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Abstract. Higman proved in 1952 that every free group is non-commutatively slender, that
is, for a free group G and for a homomorphism / from the free complete product x,Z of
countably many copies of Z into G, there exists a finite subset F = @ and a homomorphism
h:%pZ — G such that h = EpF, where pp is the natural map from x,,Z into *rZ. Because of
the corresponding phenomenon for abelian groups this is called the non-commutative Specker
Phenomenon. In the present paper we shall show that Higman’s result fails if one passes from
countable to uncountable and thereby answer a question posed by K. Eda. In particular, we
will see that, for an uncountable cardinal 2 and for non-trivial groups G, (« € 1), there are 2%
homomorphisms from the free complete product of the groups G, into the integers.

Introduction

In 1952 Higman [9] proved that every free group G is non-commutatively slender,
where slenderness means that any homomorphism /4 from the free complete pro-
duct x.,Z of countably many copies of the integers into G depends on finitely many
coordinates only. A similar result was proven by Specker [12] in 1950 for abelian
groups. Specker showed that any homomorphism from the product I1,Z of count-
ably many copies of Z into the integers is determined by only finitely many entries.
These two phenomena are called the commutative and the non-commutative Specker
Phenomenon, respectively. Eda [3] extended Higman’s result by showing that, for
any non-commutatively slender group S, for any non-trivial groups G, (x € I) and
for any homomorphism /% from the free g-product of the groups G, into S, there
exist a finite subset F of 7 and a homomorphism / : ;. »G; — S such that 1 = hpp

where pj is the natural map from x7_;G; to *;crG; (for the definition of g-product

*Supported by GIF project No. G-0545-173.06/97 of the German—Israeli Foundation for
Scientific Research & Development; Publ. No. 729

t Supported by the Graduiertenkolleg Theoretische und Experimentelle Methoden der Reinen
Mathematik of Essen University



Sh:729

418 Saharon Shelah and Lutz Striingmann

see 1.2). Motivated by this result Eda [3, Question 3.8] asked whether or not the
non-commutative Specker Phenomenon still holds if one passes from countable to
uncountable cardinals, replacing x.,Z by the free complete product x,Z for some
uncountable cardinal /4 (see 1.2). Here we shall give a negative answer to Eda’s
question by constructing, for a given uncountable cardinal A and for non-trivial
groups G, (o € 1), a homomorphism / from the free complete product of the groups
G, into Z for which the non-commutative Specker Phenomenon fails. In fact, we will
show that there are 22° of these homomorphisms and so, in particular, the cardinality
of the set of all homomorphisms from x,.,G, into the additive group of Z is the
largest one possible. This contrasts with the countable case and also the abelian case.

Basics and notation

Let 7 be an arbitrary set. For groups G; (i € I), the free product is denoted by *;c;G;
(for details on free products, see [10]).

Given arbitrary subsets X < Y of I we write pyy : *ie yGi — *;,cxG; for the ca-
nonical homomorphism. Moreover, we use the notation X & I for finite subsets X of
I. Then the set {*;c xG; : X € I} together with the homomorphisms pyy (X <Y € 1)
form an inverse system; its inverse limit 1}31(*1‘6 xGi, pyy : X< Y € 1) is called the

unrestricted free product of the groups G; (see [9]).

Eda [3] introduced an infinite version of free products and defined the firee complete
product x;c;G; of the groups G; (for the exact definition see 1.2); it is isomorphic to
the subgroup ﬂF@I{*iEFGi * l(iin(*,v,EXG,f7 Pyy : XY € I)} of the unrestricted free
product.

For the convenience of the reader unfamiliar with free complete products we recall
the definition of words of infinite length and also the definition of and some basic
facts about x;c;G; as can be found in [3].

Definition 1.1. Let G; (i) be non-trivial groups such that G;NG; = {e} for
i #jel. The elements of | J,_, G; are called letters.

A word W is a function W : W — Uie ; Gi from a linearly ordered set ¥ into the
set of all letters ( J,_, G; such that W~!(G;) is finite for any i e 1. If the domain W of
the word W is countable then we say that W is a g-word.

The class of all words is denoted by #'(G; : i € I) (abbreviated to #") and the class
of all o-words is denoted by #°°(G; : i € I) (abbreviated to #7).

Two words U and V are said to be isomorphic (U = V) if there exists an order-
isomorphism ¢ : U — V between the linearly ordered sets U and V such that U(x) =
V(p(a)) for all « € U. Identifying isomorphic words it is easily seen that ¥ is, in fact,
a set. Moreover, for words of finite length (i.e. with finite domain) the above defi-
nition obviously coincides with the usual definition of words.

For a subset X of I, the restricted word (or subword) Wy of W is given by the
function Wy : Wy — | J,_, Gi with Wy ={ae W: W(x) e ), Gi} and Wx(x) =
W(x) for all o € Wy. Therefore Wy € # . Using restricted words with respect to
finite subsets of / we define an equivalence relation on #" by saying that two words



Sh:729

The failure of the uncountable non-commutative Specker Phenomenon 419

U and V are equivalent (U ~ V) if Ur = Vy for all F € I, where we consider Ur
and Vr as elements of the free product ;. rG;. The equivalence class of a word W
is denoted by [W] and the composition of two words as well as the inverse of a
word are defined naturally. Thus %'/~ = {[W]: W € #"} together with the repre-
sentative-wise defined composition forms a group.

Definition 1.2. Given groups G; (i € I), the free complete product x;c;G; is defined
to be the group #'(G;:iel)/~ as described above. Moreover, the free o-product
x?_;G; is the group # ?(G; : i € I)/~, which is a subgroup of x;c;G;.

If G; is isomorphic to a fixed group G for all i € I then we write x;G and x7G
instead of x;c;G; and x7_,G;.

Note that for a finite set / both x;.;G; and x{_;G; are obviously isomorphic
to *;c;G;. In general, by [3, Proposition 1.8], the free complete product x;c;G;
is isomorphic to the subgroup mFCI{*IEFG llm(*,eXG,, Pyy : XY 1)} of the
unrestricted free product. Moreover, Eda [3] proved that each equivalence class [I¥]
is determined uniquely by a reduced word; a word W e #°(G, : i e I) is said to be
reduced if W =~ UXV implies [X] # e for any non-empty word X, where e is the
identity, and it never occurs that the letters W (a) and W (f) belong to the same G;
for neighbouring elements o and 8 of W.

Lemma 1.3 (Eda [3]). For any word W € W (G; : i €I) there exists a reduced word
Vew (G;:iel) such that [W]| = [V], and V is unique up to isomorphism.

Furthermore, Eda [3] proved the following lemma; a word W e #'(G;:i€l) is
called quasi-reduced if the reduced word of W can be obtained by multiplying neigh-
bouring elements without cancellation.

Lemma 1.4 (Eda [3]). For any two reduced words W,V € # (G, :i€l) there exist
reduced words Vi, Wi,M e W (G;:iel) such that W =~ WM, V=MV, and
WV is quasi-reduced.

We would like to remark that the free o-product x{Z is isomorphic to the funda-
mental group (see [3]) and the free complete product x;Z is isomorphic to the big
fundamental group of the Hawaiian earring with |I| circles (see [1]). Hence free
complete products are also of topological interest.

The uncountable Specker Phenomenon

In 1950, E. Specker [12] proved that, for any homomorphism / from the direct
product Z“ of countably many copies of Z into the additive group of the ring of
integers Z, there exist a finite subset F of w and a homomorphism # : Z¥ — Z sat-
isfying h = hp, where pp : Z” — Z¥ is the canonical projection. This result is called
the Specker Phenomenon. It can be easily seen that Specker’s result still holds for
homomorphisms into any free abelian group instead of homomorphisms into Z, i.e.,
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free abelian groups are slender. In general, an abelian group G is said to be slender
if G satisfies the above property for any homomorphism /4 : Z° — G. For general-
izations to products of uncountably many copies of Z within the category of abelian
groups we refer to [6] or [7].

In [4], Eda introduced the non-commutative version of slenderness that we shall
consider here.

Definition 2.1. A group G is non-commutatively slender if, for any homomorphism
h: x,Z — G, there exists a natural number n such that (%1, . Z) = {e}, where
e denotes the identity element of G.

Eda proved that non-commutatively slender groups are torsion-free and that non-
commutative slenderness for abelian groups is the same as ordinary (commutative)
slenderness (see [3, Theorem 3.3. and Corollary 3.4.]). Moreover, he proved that non-
commutatively slender groups have the following nice property:

Proposition 2.2 (Eda [3]). Let G; (iel) be non-trivial groups, let S be a non-
commutatively slender group, and let h : x7_,G; — S be a homomorphism. Then there
exist a finite subset F of I and a homomorphism h : *;crG; — S such that h = hpp,
where pp is the canonical map from xJ_;G; to *icrGi.

Another interesting result is that the restricted direct product and the free pro-
duct of non-commutatively slender groups S; (j € J) are non-commutatively slender
(see |3, Theorem 3.6.]). However, the first fundamental result on the class of non-
commutatively slender groups was obtained by Higman [9] in 1952:

Theorem 2.3 (Higman [9]). Every free group is non-commutatively slender.

In contrast to Higman’s result, we will show that the non-commutative Specker
Phenomenon fails if one replaces the product of countably many groups by a product
of uncountably many groups. To be more precise, we show that, for an uncountable
cardinal /, there are 22° homomorphisms from the free complete product x,.;G, of
non-trivial groups G, (« € 1) into the additive group of the ring of integers.

To make the proof more transparent we first construct one homomorphism for
which the Specker Phenomenon fails and then modify the construction to obtain our
main result.

Theorem 2.4. Let 1 be any uncountable cardinal and G, (« € 1) non-trivial groups.
Then there exists a homomorphism ¢ : X,c;G, — Z for which the Specker Phenome-
non fails.

Proof. Let G, (e € A) be a collection of non-trivial groups with identity elements e,
and choose elements g, # e, of G, for each o € A. For any regular uncountable car-
dinal k¥ < A we define the word M, € x,.;G, as follows:
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M, : (k,<) — ) G,via f+— gp

oEL

where < is the natural ordering of A. Note that M, is a word of uncountable co-
finality (i.e., the domain of M, has uncountable cofinality) since x is regular and
uncountable. For f < x we define M, g to be the subword M, F[ B.x) of M,..

Now let X be any reduced word in x,.;G,. We recall that a subset J < (X, <) is
called convex if x < y < zand x,z € J imply y € J. We define

Occl(X) :={J = (X,<):Jisconvex and X [, =~ M, s for some f < k}.
Thus Occ;! (X) counts the occurencies of end segments of M, in X. Similarly we let
Occ (X) :={J = (X,<):J isconvex and X [, =~ M,:}; for some f < x}.

In order to avoid counting subsets of (X, <) more often than necessary we define the
following equivalence relation on Occ;’(X) and Occ,_ (X).

Dealing with Occ*, we call two convex subsets Ji,Jo of (X,<) equivalent
(J1 ~¢ J2) if they have a common end segment; in other words Jy ~,J, if there
exist jj € Ji, jo € Jp such that X g = X [g where S;={jeJ;:j>ji} (i=1,2).
Similarly, for Occ™, we define the equivalence relation substituting end segments by
initial segments. For simplicity we denote both equivalence relations by ~, but the
reader should keep in mind that ~, is defined differently for Occ® and Occ™.

First we prove that two subsets Jy,J, € Occ (X) are either disjoint or equivalent.
To do so assume that J;,J> € Occ;(X) are not disjoint and let j* € J; NJ> (# &).
Moreover, there are ordinals f,f, < x (< A) and isomorphisms h; : M, 5 — X [,
(i =1,2) since Jy,J> are elements of Occ; (X). Thus we can find y;, > f; such that
hi(y;) =j* and therefore X(j*) =g, for i=1,2. Hence y; =y, and by transfinite
induction we conclude that X ', = X [, where T; = {jeJ;:j>j"}. Note that
h; is an isomorphism of linearly ordered sets and hence /; commutes with limits
and the successor function.

Similarly, two subsets Ji,J, of Occ, (X) are either disjoint or equivalent.

Next we show that the set Occ!(X)/~ is finite; by similar arguments it then
also follows that Occ,_ (X)/~ is finite. Let us assume the contrary, that is, there exist
infinitely many pairwise non-equivalent J,, € Occ/ (X) (n € ). Then J, and J, are
disjoint for any n # m from above. Foreachne wlet X [, = M, s for some 8, < k.
Thus f = Un e Bu 18 strictly less than x as r is regular uncountable and hence
cf () > No. Since f € [f,,x) for all n € @ we can find j, € J, such that

X(]n) = Mlc,/)'n(ﬂ) = Mhﬂ,/)’(ﬂ)

for all new. But all J, are pairwise disjoint and therefore X ~!(Gj) is infinite,
which contradicts the definition of a word (see 1.1). Thus Occ, (X)/~, and also
Occ, (X)/~) are finite sets.
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We now define ¢, : X,c,G, — Z as follows:
W = |Oce, (X)/~| = |Occ, (X)/~|

where X is the reduced word corresponding to W. Note that ¢, is well defined by
Lemma 1.3. Moreover, it follows immediately from the definition that ¢, (X~!) =
—¢,.(X) and also the Specker Phenomenon obviously fails for ¢,.. Note that in gen-
eral the sets Occ! (X) and Occ, (X) are not of the same size, e.g. p(M, ) = 1. It
remains to show, however, that ¢, is a homomorphism. Therefore let X and Y be
reduced words. By Lemma 1.4 there exist reduced words Xi, Y; and M such that
X =~ XM and Y =~ M~'Y; and X, Y, is quasi-reduced. Now it is easy to check that
9, (XY) = ¢.(X,Y]) by definition and the fact that XY = X; MM ~'Y;. Hence

(pK(XY) = (p/c(Xl Yl) = (pK(X1> + (ﬂ/c(Yl) = (p/c(X) + (pK(Y>7

as X1 Y7 is quasi-reduced and thus the reduced word of XjY; is obtained without
cancellation.

We remark that the uncountability of x in Theorem 2.4 is essential for the defi-
nition of the homomorphism ¢, and cannot be omitted because of Higman’s theo-
rem. Modifying the proof of Theorem 2.4 we obtain

Theorem 2.5. Let /. be any uncountable cardinal and G, (o € A) be non-trivial groups.
Then there are 2>° homomorphisms from the free complete product of the groups G,
into the additive group of the ring of integers. In fact there is an epimorphism from
X, e, G, onto the free abelian group of 2* copies of the integers.

Proof. Let A be uncountable and {G, : « € 1} be given as stated. We choose the fol-
lowing family of reduced words M, for « € 2%. First we choose non-trivial elements
e, #g,€G, for ye J. Let {I,: ¢ € w;} be a family of pairwise disjoint subsets of 4
each of which has cardinality A. It is well known (see e.g. [5]) that for every ¢ € w;
we can find a family {/,, = I, :ax € 2*} of subsets of I, such that any finite Boolean
combination of them is of cardinality A and moreover there is y, € I, that belongs
to each I, , for every a € 2%. For every ¢ € w; and for every o € 2* we choose a word
M, , such that its domain M, , equals I, , and M, ,(c) = g, for o € I, ,.

Then the composition M, =} _, M., is a well-defined reduced word in
W (G, :yel) for every a e 2%. Before defining the claimed homomorphism let us
first state the crucial condition satisfied by the groups M, (« € 2%):

the domain A_@ of M, is well ordered of order type Aw; (the ordinal product)
for each o € 2* and therefore has uncountable cofinality.

Now we repeat the construction given in Theorem 2.4 replacing x by M, and for
a reduced word X and o € 2% we define

Occ) (X) ={J = (X,<) : J convex, X |, = M, , for some g € M,}
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and
Occ, (X) :={J = (X, <) : J convex, X |, = M, ! for some o € M,},

where M, , is the end segment of M, starting with the element o, ie. M,, =
M, [‘{ peily psol: As in the proof of Theorem 2.4 two equivalence relations are
defined on the sets Occ; (X) and Occ, (X), both denoted by ~,.

We are now able to define homomorphisms ¢, from the free complete product
of the groups G, to the integers for each o e 2%. As in the proof of Theorem 2.4 we
can see that the sets Occ, (X)/~, and Occ, (X)/~, are finite for any reduced word
X and o € 2*. Moreover, the maps ¢, : X ge,Gg — Z defined by

V— |OCC:(X)/~0<| - |OCC;(X)/~O(|7

where X is the reduced word corresponding to V, are well-defined homomorphisms

since y, € I, , for every o € 2*. To obtain 22 homomorphisms we will show that there
is a surjection onto the free abelian group of 2* copies of Z. Define

O: x,c,G, — H Z

oae2t
via
O(V)(2) = ¢, (X)

for a word ¥V, where X is the reduced word corresponding to V. As all the mappings
¢, (o € 2*) are homomorphisms, so is ®. We claim that ® is a homomorphism from
the free complete product of the groups G, onto the direct sum @o{eZ , Z of 27 copies
of Z. First assume that this mapping is not into. Then there exist a reduced word X
and a sequence of pairwise distinct ordinals «, (n € w) such that &, (X) # 0 for all
n € w. Thus for each n € w there is a convex subset J, < X such that without loss of
generality

X rjrl = M“n;”n

for some 6,e M, , < M, (¢, €w). But now, if x € w; such that ¢, < x for all
n € w, then the element g, (since y, belongs to all sets /. ,,) appears infinitely many
times in X, i.e. X ~!(G,) is infinite, a contradiction. Thus the image of @ is contained
in the direct sum of 2% copies of the integers.

On the other hand, by the choice of the sets 7, , we certainly have

Occ; (Mg) = 0 = Occ, (Mp)

for distinct o, f € 2*. Moreover,
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Occ/(M,)=1 and Occ,(M,) =0
for any o € 2*. Thus we obtain

O(M,) = (0,...,0,1,,0,..) e D Z,
pe2*

and therefore @ is obviously surjective. Since there are 22 homomorphisms from
the direct sum of copies of Z to Z itself we are done.

Remark 2.6. Note that the above proof gives us that the free complete product
G = X,¢,;G, contains a free subgroup H (the group generated by the words M), and
there is a projection onto H.

The following theorem gives us a complete description of all ‘interesting’
homomorphisms from G = x,.,G, to the integers for uncountable 4 and groups
G, (x € 1). By ‘interesting’, we mean interesting with respect to the Specker Phe-
nomenon, i.e., if W is a finite subset of 4, then all homomorphisms from the sub-
product Gy = X, w G, to the integers extend naturally to a homomorphism from G
to Z. However these homomorphisms are not of particular interest to us and are
well understood, and hence we will restrict ourselves to homomorphisms from G to Z
which are zero on every finite subproduct of G. First note that the definition of ¢,, in
the proof of Theorem 2.5 did not really depend on the particular word M, but only
on the fact that M, had uncountable cofinality. One sees immediately that for any
word M whose domain M has uncountable cofinality we can define such a homo-
morphism ¢,, : G — Z. Hence we define the following set:

IG:{MEGZCf(M)BNl}

and let

(DG:G—>HZM

Melg

be defined by ®g(V) = (¢,,(X) : M € I) where X is the reduced word correspond-
ing to V. Now ®g is well defined and we have the following theorem.

Theorem 2.7. Let G = X,¢;G, for some uncountable cardinal A and groups G, (. € 1).
Then any homomorphism \y : G — Z which is zero on every finite subproduct of G

factors through ®g.

Proof. For simplicity we assume that all words are already in reduced form. First
we will show that the kernel of @ is exactly

Ker(®g) = {M € G : M contains no monotonic sequence of length w; },
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where a monotonic sequence of length ), is just a subset of M which is isomorphic
to w; or its inverse. Clearly

Ker(®g) = {M € G : M contains no monotonic sequence of length w; }.

Conversely, if M is a reduced word that contains no monotonic sequence of length
w1 and ®g(M) # 0, then there exists a reduced word N € I, i.e. N has uncountable
cofinality, such that g, (M) # 0. But then Occy (M) or Occy (M) is non-trivial and
hence M must contain a monotonic sequence of length w;, a contradiction. It is
now enough to prove that any homomorphism f : G — Z which is zero on any finite
subproduct of G acts trivially on Ker(®¢). For this, assume that M is a reduced word
which contains no monotonic sequence of length w; such that f(M) # 0 for some
homomorphism f : G — Z. We distinguish three cases.
Case (a). There exist subwords N, of M (n € w) such that

(i) N, is a convex subset of M;

(ii) the subsets N, (n € w) are pairwise (almost) disjoint;
(iii) f(N,) # 0 (without loss of generality f(N,) > 0).
Hence the composition N of the words N, (n € w) is a well-defined word in G and
applying Theorem 2.3 together with [3, Proposition 1.9] leads to a contradiction.
Case (b). There is an initial segment M * of M such that

(i) f(M*) #0, where M* = M [;.;

(i) for every proper initial segment N of M* we have f(N) = 0, where N = M ['y;

(iif) 11_7 * has no largest element or for every te M* there exists a convex subset
N,={me M* :m >t} such that f(N,) # 0, where N, = M [,

Then the cofinality of M* has to be Xy by the assumptions and we choose an in-
creasing, unbounded sequence {7, : n € w} in M* and put

N,={meM*:m>1t,} or N,=N, (hencef(N,)#0).

In both cases we easily obtain a contradiction. The same arguments apply for the
inverse of M and give a contradiction.

Case (c). Neither Case (a) nor Case (b) applies. Then it is easy to see that the set
is finite, where M, = M [y, (e.g. use Ramsey’s Theorem). So without loss of gener-

ality we may assume that J is the empty set. We let I be the set of convex subsets of 17
such that f(M [p) = 0 for each convex B = A. Then I contains all singletons ¢ € M,
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the empty set and it is downwards closed. Moreover, if 4 and B are elements of / and
AU B is convex, then AU B e I. Finally every initial segment of M with no largest
element has an end segment in 7 and hence M € I, a contradiction. Similarly we ob-
tain a contradiction using the inverse M ~! instead of M. This finishes the proof.

For completeness let us make the following remark.

Remark 2.8. If i : G — Z is any homomorphism, then an application of Theorem
2.3 shows that the set {o € A : 1(G,) # {0}} = F is finite. Hence, regarding x,¢rG,
as a subgroup of G we let ip = (h [, ., )pr- Then h — hy satisfies the assumptions
of Theorem 2.7 and thus factors through ®g.
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