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THE SPECTRUM PROBLEM I:
N.-SATURATED MODELS, THE MAIN GAP

BY
SAHARON SHELAH'

ABSTRACT

The main goal of this paper is to complete the classification of those first-order
theories such that Ig (A, T)=2* We introduce two notions, the dimensional
order property and deepness. Our main theorem asserts that for a superstable
theory T, I (A, T)=2* iff T has the dimensional order property or is deep. Ina
sense made precise 1n §4 this provides a syntactical characterization of theories
with the maximum number of N, -saturated models in each power.

Introduction

We deal with the number I} (N, T) of non-isomorphic N, -saturated models
of a complete first-order theory T of cardinality N... (Note that for Ns-categorical
countable T, every model of T is N.-saturated:"" N.-saturation is a slight
strengthening of R,-saturated, denoted by F§ -saturation.) For this we continue
the classification of first-order theories (see [4]) introducing the dop (dimen-
sional order property) and deepness.

We conclude that either I3 (N,,T)=2" for every N, =A(T)+N, or
I3, (N, T) = 3,7 (|a | +Ro) for every a (remember that §( T )< (2'™)*).

As the name indicates, the author feels that this essentially solves the
classification problem for N, -saturated models (of first-order theories). The main
results were announced in [3] and [4].

We deal also with the number of models no one elementarily embeddable into
another. So we advance our knowledge on I(X,, T) (the number of models of T
of power 8, ), and, we think, help to deal with classes which do not strictly fall

* The author would like to thank John Baldwin for patiently reading the handwritten manuscript
and helping to improve the presentation, and to Baldwin and Makkai for many more remarks later.
This research was supported by the United States - Israel Binational Science Foundation.
 But any such T, if it is superstable without the dop, then by the work of Cherlin, Harrington
and Lachlan, R[x = x,L,N,] is finite and then we can show its depth is finite (in the notation of the
proof of 3.2, we prove that for every b € M,, I(n)+ R[tp(b,N,), L,®] = R[x = x,L,=]).
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into our context. We end by introducing and writing down some properties of
trivial types.

§1. Notation and preliminaries

Our notation is from [4], and as we refer to it often we omit the [4] (so 4.1
means 4.1 in this paper, I1I 4.1 means [4] III 4.1). The following lemmas are just
corollaries to [4] (1.1-1.4 to V §1, 1.7 to IV), however 1.1-1.4 will be used often
in sections 3, 4, 5 and 1.5, 1.6 will be used only for proving the equivalences
between various definitions of the dop in §2, and 1.7 will be used in section 5.
One deviation from the notation of [4]: I, J are sets of sequences from €, I, J are
sets of indexes (ordered sets, or trees or sets of sequences of ordinals, usually).

(Hyp) In this section T will be stable.

1.1. Ceamm. IfA C B, (I =0,1), tp(Bi, By) does not fork over A, p € S™(B,) is
orthogonal to A, then it is orthogonal to B, .

ProoF. W.lLo.g. we work in €% and w.l.o.g. B, =aclB;, A = aclA. Choose
any g € S(B,). Construct an infinite indiscernible set I of elements realizing g
such that tp (I, Bo U B,) does not fork over B, and Av(LI) is a stationarization
of q. Similarly choose a set J of indiscernibles over B, realizing p. Since
tp.(I, Bo U B,) does not fork over B,, and tp(B,, B,) does not fork over A, by III
0.1 tp,(B, U I, By) does not fork over A, hence tp,(L B,) does not fork over A.
As p € 8"(B,) is orthogonal to A by V 1.5(1) tp.(J, By) is orthogonal to A.
Hence tp,(J, B), tp,.(I, By) are orthogonal, hence by V 1.2(1) (since we work in
§°9) weakly orthogonal, hence by V 2.7 Av(I, U I), Av(J, U J) are orthogonal, so
p.q are orthogonal.

1.2. DeriniTioN.  For A CB C C wesay B < .Ciffforevery ¢ € G, tp(C, B)
is orthogonal to A.

1.3. LemMA. (1) Let NCMCA, M<yA, M and N are Fi-saturated,
k Z k,(T) and M’ is Fi-prime over A, then M <y M’

(2) If B<.C, AC Ay BCBy, AcCBoC Co, Co=C U By, tp,(C, Ay) does
not fork over A, and tp,(C, Bo) does not fork over B, then B,<,,Co.

Proor. (1) By V 3.2 and V 1.2(3).
(2) By 1.1 it is easy.

14 CLam. Let k = «,(T). If N is Fi-saturated, p € S™(B) is regular, statio-
nary, not orthogonal to N, then p is not orthogonal to some regularq € S™(N).
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PrOOF. W.lo.g. pE€S™(M), NCM and M is Fisaturated. Let CC M,
|C| < &, p does not fork over C, p | C stationary. Let A C N, |A | < k, tp,(C,N)
does not fork over A, tp,(C, A) stationary.

Choose by induction on i <w elementary mappings f, Domf, = A U C,
filA =id, stp(fi(C),A)=stp,(C,A), and f, = id, Rang(f;)C N, and for i < o,
i 22, tp,(fi(C), MU U ,.if,(C)) does not fork over A.

Let p: =fi(pI(A U C)).

Clearly for i <j, p; is orthogonal to p; iff p, is orthogonal to p, (by
indiscernability).

Extend the domain of f, to N U C by fixing N-C. By V 3.4, p,,p, are not
orthogonal (po,f,f(p), A,B there, stand for po,f,p:, N, N U C here). Hence
Po,p: are not orthogonal, so p is parallel to p,, not orthogonal to p,, parallel to
the stationarization q of p, in S™(N), q regular. So we finish.

1.5. DerFiNiTION.  Let A CB, p € S™(B), then we say that p is almost
orthogonal to A if for every ¢, s.t. tp(¢, B) does not fork over A and every b
realizing p, tp(b, B U ¢) does not fork over B.

1.6. CLam. (1) Let A CB, then tp(b,B) is almost orthogonal to A iff
tp(b, acl B) is orthogonal to acl A if tp(b, B) is orthogonal to A.

(2) If ACB, p=tp(b,B), then p is almost orthogonal to A iff for any ¢,
tp(C,B) does not fork over A implies stp(b,B)tstp(b,B U¢) iff for any C,
tp.(C, B) does not fork over A implies stp(a,B)Fstp(a,B U C).

(3) Let A C B, p =tp(b,B), then p is almost orthogonal to A iff for every a,
tp(d, B) does not fork over A implies tp(a, B U b) does not fork over A.

(4) For every a, tp(a, B) does not fork over A implies tp(b, B)+tp(bh,B U a) iff
tp(b, B) is almost orthogonal to A and in G, tp(b, B)Ftp(b,B Uacl A).

(5) If A =|M|C B, M is Fi-saturated, p € S™(B) is Fi-isolated, A = «,(7),
then p is almost orthogonal to A.

6) If A =|M|C B, M is Fi-saturated (i.e. A-compact), p € S™(B) is F:-
isolated, then p is almost orthogonal to A.

1.7. CLam. If N is Fi-prime over @, A Z «,(T), |A| <A, cfA Zk(T) and M
is Fi-prime over N U A, then M is F;-prime over .

PrOOF. We concentrate on the case A =Ny, so A=a. Wlog. M is
F;-constructible over N U A. By IV 4.9(3), IV 4.102), IV 4.18 we can find I C N,
I an infinite indiscernible set, Av(I,N)=tp(a,N), and Av(L,UI)+F Av(I,N).
Now [|[I]|= A as N is Fi-prime over & (see [V 4.9(2)). By IV 4.18, N is Fi-prime
over UI and by IV 4.102) Fi-constructible over I U{a}. Hence M is
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s-constructible over I U{a},but as|I U{a}| = A, I U{a}is Fi-constructible over
{J. Hence M is Fj3-constructible over &, hence M is Fi-prime over .

1.8. DeriNiTION. (1) I(A,F, T) is the number of F-saturated models of T of
power A, up to isomorphism. If F = F we write I:(A, T).

(2) IE(A,F, T) is the maximal number of pairwise nonelementarily embed:
dable F-saturated models of T of power A. If 2 maximum is not obtained, and
the supremum is a limit cardinal u, we write the value as w~. If F = F; we write
IEZ(A, T). We omit A if we do not restrict the cardinality (so the value may be ®
or 7).

§2. The dimensional order property
(Hyp) In this section T will be stable and x be «,(T).

Remember that T is unstable iff it has the order property, and unstable
theories are complicated in some respects, e.g., they have many non-isomorphic
models. However, a stable T may have an order hidden in it. For example,
consider for A >Ny, A CA? the theory T of the model (B, F,, F,) where

B=AU{a,B,7):a,B,y <A, and {(a,B)E A > y <w},
F(a)=a, Fi(e,B,7))=0a, Fla)=a F(eB,v)=8

Clearly T is not only stable, but even N,-stable, and No-categorical; however, by
cardinality quantifiers we can define an order (if A is an order).

We shall consider here a property, which clearly means there is a hidden order
property. From later sections we can see that for T superstable and Fg-
saturated models it is the only one. Note that here the order and independence
properties coincide.

2.1. DeriNITiON. T has the dimensional order property (dop in short) if there
are models M, (I =0,1,2), each Fi-saturated, M, C M,,M,, and {M,,M,} is
independent over M,, and the F;-prime model over M, U M, is not Fi-minimal
over M{UM,.

In this section we first develop a number of equivalent forms of the
dimensional order property. These are summarized in Lemma 2.4. Condition
2.4 (d)w, is the form of the dimensional order property used in Theorem 2.5 to
show that if a superstable T has dop then I (T,A)=2" (when T isstable in A).

2.2. Lemma. Let Mo<M,,M,, each M, Fi-saturated, A = u = x, {M,, M}
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independent over My, M Fi-atomic over M, U M, and M is Fi-saturated. Then the
following conditions are equivalent :

(a) M is not Fi-minimal over M, U M,.

(b) There is an infinite indiscernible I C M over M, U M,.

(c) There is p € S™(M) orthogonal to M, and to M., p not algebraic.

(d) There is an infinite I C M indiscernible over M, U M, such that Av(I, M) is
orthogonal to M, and M.. Hence by 1.6(5), tp, (I, M, U M,) is almost orthogonal
to M, and to M.

Proor. The equivalence of (a) and (b) is the content of IV 4.21, and
(d) = (b),(c) are trivial; we now prove (b) = (d), (c) = (d). The “hence” in (d)
can be proved as in the proof of (c) = (d).

(b) = (d). We can assume |I|=N,, and suppose I C M is indiscernible over
M, U M, but not orthogonal to M, (by symmetry). So by definition, Av(I,I) is
not orthogonal to some r € §™(M,).

Let I =JU{d.:n <o}, [J|<k Av(LI) does not fork over J, Av(I,J) is
stationary, and let {b, : n < w} be an independent set over (M, U M, U I, M,) of
sequences realizing r (hence indiscernible over M, U M, U I). By V 2.7 for some
k, tp(bo* -+ " b, MU My U J), tp(@s* " @, M, U M,U J) are not weakly or-
thogonal.

As M is Fi-atomic over M,UM,, for some B,CM,UM,, |B,|<u,
tp(I',B)) Ftp, (I'M, U M) where I'=J U{a,:! =k}. Hence for some CC
M,UM,, |C|<Nq, tp(by" " b, BiUCUJ) and tp(de" ", B, U CUJ)
are not weakly orthogonal. Now tp(b," - -+ * b, M; U M, U J) does not fork over
M, (by the choice of the b’s) and M, is Fi-saturated and |B,UCUJ|<
p +Ro+ 8o =, 50 some &'+ -+ & € M, realizes tp(by**+ " b, B,U C U J) (see
I 0.1). So tp(do"** " @, B1U C U J), tp(Co" - - - &, B, U C U J) are not weakly
orthogonal, hence

tp(do " @, By U C U)K tp(do' "G, BLUCUJT UG " &),

hence (by Ax V2 for F)tp,(I',B;U C) ¥ tp,(I',B;U C U (&" - "&)), hence
by monotonicity tp,(I', B;) ¥ tp(I', M, U M) contradicting the choice of B,.

(c) = (d). So let r € S™(M) be (not algebraic) and orthogonal to M,,M,. It
suffices to prove that r[(B UM,UM,) is realized in M for every BC M,
| B| < . [This is because then we can choose BoC M, | B,| < «, r does not fork
over B, r| B, stationary, and b, € M realizing r[(BoU{b,:] <n}UM,UM,),
and then I ={b, :n < w} is as required — indiscernible by III 1.10(1).]
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We can, of course, increase B as long as | B| < k. So w.l.o.g. r does not fork
over B, r| B is stationary, for | =0,1,2, tp,(B, M,) does not fork over B N M,,
and let ¢ realize r, B, = B N M,.

As |B| <k, M is Fisaturated, it suffices to prove

Stp(c—,B)l-r[(B U M1 U Mz).
For this let b, € M,(I =1,2) and it suffices to prove:
stp(¢,B)Fr1(BU b, U by).

We can find C C M,, |C|< « such that tp(b, M, U B;) does not fork over
B uCforl=1,2.

Now tp,(B,M,) does not fork over BNMy=B, and CCM, so
tp.(B, B, U C) does not fork over B,. By symmetry, tp,(C,B,U B) = tp(C, B)
does not fork over B,. Extend tp,(C, B) to a type q over M which does not fork
over B,. Then g [ M, is orthogonal to r and parallel to stp,(C, B) so by V 1.2(4),
stp,(C, B) is orthogonal to r. Hence,

(1) stp4(¢,B)Fstp.(¢,B U C).

Now tp(h, U B;,M,) does not fork over M, [as it is Ctp,(M,,M,)] hence
stp,(b:, M, U B,) does not fork over M,U B,. Also tp(b,,M,U B;) does not
fork over B, U C by the choice of C, hence by IIT 0.1 (2), tp(b,, M, U B,) does
not fork over B,UC. Now B, UCCM,, BBUCCBUCC M,U B, hence
stp, (b1, C U B) is parallel to some complete type over M,, hence is orthogonal
to r, hence to stp,(¢,C U B). So

(2) stp,(¢,CUB)Fstp, (¢, CUBUDb,).

Now tp,(b, U B,, M) does not fork over M, [as it is C tp,(M,,M))], hence
tp (b, M, U B,) does not fork over M,U B,.

Also tp(b,,M,U B,) does not fork over B,U C (by C’s choice), hence
tp(52,M1 U B,) does not fork over B,UC. As B,UCCM,, and B,UCC
B U CUb,CM,UB, clearly stp(b,,C UB U b)) is parallel to some complete
type over M, hence is orthogonal to r, hence to stp(¢,C U B). So

(3) stp(¢, CUB Ub)Fstp(6, CUB U, U by).
By (1), (2), (3) clearly
@) stp(¢,B)Fstp(¢,B U b, U b,)

which, as mentioned above, is sufficient.
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2.3. CLamM. Suppose A =k, M, (1 =0,1,2) are Fi-saturated, M, < M,,M,,
and {M,, M.} is independent over M,. Then

(1) Every Fi-isolated p € S™(M, U M,) is Fi-isolated.

(2) A model M is Fi-atomic over M, U M, iff it is Fi-atomic over M, UM,.
Hence if k = u, x = A, and an Fi-prime model M over M, U M, is F¢-minimal,
then M is Fy-prime over M, U M, (and Fi-minimal).

ProOF. (1) Suppose B C M, U M,, | B|< A, ¢ realizes p and stp(¢,B)Fp =
tp(c, M, U M,). We can assume that tp,(B, M,) does not fork over B N M,.

Let C C B,|C| < k be such that p does not fork over C,tp,(C, M,) does not
fork over C N M,. Now by III 4.22 it suffices to prove:

(*) for any a € M,UM,, there is a’'€ M;U M, such that stp(a’,B) is a
stationarization of stp(a, C)

We can find A C M, such that tp,(d@ U C,M,) does not fork over A, its
restriction to A is stationary, |A | <k, and let d = a," @, & € M, (I =1,2). Let
A ={a,:i<i(0)}, and we can find a!€ M, such that stp,((a}:i <i(0)),
B N M) extends stp,({a;:i <i(0)), C N M,) and does not fork over C N M,,
hence over C. Now find @{€ M, such that stp,({a::i <i(0))"ai,B) extends
stp,({a: :i <i(0))"a;,C) and does not fork over C. It is easy to check that
a'=ai"a, is as required.

(2) trivial from (1).

2.4. LeMMA. The following properties of T are equivalent for A 2 y Z « :

(a) T has the dop (= dimensional order property).

(b)rx There are Fi-saturated models My,M,,M,, My<M,,M,, {M,,M,}
independent over M,, such that the Fj-prime model M; over M, U M, is not
F;-minimal.

(c)ry There are Fi-saturated models My, M, ,M,, M, < M;, M, ,{M,, M.} inde-
pendent over My, and there is an Fi-atomic non-Fy-minimal model M; over
M,UM,.

(d)» There are sets Ao, Ay, A, such that AcC Ay, A, |AIl<A, {A,AZ is
independent over A,; and there is an infinite I indiscernible over A, U A,,
orthogonal to A, and to A,, and tp, (I, A, U A),) is almost orthogonal to A, and to
A;. Moreover, if a, (1 =0,1,2) are such that {A,, A,,a.} is independent over A,,
and tp(a;, AoU A; U AU @ U d@s-,) does not fork over A, U d, forl = 1,2, then

Stp*(I,Al U Az)}'tp*(I,Al U 61 ] Az U dz).

We can replace a, by B,.
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PrROOF. As (a) is (b). . it suffices to prove:

(i) (O = @) (i) (d)e = )y (iii) [d)x 2 Oy 5 (V) Dy = (O

@) ©nx > (@)

So let My,M,, M,, M, exemplify (c),,. Now by 2.2(d) there is an infinite
I C M; indiscernible over M, U M, such that Av(I, M,) is orthogonal to M, and
to M,. First assume k >N,, and w.lo.g. [I|=8,. By 2.3, tp, (LM, UM,)
is F%isolated, and so for some ACM,UM,, |A|<k, with
stp (I, A) Fstp (I, M; U M,). We can also assume that tp, (A, M,) does not fork
over A N M, and tp, (A, A N M,) is stationary. Let A, = A N M,. It is easy to
check that {A,, A} is independent over A, (as {M,, M.} is independent over M,
and use III 0.1). Clearly tp, (I, A, U A,) is almost orthogonal to A, and to A.,
and even the stronger assertion in 2.4 (d) holds.

If x =Ny, T is superstable and so there is a finite J C I such that Av(I,I) does
not fork over U J and Av (I J) is stationary, and continue as before with J
instead of I noticing that tp,(I, A;UA,UJ) does not fork over U J, is
stationary, and is orthogonal to M, and to M.

(i) (d). = ()
As k =y, if A,(I=1,2,3), I exemplify (d)., then they exemplify (d),.

(iii) (d)y = (bl

Let Ao, A, A, I exemplify (d),.

Let M, be an Fi-saturated model of T, A, C M,. By using automorphism of €
we can assume tp,(A;,MyU A,_;) does not fork over A,. Next choose an
F¢.saturated M,, such that M,U A, C M,, tp,(M,, M, U A;) does not fork over
M,, and an Fisaturated M,, such that My U A, C M, and tp, (M., M,) does not
fork over M, (this is easy). So clearly {M,, M.} is independent over M,, and by
the latter part of (d),

stp, (I A, U Ax)Fstp, (LM, U M,).

So tp,. (I, M, U M,) is Fi-isolated, so there is M, Fj-prime over M; U M,, such
that IC M,.

As M, contains an infinite indiscernible set I over M,UM,, it is not
FZ-minimal (by [4] IV 4.21), so we prove (b), x-

(iv) (®)x = (©hx

Trivial.

2.5. THEOREM. Suppose T has the dop, T stable in A and k = u <A. Then T
has 2* non-isomorphic Fi-saturated models of cardinality A.
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ProOF. Let Ag,A,,A,,I be as 2.2 (d).,|I| =8, and let J be any set of
indices. W.l.o.g. we shall work in € (see [4] III §6).
Let Ai=aclA,; and we can define, for | = 1,2, s € J, an elementary mapping
;, such that:
(o) Domfi=Aj,
(B) f'I A} = the identity,
() tpL(Fi(AD), U{fiAn:(tk)# (s, 1), t €Lk €3})does not fork over A}.
Next, for every s,t €J (not necessarily distinct) we choose an elementary
mapping f.., whose domain is AtU A;U I, and which extends f:, fZ. (This is
possible as fiU f7 is an elementary mapping, which is true because tp(A{, Ag)is
stationary (by III 6.9 (1) and the independence of {Ai{,A3 and of
{fY(A)), f2(A)} over AJ).) Let Al=fL{(A) (so |Al|<«k), L, =f.,(I). Now:

(st) stp, (L., AU A?)Fstp, (Is_,, U AU U AlU U I.,,u>-

ve] vEl (v,u)#(s,1)

This holds by 2.4(d) for
Bo= U{AL:(0,))#(s,1), (1,2} U{L, :{uv} N{s, 1} = 2},
B,=B,UA!U U{L,:v#v €T},
B,=B,UA?U U{L,,:u#sucl}.

Let I, be any set indiscernible over A} U A7, extending I, of power u™.
Clearly (st) continues to hold for the I ’s.

Let R be any two place relation over J, and let Ce = U,, AL U U, I%, and
let Mz be an Fi-prime model over Cg.

1t is easy to check that |J| = A implies | Mz | = A (remember T is stable in A).
Now, using (st) we show:

fors,t€J,
(st1) there is in Mg an I of power u* realizing tp, (I, A} U A}) iff R(s1).
If R(s,t) holds, clearly there is in Mz an I (of power u™) realizing
tp (1%, ALU AY: LY, itself. Suppose R(s,t) fail, IC Mg,[I|=p" realizes
tp,(I¥*, A; U A}). We shall work in €. If stp, (LAIU AD) =stp, (L., A;UA?)
we get an easy contradiction: by IV 4.9, dim(I,Ce,M)=pu, and by (st),
dim (I, Cr, M) =dim(I, A! U A%, M) which should be =|I|= p*> pu, contradic-
tion. However, if stp, (I, A;U A #stp, (I}, AjUA7D), as tp(,AIUANH=
tp(IY, ALUAYD), still Ay, AL, A7 T satisfies 2.4(d)., so we can prove the
assertion corresponding to (st).
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So in Mg the relation R on (A, U A?:t €J)is defined; and |A}| < k,A = A=~
(as T is stable in A,k = «,(T)). So as in VIII 3.2, we can prove that there are 2*
pairwise non-isomorphic Fi-saturated models of T of cardinality A. The case
which most interests us, u =N, T superstable (i.e. x(T)=N,), has the same
proof as in VIII §2: we have just to choose the right @ (see there).

REMARKs. (1) For most A we can also get 2* such models no one elementarily
embeddable into the other, e.g., for A regular >|T|; more generally, see also
(6]

(2) In 2.5, if T is not stable in A we can still get similar results.
For the reader unsatisfied with this, we give in more detail two cases.

2.5A. Fact. If T has the dop x 2 A >k, x > u =k, A regular, then there
are sets A; (i <2%), each of power y, such that, letting M; be Fi-prime over A,,
the following holds:

(i) The M.’s are pairwise not isomorphic.

(ii) For i#J, M; is not elementarily embeddable into M.

(iii) For i# j, there is no elementary mapping from A, into M,.

ProoF. Let $* ={8 < A :cfd=«}, and for each § € S let ns be an increasing
sequence of successor ordinals of length k converging to 8. For every S C S* let

JS=X2’ Rs={(7]5(1),8):8€S,l<K}, AS=CRS’ MS:MRS’

As= U AU U{Ii5:G,8)ER]}.
1<2
i<A

Now suppoée $:,5.CS, §,—S; is stationary, f:As—> M, an elementary

mapping, and we shall eventually get a contradiction. This clearly suffices. By
renaming, we can assume that f is into

B=B,U{a;:i<A}  where B,=As,U | Al
i<A2
1<2

tp(ai, Bi) is Fi-isolated where B, = BoU{q;:j <i}.

Let A*>2% be regular, and choose N; < (H(A*),€), |[N;||[<A, NN =6,
(N;:j=i)EN.,, and f, A, B, B, (a;:i<A), Rs, (A:1<2,i<x2),
(I*:s,t €Js,) (m =1,2) belongs to Ny. Choose { €8,—S,, { =§,.

Next choose M <(H(A*),E), { EM, M Nk an ordinal £ (N;:i <A)E M,
and all the elements which we demand to be in N, will be in M too.

Now f(A%U ALU U L,,«.») gives us the desired contradiction.
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2.5B. Fact. There are @, T, such that TC Ty, | T,|= A(T) and @ is proper
for (w, T)) (see Def. VII 2.6 p. 393, and Lemma VIII 2.3) such that for every
linear ordering I:

(1) EM(I, @) is Fy -saturated.

(2) There is a formula

d’()_)az_)=(ax07“'axi»”')i<y.* /\+ ‘Pi (.”’xi(a.l)"“’yai)7

o <p
¢; first order, y,z of length <k, such that, for s,t € I,

EM(I,®)k= y[b,,b] iff s<t

where
b =(f(a):i <|A U A,|< k), and if k =N, b, = ..

ProoF. Let J be {i:i <3}}, where 8,=3:(|T|), I}, has power A, M% be
Feprime over U, ,A'U U{I%:5<1} (so R is the natural ordering). Now
expand Mk by A(T) functions and get M such that:

(a) For every b €C, a € M,stp(b,a) is realized in the closure of a by the
functions of M.

(b) P={a,:s €J} where a, CAYUA}, and if k =N, then equality holds
(i.e., the range of a, is AU A}) and always AU A!C{fi(a,):i}.

(¢) f(—.a,,a) (s <t)Is a one-to-one function from M into L.

(d) Mz has Skolem functions.

Now apply Morley’s proof of the omitting type theorem to get EM'(®,w), a
model of T, =Th(MzR), which realizes only types M realizes.

From 2.5B, I}, (A, T)=2" for A ZA(T)+N, follows from VIII 3.2 (for
A > A(T) it already follows from [1], [2] 2.6).

Remember that for T superstable, |T|[+8,=A =A(T), I(A,T)=2" was
proved in IX 1.20.

Now we shall mention a topic, not necessary for the rest of the paper, but
naturally connected to the dop. Just as we have looked at “hidden order” we can
look for “hidden unstability,” like the one caused by «(T)>N,.

2.6. DeFINITION. T has the discontinuity dimensional property (didip in
short) in the cardinal u (u regular) if there are Fi-saturated models M, (a < u)
such that @« < = M, <M, and the Fiprime model over U,..M; is not
F2.minimal over U,.. M.

Now if T has the didip for u, then u < «(T) and there are 2* Fi-saturated
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non-isomorphic models of power A if A >y = «, T stable in A, at least when
(VA <A) AT*<A, cfd =A.
The proofs are parallel to the proofs in VIII on the number of Fj-saturated
models of power A, when x < k(T) regular.
Also, the parallel of 2.3 holds, and if y > « is singular, T does not have the
didip for cf x, then F§-prime model over any set A is unique. Also, if each M; is
¢ saturated (i <a) M <M, {M;:i<a} is independent over M, and N is
¢_prime over U,;_, M, and in addition T does not have the dop nor any case of
didip, then N is Fi-minimal over U, M.

§3. The decomposition lemma
(Hyp) In this section T is superstable without the dimensional order property.

The main result of this section, the decomposition lemma, states that (for
superstable T without the dimensional order property) every Fj -saturated
model is F& -prime over a non-forking tree N,, (n € I) (i.e., I C | M| is closed
under initial segments, and tp(N,,, U {N, : n & v}) does not fork over N ,¢cm)-1)s
when I(n)>0, and n <v = N, CN,). This is a kind of structure theorem, so
this division line (superstable + not dop) is significant. Though we shall eventu-
ally prove that some such theories (the deep ones, see §5) have many non-
isomorphic models, all of them do not have a family of x Fx -saturated models
no one elementarily embeddes into another, with « of arbitrary cardinality (this
is with the help of [5]). Recall that for A C B C C, B <, C means that for each
¢ € C, tp(c,B) is orthogonal to A.

3.1. THE AtomiCc DECOMPOSITION LEMMA.  Suppose N, < M are F} -saturated
models. Then there are elements a; € M (i < a) and models N, ;, M; such that :

(a) N1< Nz,i < M <M,

(b) M:, N, are F} -saturated,

(c) tp(ai, Ny) is regular, and for i# j, tp(a:,N,), tp(a;,N,) are orthogonal or
equal,

(d) a; €N,;, and N,; is F5 -prime over N, U{a:},

() N,; <n M, and M, is maximal with respect to this property (in fact, for no
a €EM—M, is tp, (M, U{a}, N,:) orthogonal to N)),

(f) M is F3 -prime over U, M,

(g) {M::i <a} is independent over N,, and tp,(M;,N,U{a}) is almost
orthogonal to N;.

Proor. Let I ={a;:i <a}C M be a maximal set, independent over N; of
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elements of M realizing over N; regular types, and w.l.o.g. satisfying (c).
Let N,; C M be Fj -prime over N;U{a:}. So (c) and (d) hold trivially. By V
3.2, we have:

Fact A. tp(Nai, U<« Na;) does not fork over N,.

Now for each i <a, we define by induction on j<||M|* an element
b.; EM —N,; U{b,, :y <j} such that tp(b;;, N,., U{b,, : v <j}) is Fa -isolated
or is orthogonal to N, (we can assume that the second possibility occurs only if
N, U{b,,:y <j} is the universe of an Fi-prime model). There is a first
B(i)<|M|" such that b, s, is not defined. Obviously:

Fact B. N, U{b.s:8 <B(i)} is the universe of an Fj -saturated model
which we denote by M, (clearly M; < M).

Now:
Fact C. tp, (M, U, M,) does not fork over N;.

To show Fact C, we just prove by induction on £ =5, . B(i) that if we let
Af=Np U{big:Z,B()+ B < £}, then for every i <a, tp(Af, U, A% does
not fork over N;. The induction step is by V 3.2, II1 0.1 (when we add an element
realizing an Fy -isolated type) and V 1.2(3), III 0.1 (in the other case).

Fact D. N, <y M.
We prove by induction on B8 = (i) that:
(*) Ny < n N2 U {b.‘,., Yy < B}

For B =0 this is trivial, as well as for 8 limit. So let us prove it for 8 + 1. Let
tp(¢, N..;) be a type which does not fork over N;. Since N, is Fr,-saturated, by
V 1.2(3) it suffices to prove that tp(C,N..;), tp({b.,:v =B}, N,,) are weakly
orthogonal. This is equivalent to

tp(&, N2 Y Htp(E, N, U{b, t ¥y = B)).
By the induction hypothesis on 8
tp(é, NZ.i)I_ tp(c—, N2,i U {bi,y . y < B})'

Hence tp(¢, N, ; U{b,, : ¥ < B}) does not fork over N, , hence (by transitivity,
see 111 0.1) does not fork over Ny, and it suffices to prove it is weakly orthogonal
to tp(bip, N2 UTb,, 1y < B}). If the latter is Fj -isolated this holds by V 3.2 and
if the latter is orthogonal to N, this holds by V 1.2(3).
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Fact E. M is Fi -prime and Fg-minimal over U, .. M..

ProOF OF Fact E. Let M’ <M be Fé-prime over U, ., M; (we know that
there is such M'). Suppose M'# M which holds if M is not Fiprime over
U,-<aM, and M’ can be chosen so that it holds if M is not F§ -prime and
F3 -minimal over U,., M, ; we shall eventually get a contradiction. Choose
b € M — M' with Rtp(b,M’), L,] minimal (it is <% as T is superstable).

By V 3.5, tp(b,M’) is regular. Let us first assume that tp(b,M’) is not
orthogonal to Ny, then by 1.4 there is a regular type p € S™(N,) not orthogonal
to it, hence by V 1.12 some b’ € M — M’ realizes the stationarization of p over
M'’. But this contradicts the maximality of I.={a; :i < a}as b’ can serve as a,,.

So we can assume tp(b,M’) is orthogonal to N,. Choose a set BC M/,
|B| < «(T)=N, such that tp(b,M') does not fork over B. Since M' is F§ -
saturated we can also assume tp(b, B) is stationary. Also there is a finite § C «
such that tp, (B, U.csM,) is F3 -isolated [as tp, (B, U, .. M,) is F§ -isolated by IV
43 as BCM', and M’ is Fi-prime over U...M,]. So there is M*C M’
Fi-prime over U,csM; and b €M so that tp(b,M*) is a regular type
orthogonal to N;. We prove that this is impossible by inductionon |S|. If|S| =0
then tp(b, M*) is not orthogonal to N, as M* = N,, contradiction. If [§]|=1,
S ={i} we get a contradiction to the definition of M. Suppose |S|=n +1 and
assume by induction that for any U C a with |[U|=n, if N* <M is F5 -prime
over U,cuM, and r € S(N*) is a regular type which is realized in M, then r is
not orthogonal to N,. Let i €S and choose M*C M*, Fj -prime over
U, cs;#M; such that M* is F§ -prime over M* U M; (for some fixed i € S). By V
3.2 {M*,M;} is independent over N,. Since T does not have dop, by 2.3,
tp(b,M™) is not orthogonal to one of M; or M*. Let N denote the model
tp(b, M*) is not orthogonal to. By Lemma 1.4 there is a regular ¢ € S™ (N) such
that q is not orthogonal to tp(b,M*). But tp(b, M*) is orthogonal to every
(regular) complete type over N;. Since non-orthogonality is transitive on regular
types (V 1.13), it follows that q is orthogonal to every regular type in S(N)), i.e.
by 1.4, q is orthogonal to N,. But q is not orthogonal to tp(b, M*) and b is in the
F? -saturated model M, so by V 1.12, the stationarization of g on M* and hence
q is realized in M*. But then g and N contradict the hypothesis of induction.

So we prove Fact E and we can check that the only part of 3.1 to be proved is
the last phrase of (e) which we leave to the reader. For (g) use 1.6(5), 1.6(1).

3.2. THE DEcOMPOSITION LEMMA. For any F; -saturated model M we can
find a set I C*>|M|| (finite sequences of ordinals <|M|) closed under initial
segments, and N,,a, for n €I and p,(n €I —{{ )}) such that:
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(1) N, <M is F} -saturated.

(2) N ) is Fi -prime (over Q).

() parir=tp(anqw,Ny) is regular, and for nj)EL p.w, pa- are or-
thogonal or equal.

(4) N, is Fg -prime over N, U{a,~.}.

(5) tp (No~iy, U{N,:v €I but not n*(i)<v} does not fork over N, (for
n"(i)EI).

(6) M is Fi-prime and F3i -minimal over U _o,N,.

() tp (U{N,:n =v€EI},N,) is orthogonal to N, when I(n)=n +1.

Proor. We define by induction on n, a set I, of sequences of ordinals of
length n, models, N,, M, and elements a, for each n € I, such that:

(1) n €L, m<n implies nIm€EI,, and [,={( )}.

(2) N, is Fj -saturated.

(3) N ,is Fi -prime (over &).

(@) N,y is Fi -prime over N, U{a,u}.

(5) Let porwy =tp(a @, Ny), then it is regular, and p s, pa~; are equal or
are orthogonal.

(6) M, is Fi-saturated, N, CM, C M.

(7) n<v implies N,CN,CM, CM,.

(8) M, is Fi -prime over UM, ..

O Narw<w, My

(10) {M ~u: n"(i) € I} is independent over N,,.

an A, ={a,~»:n"(i)EI} is a maximal subset of M, (or even set of
sequences from M, ) independent over N,.

(12) A, is a maximal subset of M which is independent over N, and every
element of it realizes over N, a type orthogonal to Ui Now if n#( ).

The definition is easy: for n =0 trivial, for n + 1, for each n € I, we apply 3.1
with N,, M, standing for N;, M and get a;, N,;, M; and let a,= a,
Ny = Naiy, Moy = M; (so L, is the set of »’s of length n + 1 for which N, is
defined).

Let I = U, I,. Now all the conditions of the lemma are obvious except “M is
F2prime and F2-minimal over U, <;N,” and (11), (12).

Let us first prove (11), (12). If (11) or (12) fails for n, let @ exemplify it; i.e.
ag N,, tp(a,N,) is orthogonal to N, ;u_y if k =1(n)>0, and a&€ N, and
tp(a@, N, U{a,~ay: n"(i) € I}) does not fork over N, ; w.l.o.g. tp(a, N,) is regular.

As in the proof of 3.1,

tp(@ U{N,«w: n*) €N tp(a@, UM,y : n () ETY),
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and as M, is F& -prime over U AM iy () E T}, tp(d,U.-M,,A<,->) does not fork
over N,, by V 3.2,

tp(d, U M,,Am) Ftp(a,M,).

This proves (11) (i.e., when @ € M,,); for (12) note that by the above tp(a, M,,)
does not fork over N,, hence is the stationarization of tp(a,N,) which is
orthogonal to N, ¢y When it is defined. Let k = [(%), and we now prove by
induction on [ = k that tp(a, M ,;4-1) does not fork over N,,.

We have proved for | =0 and for ! + 1 notice that as tp(@, M, x-n) does not
fork over N,, it is parallel to tp(a,N,), hence orthogonal to N,u-1
hence to N,ju-i—yy. So for j#n(k~1-1), tp(a,M,i«-») is orthogonal to
tP(M 1 e-r-07s Nopr-i-n)-

As {M ,1w-1-p:j <a} is independent over N,jw-i-yy, tp(@ M, i1u-p) is
orthogonal t0 tp (U xna-1-1y Maige—i-1y, Natw-i-n), and

tp(a&, M, 4-n) Ftp ( a, U Mnl(k—l—l)A<j>) .
j

So as Mn[(k-lA]) is F:O-prime over U,’M.,,[(k_l_l)f\(j), by v 4.10(2),
tp (d, M'n l(k—‘)) k tp (d’ Mn f(k—l—l)) ’

so also the latter does not fork over N,. For [ =k we get a contradiction to
a€eM=M_.,, as tp(a, M, ,) does not fork over N,, and @& N,,.

Now we shall prove that M is Fi-prime, Fg-minimal over U,/ N,. So
suppose M'C M, M' # M, M' is Fi-prime over U,,E,N,,, and choose bEM —
M', R[tp(b,M’),L,»] minimal, hence tp(b,M’) is regular. Now tp(b,M’) is
orthogonal to each N,. If not, choose n with minimal length, then by 1.4 for
some regular g € S™ (N,), tp(b,M’), q are not orthogonal and q =p.,~, for
some i, or q is orthogonal to every p ,~u. Let q' € S™(M’) be the stationarization
of g ovér M’, so by V 1.12 there is a’ € M which realizes q’, so tp(a’,M') does
not fork over N,. By choice of 7 (being of minimal length) (if n#( ))tp(b,M’)
is orthogonal to U< N, hence by V 1.13 also tp(a’,M’) is, so we get a
contradiction to (12). We conclude tp(b, M') is really orthogonal to each N,.

Choose a finite B C M' over which tp(b, M') does not fork, and a finite I* C I
closed under initial segments such that tp,(B,U,</N,) does not fork over
U,er-N,. As M’ is Fi -prime over U, N, tpo(B,U, <N, ) is Fi -isolated, so
tp(B,U,ci-N,) is Fi-isolated (see IV 4.3). Let N <M’ be Fi -prime over
U{N,:n €I*} and BCN. We have found an Fi-prime model N over
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U, e N,, so that there is a regular type in $™(N), orthogonal to each N,
(n € I'*), realized in M, and I"* is finite, closed under initial segments. We geta
contradiction to the statement in the last sentence by induction on |I*|. If
I*={n[l:1<n} this is trivial, and if not choose distinct 0, » in some I*N I,
with n minimal. Let N°= N,,-), N'<N be Fi-prime over U{N,:n =<
o € I*} and N*C N be F -prime over U{N,: not n < ¢, but ¢ € I*} such that
N is Fy-prime over N'U N2 Now by 2.3 (and as T does not have the dop) for
some | €{1,2}, there is a regular complete type over N' orthogonal to N,
realized in M, and we get a contradiction to the induction hypothesis on | I*|.
In fact our proofs also prove:

3.3. LEMMA. Suppose I C “” A is closed under initial segments, {N, :n €I} isa
non-forking tree of F-saturated models [i.e., n <v > N, <N,,n€I-{( )} >
tp(N,, U{N,:v €I not n < v}) does not fork over N, -1y, and each N, is
F} -saturated].

If T does not have the dop, M F2-prime over U /N, then M is F2-minimal
over U /N, and every q € $™(M) is not orthogonal to some N,.

Proor. First note:

3.3A. Fact. If S, S. are non-empty subsets of I which are downward
closed, then {U,cs N,, U, s, N,} is independent over U, s, ns, N,.

Proor. By the local properties of forking, it suffices to restrict ourselves first
to the case S, — S, finite, then to the case S, — S,, S.— S, finite, and at last S,, S,
finite (using III 0.1). ‘

Now we prove the statement by induction on |S; U S,|; w.l.o.g. $i#S: NS,
S$:#A8:NS,, clearly ( YESNS,.

So choose i € S, — S, of maximal length, and by the induction hypothesis and
transitivity of forking (see III 0.1) it is enough that tp,(N,, U{N,:ves,u
S,, v# n}) does not fork over N,uw)-1y, but this follows from the hypothesis.
Now return to 3.3.

If one of the conclusions fails we can reduce it to the case I = I'* is finite; then,
as in 2.2, the two conclusions are equivalent. If both fail, there is M' <M, M’
Fi -prime over U ,;.N,, b € M — M, tp(b,M") orthogonal to every N, ; and
continue as in the last part of the proof of 3.2: from the choice of B.

§4. Deepness

(Hyp) In this section T is superstable without the dop.
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As we know that the number of non-isomorphic Fj -saturated models in every
N, Z|T|+ N, for unsuperstable T and for T with the dop, we concentrate on the
case in the hypothesis. By the decomposition Lemma 3.2 we know every
F; -saturated model is Fg-prime over a non-forking tree of Fi-prime
models. Clearly, if there are few trees then there are few models, but the
converse is less clear. Anyhow, clearly the most important distinction is whether
the tree (I in 3.2) is always well-founded. If it is always well-founded, naturally
some rank is defined (called here the depth), and if the rank is small the number
of models is small.

In this section we introduce the basic relevant notions and the simple facts
about them. Notice that we could have chosen some other variants of the
notions, but by later sections we will show that they would be equivalent.

We define the depth so that the results on the number of models can be stated
smoothly (this is why 4.1(iii), 4.2(1) are such that the depth is not a limit ordinal).

Let us make some more specific remarks. Note that if the tree is not
well-founded there are N; < Ny.y Ni., F -prime over N, U{a}, tp(a;, N;) regular
orthogonal to N,_,. So the rank is defined as an attempt to build such a sequence
(i.e., the rank of (N, N',a} is « iff there is such a sequence, N = Ny,N'= N;,a =
ag).

In Definitions 4.1 and 4.3 we give some variants of this, in 4.2 we define the
relevant property of a theory (deepness), in 4.4 we prove various facts, and in 4.5
the essential equivalence of some variants is given. Now 4.6 says that, looking for
high depth, it is enough to look at types not orthogonal to . For “canonical”
examples see 4.9, 4.10.

4.1. DeFINITION.  Let K" ={(N,N’,a):tp(a,N) is regular, and N’ is Fj-
prime over N U{a}}.

For every member of K’ we define its depth, an ordinal (zero or successor but
not limit) or infinity <, by:

(1) Dp(N,N’,a)=z0 iff (N,N',a)EK";

(i) Dp(N,N",a)Za +1 (a zero or successor) iff for some N”",a':
(N',N",a"YEK", N'<yN" and Dp(N',N",a")Z a;

(iii) Dp(N,N’,@)= 8 +1 (8 limit) iff Dp(N,N',a)= B for B <§;

(iv) Dp(N,N',a) =« iff for every ordinal 8 Dp(N,N’,a)= B, Dp(N,N',a) =
a iff Dp(N,N',;a)= a but not Dp(N,N’,a)Zz a +1.

4.2. DEFINITION. (1) The depth of the theory Dp(T) is U{Dp(N,N",a):
(N,N',a)EK'}+1.
(2) The theory T is deep if its depth is o; otherwise it is shallow.
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4.3. DerINITION. (1) K, ={(N,N’,@): N,N’ are Fjsaturated, a €N/,
d# N, N’ Fi-atomic over N U{a}}. Dp((N,N’,a),K) is defined as in 4.1 for any
set K of triples. If (N,N',a)ZK we interpret Dp((N,N’,a),K) as
Dp(N,N',a),K U{(N,N’,a)}) (not closing under isomorphism) and if K = K’
we omit it.

Let Ki={(N,N',a)€ K, :tp(a, N) is regular}.

(2) For a tree I, we define Dp, (n,I) (A a cardinal, n €I): Dp,(,)Za +1
iff for A »’s, n <y, Dp(y,])Z a, and for a =0 or limit Dp,(n,I)Z a iff
Dpi(n,I)= B forevery B <A.So Dp,(n,I) = a ifitis Z « butnot Z a +1. Let
Dp.(I) =sup{Dp.(n,I):n €I}. For A =1 we omit A.

(3) Dp(T,K) is defined as in 4.2.

44. Lemma. () If (N,N,a@), (N',N".a)EK, N'< N" then
Dp((N,N',a),K)=Dp((N’,N",a"),K) (the inequality is strict except when both
are ) [this holds for any class K of triples].

(2 If a=Dp((N,N',a),K)<wo, (N,N',a)EK, a not limit, then some
(No, N4, do) €K has depth a (in K).

(3) Dp(N,N',a) = iff there are N;, @; (I < ), Ni.y <w,Nis2, No= N, N; = N’,
do=a, (Nis1, Niv2, @) €E K'. (Similarly for any “reasonable” K.)

@) If « =Dp(T) or a =Dp(N,N',a), a <o, then a <(2'")" and in fact
a < 3§(| T]) (see below what is 8( T|)).

(5) The depth is presgrved by automorphisms of €.

6) If (N,Ni,a)€ Ky, (1 =0,1) and tp(a,, N;) are parallel or not orthogonal,
then Dp(No, N, ado) = Dp(Ny,Ni,a,). If only (N:,N1,a,) € Ky, tp(a,N) reg-
ular, still Dp(No,N',a,)=Dp(N,,N},a,).

REMARK. Remember that 3, is the Hanf number of omitting types for
theories of power A, i.e., it is the first cardinal p such that if T is a (first-order)
theory of cardinality A, p a type of cardinality A, and T has a model omitting p in
every x <p, then T has a model omitting p is every cardinality =|T|.

This is well investigated, e.g., §(Ro)=N;, A" =8(A)<(2")", cfA >N, >
8(A)> A7; for proofs and references see, e.g., VII §5.

The following lemma shows that there is no real difference between the
various Dp(—,K)’s, in particular, whether we use a or a.

4.4A. DerFINITION.  We let, for regular p, Dp(p) be the depth of (N,N’,a) €
K&, when tp(d,N), p are parallel.

ProoF OF LEMMA 4.4. Easy. Note for (3) we need (6).
(1) Trivial.
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(2) We prove it by induction on 8 = Dp(N, N',a); for B = « there is nothing
to prove; for B > a, use 4.1 (ii) applied to Dp(N,N',a)= B +1, to get N”, a’
with y =Dp(N',N",a")= «a, but by 4.4(1), y<pB, and use the induction
hypothesis.

(4) By (6), Dp(N,N’,a) depends only on tp(a, N) up to parallelism, and by (5)
it is preserved by automorphisms of €, hence there are =2'/ possible depths.
But by (2) the ordinals which are the depth of some triple form an initial segment
of the set of the non-limit ordinals, hence

a =Dp(N,N',a)<® > a <27y

The first phrase has been proved above. We work as in [4] VII §5. For the
second phrase, let B=(H(A),€,T,58(T|)), H(A) — the family of sets of
hereditary cardinality < A, and w.l.o.g. T C|T|*. Now consider 8’ elementarily
equivalent to B, with “T and | T|” standard: but non-well-ordered “ordinals”
< &(T). (B’ is known to exist.)

In this model we can consider various notions and check whether they are
absolute, i.e., whether if %8’ says something holds it really holds. Now this holds
for

(a) being a model of T,

(b) R(p,4,A)=n (4 finite, A = N),

(c) being orthogonal types,

(d) non-orthogonal types,

(e) tp.(A, B) does not fork over C, and

(f) ACB, peS™(B); p has a unique extension in S™(N U B) when
tp, (N, B) does not fork over A.

We can conclude by 4.5 that also if 'k “Dp(p)=a*, a* an ordinal” then p
has depth = the order type of {a E8":a <a*}. If a*=8(T)|) this is not
well-founded so Dp(p) = =.

(5) Trivial.

(6) We prove by induction on vy that [Dp(Ny, No, @o) = y or Dp(N,,N{,a0) =
v] implies the equality. We can choose Fi-saturated N,, NoU N, C N, and by
4.4(5) w.l.o.g. tp(N},N,) does not fork over N, (for I =0,1). By V 3.2, N{ is
Fi-constructible over N,Ud,, and let N; be Fi-primary over N,U N;=
N,UNyU dy. In N; tp(a;,N,) is realized, so w.lo.g. @, €N}, NJCNj;, N}
Fi-prime over N, U @, and over N, U N1 (and over N, U @, and over N, U Ny).

By symmetry it is enough to prove Dp(Ny, Ny, do) = Dp(N,, N3, do), because
checking the definition we can observe that Dp(N,,N:,a,) = Dp(N;, N3, a,).
Now the inequality = is trivial (with the induction hypothesis for y) and for the



Sh:131

344 S. SHELAH Isr. J. Math.

inequality Z we have to replace parameters with others of the same type. For
proving the second phrase act as before, observing that by the first phrase
Dp(N,,Ni,a) =Dp(N,, N3, d).

(3) First suppose that there are N, 4;, and let & = Dp(N,, Ni11,a;). By 4.4(1),
& = o, and if @ #%°, &y > . So if ap is # o, then o, (I <w) is a strictly
decreasing sequence of ordinals, contradiction; so a,=%, but a,=
Dp(Ny, Ni,d0) = Dp(N,N’,a), so we have proved the “if”” part of 4.4(3).

Now suppose Dp(N, N’, @) = . We define by induction on /, Ny, a; such that
N is Fisaturated, Dp(Ni, Niyi, @) =%, Ny <y_, Nu (when [>0). So let
No=N, N;=N', d,=a. So the induction hypothesis holds. For 1 +1 as
DP(M’NI-H ,-dl) =, there are Nz, G1+1 = <a1+2), such that (N1 ,M+2,al+2) EK’,
Dp(Nis1,Nisa, @is1) Z (21", hence by 4.4(4), Dp(Nis1, Nivz, @1s2) = ©. As we can
carry the induction we have proved the “only if” part of 4.4(3).

4.5. Lemma. (1) For any (N,N’,a)€K,
Dp((N,N’,a),K,)=Dp(N,N’,a).

() If Ki={(N,N',a)EK},:N is F;-atomic over N U{a}}, then on K;,
Dp(—,K"), Dp(—,K}) are equal.

Proor. (1) Remember that by III 4.22, if M is Fi-saturated, M’ Fj-prime
over MUa, k<A then M' is Fy-prime over MUad. So trivially by the
definitions and 4.4(6) Dp((N, N, @), K,)=Dp(N, N', a). So it suffices to prove
by induction on a that:

(*) Dp((N,N';a),K\)Za > Dp(N,N',@d)Z« for (N,N',a)€K,.

For @ =0, a limit and successor of limit this is trivial; for « =8 + 1,8 not
limit, there is (N',N",a")E€ K,, N'<y N", and Dp((N',N",a’),K,) = 8, hence
by the induction hypothesis Dp(N',N",a")= 8. Apply Lemma 3.1 for N',N"
standing for N,,M and get a;, N,;, M, (i <i(0)). By V Def. 3.2, Th. 3.2, w.Lo.g.
N.; = M; and i(0) is finite (= w(a’', N)), and let y = MaX; i) Dp(N’, N>, a;) (so
v is not limit); clearly it suffices to prove y = B. Otherwise, as vy is not limit there
is (N',N*,a*)EK", N'<yN* Dp(N",N*,a*)=v. As tp(a*,N") is regular,
orthogonal to N’, clearly as in the proof of 3.1 (see Fact E) for some i < i(0) and
regular q € S'(N,,), tp(@a*, N") and q are not orthogonal. Let ¢ realize g, N, be
Fi -prime over N,; U{c}. So by 4.4(6)

(a) Dp(N",N*,a*)=Dp(Nz;, N:,¢).

Now as g is not orthogonal to tp(a*,N"), it is orthogonal to any regular
complete type over N’ (as non-orthogonality is an equivalence relation among
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regular types, see V 1.13) hence q is orthogonal to N'. Hence N,; <x-N},, hence
(by 4.4(1))

(b) Dp(N,7N2,i’ai)>Dp(NZVi’N2'~i’C-)'

As Dp(N",N*,a*)zy by (a), (b), Dp(N,N,,;,a;)> v, contradicting y’s
definition.
(2) Easy

4.6. Lemma. If (No,Ng,do) € Ky, tp(ao,No) is orthogonal to & and has
depth < «, then there is (N,,N1,a,) € K}, such that tp{a,,N)) is not orthogonal
to & and

Dp(N(),N(’),a_o)< Dp(Nl,N{,a_l)

4.6A. REMARK. So clearly for any complete type p, Dp(p) = Max{Dp(r):ra
complete regular type not orthogonal to p}.

ProoF. By 4.4(6), w.l.o.g. No and N are F3 -prime over J. Let B C N, be
finite, such that tp(@,, N,) does not fork over B. There is B’ realizing the
stationarization of stp, (B, ) over N,, and let M’ be F} -prime over NoU B'. By
1.7, M' is Fy -prime over &. Hence by IV 4.18, No, M' are F}-prime over B, B’
resp., hence there is an isomorphism from M’ onto N, taking B’ to B. So there is
a model N < N, such that tp,(B,N) does not fork over & and N, is F} -prime
over N U B. Hence by V 3.9 there is a finite set J = {b; : i < n} C N, independent
over N, of elements realizing regular types, such that Ny is F§ -prime over N U J.
By V 3.2 there are N, <N, Fj prime over N U b,, such that N, is F} -prime
over U,., N%. As tp(do, N,) is orthogonal to &, is parallel to stp(d,, B), and
tp.(B, N) does not fork over J, by 1.1 tp(ao, No) is orthogonal to N. On the other
hand, by 3.3 tp(do, N) is not orthogonal to some N7, hence by 1.4 some regular
g € S™(N?%)is not orthogonal to tp(@,, Ny), so by V 1.13 it is orthogonal to N.

Clearly Dp(N,N%,b;)>Dp(q) = Dp(Ny, N1, do) (see 4.4(1), 4.4(6) resp.) and
tp(bi, N) is not orthogonal to &J as it is not orthogonal to tp,(B,N) (because
b, € Ny, Ny Fi-prime over N U B, tp(B,N) does not fork over J). Now put

(Ni,N;}, @) E (N,N*,b).

47. THEOREM. I} (N.,T) (the number of non-isomorphic F5 -saturated
models of power R,) is at most 3 p.wpry(|aP™) for shallow T, so it is
<Js(|1-|)(|a ZITI) = :aqu)(,a |)<J(2m)+(|a l) and if T is Countable <J,,,l(|a l).

Proor. Immediate by 3.2, and the bounds on 8(| T|) (see e.g. VII 5.5 and
5.5(2)).
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4.8. EXAMPLE. A very natural example of a superstable T without the dop
which is deep, is the following T: Ty, = Th(*“w,f) when f(n)is n if n =( ),
and nln if n € w.

Notice that a model of T4, consist of trees, exactly one with a root (i.e.,
f(x)=x), in which every element has infinitely many immediate predecessors
(i.e., y’s such that f(y)=x). A similar example is Ta = Th(“"w, -, P,,fu, " *)
where P, ="w, f. is a partial function: f[ P,.

Both theories are No-stable, and by expanding a little we can get elimination of
quantifiers.

4.9. ExamrLEs. Examples of shallow theories can be obtained similarly to
4.8; we prefer to use the T* from II p. 22: the language consists just of the
two-place relations E; (i < a). The axioms of T state: each E; is an equivalence
relation, for i <j, E; refines E;, moreover each E;-equivalence class is the union
of infinitely many distinct E;-equivalence classes. Also E; has infinitely many
equivalence classes and each E;-equivalence class is infinite. It is not hard to
check that Dp(N,N',a)=i iff i =y when y <w, i =y +1 otherwise, where
v =min {j: there is b EN, bEa} (and y = a if there is no such j).

4.10. ConcrusioN. For every ordinal B, which is a positive natural number or
a successor ordinal, for some T = T%, | T|=|8|, and for infinite a, I% (N, T) =

s (| a |)

ProoF. For B < w or B = a +2 we use the previous example; for § =6 +1,
& limit, take the sum of models of T (i <8) with disjoint languages. The
computation is easy, but it is a worthwhile exercise for the reader as we are
proving in the paper that every shallow theory T is in some sense similar to
Topr)- Note also (see [5] and 5.5(2)).

4.11. TueoreM. (1) If T is shallow, then IES (T)<3s¢rp-
(2) If T is deep, k, the first beautiful cardinal >|T|, ko the first beautiful
cardinal, then ko = IE3(T)= k7.

REMARK. So when | T| is big (= greater than the first beautiful cardinal) the
following is not yet proved.

4.12. CoNECTURE. IE(T) is =3as¢ry or is k= for some beautiful cardinal

T (superstable without the dop, of course).

§5. Deep theories have many non-isomorphic models and trivial types

(Hyp) In this section, T is superstable without the dop.
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Clearly, if T is deep, we can construct trees like the one we get in 3.2, and try
to prove that we get many models. The freedom we have is to determine various
dimensions. So when a =N, this is easy. Generally notice that we have much
less freedom than, e.g., in 2.5 (when proving that the dop implies there are many
models).

This section is dedicated to the proof of:

5.1. THEOREM. If T is deep, A(T)=R,, Ny <N, then I (R,,T)=2"%, ie, T
has 2" non-isomorphic F3 -saturated models of cardinality N..

REMARK. But the lemmas will be used for shallow theories. We shall
concentrate on the case N, > A(T), where A(T) is the first cardinal in which T is
stable.

5.2. DerFINITION.  We call (N,,a,:n € Lv €I7) a representation if:

(1) I is a tree with root { ) of height = w, and we let 7~ be the unique
predecessor of n for n EI-{( }}=I"and I ={n " :n €I’}

(2) N, is Fy,-prime over &J.

3) If n =vi =v;, then p, =tp(a,,,N,) is regular, and p,,, p., are equal or
are orthogonal. If all p, with v =17 are equal, g, will denote their common
value.

(4) For n €I*, N, is Fi -prime over N, U{a,}.

(5) For n €1, {a,:v™ = n} is independent over N,.

(6) If n €1, ~ is defined then tp(a,,N,-) is orthogonal to N,_.

ReMARK. We shall write in short (N,,a,:n €I), though we do not need
a¢ s, S0 a¢ , is any element of N , or undefined.

5.3. DEFINITION. We say (N,,a, :n € I) is an F-representation of M if it is a
representation and M is F-primary over U, o, N,. If F = F3 , we omit it.

5.4, LEMMA. Let (N,,a,:m €I) be a representation, then:

(1) tp(U{N., :n = v}U{N, : not n < v}) does not fork over N -, (forn € I").

) For n €I, tp,(U,.,N.,N,) is orthogonal to N ,-.

(3) For n,v €1, p,, p. are orthogonal or equal (and then n~=v").

(4) Each N, is F5 -prime over .

(5) if M is Fi-prime over U, N,, p€S™(M) is regular, then p is not
orthogonal to some p' € S™(N,) for some 7.

(6) (N,,a,:n EI) represent some model of power A(I)+]I]|.

(7) Dp(N,-,N,,a.-) is at least Dp(n,I) (see 4.1).

ProoF. As in the proof of 3.2, or easy using 3.3, 1.7. (1.7 is needed for (4).)
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5.5. Lemma. (1) Every F} -saturated model has a representation.

(2) If (N,,ay:n €1) Fi represents M;, | =0,1, F:1,— I, an isomorphism
(for partially ordered sets so it preserves the level), F':\U ¢, NS—\U <, N}, is an
elementary mapping, it maps N, onto N+, (equivalently, for each m € I, F'| N°
is an elementary mapping onto N, Dom F'= U o, N%), then M,, M, are
isomorphic.

() If in (2) F,F' are not necessarily onto, then M, can be elementarily
embedded into M, .

Proor. (1) This is by 3.2 (and 5.4).
(2).(3) Trivial.

5.6. Lemma.  For B >0,(N,,a,:n €I) F5 -represent an F3 -saturated model
iff for every n €I, and regular p € S™(N,) orthogonal to N,- for some q €
S$™(N,) which is not orthogonal to p and for at least Ry v’s, p, =q.

Proor. Easy by 5.4(5), and usual arguments.

Let M be Fg -prime over U, N,, and suppose A CM,|A|<Ng, pES(A)is
omitted. Let tp(a,M) be a stationarization of p over M; clearly w.l.o.g. p is
stationary. By V 3.9 there are {a; :i < n}, independent over M, realizing over it
regular types such that tp(a,M U{a; :i < n}) is F§-isolated: w.l.o.g. tp(a,A U
{a; :i <n}) is isolated, and tp(a;, M) does not fork over A and tp(a;,A) is
stationary. We now try to define by induction on i, b, EM realizing
stp(a;, A U{b;:j <i}). We have to fail for some i, so w.l.o.g. p is regular.

By 5.4(4) p is not orthogonal to some regular g € S(N,), which is not
orthogonal to some p, -, so we know p, p,~, are not orthogonal. By V 2.3, 2.4,
dim(p, M) = dim(p,~i;, M), which is =N, by hypothesis, so we finish.

5.7. LemMmA. If T is deep, then for every tree I with root { ) and height = w,
there is a representation (N, ,a., :n € I) (in fact q, is well defined for everyn € I",
i.e, Paris=qn).

ProOOF. Easy.

By 4.4(3) there are Fi-saturated Ni, N, F5-prime over N, U{a;}, tp(a;,N;)
regular, Ni,; <n,Ni.,. Complete the partial ordering of I to a well ordering and
let {m; :i <i*} be a list of the members of I in increasing order. Let n(i) = I(n;)
and m (i) be maximal such that n; | m(i) € {n :j <i}, in fact n; | m(i) = n;,, (for
i >0). Now we define by induction on i an elementary mapping F.. F, is the
identity on Ny, F; is an elementary mapping with domain N,.,, extending Fj
such that tp,(F; (Nuy), U, <iF;(Nuw)) does not fork over Fyy(Naw). Let N, =
E(N,), a,, = Fi(a.;)), and the checking is easy.
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REMARK. The following lemma will be needed during the proof of 5.1, so if
the lemma does not make sense to the reader, it is recommended that he skip it
and return when we use it.

5.8. MaIN LEMMA. Suppose M' is represented by (N, a':n € L) for | =0,1
and F:M"— M’ is an elementary embedding. Suppose further that n € I,, and
S, CI,|S,| = A(T), is closed downward (i.e., 0 <v ES, = o €S,) and such
that tp,(F(N%),U,c,, N') does not fork over Uues,,N ». Suppose further that p is
regular, p € S™(N3), J={v €EI,:v~ =, p, = p, and there are > X(T), o € I,
o~ = v} has power > A(T). Then:

(1) There is v*=v%€S, and q% € S™(N..) (no connection to Definition
5.2(3)) such that F(p), q% are not orthogonaln(and p orthogonal to N, when
o <v%). Now by 5.4(3), q% is the unique p, which is not orthogonal to F(p), hence
it does not depend on the particular choice of S, (but only on F|N,).

(2) If for every o0E Ly, [{o €E1y:0" =004, pr =po = A > A(T) and v* is
from (1), then Dp.(n,Io)= Dp,(v%,1).

Proor. (1) By II 4.2 there is J,C J,

U N
aESn
such that {F(a.):7€J—Jy} is an independent set based on (F(N%)U
U.es, N'U{F(a.): 7 €J5}, F(NY)).

Let M*CM' F§-prime over F(N)U U,EsﬂNi, so that clearly
tp(M*,U.c;, N1 does not fork over U,ESRNL. So by the symmetry lemma
tp*(U,E,l N.,M*) does not fork over U,Eanl.

Now F(p)is a type over F(N2) C M*, and let r € S™(M™*) be the stationariza-
tionofit. Let J*={vr €I,:v  €S,,v&S,}. Asforno v € J* does v ™, p. serve as
v, g% of (1), clearly, for every v € J*, g, is orthogonal to r. By the definition of
a representation, {a,: v € J*} is independent over U,esz,. Astp,(lal:v e
T*5 M*)C tp(U,, N,, M*) does not fork over U.es,N;, clearly {al: v € J*} is
independent over M*, and tp(a.,M*) is the stationarization of p, for every
vEJ* As tp(a,,M*) is orthogonal to r for every v€E&J* also
tp.({a.: v €J*}, M*) is orthogonal to r. Let ¢ realize r. By V 3.2,

|Jol =

=]S, [+ AT EA(T)+A(T)=A(T)

tp*< U NL,Mu{aL;VEJ*})Hp( U NL,M*U{a‘,:vEJ*}Uc‘) ,

veJ* veJ*
but by what we said before tp,({a.:v € J*}, M*)ttp,({a.:v EJ*},M* U ¢),
hence tp*(U,,e,-N’,,M*)l-tp(U,E,-NL,M*Uc‘) hence tp (U,c,-NL,M*), r
are weakly orthogonal, hence orthogonal. If v~ €J*, clearly {N,,M*U
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U.<s- N1} is independent over N,_, hence by 1.1 p. is orthogonal to M* U
.- NL. So we can easily continue and get, eventually, that r is orthogonal to
tpo(U.er, N;, M¥).

Clearly w.l.o.g. M" is Fa-prime over U, N, U M*, hence r has a unique
extension in S™(M') and dim(F(p),M*)=dim(F(p),M'). However

AMT)<|J| = dim(p, M°) = dim(F (p), M") = dim(F (p), M*)

=IM*|=AXT)+|F(NY)U U NL=A(T), contradiction.

TGS,'

Checking the proof we see that F(p) is not orthogonal to some p,, v~ € S,. So
w.l.o.g. q% is like that and we know there is at most one p| not orthogonal to
F(p) by 5.4(3).

Before we continue to prove 5.8(2), we prove a sublemma which will do most
of the work.

5.9. SUBLEMMA. For every v €J (by 5.8’s notation and assumptions) except
= A(T) of them, there is 0, E{o €EI,:0™ = v*,p,=q%} such that:

(@) tp(F(N%), U {N!:not o, < 1}) does not fork over U,cs N

(b) {F(@%),al} is not independent over F(NS) U U, N1

(©) tpo(F(U.2, N2, F(NYU U, s NY) and tp,({N!: not o, <7}, F(N)U
U,es"Nl) are weakly orthogonal.

(d) For every 10€ I, v <10, F(p%,) not orthogonal to p! , implies o, <.

(e) The mapping v » o, is one-to-one.

ProOF OF 5.9. LetJi={oc €Il,:0” =v%, pi=q%}. Let v€J —J,. Now by
V 3.1 there is J,C Jy, |Ji—J.| =1 such that {a@}:0 € JI}U{F(a)} is indepen-
dent over F(N) U U,Eanl. Now it is easy to see that {F(N?%), U {N'!:r is not
= than a member of J' - J1}} is independent over U, s N1. If J, = J!, by the
definition of J we can get a contradiction as in the proof of (1). So let
Ji—-J.,={o.}.

Now (a) (of 5.9) has already been proved (as J. = J'—{0.}) and (e) follows by
V 3.1. Now (d) follows from (c) which is quite easy. Part (b) can be proved easily:
by the definition of J, there is p € I, p~ = v, dim{p3, M')> A(T), hence F(p?) is
not orthogonal to some p} , clearly v} <p,,butif o <p,, 0 €J,,{F(a’),a’} are
independent over F(NU U,esﬂN 1), then by the parallel of (¢c), F(p}), p,, are
orthogonal, so if (b) fails we get a contradiction. Alternatively use 5.10, 5.11.

Proor of 5.8(2). (2) We prove by induction on « that Dp,(n, L)) Z a im-
plies Dp,(¢¥%,1,) = a. For @ =0, « limit, this is trivial. For « = 8 +1, 8 >0, use
5.9. In particular, for parts (d) and (), and for & = 1, look at the proof of 5.9.
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The following lemma is useful in the proof of 5.1 and interesting by itself. The
lemma holds for stable T without the dop.

5.10. LemMA. Suppose Dp(N,N’,a)>0, p € S™(B) stationary and parallel
to tp(a@, N) (which is regular). If I is an independent set of sequences realizing p, b
realizes p but tp(b, B U U I forks over B, then for some ¢ € I, tp(b, B U ¢) forks
over B. (Such p will be called trivial.)

PrOOF. W.lo.g. B =|N|, N F; -saturated, I is finite and let I ={a,:[ <n}.
Suppose there is no such ¢, i.e. {b,a} is independent over N for each . Let M be
Fi -prime over NUITUb. As TUb is finite by Definition V 3.2, Theorem V
3.6(2), V 3.9(1) there is a finite set J C M independent over N, of sequences
realizing regular types, such that M is F3 -prime over N U J.

Fact. Thereis b* € I U{b} such that for no d € J, tp(b*, N U d) forks over
N.

Otherwise there are @! € J, b° € J, such that each of the pairs {a?,a} (I < n)
and {b°,b} is not independent over N.

So for each I, tp(a, N U{a?:1 <n}) forks over N and tp(b,N U{a,:l < n})
forks over N, so by V 1.14 tp(b, N U{a?:1 < n}) forks over N. By the choice of
b°, tp(b°, N U b) forks over N, hence by V 1.14 again tp(b°, N U{a?}:1 < n})
forks over N. As J is independent h°E€{a{:[ <n}, so let b*=a?. So, by our
choice, tp(b, N U a?) forks over N, and tp(a{, N U ) forks over N, hence by V
1.14 tp(b,N U a,) forks over N; contradiction to the assumption “Lb is a
counterexample” to 5.10. So we have proved the fact.

Let J ={d,:1 <mg}. As M is prime over N U J, there are N, F& -prime over
N Ud, such that N is Fg-prime over U,.,,N; (see V 3.2). Let N*<M be
Fi -prime over N U b*. As b* realizes p (as all members of I U {b} do), by 4.4(6)
D(N,N*,b*)> 0, hence there is a regular ¢* € S™ (N*) orthogonal to N, and let
q be its stationarization over M. For each | < m,, {b*,d,} is independent over N
(by the fact), hence by V 3.2 tp(N,, N*) does not fork over N. Hence by 1.1 g* is
orthogonal to N;. Hence q is orthogonal to each N,. But as T has the
dimensional order property ¢q is not orthogonal to some N,. This contradiction
proves the lemma.

PrOOF OF THEOREM 5.1 FOR N, >A(T). As T is a deep theory, by Lemma
5.7 (and 4.5) there is a representation (N9, a5:n € I°) such that I° =“>R,, ¢, is
defined. By adding more elements and models we cam get a representation
(N,, @, :m €I) such that (the only role of I—1I° is to make the models
F -saturated):
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(@) I°C L |I|=N,, and every element has =N, immediate successors, and if
nElthen [{rETL:n=v, vi((n)+DE I} =N +A(T);

(b) for every n € I, and regular p € S™(N,), {c €I —I°: p, is not orthogonal
to p} has cardinality = N,.

Now for each £ <N,, we can find a set I, C I such that:

(a) (€),( YEI, I C I and is downward closed, and n €I, n €1°, n#( ),
implies {(¢) < 7,

B) for n€I-I°, nel iff (¢)<m, and for some m, nimeEL NI,
nlm+D)Er,

(v) Dps ((€). L) = ¢,

@) if nE€L NI then {v €L, NI":v™ =n"} has power N,.

For any SCN, let IS = U,I,, and M® be the model represented by
(N,,a,:n €I).

Suppose g , does not fork over BC N ,, |B| <Ny, q ,| B is stationary. By
VIII 1.2 w.l.o.g. all members of B are individual constants. Now it suffices to
prove:

ifS,UCK,,|S-U|={U-S|=N\.
) then (M*, B), (MY, B) are not isomorphic.
This is because we can find 2" subsets S; of A =N, such that for i#j,
[S: = 8;|=S,~Si|=A, so by 5.4(6) [M%|=N., and by (), they are not
isomorphic.

PROOF OF (*). Suppose F is an isomorphism from M® onto M Y. It is easy to
find S, CI°% U, CIY [S,|+]|U,|=A(T)+N; such that

@ ( YeU,Ss,

(i) tp(F(U,es,N,), U, civN,) does not fork over U0, N,,

(iii) tp(U,eu, Ny, F(U,csN,)) does not fork over F(U ,cs N,),

(iv) " €S8, n& I’ implies n €5,

v) n €U, n&I°implies n € U,.

Remember q , = tp(d«, N ) for any (£) € I°. Now as F is the identity on B,
q.  is parallel to its image by F, F(q ,). Remember q , is regular.

Clearly {a«:£ €S} is a maximal set C M°®, independent over N, ,, of
elements realizing q. ,. By the choice of S,, U, III 0.1 (see Def. III 4.4)
{ae: € € U, ()& U} is an independent set over (Ui, N, U U, s F(N,), B).
(Remember g , does not fork over B.) All of the a, realize q, ,| B. Moreover,
(a6 EULE)E U) is (in MY) maximal independent over (U,cy, N; U
Ugesl F(N;), B) since (a,: ¢ € U) is maximal independent over N ,. Similarly
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{Flaw):£ES,(£)Z S} is a maximal set independent over (U,ey N, U
U.,es, F(N,), B) of elements of MY realizing q. ,I B. As q , is regular, of depth
>0, by 5.10 there is a one-to-one function h from V,={£): ¢ ES,(£)E S}
onto V,={(¢):£€ UE)& Uy} such that the set {F(a), dneeyt 1S not inde-
pendent over (U, cy, N, UU, s, F(N,), B).

As |U|+|8|=8; +A(T)<N,, and |V—-§|=|S—-V|=NK, for some
EES(E)E S, £2 w, h((£)#(£), and let h((£)) = (). By symmetry (as we can
use F'), £ > {. Now we apply the main lemma 5.8, and get a contradiction by
part (2). Since Dpy, ((¢),I°)={¢ and Dp., ({),1Y)=¢, I° and IV are con-
structed so that the conditions in 5.8(1) and 5.8(2) are satisfied.

PrOOF OF THEOREM 5.1 FOR N, = A(T). Let N,, a, be as in 4.4(3). Now as in
5.7 we can find for n € I° = "N, an elementary mapping f, such that (f,(Niw)),
fol@y-1):m € L) is a representation. We can choose countable A, C N, such
that a, € A..1, tpL(A.+1,N,) does not fork over A,, tp,.(A..,A,) is stationary
and tp,(Ani, Ay U{a.c ) Ftp(An., N, U{a.}).

Welet A, = f, (Ai), Jet IS = U s, (S T A) (I, is defined as I, N I° for I, as
in the proof of 5.1 for N, > A(T) above) and let M® be Fj,-prime over
U ,ersA,. We have to prove the parallel of (+). Notice that if some regular type q
over M*® has dimension > Ng, then it is not orthogonal to some tp(a,,A,).

We leave the details to the reader.

5.11. LemMa. Let T be stable.

(1) Suppose € S™"(A)) for | =0,1, r, parallel to r,, r, is stationary, regular
and trivial, then so is r,.

(2) Suppose r € S™(A) is a (stationary) regular trivial type and {a,b} is
independent over A. Then for any € realizing r, tp(¢,A U a U b) forks over A iff
tp(¢, A U a) forks over A or tp(¢,A U b) forks over A.

(3) Suppose r € S™(A) is stationary regular and trivial. For any a there are
do,**+,dwoy € 1(C) such that : {do, -+, d,_} is independent over A, tp(ci,,A ua)
forks over A forl <n, and n = w,(a, A). So for any d € r(6), tp(d,A U a) forks
over A iff tp(d,A U d,) forks over A for some | <n.

(4) Suppose ry,r, are stationary regular and not orthogonal. Then r, is trivial iff
ry is trivial.

(5) Suppose A C B, tp(a,B) does not fork over A, r € S™(B) is stationary
regular and trivial, not orthogonal to stp(a, A). Then for some e €Eacl(A U a),
e acl A, stp(e, A) is r-simple of weight 1. In fact there are e,,- - ,e,_, as above,
independent over A, tp(a,A U{e, :1 <n}) orthogonal to r. If stp(a,A) is semi-
regular, stp(e, A) is regular.
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(6) If for I =0,1, p, =stp(a,, A) is not orthogonal to r, r a stationary regular
trivial type, then po, p, are not weakly orthogonal; in fact p, has an extension over
A U a, which forks over A.

Proor. (1) By the definition of parallel, r, is stationary and by V 1.8(1), r, is
regular. Let AJUA, CM, M Fisaturated, A >(A,UA,) and r, be the
stationarization of r, (and r;) over M. Clearly r, is regular and stationary.

Suppose r. is not trivial, then there are I;, do, -, 0. realizing r,, tp(l;,A. U
@V ---Ua,.,) forks over A,, but tp(h,A,U d,) does not fork over A, for
m <n. W.lo.g. tp(h"a" - -"d,-1, M) does not fork over A,, and then clearly b,
o,y Gn-y exemphfy r, is not trivial (use II1 0.1). So tp(b,M U @, U -+~ U a, ;)
forks over M, hence over A,, and b, @y, ", an_, realizes r, and roCr.. So by
1.11, clearly tp(h, AqcUI) forks over A, where I=r{(M)U{do,""",a@-i}
Obviously for every ¢ € M, tp(h, A, U ¢) does not fork over A,.

So b, I exemplity r, is not trivial (except that I is not independent, but this can
be discarded by ro’s regularity); contradiction, hence r, is trivial as required.

(2) The implication < is trivial. So suppose ¢ is a counterexample to the
other direction. Let M be an Fisaturated model, A CM,
tp.(M,A Ud Ub U ¢) does not fork over A. By some application of III 0.1
clearly {a, b} is independent over M, tp(¢,M U a) and tp(¢, M U b) do not fork
over M, tp(¢,M U a U b) forks over M, and tp(é, M) is a stationarization of r,
hence by (1) is a stationary regular trivial type. So w.l.o.g. M = B.

Let {d,. : m < n"} be a maximal set of sequences realizing tp(¢, M) independent
over M such that tp(d,., M U a) forks over M, and similarly let {¢,.:m <n'}be a
maximal set of sequences realizing tp(c, M), independent over M, such that
tp(én,M U b) forks over M. By V 3.9(1) n°=w,(a,M), n'=w,(b,M) and
w.lo.g. tp(do - dy-r,M U @) and tp(&": " &, M Ub) are Fi-isolated. So

clearly {do, “yduy1,€0," ", €n—1} I8 independent over M  and
tp(de™ " d " 80" "€, MU a Ub) is Fiisolated.
So let N be Fi-prime over M Ua U b, {(io, . J,,“ ,,e'(,, -, 8..JCN. By V

3.11(1) w,(@"b,M)=w,(a, M)+ w,(b,M), and {ds, ", d ., 1,0, ", .-} is a
maximal subset of r(N) independent over M.

Now what about ¢? ¢ realizes r €S$™(M), ¢ depends on a‘h (ie.,
tp(é, M U a U b) forks over M), hence by V 1.16(1) tp(¢, M U r(N)) forks over
M, hence tp(é, M U{dyU---Ud,_Ué&U:--Ue&,_}) forks over M. By the
definition of triviality, tp(¢, M U d,) forks over M or tp(¢, M U &) forks over M
for some [ By symmetry, suppose the former. Clearly by V 3.1 {G,¢} is not
independent over M, a contradiction.

(3) Let A CM, M Fisaturated, tp,(M,A U a) does not fork over A. By V



Sh:131

Vol. 43, 1982 THE SPECTRUM PROBLEM 1 355

3.9 there are n, do,* -+, d.-, such that: d, realizes the stationarization of r over M,
n=w(aM)=w/(aA), {dy, -+, d,\} is independent over (M, A) and each d
realizes r, and ¢, = tp(cf,, M U a) forks over M, hence g, forks over A, hence for
some by, tp(d,, A Ua U b)) forks over A,b, € M.

The only property missing is tp(d;, A U @) forks over M. If this fails we get a
contradiction to part (2) (with A, @, b, d; here standing for A, @, b, ¢ there).

(4) Left to the reader.

(5) Let {dy,",d._.} be as in part (3) of the lemma (replacing A by B),

I, ={d € r(6):tp(d, B U d,) forks over B},

and ¢, b be such that b, € B, = ¢d,,d,b] and ¢/(%,a,b;) fork over B. By II
2.2(8) there are & € A U U I, and ¢, such that for every d €L, ¢[d, a,b] iff
¥i[d, ¢, b ], and w.lo.g. (by increasing b;,&) ¢ is a concatanation of sequences
from I. Let €€ be defined by G&/E, E(y,2)>
(YD) [ (E, 5, b)) = (%, 2, by)).

By the last phrase in part (3), for every automorphism F of & which is the
identity over BU a, F maps I into some I,. Hence ¢, can have at most n
possible images (varying F). Hence e, is algebraic over B U a.

Let, for i<|T|", fi be an elementary mapping with domain C =
BuauU,(d ufetua) fl r{(A U a) = the identity, stp,(f.(C), U, f(C))
does not fork over A U g, and extend stp,(C,A U a), and f, is the identity.

By V 1.11, tp(fi(d.), B U f.(B)U U,d,) forks over A, hence by part (2) for
sore | tp(fi(d.),BUfi(B)Ud,), and by V 3.1 this [ is unique, so by the
indiscernibility, necessarily | = m.

As r is regular, for I >0, tp(cf,,B U U,,.#,I,,.) does not fork over B, and easily
tp(di, B U U i (" €." (€n))) does mot fork over B, hence tp(d,BU
U s (d Enem ) U Ui fi(B U do" €"(eo))) does not fork over B. Hence we
can find an elementary mapping g,

Dom(g)=a U U ﬁ(BU J JmAc‘mA(em)),g[ U fi(B U do"eo))

is the identity and stp,(Rang(g),U.f(BUd," ¢ (en)) extends
stp,(Dom(g), U.f. (B U do'é"{es))) and does not fork over U, f,(B U dy"&5'(eo))
and {d,, : m <n}U{g(d.):0<m <n} is independent over B.

As we noted above ¢, is algebraic over B U a, hence e, = g(eo) is algebraic
over g(BUa)=B Ug(a).

Checking closed, we see that for any automorphism F of €* which is the
identity over B U a U g(a), F(eq) = eo. So e, is definable over B U a U g(a), say
by ¥(x,d,g(a),b*) (b* € B). Let
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def - -
E(3y 2o,y %)) = “(VX)[¥(x, Yo. 2o fi(B*N= (X, ¥, 2, fi(b*)))
holds for infinitely many i’s”.

By IlI 2.5,1.7, E is a formula which is almost over A, and lete* = a"g(a)/E.

Now exactly as in the proof of V 4.11, e* & A, tp(e*, A) is r-semi-simple not
orthogonal to r, and e* € acl( U f,(B U{es}), but here any two of {f(e,):i}
depend on U.f.(B), hence w,(e*, A)=1.

The only point left is “‘e* € acl(A U @)”, but for any i we know that (k large
enough) e* €acl(Uizkf(B U{e}) Cacl(A Ua U Uif(B)) (because
eo€acl(B U a); see above). As this is true for every j and {f;(B):j} is
independent over A U g, clearly e* € acl(A U a). The rest is obvious.

(6) Repeat the proof of (5).
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