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DUAL BOREL CONJECTURE AND COHEN REALS
TOMEK BARTOSZYNSKI AND SAHARON SHELAH

Abstract. We construct a model of ZFC satisfying the Dual Borel Conjecture in which there is a set of
size R that does not have measure zero.

§1. Intreduction. Through this paper we will work in the space 2¢. The defini-
tions presented below can be adapted to many Polish spaces but the main construc-
tion given in the paper is specific to the Cantor space.

Let ./ be the ideal of measure zero subsets of 2¢ with respect to the standard
product measure on 2¢. Similarly, let .# be the g-ideal of meager sets in 2¢. More
precisely, X € # if X there is a sequence (F,: n € w) such that X' C J, F, and for
each n, int(cl(F,)) = 0.

DEFINITION 1. For X C 2% we say that X is strongly meager (X € SM) if for every
HeWV X+H={x+h:xeX hecH}#2°

Similarly, X C 2% is strong measure zero (X € SA)if X+ F #2° forall F € # .

Observe that X + F # 2“ is equivalent to saying that there exists z € 2% such
that (X +z)NF = 0.
Let BC (Borel Conjecture) stands for the statement .4 = [2]<™ and let DBC
(Dual Borel Conjecture) stands for the statement .2 = [2°]<™o,
We will list here several background results, much more information can be found
in [1].
e BC is consistent with ZFC (Laver, [5])
e DBC is consistent with ZFC (Carlson, [2])
e BC + 2% > X, is consistent with ZFC (Woodin, Judah-Woodin-Shelah, [4])
The question that motivates this work is whether BC + DBC is consistent with
ZFC.
Recall that cov(#) = min{|/|: & C #, |J& = 2?}. The number cov(#') is
defined analogously. Note that
o If BC holds then cov(.#) = X;,
o If DBC holds then cov(.#') = Xy.

Indeed, if X ¢ S4 thenforsome F € #, X + F =, _,(F + x) = 2°.

xeXx
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Thus a model for BC + DBC, if one exists, must satisfy DBC + cov(#) = ;.
There are several known constructions of models for DBC [7] but they all satisfy
cov(A) > .

The goal of this paper is to show the following:

THEOREM 2. DBC + cov{.#) = N, is consistent with ZFC.

We will accomplish this goal by constructing a model for DBC where non(.#") =Ry,
that is there is a non-null set of size X;. This suffices as cov(#) < non(.#) (see [1]).

Observe that the coefficient cov(.# ) is connected with Cohen reals. In particular,
obtaining a model by iterated forcing where cov(.#) = non(#") = R is equivalent
to not adding (too many) Cohen reals on the way.

The proof of the main theorem consists of two parts. In the first part we will
define a forcing notion that will be used in the construction. In the second part
we will use this forcing notion in the context of the general iteration framework of
non-Cohen oracle ccc introduced by Shelah in [10]. We will make explicit references
to this paper which is available from http://shelah.logic.at/files/669.pdf

§2. Getting DBC. In this section we will describe how models for DBC are con-
structed.

DEeFINITION 3. Let P be a forcing notion.

We say that P has caliber (X1, Ro) if for every uncountable subset ¢ C P there is
an infinite set B C & and a condition g € P such that g > p forall p € 5.

We say that a forcing notion P has precaliber Ry if for every uncountable subset
& C P there is an uncountable set B C ¢ which is centered.

It is easy to see that P has caliber (R}, Ry) iff for every X € [w]¥' N VT there is
Y € [w]* € Vsuchthat Y C X.

The following notion leads to a standard way of building null sets witnessing that
uncountable sets of reals in the ground model are not strongly meager.

DEFINITION 4. Suppose that N is a model for a fragment of ZFC. We say that a
sequence of clopen subsets of 2°, {(C,,: n € w) is big over N, if

(1) C,’s have pairwise disjoint supports,

(2) u(Cy) <27 " forn € w,

(3) for every infinite set X C 2%, X € N, there exists infinitely many n such that
X+ C, =2

A forcing notion P has property R if it adds a big sequence over the ground model.
The following theorems are used in all constructions of the models for DBC (see

original papers [2], [7], [3]).
THEOREM 5. Suppose that P has caliber (R|, Rg) and property R. Then
VP =S NV C 295N,
Furthermore, if Q has precaliber ¥ in VF. Then
VPR = s NV C 205,
In particular,
VHC = s NV C 2915,

where C is a countable ( Cohen) forcing.
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PrOOF. Let (C,: n € ) beP-name fora sequence such thatlFp (C,: n € @) isbig
over V. Put H, = J,», Cmandlet H = (O, H,. Itis easy to verify thatl-p H € 4.
Let X € V be an uncountable set of reals. We will show that V¥ = X ¢ &4, and
more specifically that IFp X + H = 2®. Towards the contradiction suppose that
Fp 2 ¢ X + H. For each x € X there is a condition p, and n, € w such that
pilbp 2 ¢ x+ I-'I,,X. Letn € w,q € Pand Y € V, Y infinite subset of X, be such
thatforallx € Y,n, =nandgqg > p,. AsY €¢ Vandgq IFp Y +H, # 2%, it follows
that g IFVm > n Cn+Y # 2%, a contradiction.

For the second part work in VF and let X C 2% NV be an uncountable set of reals
in V (or even in VF). Suppose that I 2 ¢ X + H, where H € VF is as above. For
each x € X there is a condition ¢, and n, € w such that g, g z ¢ x + H,,. Let
n € w, and Y be an uncountable subset of X be such thatforallx € Y, n, = n
and {q,: x € Y} is centered. For each finite set a C Y let ¢, > p, x € a. Thus
g '+ a + H, # 2¢. By absoluteness, a + H, # 2% in V¥. Since this holds for each
finite subset of Y, by compactness, Y + H, # 2°. Since Y € V¥, ¥ C Vand P
has caliber (R, Xg) there is an infinite set Z C Y such that Z € V. It follows that
Z + Cy, # 2% for m > n, a contradiction. .

THEOREM 6 (Carlson [2]). Suppose that V = GCH and C,,, is a finite support
iteration of Cohen forcing. Then V<~ |= DBC.

ProoF. Clearly Cohen forcing has caliber (R, Xg) and the w,-iteration with finite
support of Cohen forcing has precaliber X;.

To see that the Cohen forcing C has property R, interpret Cohen forcing as the
family C of finite sequences {{(Io, Cy). ..., (It, Cx)): k € w} where

(1) foreach j <k, I; C wis finite and C; C 2% with f—/ﬂ <27/,
(2) NI =0fori # ;.
Order C by extension.

To see that C has property R we use the following theorem:

THEOREM 7 (Lorenz, [6], [1]). For every € > 0 there exists N, € w such that for a
sufficiently large finite set I C w, if X C 2!, |X| > N, then there exists a set C C 27,
IC] Y
WﬁeandC-kX—Z .

Observe that if X C 2% is infinite and € > 0 then there exists a clopen set C C 2¢
of measure at most £ such that X + C = 2%, To see this choose I as in Theorem 7
so that | X 1| > Ne.

This shows that any C-generic sequence is big over the ground model. -

Adding a big sequence over V is a natural method for making uncountable sets
from V to become not strongly meager. In the sequel we will look for forcings
adding such sequences and we will try to weaken the requirement about the caliber
(R, Rg). '

For the construction of the forcing iteration that produces a model for DBC +
cov(A) = cov(A#) = N we would like to have a forcing notion P such that

(1) P has property R,
(2) P does not add Cohen, or even more strongly: VE =29 NV ¢ .
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‘We will show first how to construct a proper forcing notion having both properties.
For our purpose we will need the following strenghtening of the Lorenz theorem,
which will be proved in the next section.

THEOREM 8. For every €,6 > 0 there exists N.s € w such that for a sufficiently

C
large finite set I C  there is a family /7 consisting of sets C C 27, |2'—”| < € such
thatif X C 21, |X| > N.s then
{Ces:C+x =2}

>1-46.
| | -

§3. Combinatorics. Let 7 C w be a finite set. For 4.B C I let A+ B =
(4\ B) U (B\ 4) be the symmetric difference of 4 and B. Recall that + is
associative and commutative. If we identify subsets of I with their characteristic
functions then (4 + B)(i) = A(i) + B(i) mod 2. We treat 2’ as a vector space
over Z,.

For |I| > k > 1let

Yir= {s' = (50,-..,8~—1) € [271F: § is linearly independent} .

Note that sq, ..., s C I are linearly independent if for any 4 C k thereis x € I
such that x belongs to the odd number of {s;: i € u}, orequivalentlyif 0 # >, s
mod 2. Observe that

Y, 27 —1 22 Mt -1 1
QDY) — T2ur T T g = Qi

Fors,t € 2/ define s x# =3_,., s(i) - 1(i) mod 2. Note that s x z = 0iff |s N ¢|
is even.

For§e Yy letst ={re2':Vj<ks;*t =0}

LEMMA 9. For§ € Yy @ = i
. 13 %

ProOF. Suppose that § = {sg,...,8x—1} is given. Let {ao,...,a,_;} be atoms
in the Boolean algebra generated by sets {sq, ..., sx—1}. In other words, sets a; are
pairwise disjoint and for every / < k there is a set #; C m such thats; = |, a;.
Let Bbeak x m matrix such that b;; = 1if j € w; and b;; = 01if j ¢ u;. Let
X = {x0,....xu—1) and let R be the set of solutions to the system of equations

=l
Bx = 0 mod 2. It is not hard to see that |2£m—l = |—S27—| as the solutions to this

system of equations correspond to the elements of 5.

Carry out the Gauss-Jordan algorithm on the system BX = 0 mod 2. Note that
the equations are independent if and only if § € Y, ;. Thus, if § € Y;; then the
system has exactly k dependent variables and the result follows. -

The following is a specific form of Theorem 8.
THEOREM 10. For every § > 0 and ] € w there exists N;s € w such that for a
sufficiently large finite set I C w, if X C 2%, |X| > Nis then
{5 € Y i 5t +x =21}
| Y04

>1-4.
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PrOOF. Let us start with the following:
LeMMA 11. Suppose that ] € w and m > | is sufficiently large and r € 2!. For

every i = {ty,..., tm—1) € Your,
<l)1+1}
> (2
—\2

< 2lexp (“;ﬂ%) .

PrOOF. For j < m let r; = {t; *+ s;: i < I}. Observe that when § is ran-
domly selected then possible values of r; are equidistributed, each with probabilty
l{j<m: Vi< ltj * 8§ = r(l)}l

/7]
is approximately 2=/, The lemma says that the percentage of those § for which
this value is less than 2~/~!, which is half of the expected value, is less than

m
2l exp (— 4—,+—3)

Put / = 1. In this case r is constant, equal to 0 or 1. Without loss of gen-
erality we can assume that r = 0. For j < m let X; be the random variable
defined on 2/ as X;(s) = 1 iff s x#; = 0. Note that P(X; = 1) = } and X;’s
are mutually independent (since ¢;’s are algebraically independent). Note that
[i<m:yxs =0} s} ni] _ Ejem Kils)

m B . m '

Let S, be the number of successes in m independent Bernoulli trials with proba-

bility of success p. For every é > 0,

p(S

- - pi > 6) < 2exp (—md*/4).
Puttingd = £ and p = § we get that

m
tnt 1 1
(L=l Y
{Se H 20741 _, 2jemXi 1
127 B m 2
m
SZexp(——EZ).

Thus, given r(0) = 0, 1 the fraction of those s € 2! for which

|£] S 2
{Yis]

{EeYH:)I{j<m:\7’t<ltj*s,-=r(z)}] 1

2!, Thus for any particular r € 2/, the fraction

2

-

)

%m <NHj<m:itjxs=r(0)} < %m,

is1 —2exp (—3—4) Now fix an s¢ belonging to this set and let 4, = {j < m:
t;*s9 =r(0)}. Givenr(1) = 0, 1, and applying the same argument, we get that the
fraction of s € 27 such that

1 1 . 3
me < ZlASo| < |{j € AS(): tj *¥§ = r(l)}l < Z‘Aso| <

32
2"
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A
is atleast 1 — 2exp M >1-2exp ~—m/—4 . Thus for [ = 2 we get that
64 64
1
< —
<(3)]
. . . 3
{s'e (21)2: Hj<m:Vi<2tjxsi=r(i)}| 1 S(%)}

|| 22 1
- [eZE (- 3m)

> (1-200 (- 53)) (1- 200 (- %5) ) (1 51)-

Similarly for arbitrary / and large enough |I| we get

{56)’1‘1: Hj<m:Vi<ltyxsi=r(i)}| 1 <<l>/+1}‘

- Hj<m:Vi<2t;si=r(i)}} 1
Yor: — -
{SE 2.7 |t| 7
| Y2

7] 27 \2
| Y1

> (1-2ex0 (- 55)) <1—Zexp (J—”6/T4>>... <1 ~2exp (_mé/:’»
‘(“ﬁ) <l—ﬁ)...(1_#>

>1-2lexp (—%)

which finishes the proof.

4
Now we are ready to prove Theorem 10. Observe thatfor7 € Y,,; and 5§ € Y;,,
f+ 5t =20 if forevery u € 2/ thereis 7, € f such that

(u+1t,)*s=0foralls € 3.

For every u € 2! let r, € 2! be such that u x s; = r,(i) for all i < I. Note that
(u+1)xs=(uxs)+(t+s) mod 2. In particular, for § = (s, ..., si—1) € Yy,

Vi<l(u+t)xsi =0 < Vi<ltxs; =r,li).

Notice that there are 2! possible u’s but only 2! possible functions r,.
By Lemma 11 we get that for any # and thus for the corresponding function r,,,

PEj<mVi<l(u+1t)*s;=0)=P(3j<mVi<lt;*s; =r(i))
m
> 1 —21€Xp<—m) .
We conclude that
P(GEt+7=2")=P(Vue2' 3j<mVi<I(u+t;)xs =0)
:P(Vr€213j<m\ﬁ<ltj*si :r(i))

2]—2’-21exp(—%>.
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Since every set X C 2/ contains an independent subset of size at least log, (| X|)
we get that for a set X C 2/ of size m,

P(S_L +X:2’) > 1 _21+llexp <_lzg%n_> "2,

§4. Definition of the forcing. Let Q consist of strictly increasing functions g € w®
such that forevery k, g(k + 1) > 2" Fixa sequence (¢¥: j < k} such that

(1) VkO < el <ef <---<ef <27,

(2) W< k2¥ef <ef,,.

Suppose that g € Q is given and let I, = [g(k). gk + 1)) fork € w. For 4 C Y,
let

4], :max{[: l1|;:l| ‘ > aé‘}.

Consider the tree

k
pmax — U H Yj,Ij .

k j=0

For a tree p C p™* let piln = p N H;’;OI Yis. Fort € plk let succ,(t) =
{5 € Yy, :t7F € p} be the set of all immediate successors of ¢ in p, and let
pr = {s € p:s Ctort D s} be the subtree determined by . Let stem(p) be the
shortest ¢ € p such that [succ,(z)| > 1.

Let P, be the forcing notion which consists of perfect subtrees p C p™* such
that

’}relgmm("succp(s)”n 18 € pln) = oo.
Forp,geP,andn c wdefine p > qif p Cq. Forn € w and p € P, let

A, = {s € p: [succy(s)f, < n}.

Let p >, ¢q be defined as p > g and A% = Ay,

Suppose that G C P, is a generic filter over V. Let (G = (s4: k € w) €
1, Yer,- The set (si: k € w) can be identified with a sequence of clopen sets
in 2%, This will be a prototype of a big sequence that we want to construct. As we
will see below, bigness will require that function g is not bounded by any function
from VN w®.

We will adopt the following (nonstandard) definition of the rational perfect
forcing, M. A condition p belongs to M if p C »<® is a perfect tree whose
all branches belong to @ and such that for all s € p there exists an extension
t € p so that [succ,(1)| = Ry. We can assume that for p € M, |succ,(1)| = Ry or
Isuce, ()] = 1.

If G C M s a generic filter over Vlet m = b < p] be the generic real.

LemMa 12. The forcing Mx Py, adds a a sequence (Cy.: k € w) which is big over V.
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ProOF. The forcing M % Py, adds a sequence (5 : k € w) € [], Yk, where
I = [m(k), m(k+1)) and mis a Miller real. We claim that the sequence (5i : k € w)
is big over V.

Suppose that X € V is an infinite set of reals and (p, ¢) € M x P;,. By passing to
a stronger condition we can assume that

(1) for every s € split(p) there exists g, € Hk<|s| Yy s, such that

(a) psI-glls| = gs
(b) for n € succ,(s), n minimal, [s(|s| — 1.n) C I,
(¢) foreachn € succ,(s), | X I[s(|s| — 1),n)] > Nl.s_|.€$.\\.

(2) if s € split(p) is in the £-splitting level and n € succ,(s) then p,-, forces that

for every ¢ € ¢[|s| = ¢, the set succ;(t) = succ,,,(¢) has norm at least £.

Observe that p IF 3%k | X [[m(k), m(k + 1)| = N, .s.

Now we will describe how to modify ¢ so that (p, §) IFur, 3%k 5 + X = 2.

Let so = stem(p) and n € succ,(so). We know that p,, IF gl|so| = g, and
Psen IEGllsol + 1 = gy-n. Furthermore, for every ¢ € g, []so

>

“{5 c succqw(t): 5t o+ Xs(sf—1).,n) = 7_[-Y(I.v|—1).n)}“Im|

> “succqyﬁ”(t)“ (1 - s(l)“"’l) > Hsuccq,ﬂn(t)H -1
o [0} o 50
Thus we shrink ¢ by making sure that 51 + X [[s(|s| — 1),n) = 2(sI=1) for each
5 € succ;(z). We repeat this construction for each splitting node of p. It is clear
that the resulting condition has the required properties. =

We will need to verify that P, has some additional properties. First we show
that P, is ®-bounding. The arguments below are rather standard, we reconstruct
them here for completeness but the reader familiar with [8] will see that they are a
part of a much more general scheme.

Lemma 13. Suppose that A C 'V is a countable set,n € w and p \-p, 6 € A. There
exists ¢ >, p and k € w such that for every t € qlk there exists a, € A such that
q: b, d = ay.

ProOOE. Let S C p be the set of all # € p such that p, satisfies the lemma. In
other words

S={tep:Ik €cw3q >, pVs €q'lk,Ja, € Aq;Fp, a = a,}.
Note that for every condition ¢ > p, ¢gNS # 0. We want to show that stem(p) € S.
Notice that if s ¢ S then |succ,(s) NS MM < n. This follows from the the fact that
if |X|;, <nand|Y|,, >nthen|Y\X|, >n.

Suppose that stem(p) ¢ S and by induction on levels build a tree ¢ >, p such
that for s € ¢,

(s) succ,(s) if [succ,(s)],, <
sucey(s) = :
! succ,(s) \ S otherwise

Clearly g € P since [succy(s)] > Isucc, (5], — 1 for s containing stem(p). This
is a contradiction since ¢ N .S = () which is impossible. -
In our case we have even stronger fact (see [8] for more general treatment):
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Lemma 14. Suppose that p IFp, A C 2<% There exists g > p such that for all n,
Jfor every t € qln there exists A, C 2" such that g, I-p, Aln = A,.
In particular, if p I-p, X € 2“then there exists q > p such that for all n, for every

t € qln there exists s, € 2" such that q, \Fp, X[n = s;.

Proof. This again is a fairly standard construction. It is enough to prove the
first part. By applying lemma 13 we can assume that there exists an increasing
sequence {k,: n € w) such that for every ¢t € plk, there exists 4, C 2<" such that
pr Fp, Aln = A,. We will show how to shrink p to ¢ > p so that for this g,
k, = n for each n. Let ny = |stem(p)|. We will illustrate this process by showing
how to shrink p to p’ so that the new value of k,, becomes k,, — 1. Suppose that
t € plky, — 1. Foreachs € succp(t) there is A;~; such that p;~; I+ Alng = Ay-.
There are only 22 possible values of A,~,. Call the most frequent of them A,
and let

succy (t) = {s € succy(t): A~5 = 4, }.

Observe that p’ has the required property. Now get ¢ by applying this procedure
kn, —ng times to collapse k,,, to ng, then k,,, to ng+1, etc. Note that the ny+k-level of

. . . k,, k A ] 7 ” _ 4k
p gets modified k times. Sincee, ot g2 gt -2 af 0tk g —dintt >
o k.
ez_‘);r , it follows that l|succq(t)ﬂ|[| > ]|succ,,(t)|||t| ~1. .

Next we show that P, preserves outer measure.

THEOREM 15. If X C2°, X € VandVE X ¢ N thenVF: =X ¢ 4.

ProoF. The sketch of the proof presented here is a special case of a more general
theorem (theorem 3.3.5 of [8]).

Fix I > 6 > 0 and a strictly increasing sequence {J,: n € w) of real numbers
such that

(1) sup,d, =4.

(2) V®néus1 — 6, > el

Suppose that X ¢ .#. Without loss of generality we can assume that X has outer
measure one. For contradiction, assume that V¥ = X € #. Let 4 be a P;-name
for a tree of positive measure such that I-p, A C 25 & u({A]) > & and suppose
that p Irp, X N [A] = 0. Let ng = |stem(p)|. By lemma 14, we can assume that

Vn>noVt € pin3A4, C2" p, Ip, Aln = A;.
Fix n > ng and define by induction sets {47 : ¢t € p{m, ny < m < n+1} such that
(1) A" C 2" fort € p,
(2) |4*|-27" 1 >4, fort € pim.
Fort € pin+1let A7 = A,. Suppose that sets 47 are defined for t € pm,

m > ny. Let 1 € pm — 1 and consider the family {A4%-: s € succ,(¢)}. By the
induction hypothesis, |A™ |- 27""! > §,,. Let

A7 = {ue 2™ |{s:u € A} > |succy(r)| — 1}.
Use Fubini’s theorem to show that the requirement that we put on the sequence
(0n: n € ) implies that |47|-27"~! > §,_;. In particular, 4” ) 27 > 6

stem(p
foralln. Let B = {x € 2?: 3*®nxln+1 € A’:tem(p)}. As u(B) > 6,,, by the
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assumption that X has outer measure one, BN X # 0. Fix x € BN X. We will
find ¢ > p such that g l-p, x € [A4], which will give a contradiction.
For each n such that x € A;’tem(p) let g, C pin be a finite tree such that

(1) stem(g,) = stem(p),
(2) forevery t € g, no < |t| <n, Jsuccy, (1)), > Isuce, (1, — 1.

(3) foreveryt € gy, |t| =n, x € A4,.
The existence of g, follows from the inductive definition of A}’s. By Konig’s lemma,
there exists ¢ C p such that for infinitely many », g[n = g,. It follows that g € P,
and g lFp, 3%°n x[n € Aln. Since 4 is a tree we conclude that s IFp, x € [4]. -

Since Miller forcing preserves outer measure (see 7.3.47 of [1]) it follows that
M x Py, preserves outer measure. Furthermore:

THEOREM 16. Suppose that N < H(y) is a countable model containing M x Py,
p € NNMxPy, and x is a random real over N. Then there exists g > p such that g
is N-generic and

q \Fatup, X is random over N[G].

Proor. Compare with 7.3.40 and 7.3.42 of [1] where the same theorem is proved
for the Laver forcing. The only forcing specific properties used in the proof are
definability and preservation of outer measure. For a more general setting see [10].

_|

§5. Forcing for the single task. The forcing notion M x P; adds a big sequence
over V and preserves outer measure but it does not have the other properties (caliber
(N1, Ng)) that will guarantee that it kills uncountable strongly meager sets from the
ground model. We have to modify it so that it becomes ccc and it acquires additional
properties that allow the former proofs to go through. In this section we will describe
how to do this for for a single step in the construction. In other words, suppose that
X C 2% is an uncountable set of reals. We will describe how to construct a forcing
notion Py such that

(1) Px € M Py,

(2) Py is ccc,

(3) VBx =VN2o ¢ VUL,

4) Vix = X ¢ S
Note that (3) will gnarantee that Py does not add Cohen or random reals.

We say that P C;. Q if P C Q and whenever p,q € P are compatible in Q then
they are compatible in P. A set @ C P is pre-dense if for every p € Pthereisq € &
such that p and g are compatible. Clearly, every maximal antichain is pre-dense.

Let AP be the set of all pairs (P, I') where

(1) P C;. M x Py, is countable,

(2) I ={D,: n € w}, where each 9, is pre-dense in P.

We have <]P1,11> > <]P>0,10> if P CPyand Iy C 1.

We will build the required forcing as an increasing chain of approximations
{(Ps. Io): @ < w1} and put Py = (J,.,, Pa. Inorder to guarantee that Py satisfies
ccc we will use an oracle that will tell us that whenever & is a maximal antichain in
Py then for some o < w;, & € I,.
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Suppose that S C w is a stationary set of limit ordinals. Assume that ¢(S)
holds. In particular we can assume that ¢(S) is witnessed by a sequence M =
{M,: o € S} such that

(1) M, is a countable transitive model of ZFC*,

(2) a+1<C M, and M, | o is countable.

(3) VX Cw{a €S: X Na € M,} is stationary.

Let NS, be the ideal of non-stationary subsets of .

DEFINITION 17. Let D y; be the filter which is generated by sets

(1) Ay ={a€w:UNnae Myorag¢S}forUC w,

(2) club subsets of w.

LemMA 18. Dy is is a normal filter containing all closed unbounded sets.

Proor. See chapter IV claim 1.4 in [9]. -

DEFINITION 19. For two oracles My = {MJ: o € S°} and My = {M}}: o € S}
we say that My < M\ if

(1) S°\ S!' e NS,,, and

(2) {a €S M2 #M!} eNS,,.

It follows from Lemma 18 that if My < M; then Dz € D .

We will identify the forcing notion P that we are constructing with w;. Suppose
that f: P XL w andlet  C Pbea pre-dense set in P. Let P, = {p € P:
f(p)<a}andlet @l ={pecP: f(p) <al.

LeMMA 20. {a € S: D is pre-dense inPL} € Dy

Furthermore, if g P LN w1 then

{acS: P, =P & D¢ = D) & D/ is pre-dense inPL} € D ;.
ProoOF. Note that the appropriate sets are closed and unbounded. -

Thus the choice of function f identifying P with w; does not matter for the
properties defined below which require that certain conditions are met on a set
which belongs to Dj;. Thus we will suppress the superscript f in the sequel.

DEFINITION 21. We say that P is (M, D)-cc if
{a<w: IfZ € M, is pre-dense in P, then & is pre-dense in P} € D.
We say that P is M-cc if D = D y.
LEMMA 22. Suppose that M is an oracle.
(1) IfPis (M,D)-ccand Dy C D then'P is ccc. In particular, if P is M-cc then
it is ccc. _ _
(2) IfDy; € Do C D, then (M, Dy)-cc implies (M, Dy)-cc.
(3) If My < M, and P satisfies (M1, D)-cc and Q < P then Q satisfies the
(M(), D)-CC‘.
Proor. (1) If & is a maximal antichain in P then there exists @ € S such that
&, € M,, and &, is maximal in P,. In this case &, is also maximal in P. It follows

that & = &, and so it is countable.
(2) is obvious and (3) is proved in [10] (fact 1.4). 4

The following definition is a special case of Definition 1.6 in [10].
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DEFINITION 23. Given an oracle M with domain S let Y™ = {x,: a € S} bea
sequence of reals such that x, is random over M, for @ € E € Dy, We call Y#ndom
a 0-commitment. We say that P satisfies a O-commitment Y “éom if

{a € S: IFp xq is random over M, [P, N G]} € Dy;.

In other words we can think of P being M -cc as about a ¢rivial commitment, that
is all that needs to be preserved is the maximality of antichains. This corresponds
to classical oracle ccc as described in chapter IV of [9].

In the sequel we will be using only two types of commitments, Y™ and Y
for the trivial case. The notation Y is introduced only for notational consistency
as in this case there are no reals whose genericity needs to be preserved.

Now we go back to the construction of forcing Py for a fixed uncountavle sets of
reals X. Fix a stationary set S C w;. Since we will need two types of commitments
let us assume that § = SgUS), where both Sy, S| are stationary. Furthermore, let
M = {M,: o € S} be an oracle witnessing ¢(Sp) and O(S;). In addition, we will
require that for each a € S,

(1) XNM, eM,,

(2) M, = X N M, is uncountable.

This can be accomplished by increasing the M,’s using the following easy ob-
servation. More specifically, let N < H({y) be a countable model containing M,
and X. The transitive collapse of N is the object we are looking for.

For each a € Sy choose x, € VN 2? which is random over M. Then Ygg"do'" is
a commitment on {M,: « € Sp}.

The following construction is a special case of Claim 1.18 of [10].

For a forcing notion Pand p € Plet P(p) = {qg € P: ¢ > p}. We will build a
continuous increasing sequence of approximations {(P%,7*): o € S} such that

(1) P} Cic M %Py,

(2) Py satisfies both commitments Y™ and Y{™,

(3) I°is a countable family of countable pre-dense subsets of P%,

(4) ifZ € I*, n € w and p € P% then for some g € P%, ¢ >, pand 9 is

predense above ¢ in Py.

Fix a bijection f between M x Py, and w;. We will suppress f but we will always
think that Py is a subset of w; which is the image of the forcing constructed below
under f. As we noted earlier the choice of f does not matter.

Suppose that {]P’g(: B € S Nna} have already been constructed. We will describe
how to construct P§.

Cast 1 aislimitin S. Let P§ = Upcsna Py and 1% = Upegng 1%

CasE2 o = B+ and either § is a successor in S or (P2, I?) ¢ M. Let Py = PP
and I* = I%.

CasE3 a = f+, p € Spis limit and (P4, I#) € My,

Note that according to the convention mentioned at the beginning, we are really
requiring that the image of IP’;( under f belongs to My and is contained in f.

Let I be the collection of all pre-dense sets in Up eP! M * Pg(p) N M which
belong to Mg and let

Dg = {g € MxPy: g is Mg-generic and g IFu.p,, xp is random over My}.
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By Theorem 16, for every condition p € My N (M * Pyg), M x Pp(p) N Dy # 0.

For each p € IP’[;, and n € o choose q,, € Dg such that g,, >, p and let
D={qpn:pe€ P@,n € w}. Define Pg = UPEPQ((M*]P'“)([’) N Mg)UD.

LetI* =IPUTU{D}.

CasE4 o = f*, B € S, is limit and (P2, I#) € Mj.

In this case, let I be the collection of all pre-dense sets in IP’f( which belong to M
and let P§ = IP’/;{ andletI* =P U,

This concludes the construction, and it remains to show that Py has the required
properties. First of all note that Py is indeed ccc, as guaranteed by the oracle.

Observe, and this is the main point of the construction, that Mg[G] =
MG N ]P’gf]. If p € Sy then forcing with Py is equivalent to forcing with
M » Py over M. To see that, suppose that G C Py is a generic filter. It fol-
lows that G N Dg N ]P’/)’X # (solet g € G N Dg. Note that g IFp, Mg[G N ]P’gf] =
Mpg[G N (M % Pg)], since g is Mg-generic for M x Py,

If § € S then IP”? = P’f( is a countable forcing in Mp. Thus it locally looks like
Cohen forcing.

It is clear that Py satisfies both commitments, preservation of xg being random
over My is explicit in the definition of Pf; and similarly for the trivial commitment.

LemMA 24. VEx =20NV ¢ 1.

ProOF. We will show that VE¥ |= Y@@m ¢ ¢ and since Y™™ C 2% N'V this
will suffice. Suppose that lbp, H € #. Since Py is ccc the name H is encoded
by a real. Thus there is @ € Sy such that H is a P$-name and H € M,. By the
construction,

IFp, x4 is random over M,[G N P%].
Thus MZ¥ |= x, ¢ H[G] and by absoluteness V'* |= x, ¢ H[G). =

THEOREM 25. If P satisfies the commitment Y and for € S, My =X ¢ A
then VP =X ¢ 4.

In particular, VE* =2°NV ¢ 4.

Proor. Thisis Fact 1.7 of [10] which is really the Example 2.2 in chapter IV of [9].

We will sketch the proof here as this construction will be relevant later on.
The following is well-known.

LEMMA 26. If X ¢ # then V¢ = X ¢ # , where C is countable (Cohen) forcing.

For simplicity we will prove the Theorem 25 for the forcing Py. The general case
is the same. Suppose that F is a Py-name such that IFp, F € #. Find a limit
B € S; such that

(1) Fis all’/;,-name,

(2) ]P"f; = IPf{ € Mp (as in case 4 above),

(3) if b C IP’/;, is predense in ]P’f( then it is predense in Py.
It follows that if G C Py is a generic filter then F[G] = F[G N ]P’f(].

Since forcing with ]P’f{, over My is the same as forcing with C we conclude that
there is x € X such that Ms[G NPE] = x ¢ F[G nP.]. By absoluteness,
V[G] = x ¢ F[G)and so V[G] = X ¢ F[G]. Ttfollows that V[G] = X ¢ #. -
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Note that the above proof does not show that Py preserves being not null or not
meager, the construction is taylored for a particular set.
It remains to show that

Tueorem 27. VEY = X ¢ SA#. Furthermore, VP¥*C \= X ¢ S4, where C is
countable forcing notion.

Proor. Since Py C M * [Py, the generic object is a sequence (5, : k € w).

Lemma 28. (5i': k € w) is big over V.

PRrROOF. Suppose that Z C 2“ is a countable infinite set. Find o € Sy such that
Z € M, and o witnesses commitment Y, §ff”‘1‘”". Since M,[G] = M,[G N ]P")’(*] =
M,[G N (M % Pg)], it follows by Lemma 12 that M, [G] E 3%k Z + 5 = 2°. By
absoluteness, the same holdsin V. -

The rest of the proof follows the argument in Lemma 5 and the fact that our
forcing is locally Cohen. Put H, = (J;, 5 and let H = (0, H,. Suppose that

Fp, 2 X +H.LetG C Py be generic filter. Find a € S; such that z is a P§ -name
and z € M, and « witnesses the commitment Y wial Recall that in this case

(1) M,[G] = M,[GNPY ] = M,[G NP,

(2) P% is countable (i.e., isomorphic to C) forcing notion in M,,

(3) M, = X is uncountable.

Work in M,,. For each x € X there is a condition p. € P and n, € w such that
Pxlrpe 2 ¢ x + H,.. Since P is countable let 7 € w, ¢ € P and Z C X infinite
be such thatforall x € Z, n, =nandgq = p.. Now g IFp, Z + H, # 2%, it follows
that g I+ Vm > n5 + Z # 2°. Thus M,[G] E Vm > n§t + Z # 2%, and by
absoluteness, V[G] = Vm > n 5 + Z # 2, contradiction since {5: k € w} is
big.

The second part of the argument is the same, as it relies on the fact that the
Py-generic sequence is big over V and that forcing is locally countable. Py x C is
locally countable as well.

To summarize, for some models M,, o € Sy the generic sequence {5 : k € w}
appears as if added by the Cohen forcing and for some o € Sy, {5§i': k € w}
looks like the generic object added by M « Py,. The construction done on Sy will
quarantee two things: (1) that this sequence is big over V and that a given non-null
set remains not null, and (2) that the construction done for a € S yields forcing
which is close enough to Cohen forcing so that bigness implies that uncountable
sets of reals from V are not strongly meager in the extension. The key point is that
the bigness of sequence {5;: k € w} is absolute between models M, and V. -

§6. Non-Cohen oracle ccc. In the remaining section we will show that:

THEOREM 29. Assume V = L. There exists a ccc forcing notion P such that

(1) VP = 2% =Ry,

(2) VB 29NV ¢ . In particular, P does not add Cohen reals.

(3) VF = DBC.

The construction is an application of the non-Cohen oracle ccc method described
in [10]. The basic ingredient of the proof which is specific for this construction is
forcing Py defined in the previous section.
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Before we go further we will introduce the main ideas used in the construction.
The forcing P will be constructed from w; X w, countable pieces. The w, axis
will correspond to the w;-iteration while the w; axis will correspond to the single
task of making a given X,-set not strongly meager. In other words, P = J,_,,, Pa
and for each @ < wy, Pa = U, P¢. Furthermore, the sequence (P?: & < w)
will be increasing and continuous for each « (that is P¢ = U,<; Py for limit 2).
On the other hand the sequence (P, : a < w,) will be increasing but generally not
continuous. In general, P, ., will be of the form P, x Py, where Py will be forcing
defined in the previous section and X C 2“ N V¥~ is an R; set of reals. A suitable
bookkeping will guarantee that every X; set of reals will be captured.

In a typical finite or countable support iteration construction we accomplish
the goals of the iteration at the successor steps and then we preserve them at
the subsequent successor and limit steps. For example, in our case, a single forcing
notion would add a witness that a given set is not strongly meager and a preservation
theorem for countable/finite support iteration would guarantee that it remains so
through the iteration. The scheme used in this construction is different. Instead
of a preservation theorem, forcings (P, : a < w;} will satisfy the commitments as
in the definition of Py. In other words, the commitments imposed on the P,’s
will guarantee that the sets that were made not strongly meager by the iterands
Py remain so. Thus, instead of showing that an algebraic construction such as
direct or inverse limit preserves certain properties, we will work to show that given
a sequence (P, : a < A) (4 limit) satisfying appropriate commitments, there is an
object P; which also satisfy the commitments and P, < P, for all & < A. P; will be
defined inductively, but for the purpose of the argument all we need to know is that
it exists. A good illustration of this phenomenon is Theorem 1.17 of [10].

The “iterands” in the construction will be forcing notions defined in the previous
section. Each of these forcing notions requires two disjoint stationary sets and an
oracle on them. In our case these stationary sets will come from a family of X,
almost disjoint stationary subsets of ;.

LeMMa 30. Assume V = Landlet {S2, S} : o < wy} be a family of almost disjoint
stationary subsets of w) . There exists a family {A*: a < w,} of stationary subsets
of wy such that

(1) A%\ 4* € NS,,, for B < a < w,
(2) A°H = 4 U SPUSE,
(3) Si\A* ¢NS,,.

ProoF. Since NS, is not ¥y-saturated we can find a family {S?,S!: a < w,} as
above. Furtermore, we can assume that S2 N S} = 0 for all a.

Build tower {4%: a < w;} by putting 4%+ = 4> U SOUS]!. For limit A order
{4%: a < A} as {T¢: & < w1} and define A% = |, T: \ &. It is straightforward
to check that this works and (1) and (3) are satisfied. 5

In the same way we can extend oracles.

LemMma 31. Suppose that {]\-4,1_: a < A}, A < an is a <-increasing sequence of
oracles. Suppose that A\ dom(M,,) ¢ NS, for each o < 1. Then there is an oracle
M such that dom(M) = A and M, < M for a < A.
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Recall that Y™ and Y{"“' were commitments on the forcing Py that were
supposed to be satisfied on a stationary subset of Sy U S;. Here we intend that on
the step « + 1 of the construction we will use forcing Py, defined using sets SO U S}
and a suitably chosen X;-set of reals X,, in Ve,

In order to carry out the construction we will need to define commitments for the
future iterands. More precisely, given a forcing P satisfying some 0-commitment,
we would like to extend the oracle and define a P-name for a 0-commitment that
some forcing Q € V? will satisfy.

DEFINITION 32. Suppose that P satisfies M-cc. We say that Y™ is a 1-
commitment if Y™ = {x,: a € S} is a sequence of P-names such that

{a € 8: IFp X, is random over ML} € D,;.

The case Y™ is defined as before.

Note that if ¥#%" is a 1-commitment and G C P is a generic filter then
Yimdom[ G] is a 0-commitment.

Consider the set IS consisting of triples (P, Y, M), where

(1) Pisa M -cc forcing notion of size Ry, .

(2) Y isa l-commitment on PP of form Y7dom (y ytrivial

For <]P’(), Y(),M()), <1P>1, Yl,M1> c IS we say (]P’(), YO,MQ> S <IP1, Yl,M1> if

(1) Py<Py,

(2) Mo < M, ' _ . ‘

(3) for E € Dy, dom(Yp) N E C dom(Y1) N E and Yo[E = Y E.

Given (P, Y, M) € IS we can perform the following operations:

(1) Increase the oracle, that is replace M with .M " such that M < M'.

(2) Increase the commitment, that is, extend Y. )

(3) Increase the forcing by replacing P with P’ such that P < P’ and P’ is M-cc

and satisfies Y.

In our case we will construct a tower {(P,, Y,. M) a< 3) such that for each
a < w3

(1) Pq is Mq-cc,

(2) dom(MCl) = Aaa . . »

(3) dom(Y,) = A% and Y, = Y@y Y™l

(4) Y, U Yg‘é”do"’ U Yéig”“’ < Y,41 (in the sense of < on IS.)

In our case, given (P,, Yo, M, ) we will do the following steps:

(1) select an Xy set of P,-names for the reals. This could be done using <, or
some other bookkeeping mechanism, since every P,,-name for a set of R;
many reals has a P,-name for some a < w;.

(2) Extend the oracle M, to My = (M :6 € A°+ = 42U S2US]) so that
foralld € 4°+1\ 4%, M#*! = X, is uncountable,

(3) Extend the commitment ¥, by putting Y, [S? = Y™ — 7 _ o beany set
of P,-names for random reals over M2*! ford € SY. Let Y,11[S} = yiriviel,

(4) Build Py, such that
(a) Py, C M %Py,

(b) Py %Py, is M, 1-cc,
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(c) VErfue = Z, ¢ A, .
(d) VPPr b= X, ¢ S, as witnessed by a null set H, obtained from the
generic sequence added by Py, .
(5) SetP,y; =Py +Py,.
These steps are covered by the general theorems in {10]; in particular, the limit
steps are handled by 1.9 and 1.11, and step (3) by 1.12 of [10].
Let P = U,.,, Pa. Clearly, P satisfies ccc. We need to check that VF has the
required properties.
LemMa 33. VP E=20NV ¢ 7.

ProoF. Suppose that H is a P-name for a null set. Since Pis ccc and H is encoded
by a real, it follows that H is a P,-name for some a < w>. _Consider 0-commitment
Y g™ which consists of reals from 2 NV and the oracle Mo = (M?: & € SJUSY).

0
(In general, if we were interested in showing that some set Z; considered in the
iteration is not null in V¥ then we would carry the argument in a model VF#. ) Since
P, satisfies this commitment we can find § € S§ such that

(1) He M,

(2) xs is random over (M})P-.

This is possible since both (1) and (2) hold on a set from D ; . Thus for a generic
filter G C Po, MY[G] E x5 ¢ H[G]. Since H evaluated using G in M} is the
same as evaluated in V[G] we conclude that V[G] = x; ¢ H[G] and consequently
VIGIE2NV ¢ &4 4

THeOREM 34. VP = DBC.

PrOOF. Suppose that X C VP N 2% is an R, set of reals. Find o < w, such that
at the step a of the construction the following holds:

(1) IPQ+] = ]Pa *]P)Xaa

(2) VP = X, C X.

Such « can be found because of bookkeping. Recall that forcing Py, introduced a
measure zero set H, such that VP+ = X, + H, = 2 and furthermore VF=+*C |=
X, + Hy = 2, where C is countable forcing (lemma 27).

Let M, be the oracle for P,.;. This time we will be interested in the com-
mitments Y4 that we made on the set S} which is contained (modulo D,;)
in 42F1L,

Suppose that there is a P-name Z such that IFp 7 ¢ X, + H,. We can assume
that Z is a Pg-name for some > a. Letn > B, n € S. be such that the following
holds:

(1) P = lP"/’Y:l is a countable forcing in M,

(2) if @ is predense in P,’f = Py N# then it is predense in P,

(3) ze My andzisa P/-name,

(4) P <P}, or in other words, Pj = P’ C for some countable forcing

notion C.
Note that (1) and (2) follow from the fact that Ps and Py, satisfy the commitments.
the rest is straightforward - over the model M¢, H, is a ]P’;(a-name. Thus on one

hand, if G C Pisa generic filter then M;}[GNPg] = M,;’[Gﬂ]f”g] = Z[G] ¢ Xo+H,.



Sh:926

1310 TOMEK BARTOSZYNSKI AND SAHARON SHELAH

On the other hand, M3 [G NP | = X, + H, = 2%, and by Lemma 16 the same

must hold in the model M[G N ]P‘,[; 1 which (by (4)) is an extension of M;*[G NP} ]
obtained by a countable forcing notion. Contradiction. -
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