then in the
end we will show that CH implies this assumption. (The same proof works from
MA)

2.1. DEFINITION. (i) We say that D = (D,: n € o=?) is a sequence of filters (on
w) if for every n € =%, D, is an ultrafilter over w.

(i1) For a sequence D of filters, let P(D) be the following partially ordered set:

(a) pe P(D)iff p < w=“is a tree and there exists s € p, called the stem of p, such
that for every tep,t S sors S t,and if s <t then {n e w: t"{n) e p} € D;;

(b) if p, g € P(D) we say that p < qiff g < p.

(iii) If p € P(D) and t € p, we define

p={sep:sctort<s}eP(D)

(iv) If p,, p, € P(D) then we say that p, <°p, iff p, <p, and stem(p,) =
stem(p,).

2.2. DeriNiTION. If I = P(D) is a dense open subset of (P(D), <) and p € P(D),
we define rk’: p — ORD by induction on the ordinals:

(i) tk’(s) = 0 if and only if there exists q € I such that p® <°g;

This content downloaded from 198.91.37.2 on Mon, 27 Jun 2016 09:37:11 UTC
All use subject to http://about.jstor.org/terms



Sh:338

FORCING MINIMAL DEGREE OF CONSTRUCTIBILITY 773

(i) tk’(s) < o > 0iff {n: s"<{n) € p and rk’(s " (n)) is well defined and less than
a} € Dg;

(iii) rk’(s) = oo iff there does not exist « € ORD such that rk’(s) = a.

2.3. Claim. For every stem(p) < s < p we have that rk’(s) < oo.

Proof. Let s € p be such that rk’(s) = oo and s(p) < s. We define p* = {t e p:
t<sorsctand for every k e [lg(s), 1g(¢)), k(¢ | k) = co}. Clearly p* < p, and
by definition of rk’, if s =t e p* then {n:t"{(n) e p*} € D, (D, is an ultrafilter).
Therefore p* € P(D) and, as I is dense open in P(D), there exists p** such that
p* < p** e I. By hypothesis stem (p**) € p*, and this implies that rk!(stem(p**))
= o0, but clearly rk’(stem(p**)) = 0. O

2.4. LemMA. If I < P(D) is a dense open subset of P(D) and p € P(D), then there
exists q € P(D) such that

(i) p<°q,and

(i) {seq: q*' e I} contains a front.

(Remember that 4 < p e P(D) is a front of p iff for every s, t € 4, s & t and for
every branch x of p there exists k € w such that x [ k€ A4.)

Proor. By induction on rk!(stem(p)). O

2.5. THEOREM. If @ is a P(D)-sentence and p € (D) then there exists q € P(D) such
that p <°q and

q H_ “@” or q “_ “_l @95-

PROOF. Let I = {q: q|F“®” or q|-“—19”}. Clearly I is a dense open subset of
{P(D), <>. We will prove by induction on rk’(¢) (for stem(p) < t € p) that there
exists g, p'" <°¢, such that g |-“®” or q |-“—1®”. If rk’(t) = 0 then this is clear. If
tk’(¢t) = a then {n: rk’(t *(n)) < «} = a € D,. Foreachn € a, let g, p"* <™ <° g, be
such that g, |F“®” or g, |F“T1®”. Let ap, = {n€a: q, | “®”} and a4 = a — aq.
Therefore, without loss of generality, ag € D,, and we define g P(D) by q =
(Uneas 4n- Clearly p <° g and g |- “®”. O

(This theorem was also proved in [ BI].)

2.6. DeFINITION. We say that D = (D,: € =) is good if D is a sequence of
filters and

(i) for each n € w=®, D, is a Ramsey filter,

(i1) ﬂD,, = {a: (Vn € ®=?)(a € D,)} is a selective filter, and

(iii) there exists {A4,: n € =) such that

A, €D, foreverynew™®,
A, A= foreveryn # ¢,
U4, = o.

For the rest of this section we will assume that Disa good sequence of filters and
that r is a P(D)-name for a member of 2° = R, and p € P(D) is such that

Plrp) T ¢ V7.
2.7. Fact. There exists p,; € P(D) such that

(i) p<°py,and
(ii) for every ne w, {nep,: p" | r | n} contains a front.
Proof. Use induction and 2.4. O
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Foreveryn € p, and k € w, we define v to be the unique member of 2* such that
there exists g € P(D) satisfying
P <°q ey “r Tk = lA)ﬁ”
(use 2.5 2* times).
Clearly vy < v;**. Then we define v, to be such that (Vk € w)(vE< v,). Let p, =
stem(p,), and let J, = {7: v, = v,,,}. We say that “G passes outside J,” if there exist t

¢ Jo and g € G extending p, such that stem(q) = 7.
2.8. Fact. There exists p, such that

P1 <°D2 l-pe) “G passes outside J,,”.

Proof. Because “G passes outside fo” is a sentence in the P(D)-language, if the
conclusion of the fact is false, there exists p, such that

p1 <° P, IFpe5) “G does not pass outside fo”.

Then there is no g > p, such that g |pp) “r # v, - Therefore p; |Fp) “r = 0,7,
contradiction

Now fix p3 > p} > p satisfying 2.8.

Let J, ={pep,:po<p and p ¢ J, and for every p, Sy < p if ## p then
1 € Jo}. Also, by using 2.4, we can assume that J, is a front.

Set J, = {p: @K)(p" <k) € J, A py)}.

Clearly for every p € J; we have that v, = v,, and for every p € J, we have that
Vp F Uy

We define, for every p € J,,

k(p) = min{k: v, k # v, I k}.
2.9. Fact. We may assume that for every p € J;

{l.p"<Kl)eJ,} eD,.
Proof. We define J, = {n: G0 € J,)(n < p)}. For every 5 € J,, we define
tk(n) =0 iff {l:n"<I>el,}eD,
tk(n) > o iff {l:tk(n"<I>) > B} € D, for every f < a,
tk(n) = oo iff there is not « such that rk(n) = a.

a

Clearly for every p € J, rk(p) # oo (J, is a front).
Let J| = {p: tk(p) = 0} = J;, and let ph ={n:3FpeJy)(n < porpcn)
It is easy to show that p, <°p’, € P(D) and p), satisfies the requirements, and we
can work with p, instead of p,. So let p, = p}. O
Therefore J; N p, is a front of p,. Let J;, = J, N p,.
2.10. Fact. {I: k(p"<I>) > m} € D, for each m € w and for every p € J,.
Proof. If not, then {I: k(p~{I)) = m} € D,, and this implies that

{Lvprqy [m#0v, [ m}eD,.

Hence {l:v,n gy Im=1+# U, [ m} € D,forsome t € ™ and thus v, | m # Uy [ T,
contradicting p € J,,.
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2.11. Fact. We can assume that {k{p"<{I>>: p"<l) €J,) is one-to-one, as a
function of 1, for each p.

Proof. Use the fact that D, is a Ramsey filter. O

2.12. Fact. There exists p; € P(D) such that p, <°p, and, for every p € J,,

pY I P k(p) = v, T k(p)™.
Proof. Use 2.5. O
Therefore we have p <°p, <°p, <°p, satisfying all the above facts.
2.13. Fact. We can assume that if 1; <1, and p~<l,) € J, and p"{l,) € J,, then

(%) Vprcyy | K(p*<11)) and vyn 1, 1 k(p " <1,)) are incomparable.
Proof. Let A = {I: p*{I> € J,}; we define n: [4]* - 2 by

_ {0 if (+) holds,
ﬂ(<l{’lz )) = {1 if () fails.

Then there exists B < 4, B € D,, such that = [ [B]*is constant. Theniif = | [B]* = {0}

we finish. Otherwise we have that p € J,, because the sequence defined by B will be

v,, a contradiction. O
Now we assume pj satisfies the condition in 2.13. We define

J5 = {p" <> e Ly k(p"<1)) = k}.
Let J; = {p;:i < w). Then also we may assume that
pi" <) € p3 = k(p;" <)) > i.
Therefore J¥% is finite. We define the partial function h: @ - w=®. Suppose € 4,
(see 2.6(iii)) and p € J, N p5. Then
h(l) = v~y [ k(p" <)) + 1.

Clearly h is well defined on | J,4,,p € J; .

2.14. Fact. his a finite-to-one function.

Proof. By the remark on J¥%. ]
Therefore there exists 4 € (), ,,<wD, such that 4 [ 4 is one-to-one.

2.15. Fact. For everyly, l,in A

h(l,) is incomparable with h(l,).

Proof. If not, we assume without loss of generality that h(l,) < h(l,). This im-
plies that k(p, " {I;)) = k(p,"<l,)), where I, € A,, and [, € A,,, contradicting the
fact that h | A is one-to-one. O

For every p € J; let

J,={p > ely:le A},
and let
Pa={n:3p)3)peJy ASe, A(n SV SN AnED;)}

2.16. Fact. (a) py € P(D).
(b) po <°p1 <°p2 <°p3 <°ps-

This content downloaded from 198.91.37.2 on Mon, 27 Jun 2016 09:37:11 UTC
All use subject to http://about.jstor.org/terms



Sh:338

776 HAIM JUDAH AND SAHARON SHELAH

© I=\J){J:peli}isa front of p,.
(d) If p, and p, are in J, then

PYYrt k(p) = v, T k(p)”,  i=1,2,

and v, [ k(p;) + 1 is incomparable with v,, ! k(p,) + 1.

(e) Without loss of generality, inf{k(p): p € J} = m for some fixed m.

Proof. Clear. O

2.17. LEMMA. For every p € P such that p|-“r ¢ V” there exist p, € P, and
Iiri<w) and k: 0= - w and {v, | k(p) + 1: p € ©=°) such that the following
conditions hold:

(@) p <°po.

(b) I, is a front of p, for everyie w.

(©) If pe I, then Bme w)(p [ meI).

(d) inf{k(p): pe L} =i for everyie w.

(€) If p1, p2 € 1;, then

pYI- “r! k(py) + 1=, k(p;) + 17, i=12
and

v,, | k(py) + 1 is incomparable with v,, | k(p,) + 1.

Proor. Build p,, {I;:i < ®), k: 0> w and {v,[ k(p): p € =) by induc-
tion on w using 2.16. O
2.18. LEMMA. For everyr e VP, if O|r € 2¢ then

OF“reVorGeV[r].

PrOOF. By a density argument, we may assume that p |- “r ¢ V. Then there exist
Pos» {Iii<w), kiw™®—>w and v, k(p) + 1: pe =) satisfying 2.17(a)—(e).

2.19. Claim. p,|F“GeV[r]”.

Proof of the Claim. Let G be generic over V such that p,, € G. Thenfromr[G], we
can choose only one member p; of each I; such thatv,, [ k(p;) + 1 < r[G]. Then the
sequence {p;: i < w) belongs to V[r] and this sequence generates G. This proves
the claim.

Clearly this finishes the proof of the lemma also. O

Now we will produce good sequences of filters.

2.20. LEMMA. CH implies that there are good sequences of filters.

ProOF. Fix {(4,: 1 € w=?), a partition of  into infinite sets. Fix (g, :a < w;),
an enumeration of the one-to-one functions from w to w, and fix {B,: @ € w;), an
enumeration of the infinite subsets of w. Assume we have ({A:a < f):new~")
satisfying the following conditions:

(i) A4;<*A,.

(i) A2 =* A; for every a, > a; and n e 0 =°.

(iii) g, (J{A%:n € ©=*} is one-to-one.

Induction. The case o + 1 = B. We choose {i,: n < w} such that g, [ {i,: n < @}
is one-to-one and if # € @< then {i,: n < ®} N A% is infinite. Then we set 45 =
A; 0 {iin < o}
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The case B = [ JB. Let <o;: j < w) be an increasing sequence of ordinals with
limit B. Then let DY, be such that D, =* A} , j < . Then pick {i,: n < w} such that
gp [ {i,: n < w} is one-to-one and, for each n € 0 <?, D! N {i,: n < w} is infinite.

Then set

Al =D! n (yin < o).

This concludes the induction.

Clearly (a) (){D,:n€ w<*} is a selective filter, and (b) each D, generates an
ultrafilter D, which is selective, and we can assume that D, is Ramsey.

This shows that {D,: 1 < »“) is a good sequence of filters.

As the referee remarked, a sequence {D,: € @ =) of Ramsey ultrafilters is good
iff the D,’s are pairwise nonisomorphic. This makes the existence of good sequences
under CH trivial.

2.21. THEOREM. If V = L (or V = CH), then there exists a forcing notion P such
that P = “ccc” and P produces a minimal degree of constructibility.

Proor. Clearly P(D) &= “ccc”.

§3. Minimal degree and splitting families. In this section we will show that the
forcing notion introduced in [BSh] produces a minimal degree of constructibility.
This forcing notion also produces a subset of w, say a, with the following property:

(Vb e[w]®)a<*bora<*w — b)

(see [BSh]). The following definitions and lemmas are from [BSh].

3.1. DerFINITION. For natural numbers n < m, let K, ,, be the set of all binary
relations t = 2(n) x 2(m) such that, for each a < n, (a,a) et and if (a,b) € t then
b n n = a.(We think of each ¢ € K, ,, as specifying, for each a = n, some permissi-
ble extensions of a to subsets of m, each extension being obtained by adjoining to
a some elements of [n,m).) If t € K, , and s € K,, ;, then we write ts for the ordi-
nary composition of these binary relations, so ts € K,, ;.

3.2. DerINITION. (a) Forte K, ,, and Y < [n,m) we define ty € K, ,, by

ty ={(a,b)et:b\ac Y}.
(b) We define the depth Dp(t) of each t € K, ,, by the following induction

Dp(t) = 0 always,
Dp(t) = 1 if, for every a = n, thereisb = m
such that (a,b) e t and b # q,
Dp(t)>d + 1 ford > 1,if, for every partition {Y,Z} of
[n,m), at least one of Dp(ty) and Dp(t;) is > d.
3.3. LeMMA [BSh,2.1]. ForanyteK, ,andseK,,,

max{Dp(t), Dp(s)} < Dp(ts) < 1 + max{Dp(t), Dp(s)}. O

Now we will give the definition of the forcing Q.

3.4. DEFINITION. A condition in Q is a pair {w, T') consisting of a finite subset w
of wand asequence T = {t;: | € w) such that for some increasing functionn: v - w

(@) w = n(0),
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(b) t; € Ky, nq+1) for each [, and

(c) Dp(t;) > 0 as | — o0.

(Notice that {w, T) determines the function n uniquely, since 2(n(l)) is the
domain of t,.) Another such condition {w’, T") is an extension of <{w,T) if and
only if there is an increasing function k:® — w such that, writing ¢} for
bl +1  ta+1)- 15

(@) (w,w') € toty -+ tyo)-1, by which we mean w = w'if k(0) = 0,

(b) ti € Kuuay, nxa+1y for all l € o, and

(c) ty =t}

Thus, any extension of {w, T') is obtained by a succession of operations of the
following three sorts.

Compose relations. Partition the sequence T into finite blocks of consecutive ¢;’s;
and compose the t;’s within each block, leave w unchanged. (In the description of
extensions above, this is the special case where k(0) = 0 and ¢; =t}

Shrink relations. Replace each t; by a subset ¢} in K, ,q+1), and leave w un-
changed. Of course the ¢;’s must be big enough so that their depths tend to co with L
(This is the special case where k(I) = [ for all 1)

Fix values. Replace w by some w’ such that (w,w’) € t---t,,_, for some m, and
delete the initial segment t,---t,,_, from T, so t; = t,,,. (This is the special case
where k(I) = m + land t; = t}.)

We think of a condition (w, T) as providing the following information about
the generic W = w being produced: W n n(0) = w, and, for each I, (W n n(l),
W nn(l + 1)) e t,. It will be useful to view a condition (w, T) as a labeled tree in
which the root (at level 0) is labeled w and, if a node at level [ is labeled with a set
a < n(l), then its immediate successors are labeled with the sets b < n(l + 1) such
that (a, b) € t,. Thus, the set of labels at level m is

Levi,,ny(m) = {a|(w,a) €ty -ty 1}

We also write Tree(w, T) for the set | J,, Lev(m) of all the labels occurring in the tree.

3.5. LeMMA [BSh, 2.6]. Let (w, T) € Q and let C map the finite subsets of w into
{0, 1}. Then either there is an extension (w’', T') of (w, T) such that C maps Tree(w’, T")
to 0, or there is an extension (w, T') of (w, T) such that C maps Tree(w, T') — {w}
to 1. O

3.6. LeMMA [BSh, 2.9]. Let A be a Q-name for a subset of w. Then every con-
dition (w, T) has an extension (w, S) with the following property. If | € w, if n = n(l)
is the number such that s, has domain P(n), if (w,w*)€ sy --s,_; and if i < n, then
(w*,S — 1) decides whether i € A (where S — | = (8,41 k < w)). O

All the above material was taken, almost without changes, from [BSh]. Now we
will prove new propositions about Q.

3.7. LeMMA. If n, d < w are given, then there are m > n and r € K, ,,, such that
Dp(r) = d and if

w, #w, and wgirw, and wyrwy,

then w, # wy.

Proor. We will show that this is possible by induction on d. In order to fix
notation we will assume that m was given. Let a: 2([n, m)) — 2([0, n)) be a function.
We will give a probability measure to the space of such functions.

This content downloaded from 198.91.37.2 on Mon, 27 Jun 2016 09:37:11 UTC
All use subject to http://about.jstor.org/terms



Sh:338

FORCING MINIMAL DEGREE OF CONSTRUCTIBILITY 779

First take the equidistributed probability on the space 2([0, n)). This says that
every member of 2([0,n)) has measure 27". Then take the product measure for
{a: 2([n,m)) > Z([0,n))}; that is, the measure of a is (27")*""", for each such
function.

For each such function a, define a member r* < K, ,, by

wriw' uw iff aw)=worw=w"
We will show, by induction on d, that if Y < [n,m) and |Y| > f(n,d), then there is
1 = ¢(n,d) > 0 such that the probability (Pr) of the a’s such that
Dp(ry) = d
is greater or equal than 1 — c(n,d)>*""*".
Case d = 0. Put f(n,0) = 0and ¢(n,d) = 0.
Case d = 1. For each w € 2([0, n)) we have
Pr(there is no w’ # J such that wrw’ U w)
= Pr((Yw' € 2(Y) — {0})(a(w’) # w))
= ] Praw)#w=(1-2"""

w' e P(Y) - {0}

Therefore
Pr{a: Dp(ry) < 1} < 2"+ (1 — 27"~ 1
= [T -2 R
Then fix f(n, 1) such that if |Y| > f(n, 1) we obtain that
(2:1'2""')(1 _ 2—n)1—2‘|Y| <1

take this to be c¢(n, 1).
Cased =d + 1. We have

Pr{a: Dp(ry) # d + 1} = Pr{a: Dp(ry) < d}
< ¥ Pr{aDry)Fdi< Y cmd?”
VA=) ¢ VA= ¢
1Z|z1Y]/2 1Z]=Y]/2
< 2|Y| X c(n,d)ZIYI/Z‘“‘ — [2|Y|/2|Yl/2"" . C(n, d)]ZIYI/Zd”.
Then fix f(n,d + 1) > f(n,d) such that if |Y| > f(n, d + 1) we obtain that
22T o d) < 1

take this to be c(n, d + 1).
Now we finish the proof of the lemma by taking m > f(n,d). O
From now on we will assume that 4 is a Q-name for a real, i.e., a subset of w, and
that

W, S) [-“A ¢ V™.

The reader may check that without loss of generality we may assume that w = (,
and by 3.6 we may assume that, over (1, S), W n [0,n(l)) decides 4 n [0,n(1)),
where W is the canonical name for Q and n([) is the domain of s;. Also we write C(w")
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for 4 n [0,n(l)) when w’' = W n [0, n(l)), and we write C(W U @p,q). na+1y) for 4 N
[0, n(I + 1)) when W n [0, n(l + 1)) = w.

3.8. LEMMA. For every n(l), if we 2([0,n(l))) then there exists S’ such that
w,S—1)<W,S"), and for every k, if wsiw' and w' —w # &, then C(w')
# C(W Y @puay, wie+1))-

Proor. For fixed I, for fixed we P([0,n(l))), for every k > 1 we have that
C(W U @pa),.ne) 1s an increasing sequence of partial characteristic functions, such
that the union defines a real r(w). Clearly (&, S) |- “4A # r(w)”. Therefore there is w’
and I’ > [ such that ws; w’ and C(w') & r(w). This will induce the following coloring
function on Tree(w, S —I): “u is 1” if there is k < w such that u e 2(n(k)), p
€ Tree(w, s — 1) and C(u) & r(w); “pis 0” otherwise.

By Lemma 3.5 we obtain an extension (w, S) of (w, s — [) such that the coloring
function is constant and equal to 1 on Tree(w, S’) — {w}. O

3.9. LEMMA. There exists (,S’) € Q such that (&,S) < (,S’) and for every
w, w' € Tree(J, S’) we have that

Cwu ¢[n'(z),n'(k))) # C(w')

(wWhere (w,w') € s}.).

Proor. Use 3.8 and a fusion argument as in [ BSh]. O

From now on we will assume that S = §’, satisfying Lemma 3.9, and also that the
function Dp(s;) grows very fast. Now by induction on I € w we will define r, and k(I)
such that { ¥, <{r,: | < w)) will be an extension of { ¥, S).

Let the power set of n’(l) be dom(r,).

Suppose we are at the stage [ + 1. Then we proceed as follows:

By Lemma 3.7 for n = n’(l) and d = n’(l) there are m and r € K, ,, satisfying the
requirements of 3.7.

Letk(l + 1) = k(I) + m.

Let S| [k(l), k() + m) = sqys. > Skay+m—1- Then we define r, = {(w,u):we
2(n'(l)) and w = u n [0,n'(l)), and there is v € 2(m), wrv, such that (a)if n <i<m
and i¢ v, then u N [nk() +i),nkd)+i+1)=; b)if n<i<mand iev,
then

un [nk() +i),nk(l)+i+1)#F

and (u N [0, n(k(l) + i)))sxay+:( 0 [0, n(k(l) + i + 1)))}.

Clearly r; = r/(Sy), - - - » Sky+m» ) (this notation will be used in the proof of 3.10).
It is not hard to see that r; € K,y yi+1)» Where n'(l + 1) = n(k(l + 1)).

3.10. Claim. Dp(r)) = d.

Proof. By induction on d’ < d. The case Dg(r;) = 1 follows easily from the def-
inition if we take v — w # .

Case Dp(r;) = d' + 1. Suppose Y < [n'(l), n'(l + 1)).

Foreveryi=0,1,...,m — 1, there is

Z; e {Y n [n(k(l) + i), n(k(l) + i + 1)), [n(k() + i), n(k() + i + 1)) — Y}
such that Dp(s.)+;) = d’ + 1 (here we use the fast growth of Dp). Set
Z* ={i: Z; = Y n [n(k() + i), n(k(l) + i + 1))}.
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Then Dp(rz:) = d’' or Dp(r,,_z) = d'. Without loss of generality we assume that
Dp(rp) = d'.
By the induction hypothesis

Dp(ri((Sky)zos - - - s Skty 4 m— Dz -5 T22)) 2 d';

but

"((Sk))zo> -+ s Sky+ m— 1z 1 722) S (F)yw

where Y* = ( J{Y n [n(k(l) + i), n(k(l) + i + 1)): i€ Z*}. a

This shows that (7, {r;: | < w)) is a condition extending ({J, S); we call this
condition (&, R), or simply ().

3.11. LeMMA. Fix | < w. Suppose that the following conditions hold:

(a) w,r,w' and v, witnesses this, i.e. w rv;.

(b) w,rw', and v, witnesses this, i.e. w,rv,.

(c) wy #w,.

Then C(w}) # C(w5).

ProoF. Thereisn'(l) <i < n'(l + 1)such thatie v, < i ¢ v,.Suppose thatie v,
and i ¢v,.

Now in the interval [n(k(l) + i), n(k(l) + i + 1) = I, w is not empty and w’, is
empty. Then C(w| n n(k(l) + i + 1)) # C(w' n n(k(l + 1)) U ¢;) (by 3.9), and this
says that C(w)) # C(w}). O

3.12. THEOREM. O |-(Vxe R)(x € V or W e V[x]).

PRrROOF. Let 4 be a Q-name for a subset of w; without loss of generality we may
assume that 0 |-, “4 ¢ V™. Let (s, S) be a member of Q. Withoutloss of generality we
can take s = (J. We may also assume that ({7, S) satisfies the condition of 3.9 and
that (¢, R) is an extension of (¢, S) satisfying (). Then if W[G] is the realization of
W using G and (J, R) € G, then by 3.11 we may compute W[G] from A[G]. This
shows that ((J, R) |, “W € V[A]”. This ends the proof of the theorem. O

~
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