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Abstract For an infinite cardinal «, let dedx denote the supremum of the number of Dedekind cuts
in linear orders of size k. It is known that x < dedx < 2¥ for all ¥ and that dedk < 2¥ is consistent for
any « of uncountable cofinality. We prove however that 2¢ < ded(ded(ded(dedx))) always holds. Using this
result we calculate the Hanf numbers for the existence of two-cardinal models with arbitrarily large gaps
and for the existence of arbitrarily large models omitting a type in the class of countable dependent
first-order theories. Specifically, we show that these bounds are as large as in the class of all countable
theories.
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1. Introduction

For an infinite cardinal «, let
dedx = sup{|Z] : I is a linear order with a dense subset of size < k}.

In general, the supremum need not be attained. Let I be a linear order, and let ¢ = (I, 1)
beacutof I (ie., I =1 UL, 1Nl =@ and i} < iy for all i1 € I1, iy € ). By cofinality
of ¢ from the left (respectively, from the right) we mean the cofinality of the linear order
induced on I (respectively, the cofinality of I}, that is I with the order reversed).

Fact 1.1. The following cardinalities are the same; see, e.qg., [4, Proposition 6.5].

(1) dedk.
(2) supfA : exists a linear order I of size < k with A cuts}.

(3) sup{r : exists a regular w and a linear order of size < k with A cuts of cofinality u
both from the left and from the right}.

(4) sup{x : exists a regular ;1 and a tree T of size < k with A branches of length u}.
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It is well known that « < dedx < (dedk)® < 2¢ (for the first inequality, let w be
minimal such that 2* > «, and consider the tree 2<#) and that ded Ry = 280 (asQCR
is dense). Thus dedx = (dedx)™ = 2¢ for all ¥ in a model satisfying the Generalized
Continuum Hypothesis, or GCH. Moreover, Baumgartner [1] has shown that, if 2 = « ™"
(i.e., the nth successor of k) for some n € w, then dedx = 2¢. On the other hand, for any «
of uncountable cofinality, Mitchell [18] has proven that consistently ded(x) < 2. Besides,
in [4, § 6], it is demonstrated that for some « it is consistent that dedx < (ded k)™ (but
it is still open if both inequalities dedx < (ded x¥0) < 2¢ can be strict simultaneously).
The importance of the function dedx from the model-theoretic point of view is largely
due to the following fact.

Fact 1.2 [13, 19]. Let T be a complete first-order theory in a countable language L. For a
model M of T, S1(M) denotes the space of 1-types over M (i.e., the space of ultrafilters
on the Boolean algebra of definable subsets of M ). Define fr(k) = sup{|St(M)|: M =T,
M| = «}. Then, for any countable T, fr is one of the following functions: k, «k + 280,
™0 ded i, (dedk)¥0, or 2¢ (and each of these functions occurs for some T ).

In the first part of the paper, we prove that 2 < ded(ded(ded(ded«))) holds for any
k. Our proof uses results from the PCF theory of the second author (PCF stands for
possible cofinalities). Optimality of this bound remains open. Moreover, with two extra
iterations we can ensure that the supremums are attained. That is, for any cardinal «,
there are linear orders Iy, ..., I such that |Iy] < «,2¢ < |Ig|, and for every i < 6, the
number of Dedekind cuts in I; is at least |[;y1].

In the second part of the paper, we apply these results to questions about cardinal
transfer. Fix a complete first-order theory 7 in a countable language L, with a
distinguished predicate P(x) from L. Given two cardinals « > A > Rg, wesay that M =T
is a (k, A)-model if |M| =« and |P(M)| = A. A classical question in model theory is to
determine implications between existence of two-cardinal models for different pairs of
cardinals. It was studied by Vaught, Chang, Morley, Shelah and others.

Fact 1.3 (Vaught). Assume that, for some k, T admits a (3,(k), k)-model for all n € w.
Then T admits a (k', \')-model for any k' > 1.

Vaught’s theorem is optimal.

Example 1.4. Fix n € w, and consider a structure M in the language L =
{Py(x),..., Py(x), €0,..., En—1} in which Py(M) = w, Pi11(M) is the set of subsets of
P;(M), and €;C P; x Pi4+1 is the membership relation. Let T = Th(M). Then M is a
(3., Ro)-model of T, but it is easy to see by ‘extensionality’ that for any M’ = T we have
|M'| < 3y (| Po(M")]).

However, the theory in the example is wild from the model-theoretic point of view, and
stronger transfer principles hold for tame classes of theories.
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Fact 1.5. (1) [16]IfT is stable and admits a (k, X)-model for some k > X, then it admits
a («’', \)-model for any &’ > \'.

(2) [2] If T is o-minimal and admits a (k, A)-model for some k > A, then it admits a
(', M)-model for any k' > A\'.

For further two-cardinal results for stable theories, see [19, Chapter V, § 6] and
also [3].

An important class of theories containing both the stable and the o-minimal theories
is the class of dependent theories (also called NIP theories in the literature, where
NIP stands for No Independence Property) introduced by the second author [19]. In
the countable case, dependent theories can be defined as those theories for which
frx) < (ded k)% (see Fact 1.2, and see § 3 for a combinatorial definition). Recently,
dependent theories have attracted a lot of attention both in purely model-theoretic work
on generalizing the machinery of stable theories (see, e.g., [5, 6, 24-26]), and due to the
analysis of some important algebraic examples [8, 10].

It is easy to see that the theory in Example 1.4 is not dependent, but also that a
complete analogue of Fact 1.5 cannot hold for dependent theories: consider the theory of
(R, <) expanded by a predicate naming Q. In § 3, we show that in fact the situation for
dependent theories is not better than for arbitrary theories, in contrast to the stable and
o-minimal cases. Namely, for every n < w, we construct a dependent theory T,, which has
a (3, Ro)-model for all m < n, but does not have a (3, Rg)-model. In § 4, we elaborate
on this example and show that the Hanf number for omitting a type is again the same
for countable dependent theories as for arbitrary theories—unlike in the stable [11] and
in the o-minimal [17] cases. Examples which we construct add to the list of dependent
theories [14, 15] demonstrating that the principle ‘dependent = stable + linear order’ has
only limited applicability.

2. On the number of Dedekind cuts

2.1. On pp,(1)

We summarize some facts from the PCF theory of the second author (see also [12, Chapter
9] for an exposition).

Definition 2.1. Given a set of cardinals A and a cardinal A, we will write sup*(A) =
min{u : Vv € A, v < u} and A < sup(A) if either A < sup(A), or A = sup(A) and A € A.

Definition 2.2 [21, I1.§ 1]. For cfA <k < A, let
A= {cf(l_[a/]:) : a C Reg Asup(a)
= AAlal < kK AF is an ultrafilter on a A F N Ip(a) = QJ},

where Reg is the class of regular cardinals, and for a set B of ordinals with sup(B) ¢ B,
Ip,(B) ={X € B:38 € BX C B} denotes the ideal of bounded subsets of B. Then we
define pp, (A) = sup(A) and pp; (1) = sup™(A) (where ‘pp’ stands for ‘pseudo-power’).
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Equivalently (see, e.g., [12, Lemma 9.1.1]), for ¢cfA < k < A, one has

pp.(A) = sup{tcf(l_[ki/l, <,) A =cfd < A

i<k

i<k

=supA; Al is an ideal on k A I (k) C I},

where <; is the lexicographic ordering modulo I, and for a partial order P,
tcf(P) = k when there are (p; :i <k) in P such that ¥ = cfx and /\i<j(l7i < pj)
and Vp € P(\/;_, p < pi) (true cofinality may not exist). We recall that T'(9,0) =
{1 : for some cardinal ; < 6, I is a o-complete ideal on 6;} and I'(6) = T'(6*,8). Then
PPr(g.o)(») is defined in the same way as pp, (1), but the supremum is taken only over
ideals from I'(0, o).

Fact 2.3. See, e.g., [12, Chapter 9].

(1) A <pp, ) <A and if cfA =k > Ry and A is k-strong (i.e., p* < X for all p < 1),
then pp,(A) = A“. In particular, pp, () =1 holds for any strong limit A with
uncountable cofinality k.

(2) For any 6, we have pprgy(A) < ppg(A) and pprg+ 2)(A) = ppy().

Fact 2.4. (1) [20, 4.3] Assume that the following hold.
e ) is reqular and uncountable.
e Kk < A implies that 2¢ < 2*.
e For some reqular x < 2%, there is no tree of cardinality A with > y-many branches
of length A.
Then 2<% < 2* and, for some w € (A, 2<*] with ¢f u = A, the following hold.

(a)  For every regular x in (2<%, 2*] there is a linear order of cardinality x with a
dense subset of cardinality . (the linear order is (Ty, <y,), where Ty € 2<* has
<u nodes and >x-many branches of length X.).

(b)  pprgy(w) =24
(c) w is (A, AT, 2)-inaccessible, i.e., (see [20, 3.2]) for any w' such that h < u' <
w A cfp” <& we have ppr+ ) (1) < w, which in view of Fact 2.3 implies that
PP, (1) < p.
(2) [22, Claim 3.4] Assume that 6,41 = min{d : 2% > 2%} forn < w and y",, _, 0 < 2%
(so Opy1 is regular, 6,41 > 6, ). Then, for infinitely many n < o, for some pu, €
[Ons Bns1) (so 2 =2% ) we have that for every regular x < 2% there is a tree of
cardinality w, with > x-many branches of length 6.
(3) [21, I1.2.3(2)] If A < p are singulars of cofinality < k (and k < 1) and pp,(X) = u,
then pp,(w) <* pp(A).

Remark 2.5. See [7] concerning optimality of these results.
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2.2. Bounding exponent by iterated ded

Definition 2.6. By induction on the ordinal «, we define a strictly increasing sequence of
ordinals J, such that the following hold.

o If « =0, then J, = Rp.
o If @ = f+1, then I, = min{J: 27 > 235},
o If o is a limit ordinal, then J, =) {Jg : B < «}.

Lemma 2.7. For any ordinal o, 23e+1 <F ded(27).

Proof. 2<%«+1 is a tree with 2%+ branches and <Y (211 B < Jyt1) nodes. But, if
B < Jat1, then 28 < 2% and Joq1 < 2% by the definition of the J, so the number of
nodes is bounded by 24, O

Proposition 2.8. Assume that Jyix < 2de for some k € w. Then, for some m <k, the
following hold.

o ded(23e) > 2Fatm

o ded(2qa+my > 2a+k,

Proof. We follow the proof of [22, Claim 3.4]. Let 6, = Jy4, for n < k. Note that 6,41 is
regular and that 6,41 > 6,. We define the following.

(x)g, Forevery regular x < 29 there is a tree of cardinality 6, with > x-many branches
of length 6,,.

Let So = {0 < n < k: (x)g, fails}.

By Fact 2.4(1) with A = 6, and the definitions of Sy and of the 1, it follows that for
each n € Sg there is w, such that the following hold.

(@n O =cfpy < pn <250 =2%-1(as 2= < 9, x 2%-1 < 2% x 20%n-1 L 20-1),

(Bn PPy, (1n) = PPr(e,,)(lin) = 26 (as PPr(e,,)(Mn) = 20n by Fact 2.4(1)(b), and
PP, (Hn) < PPy, (ttn) < iy < (2%-1)0n < 2% by Fact 2.3).

(¥)n  For any pu’ we have that 6, < i’ < w, A cfp’ <6, implies that pprg+ 2 (1) < in
(by Fact 2.4(1)(c)).

(&), ded(u,) > 2% (as for any regular y < 2% there is linear order of cardinality > x
with a dense subset of size u, by Fact 2.4(1)(a)).

Let S1={neSo:un > 23‘1}. Then we have the following claims.
()1 Ifn<kandn ¢Sy, then ded(23) > 27atn,

Proof. By the definitions of Sy and of 6, it follows that ded(6,) > 2Jatn (taking the
supremum over trees corresponding to regular x less than or equal to 29”)7 and 6, < 2%
by assumption. Thus ded(23“) > 23"+", as wanted. O

()2 Ifn<kandneSy\Si, then ded(23«) > 2atn,
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Proof. By the definition of S, we have u, < 23« On the other hand, as n € Sy, we have
ded(in) = 2% by (8),. Combining, we get ded(23«) > 2Jatn, O

(x)3 If n and n+1 are from S;, then u, > wp+1.

Proof. By the assumption, u, > 23 > 0,41 = cfO,41, and in fact u, > 6,41, as they are
of different cofinality.

Assume that w, < gp4+1. Then, by Fact 2.4(3) with A = pu,, w=pups1 and « =
Ont1 (as max{cf uy,, cf g1} = max{6,, 6,41} < min{uu,, waq1} by (@), and (a),41, and
PPs, ., (n) = PPre,) () = 2% = pay1), we would get ppg, ., (n+1) < ppg,,, (1n)-

On the other hand, by (y),4+1 we would get that 6,11 < wn < tnt1 A cfiy < Opyg
implies that ppy, ., (4n) < pn+1 < 201 = PPy, , (n+1), which is a contradiction. Thus we
conclude that w, > pp+1, and in fact u, > pu,41, as they are of different cofinalities. [

We try to define m = max{0 <n <k:n ¢ Si}.

Case 1. m is not defined. So §; = {1, ..., k} (and we may assume that k > 2). Hence
w1 > -+ > ux by (%)3, and hence px < g < 2%. But by the definition of Sy,
actually pr > 2%, which is a contradiction.

Case 2. m is well defined. So {m+1,...,k} € S;. Hence as in Case 1 we have
Uk < me1 < 2% and hence ded(23“+'") > ded(ug) = 2da+i by (8)r. Besides,
ded(23«) > 23«tm (by (%)) if m ¢ Sy and by (%) if m € §;\ ), so we are
done. O]

Proposition 2.9. Assume that Jyix < 23 for some k € w. Then, for some m <k, the
following hold.

o 2Jurk <+ ded(2Fetk-1),
o 2Jatk-1 <+ ded(2Fatm),
o 2dom <+ ded(2Futm-1),
o 2Jatm—1 <+ ded(27e).

Proof. We modify the proof of Proposition 2.8. We have the following.
7 Ifn+1<kandn+1 ¢ Sy, then ded(2¥)* > 2datn,

Proof. As (2%«+n)* is regular, (2da+n)t < 2Jasnt1 and (*)g,,, holds by the definition of

So, it follows that ded(6,.1)" > 2]“+", and 6,41 < 27 by assumption. Thus ded(ZJ")+ >
2:‘“"7 as wanted. O]

(T Ifn+l1<kandn+1eSo\Si, then ded(2%) > 23etn,

Proof. If n+1 € So\ S1, then p,+1 < 23 and ded(ing 1)t = 2% by (8)ng1. L]

Now, in Case 1 we get a contradiction in the same way as before, so we may assume
that m is well defined, i.e., {m +1, ..., k} € S;. As before, we get ur < pmi1 < 2%7; hence
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ded(2%«+m) > ded(ug)™ = 23«1 by (8)k. Besides, ded(2¥)* > 2datn—1 (by ()] if m ¢ Sp
and by (>x<)§r if m € 81\ Sp). We can conclude by Lemma 2.7. O

Although, as was already mentioned, it is consistent for x of uncountable cofinality
that dedx < 2¢, we prove (in ZFC) that these values are not so far apart, and that four
iterations of ded are sufficient to get the exponent.

Theorem 2.10. Let u be an arbitrary cardinal. Then there are Ag, ..., s such that the
following hold.

(1) Ao < n.
(2) Xip1 < ded(n;) fori < 4.
(3) 2* < M.

Proof. As the sequence of the J is increasing, for some a we have J, < < Jy+1, so also
o < U

First of all, for any ordinal 8 with B+ » < « and 2% > Jg+w, we have (by Fact 2.4(2)
taking 6y = Jg and 6, = Jg4n) that the following holds.

®1 For infinitely many y € [8, B+ w) and arbitrary regular J < 27 there is a tree T
with || € [1,, 3y 41) and at least J-many branches of length J,,.

Let 8, be the largest non-successor ordinal < «, so @ = 84 + n, for some n, < w. We have
the following.

®2 There is a linear order I of cardinality < u with > Z{Zjﬂ : B < 64} Dedekind cuts.

(Indeed, if Js, is a strong limit cardinal, then 2{23/3 : B < 84} < u, and this is trivial.
Otherwise, the requirement that Jg4, < 218 < 238+1 holds for every large enough B < ds,
so by @1 and Fact 1.1 we can conclude by taking the sum of the corresponding linear
orders and noting that 8, < u.)

Let o=, A1 = Z{2Jf’ : B <8}, and Aoy, = 2d+n for n € {0, ..., n.}. Note that
Aayn, = 2% =21,

We have the following.
oA <t ded g (by ©2).

oy <t dedr; (as 2<%+ is a tree with 2K k< 3s,) = Z{Zjﬁ : B < 84) = A1 nodes
and 2% = ), branches).

® A2 ni1 <1 ded(Apyy) for n < ny (by Lemma 2.7).

If 8, = o, then we are done, as Ay = 23« = 24 (as w < Jo41 and Jyyg is smallest with
2% < 230“), so assume that 8, = oy +n, and ny, > 0.

If Js5,4n, < 23“*7 then by Proposition 2.8 there is some m < n, such that A5 =
ded(2¥+) > 2%+ and ) = ded(2Ws+n) > 2¥etm =23« = 2K, It then follows that
X0, A1, A2, A%, Ay are as wanted.

Otherwise, Js, 1, > 2% . Let n be the biggest such that Js, y,, > 2%+ It follows that
n < ny — 1. Then Js, 44, < 235*+"+1, and again by Proposition 2.8 we get some m such that
the following hold.
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° Kg = 2Jotn < Js4n, < K.

o 1 = 2Butnit <+ ded(2%++n) (by Lemma 2.7).

o A = 2Bm < ded(2ent1).

o 21 = 2Ftne 1Y = ded(2%++m).

But then (A]);<3 are as wanted. O

Similarly, we have the following.

Corollary 2.11. Let p be an arbitrary cardinal. Then there are g, ..., Ag such that the
following hold.

(1) ro < .

(2)  Ait1 <T ded(r;) for alli <6.

(3) 2* < Aé.

Proof. The proof follows from the proof of Theorem 2.10, using Proposition 2.9 instead
of Proposition 2.8. O

Problem 2.12. What is the smallest 1 < n <4 for which Theorem 2.10 remains true?
Can the bound be improved at least for certain classes of cardinals? Also, how might the
required number of iterations vary in different models of ZFC?

Corollary 2.13. For every cardinal u and k < w there is some n < w and a Sequence
(A 2 m < n) such that the following hold.

e < U

oy < - <Ay and ded(hm)™ = Ayt

o A = ().

Proof. The proof follows by iterating Corollary 2.11. O

3. On 2-cardinal models for dependent T

We recall that a formula ¢(x, y) € L is said to have the independence property (or IP)
with respect to a theory T if in some model of T there are elements (g; : i € w) and
(bs : s € w) such that ¢(a;, bs) holds if and only if i € s. A complete first-order theory
is called dependent (or NIP) if no formula has the independence property. The class
of dependent theories contains both the stable and the o-minimal theories, but also for
example the theory of algebraically closed valued fields.

Fact 3.1 [19, Theorem I1.4.11]. A countable theory T is dependent if and only if |S1(M)| <
(ded | M)™ for all M = T.

In this section, we show that, when considering the two-cardinal transfer to arbitrarily
large gaps between the cardinals, the situation for dependent theories is not better than
for arbitrary theories. Namely, for every n < w we construct a dependent theory T which
has a (3,,, Rg)-model for all m < n, but does not have any (3, Ng)-models.
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Definition 3.2. For any n € N, let L, be the language consisting of the following.
(1) Py, Qm are unary predicates for m < n.
(2)  fm is a unary function for m +1 < n.

(3) < is a binary relation for m < n.

Definition 3.3. We define a universal theory TZ in the language L, saying the following.
(1) (Qm : m < n) is a partition of the universe.

(2) <m is a linear order on Q.

(3) Pn is a subset of Q.

(4)  f is a unary function such that the following hold.
(a) Ttis 1-to-1 from P41 into Qp \ Py.

(b) It is 1-to-1 from Q, \ Py into Pyy.

() f(fx)=x.

(d) Tt is the identity on {x : x & Put1U(Qm \ Pn)}-

Claim 3.4. (1) T is a consistent universal theory.
(2) TY has the amalgamation property (AP) and the joint embedding property (JEP).

(3) If M =T, and A C M is finite, then the substructure generated by A is finite, and
in fact of size at most 2 x |A|.

(4) T has a model completion T, which is R¢-categorical and eliminates quantifiers.
Proof. (1)-(3) are easy to see, and (4) follows by, for example, [9, Theorem 7.4.1]. O

Claim 3.5. In fact, T, is axiomatized by the following.

(1) Ty

(2) <y is a dense linear order without end points.

(3) Py is both dense and co-dense in Q.

(4)  fm is a 1-to-1 function from P4+ onto Qp \ P

(5) If a; <m c1 and a2 <41 c2, then there are by € Qp \ Py and by € P41 such that

ar <m b1 <m c1, a2 <m+1 b2 <mt1 2 and fin(b2) = by.
Proposition 3.6. T, is dependent.

Proof. Let M =T,. Let p(x) € S1(M) be a non-algebraic type. By quantifier elimination
it is determined by the following.

e O, (x) for the corresponding m < n.
e Fixing the corresponding cut of x over M in the order <.

e Saying if P, (x) holds or not.
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e If it does not hold, fixing the cut of f,;(x) over M in the order <, 4.
e If it holds, fixing the cut f,,(x) over M in the order <,,_.
Then clearly [S1(M)| < ded |M|, so T, is dependent. O

Remark 3.7. In fact it is easy to check that T, is strongly dependent (see [23]).

Proposition 3.8. (1) IfM =T, and |P(§W| = A, then |[M| < 3,(A).
(2) Moreover, |PmM+1| = |OM\ PY| < 10M| and |Q)| <* ded | PM|.

Claim 3.9. Assume that Ag < --- < A, and Apyy; <7 dedA,,. Then T, has a model M such
that |P(§W | = Ao and the following hold.

(1) |PM| = 2w
(2) 10M| = A1

Proof. By assumption, for every m < n we can find a linear order J,, of cardinality A1
with a dense subset I, of cardinality A,. We may also assume that the following hold.

(1) For every a < b in Jy, |(a,b)| = Ap+1 and |(a, b) N Iy| = Ay (so, in particular, I,
is also co-dense in J,).

(2) I, and J,, are dense without end points.

Indeed, given an arbitrary infinite linear order I and a dense subset J, let I, = I x Q,
J. =J xQ, and let I, be the lexicographic order on 1%, Ju = J=“. It is easy to see
that [L| = 1|, | x| = |J|, Jux is dense in I, both orders are dense without end points,
and that, for any a < b in Ju, |(a, b)| = |I]| and |(a, b) N Jes| = ||

We define M by taking QM = J,, PM =1, and <M =<, . We may choose f,
satisfying 3.5(4) by transfinite induction as all the relevant intervals have ‘full cardinality’

by the assumption. By Claim 3.5, M = T,,. O

Theorem 3.10. For every n < w there is a dependent countable theory T which has a
3, Ro)-model for all m < n, but does not have any (3, Rg)-models.

Proof. The proof follows by combining Propositions 3.6, 3.8, Claim 3.9, and
Corollary 2.13. 0

4. Hanf number for omitting types

Now, we elaborate on the previous example, and for every countable ordinal 8 < w; we
find a countable ordinal o, < w1, a countable theory T,,, and a partial type p(x) such
that the following hold.

e There is a model of T, omitting p(x) and of size > Jg.

e Any model of T, omitting p(x) is of size at most 3y, .

Definition 4.1. Fix an ordinal o, < w1. We describe our theory Ty, .
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(Qu(x) : a < ay) are pairwise disjoint infinite unary predicates.

DN

O O D O —

<q 18 a dense linear order without end points on Q(x).
P,(x) is a dense—co-dense subset of Qg (x).
R(x) is a unary predicate disjoint from all Q.

(cn : n € w) are constants and R(c,) for all n € w.

~ N~~~
(=]

<pg is a linear order on R(x), and (R, <g, (¢, : n € w)) is a model of Th(N, <,
(n:n eN)).
SR(x), slgl (x) are the successor and the predecessor functions on R(x).
(8) (dr : r € Q) are constants and Py(d,) for all r € Q.
(9) For every successor ordinal § + 1 < a4, the following hold.
(a) fs is a bijection from Psy; onto Qg \ Ps, the identity on {x : x ¢ Ps11U(Qs\
Ps)}, and such that fs(fs(x)) = x.
(b) Ifa; <s c; and ap <541 2 for some ay, ¢c; € Qs \ Ps and ap, ¢ € Psy1, then there
are by € Qs \ Ps and by € Psy1 such that a; <s by <s c1, a2 <§41 by <s+1 €2,
and fs(b2) = b.
(10) For every limit ordinal § < a, the following hold.

—~
-3
~

(a) We fix some listing (as, : n <) with ), _ s, =38, where for every n we
have that as, is a successor ordinal larger than the successor of o; ,—1 and
larger than any oy, from a similar listing for a smaller limit ordinal &’

(b) We have a function Gs(x) such that the following hold.
(i) Gs is the identity on {x : x ¢ Ps}.
) Gs: Ps(x) - R(x) is onto.
(iii) For every y € R(x), Ga_l(y) is a dense linear order without end points.
) If y; <g y2, then G(S_1 (y1) is co-dense in Gg_1 (y2), and every cut of G(S_l(yl)
realized by some a € Ps is realized by some a’ € Ga_l(yg).

(¢) We have a relation Es(x1, x2, y) which holds if and only if x; and x; are from
Ps\ G;l(y) and realize the same cut over Ga_l(y).
(d) For each n € w we have a function F;s , such that the following hold.

(i) It is a bijection from Ga_l(cn)\Gg_l(cn_l) onto Py, (x), the identity on
{x :x¢ Py, UG;l(cn)}, and such that Fs ,(F5 (x)) = x.

(i) For any n € w, if a1 <4;, b1 with ay, by € Py, and ax <s d <s by with
ay, by € G‘S_l(c,,)7 then there are e; € Py;, and e € Ga_l(cn)\Ga_l(cn_l)
such that a1 <5 e1 <5 b1, a2 <s ez <s b2, Fsu(e2) = e1, and Es(d, ez, ) for
all o < ¢y.

Claim 4.2. T, is a complete dependent theory.
Proof. It is easy to check by the back-and-forth method that T is a complete theory

eliminating quantifiers.
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Let M |=T,,, and let p(x) € S1(M) be a non-algebraic type. We have the following
options.
(1) p(x)F Qq(x) for some successor @ < . Then p(x) is determined by the following.
(a) Fixing the cut of x over M in the order <.
(b) If p(x) F =Py(x) then by the following.
(i) Fixing the cut of fy(x) over M in the order <q4i.
(ii) If o+ 1 occurs as as, for some limit § <y, then fixing the cut of

F5.,(fy(x)) over M in the order <s, and fixing the cut of Gs(Fs ,(fu(x)))
in <g over M.

(¢) If p(x) F Py(x), then by the following.
(i) Fixing the cut fy—1(x) over M in the order <,_i.

(ii) If @ occurs as a5, for some limit § < o, then fixing the cut of Fs ,(x) over
M in the order <s, and fixing the cut of G5(Fs ,(x)) in <g over M.

(2) p(x)F Qs(x) for some limit §. Then p(x) is determined by the following.
(a) Fixing the cut of x over M in the order <;.
(b) If Ps(x) does not hold, then similarly to 2(b).
(¢) If Ps(x) holds, then by the following.
(i) Fixing the cut of Gs(x) over M in <g.
(ii) If Gs(x) = ¢, for some n € w, also fixing the cut of Fs ,(x) over M in <.
(3) If p(x) - R(x), then fixing the cut of x in < over M.
4) p)F{=0s(x) : @ < a}U{=R(x)}. Then p(x) is a complete type.
Altogether it follows that |S;(M)| < (ded |[M|)®0; thus T is dependent by Fact 3.1. O
Consider the type p,(x) = {mPy(x) : 0 < a < oy }U{x £ ¢, :newlU{x #d, :r € Q}.

Claim 4.3. Let M be a model of T,, omitting p,(x). Then |M| < T, .

Proof. First of all, if M omits p,, then |Pé”| = Rg and |RM| = Ry. We show by induction
for § < a, that |P8M| <Js. If § = a+1 is a successor, then clearly |P5Aj1r1| <t ded |P8M|;
thus < Js41 by induction. If 8 is a limit, then, by construction, |PM| < PM )<

n<w(| o5 p

> cw =as, = s- The claim follows. O

Claim 4.4. For every B < w there is o, < w; such that 7,, has a model omitting p.(x)
of size > Jg.

Proof. By Corollary 2.13 and induction, there is a, < 84 w such that we can choose a
strictly increasing sequence of cardinals (Ay)y<q, satisfying the following.

e Ay = Ny.

o hyr1 <t dediy.

e For a limit o, Ay = )
oy, = :lﬂ'

A

o <a
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We define a model of T,, omitting ps and such that |[PY| = 1, by induction on «.

(1) Let RM = (w, <) with ¢, naming n. Let Q0 (R, <), and let Pé” = Q, with d,
naming r.

(2) For a successor § = & + 1 we proceed as follows. Similarly to Claim 3.9, we can find a
linear order J of cardinality As with a dense subset I of cardinality Ao. We may also
assume that, for every a < bin J, |(a, b)| = As and |(a, b)) N 1| = Ly. We let Qg” =J,
PSM =1, and <§VI = <. We may choose fs satisfying Definition 4.1 by transfinite
induction as all the relevant intervals have ‘full cardinality’ by construction and the
inductive assumption.

(3) For a limit § < o, we proceed as follows.

(a) First, we construct orders I, J, by induction on n < w.

(i) Let Ip € Jp be dense linear orders without end points and such that Iy is
dense-co-dense in Jo, [lo] = Aeyq, [Jo| = Aaso+1, and such that, for every
a<bin Jy, [(a, b)| = Ay o+1 and [(a, b) N Io| = Ay, (can be chosen by
assumption on Ay as in the proof of Claim 3.9).

(i) TLet I, ,, J, , be dense linear orders without end points and such that

I, is dense-co-dense in J; e il = Aasirs 1yl = Aay 1, and

such that, for every a < b in J' wt1s 1@ D) = Aoy, +1 and |(a, b)ﬂI/Hl =

At it (agam can be chosen by assumption on A, as in the proof of

Claim 3.9). Let I,y extend I, with a copy of I 41 added in every cut,

and similarly let J,4+; extend J, with a copy of Jn | added in every

cut. It follows that As p41 < [Int1] < Ay, +1 X Aag iy < Aag iy and [Jpp1| <

Ao p+2 X hag i1 +1 < Mgy, +1, and that I, 41 is a dense—co-dense subset of

Jn+1.
(i) Finally, let I=U,.,In and J=,.,Jn. In particular, I is
dense—co-dense in J, and both I, J are of size As.

(b) We let PSM =1, Qg” = J, and define Gf;” by sending I, to ¢,. By construction
of I, and PDK,‘ and transfinite induction, we can find bijections F(% between
Gg”(cn)\Gg/I(cn_l) =1I,\I,-1 and P(f;"n satisfying the axioms of T,,. We let
E(x,y,cp) hold for x, y in I, \ I,— realizing the same cut over I,,_i. O

Theorem 4.5. For every countable ordinal § < w there is a complete countable dependent
theory T and a partial type p(x) such that the following hold.

e T has a model omitting p of size > Jg.
o Any model of T omitting p is of size < 3,.
Proof. The proof is obtained by combining Claims 4.2—4.4. O
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