
N o n  s t a n d a r d  u n i s e r i a l  m o d u l e  o v e r  a u n i s e r i a l  d o m a i n  e x i s t s  

O u r  a i m  i s  t o  p r o v e :  

T h e o r e r ~  (ZFC) T h e r e  e x i s t  a n o n  s t a n d a r d  u n i s e r i a l  m o d u l e s  o v e r  

s o m e  u n i s e r i a l  d o m a i n  ( s e e  12). 

The  p a p e r  is  s e l f  c o n t a i n e d .  I t  u s e s  f o r c i n g  - t h i s  c a n  b e  e l i m i n a t e d  

e a s i l y  b u t  f o r  m e  t h i s  h a s  n o  p o i n t .  O u r  e x a m p l e  i s  in  l~ 1 - w e  c a n  

r e p l a c e  i t  b y  a n y  r e g u l a r  ~ > M 0. The  p r o b l e m  a p p e a r s  i n  t h e  v e r s i o n  of a 

b o o k  of F u c h s  a n d  S a l c e  on  m o d u l e s  o v e r  u n i s e r i a l  d o m a i n s  in  e x i s t e n c e  in  

A p r i l  1984.. An a n s w e r  in  t h e  o t h e r  d i r e c t i o n  w o u l d  h a v e  s i m p l i f i e d  t h e  s u b -  

j e c t ,  a n d  I t h i n k ,  m a k e  u n n e c e s s a r y  s e v e r a l  p r o o f s  a n d  d i s t i n c t i o n s .  

I t h a n k  S i l v a n a  B a z z o n i ,  E l i z a b e t t a  M a r t i n e z  a n d  C l a u d i a  M e t t e l  fo r  g o i n g  

o u r  of  t h e i r  w a y  t o  t e l l  m e  t h e  p r o b l e m  d u r i n g  a d i n n e r  a t  t h e  c o n f e r e n c e  in  

U d i n e ,  t o  F u c h ' s  f o r  m e n t i o n i n g  i t  a n d  t o  S a l c e  f o r  i m p r e s s i n g  u p o n  m e  t h e  

i m p o r t a n c e  of s o l v i n g  it,  

S u b s e q u e n t l y  F u c h s  c o n t i n u e s  t h i s  work ,  i n v e s t i g a t i n g  f o r  w h i c h  u n i s e r i a l  

R t h e r e  a r e  s u c h  m o d u l e s ,  

0. D e f m i L i o n  a n d  N o t a t i o n :  1) L e t  R d e n o t e  a u n i s e r i a l  d o m a i n ,  i .e . ,  n o  z e r o  

d i v i s o r s  a n d  Id (R)  = II: I a n  i d e a l  of R{ is  l i n e a r l y  o r d e r e d  b y  i n c l u s i o n .  

L e t  Q = Qm b e  t h e  f i e l d  q u o t i e n t .  L e t  a , b , c , r , s  d e n o t e  m e m b e r  of R, x , y , z  

d e n o t e  m e m b e r s  of a n  R - m o d u l e ,  M,N d e n o t e  R - m o d u l e s .  L e t  a ] b m e a n  

d i v i d e s  b .  

2) An R - m o d u l e  i s  c a l l e d  s t a n d a r d  if i t  i s  a h o m o m o r p h i c  i m a g e  of a n  R -  

s u b m o d u l e  of @ ( w h i c h  is  t r i v i a l l y  a n  R - m o d u l e )  a n d  M # O. 
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3) An R - m o d u l e  is u n i s e r i a l  if i t s  f a m i l y  of s u b m o d u l e s  is l i n e a r l y  

o r d e r e d .  (So we a r e  a s s u m i n g  R i t se l f  is u n i s e r i a l . )  

0A R e m a r k :  Any  s t a n d a r d  R - m o d u l e  is u n i s e r i a l ,  

This  is well known. 

1. F a c t :  Le t  M be a u n i s e r i a l  R - m o d u l e ;  if x c M, ax  # 0 t h e n  fo r  e v e r y  

b c R , ( b  # 0): bx = 0 if ( b / a ) ( a x )  # 0 a n d  a d iv ides  b in  R. 

P r o o f :  If in  R a ] b l e t  b = c a  so  

bx = 0  ~ cax  = O < - ~ ( b / a ) ( a x )  = 0 .  So i t  s u f f i c e s  to  p r o v e  a I b a s s u m -  

i ng  bx = 0 ,  b u t  if a d o e s  n o t  d iv ide  b, b d i v i d e s  a so  a = d b ,  so  

a x  = d b x  = d = 0 c o n t r a d i c t i n g ,  an  a s s u m p t i o n .  

e. De f in i t i on  " 1) We cal l  < a ~ j : i  < j < ~> a n  f - r e p r e s e n t a t i o n  of M 

( fo r  M a u n i s e r i a l  m o d u l e  o v e r  a u n i s e r i a l  d o m a i n  R )  i f :  

(i) I is an ideal of R,I # R. 

(ii) at , j  C R ,  a t j  # O. 

(iii) f o r  a < f l < 7 < & ,  aa,  7 - a a , ~ a ~ ,  7 C ao , f f .  

(iv) t h e r e  a r e  x i c M ( i  <¢~) s u c h  t h a t  M is g e n e r a t e d  b y  ~xi:i<& I, and :  

f = ~r c R : r x  o = O1, a i j x j  = xt  

2) We cal l  < a i , j : i  < j  < ~ >  an  f-  r e p r e s e n t a t i o n  fo r  R ) i f  ( i) ,( i i) ,( i i)  

a b o v e  ho lds .  

3. Claim: Every uniserial R-module M has an f-representation ( for 

some ideal I of R). 

P r o o f  : Easy. Choose by induction on i, xt e M(# 0) zt not in the sub- 

module generated by |zj:] < i]. Say ~ is the first for which x~ is not defined. 

C l e a r l y  6 e x i s t s  a n d  is < t l M [ I  +. F o r  i < j ,  as  z j  C Rz~, by  u n i s e r i a l i t y  

x i E R x j  so  fo r  s o m e  ai, j e R ,  x i = a i j x  j .  Now f o r  a < ~ < 7 < ~ ,  

•a,rT7 : x a : ~ a , ~ 2 ~  = a a , ~ ( a p , f x f ) .  So  ( a a , 7 - - a a , ~ a p , 0 ) x  7 = 0. As 

a0 , fx  7 = x 0 # 0, we f in i sh  b y  F a c t  1. 
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R e m a r k :  C l e a r l y  6 > 0 f o r  M # O, a n d  if 6 i s  a s u c c e s s o r  o r d i n a l  t h e n  

M is  s t a n d a r d .  

4. Claim: i) If <a,j:i <j <5> is an i- representation for R then 

some R-module M is f-represented by < a~j :i < 3 < 6>. 

2) Moreover M is unique up to isomorphism and is uniserial 

Proof: Let M be an R-module generated freely by Ix~:i < 6] except the 

relations: 

(a)  r x  o = O ( f o r r  • I )  

(b)  x ~ - a , , j x  I = 0 f o r i  < j < &  

2) T h e  u n i q u e n e s s  i s  t r i v i a l ,  so  we s h a l l  p r o v e  t h a t  M c o n s t r u c t e d  in  ( 

1) i s  u n i s e r i a l .  I t  i s  e a s y  to  s e e  t h a t  ( b y  t h e  r e l a t i o n s  (b)) .  

(*) f o r  e v e r y y  • M  for  s o m e i  < 5 ,  r • R : y  = r x i .  

Now s u p p o s e  K is  a s u b m o d u t e  of M,K # M, a n d  we s h a l l  p r o v e  t h a t  f o r  

s o m e  ~ < 6 ,  K C R x l .  Th i s  s u f f i c e s  [ if KI ,K  a a r e  s u b m o d u l e s o f  M, i f K  1 = M  

o r  K 2 = M t h e y  a r e  c o m p a r a b l e  so  we f in i sh ;  if K p K  2 # M t h e r e  a r e  ~1,~2 < (5 

s u c h  t h a t  K 1 C RXxeK 2 ~ Rxt~; l e t  ~ = Max l~l ,~Zl,  so  K1,K 2 a r e  R -  s u b m o d u l e s  

of  Rxt ,  w h i c h  i s  u n i s e r i a l  b y  OA, h e n c e  K 1 ~ K 2 o r  K 2 C K1]. 

As K # M  f o r  s o m e  ~ x t ¢  K.  A s s u m e  K ~  Rxt ,  so  fo r  s o m e  y e K ,  

y ¢ Rxl .  By (*) a b o v e  fo r  s o m e  ¢ < 6  a n d r  e R ,  y =rx¢ .  Now ~ < ¢  [ o t h e r -  

w i s e  y = r x ~ • R x ~ R x ~  c o n t r a d i c t i o n  t o  t h e  c h o i c e  of y ] ;  As y # 0 , r  # 0 ,  

a n d  a t , ¢  ~ 0, in  R r d i v i d e s  a t ,  ¢ o r  a t , ¢  d i v i d e s  r ( o r  b o t h ) .  

If a t ,  ¢ d i v i d e s  r ,  then 

y = rx¢  = ( r / a t . ¢ ) ( a t , ( x ¢ )  = ( r / a t , ¢ ) x  t c R x t  

c o n t r a d i c t i o n  t o  t h e  c h o i c e  of y .  

If r d i v i d e s  a~,¢ t h e n  
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x t = a t , ¢x¢  = ( a t d / r ) r x  t c R ( r x ¢ )  = R y  ~ K 

c o n t r a d i c t i o n  t o  t h e  c h o i c e  of /L  

So K C R x t .  We p r e v i o u s l y  s h o w  t h a t  t h i s  (i.e. fo r  e v e r y  R - s u b m o d u l e  K of 

M, K c / ~ t  fo r  s o m e  ~) suff ice .  

5. L e m m a  : A u n i s e r i a l  R - m o d u l e  wi th  / - r e p r e s e n t a t i o n  

~ c ~ , j : i  < j < ~> is s t a n d a r d  i f f  fo r  s o m e  c~ c R ( i  < ~) f o r  e v e r y  i < j < 6: 

( i )  cC1 eZ1-- ~ I 
ao, ~ ao,i/a~,y 

(ii) c/-1 c R, i.e., e a c h  c i is a un i t .  

5A. R e m a r k :  We c a n  r e p l a c e  is (i),(iii), c C  1 by  c~,cff 1 by  c i .  

P r o o f  : F i r s t  s u p p o s e  t h a t  t h e r e  a r e  s u c h  c i ( i  < 6). Le t  

d r = ( 1 / a o , ~ ) R  C Q a n d  de f ine  a f u n c t i o n  f r o m  d~ i n t o  M by  

f ~ ( ( 1 / a o , ~ ) r  ) = rc~x~ fo r  r e R 

Clea r ly  f~  is a h o m o m o r p h i s m  f r o m  one  R - m o d u l e  t o  a n o t h e r .  

t t  is o n t o  Rx~ as  c i is i n v e r t i b l e  in R. 

We sha l l  p r o v e  t h a t  

(*) f o r i  < j  < 6 ,  f~  c f i .  

This  su f f i ce  as  t h e n  u f t  is a h o m o m o r p h i s m  f r o m  C/Jt  o n t o  M. Fo r  

p r o v i n g  (*) i t  s u f f i c e s  t o  p rove :  

(**) I~(1/ ao,~) = f j (1 /  ao,~) 

F i r s t  1 / a o ,  ~ c D o m  ( f  i)" [ t h i s  is e q u i v a l e n t  to  1 / a o ,  ~ c R ( 1 / a o d  ) w h i c h  

is e q u i v a l e n t  t o  ao,y c Rao,~, if t h i s  fa i ls  t h e n  by  t h e  u n i s e r i a l i t y  of  R,  f o r  

s o m e  s E R w h i c h  is n o t  a un i t ,  ao, ~ = s a o j  so 

aod  ( 1 - s a i d )  = a o , i - a o , i a ~ ,  i e a o , i I  
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a s  R h a s  n o  z e r o  d i v i s o r s ,  1 - s a i j  • I; a s  s is  n o t  a u n i t  s R  is  a p r o p e r  

i d e a l ,  b u t  l = s a i j  + ( 1 - s a i j )  • s R + I ,  b u t  s R c f  o r I C s R ,  so  n e c e s s a r i l y  

I C s R , 1  • I b u t  t h e n  x 0 = 0 c o n t r a d i c t i o n ] .  S e c o n d ,  we c a n  c o n f i r m  (**) 

r e m e m b e r  we h a v e  s h o w n  a b o v e  ao, j • R ao, i h e n c e  a o j /  ao, ~ • R):  

f~(1 /ao .~)  = I : . ( (ao , j /ao ,~) (1 /aoa))  = (ao , j /  ao,~) cj=~ 
I ~ ( 1 /  ao,~) = c~xi = c~a~,jxj  

So i t  i s  e n o u g h  t o  s h o w  t h a t  

e q u i v a l e n t l y  ( s e e  F a c t  1): 

( a:--~cj  --a~,j c~ ) x j  = 0  

- - - - c j - - a i j e  i • a o , j I  
aO,i 

equivalently 

cj  c i 
• I  

ao,i a o , j /  a i , j  

M u l t i p l y i n g  b y  c f f l c i  -1 we g e t  (i) of t h e  h y p o t h e s i s  , i .e . ,  t h e  d e m a n d  h o l d s  

( N o t e  t h a t  fo r  a u n i t  c , c I  = I).  

We h a v e  p r o v e d  t h e  " i f "  p a r t  of L e m m a  5. 

F o r  t h e  o n l y  " i f "  p a r t  s u p p o s e  J is  a n  E - s u b m o d u l e  of Q, f ; J  -~ M a n  o n t o  

h o m o m o r p h i s m .  W.l .o .g.  f ( 1 )  = x  0 s o R ~ D o m  f ,  1 ~ Ker  f = L  F o r  e v e r y i ,  

l e t  x~ = f (y~). y~ c J.  If y~ c R ( 1 / a o . i )  l e t  f o r  s o m e  r c R ,  y~ = r / a o ,  ~, t h e n  

ao,~y i = r h e n c e  f ( r )  = f ( ao , i y i )  = a o , i f  (Yi)  = ao,~Xi = Xo = f (1),  so  

f ( l - - r )  = 0 h e n c e  1 - - r  c I ,  h e n c e  r - t  c R [ o t h e r w i s e  R r  • R, so  R r  U R ( 1 - - r )  

i s  a p r o p e r  i d e a l  c o n t r a d i c t i o n ] .  So [Yi c R ( 1 / a o , i )  ~ 1 / a o ,  i c R y i ] .  As 

y i , 1 / a o ,  i c Q, Q a u n i s e r i a l  R - m o d u l e  t h i s  i m p l i e s  1 / a o ,  ~ c Rye,  so  f o r  s o m e  

c i • R ,  1 / a o ,  i = c i y  i. As Yi • J c l e a r l y  1 / a 0 ,  ~ • J .  Now 

x 0 = f (1) = f ( a 0 , ~ . ( 1 / a 0 , ~ )  ) = a o , i f  ( 1 / a o , i )  = ao,~C~x ~ = c~x 0 

= ao ,~ f  (c iy~)  = a o , ~ c i f  ( y i )  

so  ( 1 - c i ) x  0 = 0 h e n c e  l - c t  • I,  so  a s  in  a n  a r g u m e n t  a b o v e  c~ i s  a u n i t  e x c e p t  

w h e n  I = R  w h i c h  i s  e x c l u d e d .  
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So I/a0, i =ciy i, ci • E a unit. By (iii) of Definition 2 with G,i,j here 

standing for a,~, 7 there, i - a°'iatJ c I so (when I ~ R) a' ~I= ao,!.a..~,~ is a 
aoj aoj 

u n i t  of R, as  a~, 3. • R t h i s  i m p l i e s  a---°'~---' = a ~ j / a '  e R. Now 
~ZO,i 

o = $ (o) = $ ( 1 / a o . ~ - t l  ao.~) = I ( 1 /ao ,~) -$  ((ao./ao,~)" t l  ao.j) = 

f (c~yi)--(aO,j/aO,i) f ( c j y j )  : 
c~x~-(ao.ff ao .~)c~x~  =cia~.~x~ - ( a o j /  a0,~)c~x~ = 
(c~ a i , j - ( a o j / a 0 , ~ ) c j ) x  i 

h e n c e  [ c ~ a t j  - [ ( a 0 j / a 0 , i ) c j ] / a o ,  i • I a n d  we c a n  f inish.  

Fo r  a whi le  we m a k e  

6. A s s u m p t i o n :  M is a n o n - s t a n d a r d  m o d e l  of Th(z)  of p o w e r  Sl  n o t  ~l-  

l ike,  M = U M~, M~ < M,M~. i n c r e a s i n g  c o n t i n u o u s ,  e a c h  M~ c o u n t a b l e ,  p • M 

aprime R ----RPis la/b;a,b • M, M ~'p does not divide b"I./ 

Let Q D R be the field of quotients of R. 

Easily R is a uniserial domain. Let b be a member of M. let 

< d ( a ) : a < ~ 0 1 >  be a s e q u e n c e  of m e m b e r s  of M i n c r e a s i n g ,  d ( a ) < b ,  

b,p 6Mo, d(ot) • M a +  1. Let  Qi be  t h e  f ield of  q u o t i e n t s  of  M i, R i = R  f~ Qt- 

C l e a r l y  we c a n  f ind  M as  above ,  a n d  t h e n  b ,d (a) .  

7. D e f i n i t i o n : L e t I =  [c c R:  p b [ c ], i t  is an  ideal .  

We de f ine  a s e t  P ;  i t s  m e m b e r s  h a v e  t h e  f o r m :  

such that 

(i) u a finite subset of ~1,0 e u. 

(ii) for a < ~ < 7 all in it, 
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(aa'~--a----a'--~a--a'JZ) C £ 
ao,  T 

(iii) aa. ~ is d iv i s ib le  by  p4(t~)-d(a) b u t  n o t  by  pd (p ) -d (a )+ l  in  R ( e x p o n e n -  

t i a t i o n  i n  M). 

( i v )  ~.j E R~+~ 

[we wr i t e  a,i  = ar~i, u = u r w h e r e  r =  ( a , , i :  i < j ,  i ~ u ,  j ~ u)]. 

We s t i p u l a t e  a¢,, 

8 .  F a c t :  If 

q , r  < q  c P , 6 c u q .  

P r o o f  

= I. The o r d e r  of P is n a t u r a l .  

r = < a r . : i  < j  E u  r )  c P ,  ~3 < wl t h e n  t h e r e  is 

/ l < - - -  < Q < , < i ~ + I < -  • • < / ~ ,  u r = i l l  . . . . .  i n { ,  
= t / , .  r . 

We now def ine  q" 

a~,j = 

If ~ C u r l e t  q = p ,  o t h e r w i s e  s u p p o s e  

( r e m e m b e r  i 0 = O) a n d  l e t  

u q  = u r U [ ~ l  

ai ,j i f i  < j , i  c u  r,  j c u  r 

i f  j c ~ + ~  . . . . .  ~,~l i = ~  

We sha l l  now c h e c k  t h a t  c/ (~ P .  

P r o p e r t i e s  (i), (iii) a n d  (iv) of Def in i t ion  7 a r e  ea sy ,  so  l e t  u s  c h e c k  ( i i ) ) .  

So l e t a  < 1 6 < T b e i n u  r .  

C a s e  A :  a = ~. 

aqa'7 -- aqa'a a~ '7  = (by t h e  t h i r d  c a s e  in t h e  d e f i n i t i o n  of a~ j ) .  
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- (e  (~)-a (~e)) . - (a  (=)-a (~e))a # , 7  aq.~_,_~,Ta~,~e+~ - - ~ Q  ~ ~.~a.i~, 4.~ . ~ p 

GO, 7 

pa(=)-a(~e) ao, v 
E I  

B e c a u s e  t h e  le f t  term is in  R (by  (iii) of De f in i t i on  7 f o r  p )  a n d  t h e  r i g h t  

t e r m  is in I (by (ii) of Def in i t ion  7 fo r  p ) .  

C a s e  B : / / =  ~:. 

- _ 

a~, 7 

a a, 7 - -  ( a a,i~ep ., t ~ie.z,Tu'.i~z,ie÷~ ) 

~ O,.it 

(z a,  7 - - a  ot.i~ ai4!,4~ . ltzif~ . l , T 

a O - 7 

a a ,7  Q'4.£,i£+lait2.,-z,7 
a a ,if~ 

(ZO,7 ~0,7 

~ a ' 7  aa,~e----ai~'7 -t- a a , i~  ( ~ i ~ , 7  OLi~,Q~+~O~i~+I,T ) 

12'0,7 aO,7 ao, 7 a o ,  7 

: + = a , * e  C I 
(Z 0,7 a 0,7 

as  t h e  f i r s t  t e r m  is in  I (by (ii) of Def in i t i on  7 fo r  p ) a n d  t h e  s e c o n d  t e r m  is in  

I as  a m e m b e r s  of  I t i m e s  a=,~e  c R so as  t is a n  idea l  i t  b e l o n g s  t o  I. 

C a s e  C: 7 = ~ 

01"~, 7 

a ~ ( a ( 7 ) - a ( ~ )  a a ~ a ( v ) - d ( c ~ )  
a,iel ° - a,p ~,~d" 

a o , i~  ~ (v) - a  (¢e) 

¢1, a,i. ~ - -  a a , f l a  fl,.i. ~ 
c I  

: O,i~ 

C a s e  D: a , f l ,7  ~ £. 
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Trivial .  

So we h a v e  p r o v e d  q • P .  Eas i ly  p <-- q ,~ c u q ,  so we finish. 

9. ]Main Fac t :  S u p p o s e  u0 < u l  < u2  (all f in i te  s u b s e t s  of ~01, n o t  e m p t y  

for  s i m p l i c i t y ,  u < v  m e a n s V a  e u  V l ~ c v  a < f l )  non  e m p t y ,  a n d  

r e • P  for  g =0 , 1 , 2 ,  

u r °  = ' u ,  0 , u r t  = U 0 I.J U 1, ~zr~ = UO L} u 2  

r 0 ~ r  1, r 0 ~ r  1 

Let  ~¢Z = M i n  u e f o r g  = t,3, a n d c l , c e c R a r e u n i t s o f R .  

Then  we c a n f i n d r  • P , r ~  <_ r , r2  <_ r ,  s u c h  t h a t  

Let ~ = M a x  ucz. 

C1 C2 

c 1 
(7) 

(~) a e b /~+l  

Proof :  We shall choose some t C f 0 M~,+I and let 

f I  : 

r t  
a¢o,¢l 

Now t c [ g u a r a n t e e s  (fl) ( jus t  s u b s t i t u t e  and  c o m p u t e ,  and  you shal l  

g e t  t )  a n d  t c M~+I g u a r a n t e e  (&) (as ¢t,¢o <-- ~z a n d  use  (iv) f r o m  7). Also 

(a )  is i m m e d i a t e :  a0 ,~  is divis ible  by  pd(~2) h e n c e  ao ,~ t  is divis ible  by  

t0 .  S u b f a c t :  We c a n  find an  c l e m e n t  a of R s u c h  t h a t  

( a )  pa(t~)-e({,)  d iv ides  a b u t  pe(t~)-a(¢,)+l does  n o t  d iv ides  a (in R). 

r e  T 1 
a ¢o,t ~ -- a ¢o,¢ a 

(#)  e [ 

C2 
¢ I  

~2 7.1 
a o , ~ /  (a~, ,¢ a )  

Sh:232



144 

p d(12)-d(t,o)-V1 b u t  a ~ : , ~  i s  n o t :  so  ar~:.~2--aVo~2t i s  d i v i s i b l e  b y  pd(~2)-d(¢.) b u t  n o t  

r 1 b y p  a(~2)-d(¢2)+:. U s i n g  ( i i i )  of D e f i n i t i o n  7 on  a¢0,¢ , we f in i sh .  

We a r e  l e f t  w i t h  (7) ,  i t  m e a n s  n o w  

c1 
• a~, ,¢ , (  ) ¢ I 

r 1 asia a¢o,¢, 

t h i s  i s  e q u i v a l e n t  to :  

?'1 ?-2 ?,1 ?-~ . 
c 1 c 2 a ~ , ~  a~0,~ 2 C 2a~,~ta0,~ ~ (*) + ¢ I 

If f o r  t = 0 (*) h o l d s ,  we f i n i s h ,  s o  we c a n  a s s u m e  

S~2I 

?-I T~ 
C 1 C la~t,{lCt¢0,~ 

?'1 ?'1 
aO,~ a0,~ea¢2,¢ ~ 

e I ,  so  (*) i s  t h e n  e q u i v a l e n t  to  

(*) '  t ~ I i . e . ,  t q' I 
?.2 ~-1 7-1 

a o,~2a CoX, a~o,¢~ 

By a p p l y i n g  ( i i i )  of D e f i n i t i o n  7 t o  a l l  a t j ' s  a p p e a r i n g  in  (*) '  a n d  

r e m e m b e r i n g  t h a t  f o r  a u n i t  c of  R e [  = [  a n d c  c N  is  a u n i t  i f [ p  d o e s  n o t  

d i v i d e  c f o r  R ,  (*) '  i s  e q u i v a l e n t  t o  

(*)"  t E I b u t  pa(~e)p . (¢l ) -a(~2)  t ¢ I 

w h i c h  m e a n s  t c I b u t  t / p  d(~O-(i(¢°) q~ I, w h i c h  is  e a s i l y  a c c o m p l i s h e d  b y  

c h o o s i n g t  = p b  C M  o. 

Now we d e f i n e  r :  

u r  - - u r '  U u r n = u 0  U U l  U U a  
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a t ,  _~ 

( r e m e m b e r  at~,t~ = 1) 

a a ~ j  

if i , j  ~ u rt ( a )  

if i , j  ~ u  ~ (b)  

if i = u  1, j E u 2  (c)  

A g a i n  c o n d i t i o n  (i) + ( i i i )  + ( iv) a r e  e a s y .  L e t  u s  t r y  (i i) .  

So a < f l< 7- 

CaseA:  a E u 0 , f l E U l ,  T E U  2. 

aa,7 = 

0'0,7 

aa,  7 - -  aa,pap,~  a a ~ , 7  

ao, 7 

q-2 
aO, 7 

T2 7"1 r l  
"r 2 _ _  

a~2,7 r 2  
ao, 7 

a ~ , T a o , ~  a a , ~ - - a a ,  ~ a p , ~ a  

T2 ~2  
ao, 7 a o,/~e 

-: rood I 

Now 
a t[e,Ta 0,~2 . 

is  a u n i t ,  so we c a n  f o r g e t  i t  

CtO,7 

T1 T1 
aL¢~ - - ~ a  Gb G~ 

rO r2 rl ~I 
a,{o a{o,~ --aa,pa #,~la 

Now : hold  

,1.1 7.1 ~1 ~! 
a a,pa px ,  --a a,~;oa ,b,( t a o,t2 

[as --~ O mod I holds, which hold by using twice 
aO,¢, ao, t l ,a  

( i i)  of D e f i n i t i o n  7, a n d  c o m p u t i n g  p o w e r  of p in  t h e  l e f t  s i de ] .  
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S o  

r 0 r e r~ r~ r o r ~ r~ r~ 
aa,¢oa(o,( ~ - -aa,pap,¢  a aa,co a¢o,~ ~ - -aa, toa to,t a 

T 
a ~,~ e a o,~ 

--(1,~o,,~ t a  
= ar~¢ o E I 

a'o,~ 
t h e  " E "  h o l d s  b y  (~)  a b o v e .  S o  we  f i n i s h  C a s e  A. 

C a s e  B: (x,,8 E U l , 7 E U  2 

aT ~ T  ~ T  T1 Ta T1 T1 Ta 
a,7 ~a,P~P,7 _ aa,~la  ct~e,7--aa,pCtp,~la a~e,7 

T Te 
¢b0 ,7  t~O, 7 

T 1 T 1 T 1 
a~e,Tre a [ cta'¢l - -aa 'pap ' ( l . ]  

aO, 7 
b y  c o m p u t i n g  p o w e r  of  p t h i s  t e r m  b e l o n g s  t o  [ i ff  

T I  7"1 T I  a a,~l --ct a ,pa #,~l 
C I  

a~:¢, 

w h i c h  h o l d s .  

Case C: a E u 1 P,7 E u z. 

T T 9"1 T ~ T1 T 2 T 1 a~a,7--aa,pap,7 _ a a , ~ a  a ~ ,  7 - a a , ¢ ~ a  a~2,pa~,~ 

r l  a~e'7--al~2"PaP'7 ] E I 

{:Z' O, 7 

C a s e D :  ~(x,p,TI ~ u 0 U U l  o r  Iot ,p ,7t  E u 0 LJ u2 .  

T r i v i a l .  

11.  C o n c l u s i o n :  If G c P i s  g e n e r i c  o v e r  V t h e n  in  t h e  n e w  u n i v e r s a l  

V[ G]  o v e r  R t h e r e  i s  a n o n  s t a n d a r d  u n i s e r i a l  R - m o d u l e .  

P r o o f  : We c a n  d e a l  w i t h  / - r e p r e s e n t a t i o n .  L e t  f o r  i < j  < ¢1 a t j  b e  

a T .  w h e n  r E G , l i , j }  C u r ,  t h i s  i s  w e l l  d e f i n e d  as :  s J  

(A) a t , j  h a s  a t  m o s t  o n e  v a l u e  a s  G is  d i r e c t e d .  
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(B) a4, j h a s  a t  l e a s t  o n e  v a l u e  [ a s  b y  F a c t  B t h e  s e t s  I r  c P : i  c u r l ,  

I r c  P: j c u r l  a r e  d e n s e  s u b s e t s  of P ,  h e n c e  t h e i r  i n t e r s e c t i o n  is .  As G is  

g e n e r i c ,  G is  n o t  d i s j o i n t  t o  t h i s  i n t e r s e c t i o n . ]  Now e a s i l y  

< a i j : i  < j < ~1> is  a n  I -  r e p r e s e n t a t i o n  (over" R) .  Why i t  r e p r e s e n t s  a n o n  

s t a n d a r d  u n i s e r i a l  m o d u l e ?  O t h e r w i s e  ( l e t t i n g  a b e  t h e  n a m e  f o r  a4, j 
~4,j 

d e f i n e s  a b o v e )  t h e r e  a r e  P - n a m e  c a n d  r E P s u c h  t h a t  
,,4 

C C 

(C) r ] t - p " c  i s  a u n i t  of P ,  a n d  ~4 ~J c I f o r  e v e r y  
a a l a  

i < j < ~o1" 

As R c o n s i s t s  of m e m b e r s  of V, t h e r e  a r e  fo r  i < co I, r 4 c P ,  r -< r 4 a n d  ci  1 E P 

r4 I]-P c = c41. Now u s i n g  F o d o r  L e m m a  a n d  F a c t  9 we g e t  a c o n t r a d i c t i o n .  
~4 

O r i g i n a l l y  we h a v e  t h e n  r e p l a c e d  f o r c i n g  b y  0 ~ , ,  b u t  i t  i s  b e t t e r  to  h a v e :  

12. T h e o r e m  : (ZFC): T h e r e  i s  a u n i s e r i a l  n o n  s t a n d a r d  m o d u l e  o v e r  

s o m e  u n i s e r i a l  d o m a i n .  

Proof : If we look carefully at the proof of this we can see that we 

have proved (and we shall prove): 

(a)  in  V[G] ,  fo r  e v e r y  l i m i t  o r d i n a l  6 < Wl a n d  u n i t  c c R,  f o r  

l a r g e  e n o u g h  i <& c _ _  is  n o t / - e q u i v a l e n t  t o  a n y  m e m b e r  of Rs.  
ao,6/ ai,6 

e v e r y  

C 
13. O b s e r v a t i o n :  If 

ao,6/ ai,~ 
C 

+ I ¢  Ix+I: = c M~{. 
aO,6/ otj.~ 

+ I ¢ ~x+I:x c M~  a n d  i < j  < 5 t h e n  

P r o o f : S u p p o s e  c - x + t , t  E f ,  x c M ~ .  T h e n  

c - -  c ai'8 =-- c ai ' ja j '~  = rood I 

aO,&/a~,~ Cto, ~ ao, ~ 

c _ _ )  = a i j ( x + t )  = a4Jx + a4'J t 
a4'J ( ao, J aj,8 
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Now a~ , j x  • Mi~ (as  ai . j  • Mj+ 1 c M$, x • R~) ,  a n d  ai ,  j t • [ ( a s  

a~,j e R, t • I) .  

P r o o f  o f  ( a ) :  S u p p o s e  r • P ,  

r I~-p" ~ <COl i s  a l i m i t  o r d i n a l ,  c a u n i t  of R a n d  ~ , c ,  c o n t r a d i c t  ( a ) " .  

By F a c t  8 w. l .o .g .  5 • u r .  Now l e t  u 0 = u  r 0 el, u 2 = u r - e l  r ° = r r u o, 

r e = r ,  a n d  f i n d  u l , r  1 so  t h a t  t h e  a s s u m p t i o n s  of 9 h o l d s  ( u  2 ,~ ~ a s  5 • u 2, 

u 0 ¢ ¢ a s  0 • u0 ) .  L e t  c~ = c .  We r e p e a t  t h e  p r o o f  of 9 b u t  i n  (7)  of 10 r e p l a c e  

C 1  
c 2 b y  c a n d  ¢ I b y  q~ I + Mr2,  a n d  d r o p  - - - -  i . e .  we u s e  

a 0 , ~ l  

(7) '  c ¢ I + M a. 

As we d e m a n d  a e M~+I ,  a n d  c a n  a s s u m e  M~. I  is  q u i t e  l a r g e  c o m p a r e d  t o  M ~  

( t h o u g h  c o u n t a b l e )  t h e r e  is  n o  p r o b l e m .  [ L e t  e i  e E ( i  < wl)  b e  d i s t i n c t  

u n i t s ,  e t - e  i n o t  d i v i s i b l e  b y  p t h e n  f o r  4. • j : 

T t  T 1 

( p b e i )  ( p b e j )  q¢ I;  a s  M~ is  c o u n t a b l e ,  f o r  s o m e  i 
r l  r 1 

a¢0,¢1 a¢0,¢1 
T 1 c a ~ , ~  

- - - - - -  ( p b e t )  • I + M~. F o r  b e i n g  a b l e  t o  r e p e a t  t h e  a r g u m e n t  in  M~e+I i t  
T 1 

a ('o,~'* 

is  e n o u g h  t h a t  in  Mt2+l t h e r e  is  a " f i n i t e "  s e t  t o  w h i c h  e v e r y  x • M~2 

" b e l o n g s " ,  w h i c h  is  e a s y .  A l t e r n a t i v e l y  c h a n g e  t h e  f o r c i n g  as  t o  a l l ow u s  

t o  c h o o s e  a • M, so  t h a t  t h e  f o r c i n g  fa i l  t h e  Ml-e.c .  b u t  i s  s t i l l  p r o p e r  s e e  [Sh  

2],  Ch. III.] So  we f i n d  r 1. 

r _ _ r t  e p ,  c ¢ I + M $  
T 1 T 1 

aO,~ / cti,~ 

C o n t r a d i c t i o n ,  so  (a)  h o l d s .  N o t e  a l s o  

14. O b s e r v a t i o n :  If Ma: (a  < o~1), b , d ( a ) ( a  < ~1) a r e  a s  in  6, a~,j s a t i s f i e s  

( a )  a b o v e ,  t h e n  < a t  j : /  < j < o~1> is  a n  I -  r e p r e s e n t a t i o n  of a n o n  s t a n d a r d  
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u n i s e r i a l  modu le .  

P roof :  Supp os e  <c~:i <co1> e x e m p l i f y  t h e  

u n b o u n d e d  s u b s e t  C of co 1 fo r  e v e r y  6 e C 

i <5------>c~ e M  a 

So c£ c~ - e M~ for i <~, hence 

(a). So 14 holds ,  

c o n t r a r y .  For  a c lo sed  

÷ I E ~x+I:x e M6]. Contradicting 

X C ~  a .  

Now t h e  s t a t e m e n t :  t h e r e  a r e  M~(i < r~l) b,d(a) as in 6 and  ai, i sa t i s fy ing  

(a), c a n  be e x p r e s s e d  by  a c o u n t a b l e  t h e o r y  T in L(aa) (no t e  t h a t  we do n o t  

m i n d  to r e p l a c e  G01 by  a l i n e a r  o r d e r  K of power  l~ 1 s u c h  t h a t  K = U K~, /~  

i n c r e a s i n g  c o n t i n u o u s  e a c h  ]Q c o u n t a b l e  (Yx E /~ ) (Vy  c K.t+I-K~) (x < y )  and  

/Q has  a l e a s t  u p p e r  bound) .  L(aa) was i n t r o d u c e d  in S h e l a h  [Sh 1], and  

t h o r o u g h l y  i n v e s t i g a t e d  in Barwise  K a u f m a n  and  Makkai  [BKM]. By t h e  c o m -  

p l e t e n e s s  t h e o r e m  for  L(aa) ( see  [BKM]) t h e  a n s w e r  to  "does  T has  a m o d e l "  

is  a b s o l u t e .  As i t  h a s  a m o d e l  in V[G] i t  h a s  one in  V. 

15 R e m a r k :  We c a n  r e p l a c e  s 1 by  a n y  u n c o u n t a b l e  r e g u l a r  u n c o u n t a b l e  

~. Let  H(I~2) be  t h e  f a m i l y  of s e t s  of h e r e d i t a r y  power  < l~ 2, a n d  ~ be (H(I~I),e) 

e x p a n d e d  by ( ind iv idua l  c o n s t a n t s  for)  M,R,Q,I, < Mi: i < ~1>, 

<d(i):i <ah> , b and <=,./:i <2" <c01>- Now we can define by induction on 

= < ~2 I~ a s u c h t h a t :  

1) ~ =  is a m o d e l  of power  ~ e l e m e n t a r i l y  e q u i v a l e n t  to  [~. 

2 ) [~a ( a  < ~a) is a c o n t i n u o u s  e l e m e n t a r i l y  cha in .  

3) For  e v e r y  a t h e r e  is Ya e ~ a + l  s u c h  t ha t :  

(a) [~a+l ~ "Ya is a c o u n t a b l e  s e t " .  

(b) for  e v e r y  x e [~a, ~a+i ~ "x e Ya"" 

(c) if a h a s  cof ina l i ty  ~ and  a < fl <-- ~2 t h e n  I~# ~ "x e Ya", i m p l i e s  
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Let  [~" = kJ [~a, z a  c I~a+ 1 be s u c h  t h a t  [~a+l ~ " z a  is s u p ( y  a ~ a l ) " .  

T h e r e  is no  p r o b l e m  to  do t h i s  (e.g. u s e  s a t u r a t e d  m o d e l s ,  p o s s i b l e  as  we 

c a n  c o n s t r u c t  t h e  m o d e l s  s ay  in  L), s ee  M e k l e r  a n d  S h e l a h  [M Sh]. Now u s e  

M , R , [  a i , j :L~ ~ z <o4 < c o ~ ' " >  or  e q u i v a l e n t l y  < a ~ : a < f l < ~ >  wi th  

M,~ = M ~'. No te  t h a t  we c o u l d  r e p l a c e  K; 2 by  ~;N if c f  /~ -~ 1%. 
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