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Abstract

This paper continues the work in [S. Shelah, Towards classifying unstable theories, Annals of Pure and Applied Logic 80 (1996)
229-255] and [M. DZamonja, S. Shelah, On <*-maximality, Annals of Pure and Applied Logic 125 (2004) 119-158]. We present
a rank function for NSOP; theories and give an example of a theory which is NSOP; but not simple. We also investigate the
connection between maximality in the ordering <t* among complete first order theories and the (N)SOP, property. We prove that
<*-maximality implies SOP, and obtain certain results in the other direction. The paper provides a step toward the classification
of unstable theories without the strict order property.
© 2008 Elsevier B.V. All rights reserved.
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1. Introduction and preliminaries

We continue the work started by Mirna DZamonja and the first author in [4] and [1]. The main goal of this project
is to throw more light on first order theories with the tree property (that is, non-simple) and without the strict order
property (more specifically, without the SOP3, see Definition 1.1). We pursue and finalize certain directions started in
[1] and answer several questions asked there, providing a more general and complete picture.

The reader may be familiar with a former version of this paper that has been available as a preprint on Shelah’s
archive (under the number “ShUs:E32”) and on Usvyatsov’s webpage, and is referred to in the most recent version of
[1].

Some connections between the work of DZamonja and Shelah and this article have been already explained in the
introduction of [1]. In particular, our results provide a generalization of the main theorem of section 1 in [1], expand
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the results of section 2 there and answer certain questions which were left open in section 3. One of the answers leads
to a complete proof of a theorem which had been the original motivation of section 3 of [1], Corollary 3.15 here (see
also Discussion 3.12 here, Theorem 0.5 in [1] and the discussion preceding it). We give more details below.

Before describing the background and the results obtained in this paper, let us recall the definitions of SOP,
hierarchy, starting with the more classical concepts introduced in [4].

Let T be a complete first order theory, € — the monster model of T (a k* — saturated model for k* big enough).

Definition 1.1. (1) Let n > 3. We say ¢(x, y) (with 1g(x) = 1g(y)) exemplifies the strong order property of order n
(SOP,,) in T if it defines on € a directed graph with infinite indiscernible chains and no cycles of length n.

(2) We say ¢(x, y) (with Ig(x) = lg(y)) exemplifies the strict order property in T if it defines on € a partial order
with infinite indiscernible chains.

Fact 1.2. For a theory T, strict order property =>SOP,, | =>SOP,, for all n > 3.
Proof. The first implication is trivial, for the other one see [4], Claim (2.6). [J
We also remind the reader of the following equivalent definition of SOP;3:

Fact 1.3. T has SOP;3 if and only if there is an indiscernible sequence {(a; : i < w) and formulae ¢(x,y), ¥(x,y)
such that

(@) {p(x, y), ¥ (x, y)} is contradictory,
(b) for some sequence (b; : j < w) we have

i < j=k¢lbj,alandi > j == ylb;, al,
(c) fori < j, the set {o(x, a;), ¥ (X, a;)} is contradictory.
Proof. Easy, or see [4], Claim (2.20). O
Remark 1.4. Note that if in the previous definition ¢ = —¢, we get the strict order property.
Now we recall the definitions of SOP;, SOP; and related properties:

Definition 1.5. (1) T has SOP;, if there is a formula ¢(x, y) which exemplifies this property in &, and this means:
There are a,, € € for n € ®~2 such that
(a) For every n € “2, the set {¢(X, a,)¢) : | < w} is consistent.
(b) If n, v € ®2 are incomparable, {¢(X, a,), ¢(x, a,)} is inconsistent.
(2) T has SOP; if there is a formula ¢(x, y) which exemplifies this in €, which means:
There are a, € €, for n € “>2 such that:
(a) for p € 2 the set {¢(x, a,),) : n < w} is consistent.
(b) if v ~ (0) < n € 72, then {¢(X, a,), ¢(x, ay~(1))} is inconsistent.
(3) NSOP, and NSOP; are the negations of SOP, and SOP; respectively.
(4) T has SOP' if there is a formula ¢ (X, ¥) which exemplifies this property in €, and this means:
there are (a, : n € “72) in €7 such that
(a) {p(x, Zzﬂn)’/(”) : n < w} is consistent for every n € “2, where we use the notation

e ifl=1,
v = {w ifl =0
forl < 2.
(b) If v ~ (0) < n € 2, then {p(x, ay), ¢(X, a,)} is inconsistent.
(5) T has SOP”; if there is a formula ¢ (X, y) which exemplifies this property in €, and this means:
there are n < w and a sequence
(@i 1= m0,...m—1),m0 <A1 <+ <nu_y €7 2and lg(n;) successor)

such that
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(a) for each n € *2, the set

px,ap) :n=nl(+1,n[(+1),...7 [ (@p—1 + 1))
andag <o) <...0_] <A

is consistent
(b) for every large enough m, if & is a one-to-one function from "Zm into *>2 preserving n < v and n L v
(incomparability) then {¢(x, a;) : for some n € "m we have v = (h(n [ £) : £ < n)} is inconsistent.

Fact 1.6. (1) For a theory T, SOP; =—SOP, —SOP;
(2) T has SOPy if and only if it has SOP).

Proof. See [1]. O

It is still not known whether the implications in 1.6(1) are strict, but for now we investigate each one of these order
properties on its own.

In the second section we expand our knowledge on SOP;. We present a rank function measuring type-definable
“squares”, i.e. pairs of types of the form (p(x), ¢(y)) and show the rank is finite for every such a pair if and only if T
does not have SOP/1 (if and only if T does not have SOPy). In fact, if one calls a tree of parameters {a; : n € “72}
showing that ¢(x, y) exemplifies SOP’l in € (as in the definition of SOP’I) ap— SOP’l tree, the rank measures exactly
the maximal depth of a tree like this that can be built in € . We also show a small application of the rank.

It is easy to see (see [1]) that if ¢ (X, y) exemplifies SOP; in € then it also exemplifies the tree property, so T has
SOP; =T is not simple. We show that the implication is proper, i.e. find an example of a theory T which is not
simple, but is NSOP;. This theory which we call Tf’;q, was first defined in [3], and is used in [4] as an example of an

NSOP3 non-simple theory. Here we use a slightly different definition of the same theory, as given in [1].

Definition 1.7. (1) Tfq is the following theory in the language {Q, P, E, R, F}:
(a) Predicates P and Q are unary and disjoint, and (Vx) [P (x) V Q(x)],
(b) E is an equivalence relation on Q,
(c) R is a binary relation on Q x P such that

[xRz& yRz& xEy]=— x=1.

(so R picks for each z € Q (at most one) representative of any E-equivalence class).
(d) F is a (partial) binary function from Q x P to Q, which satisfies

Fx,2)€e Q& (F(x,2)) Rz & xE (F(x,z2)).

(soforx € Q and z € P, the function F picks the representative of the E-equivalence class of x which is in
the relation R with z).

2) Tf* is the model completion of Tfeq.

eq

If the reader thinks about the definition above, they will find out that Tf’gq is just the model completion of the
theory of infinitely many (independent) parameterized equivalence relations. The reader can also compare between
the definition of Tqu here and in [3]. As we have already mentioned, it was shown in [4] that this theory does not have
SOP3 (but is not simple). Here we prove an (a priori) stronger result: Tf’gq does not have SOP;.

In the third section we deal with <I}-maximality (see the beginning of the section for definitions). For a theory T
to be <1f-maximal means to be complicated. In a way, it means that it is hard to make its models A-saturated.

The motivation for considering this property comes from Classification Theory and the search for “dividing lines”.
The authors believe that a “good” property of a theory T should have several characterizations of different types, both
“internal” (something happens in the monster model of 7', such as SOP,) and “external” (how T compares to other
theories, such as maximality in a certain order). Although all the approximations to the strict order property (including
SOP,, and the strict order property itself) seem to be very natural syntactic internal definitions, no external property is
known to characterize any of them. There are natural conjectures, though. The following question partly guides our
current work:

Question 1.8. Does <1f-maximality characterize either SOP3 or SOP,, maybe both?
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There are several indications that the answer should be positive. It had been already known before our work that
<}-maximality lies strictly “above” the tree property (non-simplicity): DZamonja and Shelah showed in [1] that
szq (which is not simple) is not <1}-maximal. The question where exactly above non-simplicity this property lies
is still open, but we narrow the possibilities down significantly. It follows from our results here that SOP3; —> <j-
maximality => SOP;. We also obtain a local version of the reversed direction of the second implication.

Our analysis also provides an alternative proof of the fact that szq is not <1} -maximal, Theorem 1.17 in [1]: no
NSOP; theory is <1} -maximal, and Tf’;q is NSOPj, therefore NSOP,. So by bringing the “internal” and the “external”
dividing lines close together, we also give many examples of non-simple theories which are not <I}-maximal, Tqu
being a particular case. See also Discussion 3.18.

Let us now give more details concerning some results in the paper and explain how exactly they fit in the general
picture. In [4] it was stated that SOP3 implies <1f-maximality, but the proof there is not complete: it is shown that
every theory with SOP; is <} -above 77, the model completion of the theory of trees. The first theorem in section 3,
Theorem 3.5, fills the missing part, showing explicitly that 7} is <I}-maximal for every A > 8. This also continues
[2], chapter VI, where Keisler’s order, a relative of <1j{, is studied.

One of the reasons for giving an explicit proof for Theorem 3.5 here was to provide more tools for strengthening
the result above to SOP; theories, i.e. showing that SOP, == <I}-maximality. A step in this direction is Theorem 3.11
where we show a “local” version: if a formula ¢ exemplifies SOP, in T, then the pair (T, 9) is <1’{-above the
pair (T;f,y < x) for every regular A > |T'| (again, see the beginning of section 3 for precise definitions). This
result, although interesting on its own, is insufficient for “global” <i}-maximality of SOP; theories, as explained in
Discussion 3.17. Nevertheless, combined with Theorem 3.5 and its proof, it gives more information on the behavior
of SOP; theories and <1} -order altogether.

As for the other direction (<}-maximality => SO P,), we provide a complete proof, based on several related
results achieved by DZamonja and the first author, who showed in [1] that a property similar to <I}-maximality
(which also follows from <I}-maximality for some A under certain set theoretic conditions) implies SOP;. One of
the questions left open in [1] is the connection between SOP/Z’ and the SOP,, hierarchy. Of course, it would be natural
to connect between SOP), and SOP,, and indeed we prove here that these two properties are equivalent for a theory T
(not necessarily for a formula), Theorem 3.13.

So we can conclude SOP3 == <i}-maximality ==SOP,, while very little is known at this point concerning
implications in the other directions.

The following definitions and facts are going to be very useful.

In [1] two notions of “tree indiscernibility” were defined. We recall the definitions:

Definition 1.9. (1) Given an ordinal « and sequences 7; = (776, nll, e, nf”) for I = 0, 1 of members of 2, we say
that 9 ~ 1 iff
(a) np = ny,
(b) the truth values of

[ [ [ [ [ I [ [ [
Moy Dy Ny My Ny Dl (M OVy) ~ (0) D,

for ki, k2, k3 < ng, do not depend on /.
(2) We say that the sequence (a, : n € *~2) of € (for an ordinal «) are /-fully binary tree indiscernible (1-fbti) iff
whenever 19 ~1 11 are sequences of elements of “~ 2, then

i, =:&8A~-~/-\ango
and the similarly defined aj, , realize the same type in €.
(3) We replace 1 by 2 in the above definition iff (ni1 N nf{z) ~(0) < r}fc3 is omitted from clause (b) above.
We will need the following fact proved in [1], (2.11):
Fact 1.10. Ift € {1, 2} and (l;,7 1 n € ®72) are given, and § > w, then we can find (a, : n € 8>2) such that

(@) (ay: n €°>2) is t-fbti,

(d) if if = (4 : m < n), where each n,, € °>2 is given, and A is a finite set of formulae of T, then we can find
Vi € 72 (m < n) such that with v =: (v, : m < n), we have v ~; 1) and the sequences a; and by, realize the
same A-types.
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Convention 1.11. We work with a complete first order theory 7', let € be its “monster” model (saturated in some very
big k*). Let L = L (T) (the language of T). Every formula we mention is an L-formula, maybe with parameters
from €.

2. More on SOP,

SOP; was introduced by DZamonja and Shelah as an intermediate property between simplicity and SOP3. A natural
question is: does the class NSOP; coincide with either simple theories or NSOP3? Here we give a negative answer to
the first question above. The answer for the second one is still not known.

Theorem 2.1. 7.*

feq does not have SOP;.

Proof. Suppose there exists ¢ (x, y) with £g(x) = n, £g(y) = m, and (a, : n €~ 2) in "€ which exemplify SOP; in
¢ (€ is the monster model of Tf’;q). Without loss of generality, (by Fact 1.10) (a; : n € “~2) if 1-full tree indiscernible.
Also, by elimination of quantifiers, we may assume that ¢ (x, ) is quantifier free. As the only function symbol in the
language is F and F € has the property FE(F%(x, z), y) = F%(x, y) for all z, we will also assume wlog that X and ¥

in ¢(x, ) are closed under F and ¢ (%, y) gives the full diagram of x —~ y. We shall regard  as (x°, ..., x""1), y as
OOyl ayasday, .. al .

By the definition of SOPy, there exist e = (eo, e, e"‘l), d= (do, e, d”_l) in""¢s.t.

Cl=owle,any) ANole, ap) Aele, apoy)

and

CEod, ag) Aed, agn).

Denote n = (00). Let B = € [ a; —~ ay1). By our assumptions, there exists a model No whose universe is X —~ a,
extending € [ a,, whose basic diagram is ¢(x, a,). Similarly, there exists a model N; with universe x —~ a1)) and
basic diagram ¢(x, a1)). We shall amalgamate B, No and N into a model of Tfeq, N. This will immediately give a
contradiction: first, extend N to N* = Tf’gq, then amalgamate N* and € over B into some ¢ |= Tf’gq. By model

completeness of szq, ¢ < ¢ but€’ = Ix(px, an) Ae(x, aqry)), which is a contradiction to the definition of SOP;.
It is left, therefore, to show that we can define on |Ng| U |N{| a structure which will be a model of Tt.q, extending
B.
We define N as follows:

IN| = [Ni|UINy|, PN =pPNMuph, oV =0Muoh.

Note that the diagram of x in Ny is the same as the diagram of x in Ny (both implied by ¢(x, y), and the diagrams
of a,, a1y in N; are the same as in €, hence the same as in B. Therefore, PN and QY are well defined and give a
partition of |N|. Also, so far N extends B (as a structure).

Considering E and R, we define

RN = RM U RM U RE

EN = EMUEMUES.
Once we have proven the following claims, we will be able to define FV in a natural way, and in fact will be done.
Claim 2.1.1. EV isan equivalence relation on QN , extending E B,

Claim 2.1.2. R" is a two-place relation on N, RN € PN x QV, satisfying:
for every y € PN and every equivalence class C of EV, there exists a unique z € C such that (y, z) € R".

Proof of 2.1.1. The only non-obvious thing is transitivity. We check two main cases, all the rest are either similar or
trivial.

ssume x! a., x! a or some i, j, k. We want to s owa,' a’;,. It is enough to seea. a,,. We wi
() A "ENay, x"ENaj), f J. k. Wy how ay ENaj),. 1 gh 2 E%ay;,. We will
write E instead of E<.
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N E x"Ea,J]' = Ny = x"Ea% = @(%,y) - x'Ey/. Similarly, (%, y) + x! Ey¥, and we get (by the choice of
e,d € ") ¢'Eaj), eiEa{), eiEaﬁ, eiEaé‘>, diEa{1>, d"Ea{> ,d’Eaé‘w diEaé‘>. Now it is easy to see that all
the above elements are E-equivalent in &, in particular a,é and aé‘n, as required.

(2) Assume x' ENa", al(‘l)ENaZ, and we show x"ENafl), ie g(¥,5) - x'Ey*. As ¢(d, ag) holds in ¢ and (%, ¥)

gives a full diagram, it will be enough to see d' E afl).

We know that ¢(x, y) + x!Ey/ therefore ¢! Eaé, eiEa'(/>, d Ea{n, diEa{>. In particular, diEa,{, but, by our
assumption, a{% Eaé‘w, so we are done. [}
Proof of 2.1.2. Like in the previous lemma, the only non-trivial thing to prove is the last part, and we will deal with
two main cases.
()N &= (a;',Ra{U) A (@ Rx¥) A (xkEa{l)). We aim to show N = (xk = a{l)). We know:
(x) €= af]R a{l)
()2 No |= a} Rx¥, therefore ¢ (%, y) = y' Rx
(*)3 N1 & xkEa{”, therefore (X, y) - x*Ey/.
So we can conclude:
(*¥)2 = az)Rek, az)de
(*)3 = ekEa{>, dkEa(j> = K EdFk.
As the above two relations hold in &, which is a model of Teq, we get € = ek = d*. Denote e* = ¢k = d*.
)1 = a%R a{l)
(%)2 = ayRe*
(*)1 = e*Ea{l).
Together (once again, € |= Teq) We get e = a{l), therefore p(x, y) - xk = yj, so N| &= xk = a<j1>, and we are
done. _ ) '
(2) N = (xiRa<j1>) A (X Raf) A (a,’;Ea{I)) and we aim to show N |= (af = aly).-
We know:
(%)1 N1 = xl’Ra{1>, so ¢(x, y) - xRy’
(¥)2 No |= x'Ray, 50 ¢(X, 5) b x' Ry*
(x)3 €= a],;Ea{”.

Note that by indiscernibility of (a, : r € "72) and (x)3 we get aé‘())Ea(jl), therefore aé‘mEaf]. Now, by (x)2,
'R a’,‘] & €¢'R aé‘o). Therefore, by € |= Tteq, “2{0) = a’,‘]. Now by indiscernibility

k _ k k _ k
Aoy = agy, dqy = aqy-

So we get that all of the above are equal (and in fact afl = afz forall ri,rp € W72).
Now:

()1 = diRa<j1>

(%) = d‘Ran = d"Raﬁ (as aé‘l) = af])

(x)3 = a’,;Ea{U.

By € |= Tfeq, we conclude af] = az‘l), which finishes the proof of the lemma, and therefore the proof of the theorem.

h
O

Our next goal is to show that there is a rank function closely related to being (N)SOP;. Let ¢(x, y) be a formula.



Sh:844

22 S. Shelah, A. Usvyatsov / Annals of Pure and Applied Logic 155 (2008) 16-31

Definition 2.2. Given (partial) types p(x), g(¥). By induction on n < w we define when

rké(i,ﬂ(lﬂ(f), qg(y) =n:

If n = 0, this happens if both p(x), g(y) are consistent.
For n 4 1, the rank is > n + 1 if for some ¢ [=q(y), both

k) e 5 (P@ U {9, 8} q() = n

and
rk;(;,)-,)(p(f), g U {=@0)(p(x,y) Ap(x,0)}) =n.

We say rkjgm)(p@), q(3)) = oo iffrk;(m(p@), q(3)) > n for all n.

We say the rank is —1 if it is not bigger than or equal to 0.
Remark 2.3. (1) (Definability) Given formulae 61, 8, and n < w, the statement rk;]()E 5 01 (%; @), 0r(k; b)) > nisa
first order formula with parameters @, b.
(2) (Finite Character) If rk(lp(j’}-,)(p(i), q(y)) = n, then for some finite po(x) € p(x) and go(y) < g(y) we have
1Ky ¢ 5 (P0(F), q0(3)) = n.
(3) (Monotonicity) If p’ i p” and ¢’ - ¢”, then rk} 5 (', ¢") <rky; 5 (", ¢").
Jo(j }-,)(p(i), q(y)) > «a for any ordinal «, but by the compactness theorem,
part (1) (Definability) and part (2) (the Finite Character) it follows that rk;(;’ y)( p.q) > «a for some o > w iff
rk;(;’y)(l?, q) > wiff I‘kglo()—(’}—,) (p,q) = oo.
(5) If p/ = p//’ and q/ = 6]//, thﬂrk;(p/, q/) =rk;(p”, C[”)-

(4) We can continue to define when rk

We aim to show that rké (p(x), g(¥))is finite for every p(x), g(y)(or, equivalently, rké (x = x,y =y) is finite) if
and only if ¢(x,5) does not exemplify SOP] in 7. For this purpose we shall need another definition and several easy
claims.

Definition 2.4. Given (partial) types p(X)and ¢(y), we say that {a, : n € "=2} is a <,0—SOP/1 tree for p(x) and g(y)
(of depth n) if

(@) p(X) U {p"®(x, ay)i) 11 < n}is consistent for every n €" 2.
(b) a, E q () forall n € "=2.
(c) If n, v are in "=2 satisfying n —~ (0) <v, then the set {¢(X, a,), ¢(x, a,)} is inconsistent.

Proposition 2.5. Suppose {a, : n € "=2} is a ¢p-SOP| tree for p(X)and q(y) of depth n, and denote AV = {ay :
(0) <}, A" = {a, : (1) Q). Then

€))] Alisa (p—SOP/1 tree for p(x) U {e(x, ay)} and q(y)
) AYisa go-SOP/1 tree for p(x)and q(y) U {—=3x)(p(x, y) A @(x,ap))}.

Proof. The clauses (a) and (c) of the definition easily hold both for A! and A°, so we should only check (b), which
is also obvious for A!. Therefore, we are left to show that for every n € A°, ay = —@x)(e(x, y) Ae(x,ap)), and
this is clear by clause (c) of the definition ({a, : n € "Z2)isa (,0—SOP/l tree, and () ~ 0 <p). O

Now we show the connection between the rank and SOP] trees.
Proposition 2.6. rk(}) (p(X), q(3)) = n <= there exists a p-SOP tree for p(x) and q(y) of depth n.

Proof. Both directions are proved by induction on n. The case n = 0 is obvious. For n = m + 1, the right-to-left
direction follows immediately by the induction hypothesis and 2.5. So we will elaborate more only about the other
direction, although it is also straightforward.

Suppose n = m + 1 and rk(; (p(x), q(¥)) = n. By the definition of the rank and the induction hypothesis, for some
¢ Eq (), there are
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(1) a 9-SOPjtree A! = {a,' : n € "=2} for p(¥) U {p(%, ¢)} and ¢ (¥)
(2) a ¢-SOP|tree A® = {a, : n € ™22} for p(¥)and ¢ () U {=(3F%)(¢(X, ) A ¢(, ©))}

(both of depth m). We define a tree {a, : n € "=2} by

ay =c¢
gy ~y = ay" for £ € {0, 1}
which is as required, i.e. a ¢-SOP tree for p(x) and ¢(¥), since:

(a) of the definition obviously holds by (1) above.

(b) holds as ck=q (y).
(c) obviously holds by (2) above. [

The following remark is obvious:
Remark 2.7. ¢(x, ) exemplifies SOP] in T <=>there exists a 9-SOP] tree for X = X and y = y of any depth.
So we can conclude the following

Theorem 2.8. A formula ¢(X,y) does not exemplify SOP) in T <:>rk¢1,(i =X,y=y)<w :)rké(p(i), q(y)
< w for every two (partial) types p(x) and q(y). Moreover, rk(}) (x =x,y =1Y) is exactly the maximal depth of a
@-SOP| tree that can be built in € .

Corollary 2.9. T does not have SOP|<=T does not have SOP| <:>rk(:7 (x = X,y =y) is finite for every formula
@(x, y).

Now we show an application of the rank.
Theorem 2.10. Suppose that T satisfies NSOP1. Assume that

(@) M < My < C.
(b) p is a (not necessarily complete) type over M», containing the formula ¢(x, b*) for some b* € M>\ M.

Then for some finite g’ C tp(b*/ M) at least one of the following holds:

() Ifb € M realizes q'(3) then ¢(x, b) ¢ p, or
(i) Ifb € M realizes q'(¥) then {@(x, b), p(¥, b*)} is consistent.

In fact, all we need to assume for this Claim is that (X, y) does not exemplify SOP in €.

Proof. Denote g = tp(b*/M1). As T is NSOP, we have that rk;(}E y)(p [ M1, q) = n* < w (certainly n* > 0). By
the finite character of the rank, we have that for some finite pgo € p [ M and q¢ C ¢,

Ky e, 5 (P0- 90) = 1"

Hence for no ¢ = go(y) do we have that both rk‘lp()z y)(po U{e(x, ©)}, go) = n* and rk;}()z ;)(po, qoU{(—3x)[e(x, y) A
@(%, ©)]}) = n*. In particular, this holds for ¢ = b* (remember that b* |= g and therefore certainly b* |= ¢q). So

® 2.10.1.

If k5 (po U@ (X, b)), go) = n*, then rky iz 5 (po. go U {(—=3D)[@ (X, §) A @(E, b)) < n*.

By Remark 2.3(1), there is a finite ¢’ € g such that
® 2.10.2.

l; realiZeS q/ — rk(]p(;’);)(l’o ) {go()zv l;)}v CIO) = rk(,]o(j’)’;) (PO ) {gﬂ()z, b-*)}y CIO)
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We aim to show that ¢ is as required.

Case 1. rk(lp()E -)(po U {p(x, b)), qo) = n < n*.
We note that possibility (i) holds B .
Namely, suppose b realizes ¢’, then rk(p(x ))(po U{p(x,b)},q0) = n < n* soif ¢(x,b) € p, we obtain a

contradiction with monotonicity of the rank.

Case 2. 1k} ; 5 (po U {(X, b)), go) = n*
‘We shall show that (ii) holds. B )
Suppose otherwise, so let b € M realize ¢’ and {@(%, b), ¢(X, b*)} is contradictory. By 2.10.2,

rk, o5 (Po U {e(x, b)}, qo) = n*
and by 2.10.1,

tk! .5 (0. g0 U{(=3D (0, ) A 9(E. D)) < n*.

We have that (—3x)[ep(x, y) A o(X, b] € q, hence go U {(—3x)[e(x, y) A ¢(x, b} < ¢, in contradiction with
monotonicity and rk;()z )-,)(p [ Mi,q) =n*. O

3. More on SOP,, SOP3 and <} -order

We try to find a connection between the syntactic properties SOP,, SOP3 and the semantic property of being <} -
maximal. Our guess is that </} -maximality should be equivalent to one of the above order properties (maybe both), but
all we prove here is SOP3; = <1} -maximality ==SOP,. We also give a weaker “local” result in the other direction.

First we generalize the definitions from [1], of </}-maximality, making them local as well as global.

Definition 3.1. (1) For given (complete first order theories) 71, 7> and cardinals A > pu > k, u > 0 > |T1|+|T2|+Ro
(a) Ty <* <k <B T, means that there is a (complete first order theory) 7* and interpretations ¢, @5 of T1, T in
T* respectlvely, |T*| < 0 such that:

- @ZX (;’:)2'( if M is a k-saturated model of 7* and My = M %7 for £ = 1,2 and M, is A-saturated (model of
T»), then M, is p-saturated.

) (11, 1(x, ) <1i/\,<u,<,< (T1, 92(x, y)) means that 9, (x, ¥) € L(t7,) and that there is a T* and interpretations

<A, <UL,k

PN

M, = M9 for ¢ = 1,2 and M3 is (A, 91 (x, y))-saturated (see 3), then M; is (u, ¥>)-saturated.

(2) Instead of “< AT we may write “A”, and instead of “< ¥ we may write , instead of < 67 we may write 6.
If we omit u we mean pu = A, and if we write k = 0 then “k-saturated” becomes the empty demand, if we omit 6
we mean |T1| 4+ |T>| + 8¢ and if we omit « and 6 then we mean that u = A, 0 = |T| + |T2| + Ro.

(3) We say M is (i, A)-saturated when: if p € {9(X;a) : 0(x;y) € A,a € ¥ MY is finitely satisfiable of
cardinality < A then p is realized in M. If A = {#(x, y)} we may write ¢ (X, y) instead of A.

(4) If Ty, T, are not necessarily complete, then above T* is not necessarily complete and we demand: if M| &=
Ty, My = T» then there is M = T* such that M%) = Th(M,) for ¢ = 1, 2.

(5) We say T is <1)L -maximal if |T/| < » = T’ QA « I'. We say (T, 0(x;y)) is QA -maximal if 7| <
A& (¥ §)) € L(tp) = (T', 0'(&; §)) <G, (T, 9 (X: ).

@1, @2 of Ty, T» in T* respectively, |T*| < w such that X , if M is a «-saturated model of 7* and

Definition 3.2. (1) Ty is the theory of trees (i.e. the vocabulary is {<} and the axioms state that < is a partial order
and {y : y < x} is a linear order for every x), so T is not complete, and let ¥ (x, y) = (y < x).

(2) T;f is the model completion of 7.

3) Tord is the theory of linear orders, T* ord 18 its model completion (i.e. the theory of dense linear order without
endpoints).

We note the connection to previous works and obvious properties:

Proposition 3.3. (1) T} 4’;%0 T is T <1j)ﬂ T of [1].
2) T <I§’)L;<K T, implies Ty <I§’K T of [4].
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*
<hr,<pii<ki, <6

3) QI’M;K,Q has the obvious monotonicity properties: if T < Tyand ly > A1, 4 < W1, k2 > k1,67 >

0, then Ty <* T>.

<A2,<p2;<k2,<6)

(4)TQ;M_KQTif|T|<9,)»2/,L>K,/,L29.

(5) If u is a limit cardinal, then Ty <* T» iff for every (11 < pu, 1 > k we have

<A, <u;<k,<6

*
T <]<A,<M1;<K,<9 .

(6) Similar results hold for (Ty, V¢ (x; y)).
Proof. Easy. [

Proposition 3.4. (1) Assume T Qik,<u;</<,<0 Ty. Then for any theory T*, we can find T** 2 T* complete

|T*| < (T*|TIHTINY 19 such that: for any interpretations @1, o> of Ty, To in T** respectively the
Definition 3.1(1) of Ty <%, <pi<.<0 12 holds.
(2) Assume t(T)), T(T3) are disjoint. Then Ty <* T ifforany T D Ty UT; thereis T* O T as demanded

<A, <u;<k,<0

in Definition 3.1(1) for the trivial interpretations M9 is the t(Ty)-reduct.
Proof. Easy, or see [1], Observation 1.4. [

Now we will show that 7;; is <I}-maximal for every A big enough, and conclude that SOP; == <} -maximality.
The last result has already appeared in [4], Theorem 2.9, but the proof is not complete — in fact, the proof shows the
following theorem:

Theorem 3.5. Any theory T, |T| < A, with SOP3 is <}-above T

ord”

Proof. See [4], (2.12). [

Here we prove explicitly that 7;7', and therefore 7.} ; are maximal.

Theorem 3.6. 7.} is < -maximal for any A > Ro; the witness T* does not depend on X.

Proof. Let T be any complete theory, |7| < A and M| a model of T.

Let & = {p(x,a) : ¢(x,¥) € L(tr),a € 8O (M)}, so |®| = |Mi]. So M = (®> &, ) is a model of Ty, and
there is a model M, of 7 of cardinality || M || extending M such that every member of M, is below some member of
M.

Let x be large enough such that M|, M, € H(x) and we define B* expanding (H(x), €) by P; = |My|, P, =
|M>|, P = |M|, Qo = P, <j=<M o= | P, m = a constant symbol for a set M, RE = RMifor R 7 (wlog
7(T) does not contain any other predicate mentioned here)

0 = {({pe(x,ae) : £ < n) : My = 3x[A@e(x, ae)l}.

H is a partial unary function with domain Q and range P, H ({¢¢(x, a¢) : £ < n)) satisfies {g¢(x, ag) : £ < n},
i.e. B* satisfies the formula “m = (3x) \,_, ve(x, ar)”.

Let T* = Th(B*), let ¢| be the trivial interpretation of 7 in T* (the restriction + reduct) and ¢, = (P2(x), x9 <1
x1) is an interpretation of 7,%. So T*, 1, ¢» does not depend on A.

Now we assume B is a model of T*, Ny = Bl#1l, Ny = Bl2l N3 = (PB, <B) and we aim to show that (i) implies
(iii). We will first show that (i) = (ii) and use this fact in the proof.

(i) N, is A-saturated
(ii) in N3 every branch has cofinality > A, equivalently: every increasing sequence of length < X has an upper bound
(>iii) Ny is A-saturated.

Let us first show (i) = (ii). If (a; : i < 8) is <™3-increasing, § < A then itis <"2-increasing hence has a <"V2-upper
bound a but (Vx € P;)(3y)(x <1 y&P(y)) belongs to T* so there is b, a <M pe PN = N3sobisas required.

So we can assume clause (i) and we shall prove (iii).

Before we proceed, let us note several easy but important properties of B.
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(a) We can talk inside B about a set being a model, (standard coding of) a formula, a proof, etc. In particular, we
can speak about m (as a model) satisfying or not satisfying certain sentences. Also, given a formula with free
variables we can speak about substitution of other variables or parameters into the formula. Given s € B which
is a formula with free variables x, we will allow ourselves to write s = s(x), and if B thinks that substitution of
a € Pj into s will turn it into a true sentence in m as a model, we will write m = s(a) or just s(a).

(b) B E VzQo(z) < “z is a formula with one free variable with parameters from P;”. Moreover, suppose
¢(x,a) is a formula in L(t7) s.t. a € PIB . B* and therefore B satisfy (Vy € P;)(3!ls € Qq) such that
(Vx € P)o(x,y) < “m = s(x, y)”. Let us denote by "¢(x, a)™ this “canonical encoding” of ¢ (x, a) in Qog.

(c) B EVsP(s) < “s is a finite sequence of members of Qo i.e. (In € w)(s : n — Qp)”.

(d) For simplicity of notation, given s € P2, we will write “z € s” instead of “z € Im(sB)".

(e) Forz € pB ,C€E PlB , we write z(c) meaning (Vs € z)s(c).

(f) For every ¢(x,a) € L(tr) fora € PIB , there exists an element of P B corresponding to the finite sequence
(p(x, a)). We denote this element by ("¢ (x, a)™). Moreover, B = Jx(P1(x) A ¢(x,a)) > Q({(Tep(x,a)™)).

Subclaim 3.6.1. (1) Suppose B = Q(z). Then B E Yw(Q(w) A z < w) — z(H(w)).
(2) Let ¢(x,a) € L(trr) and suppose B = IxPi(x) A ¢(x,a). Then B = Vz(Q@) A (Tox,a)T) < z2) —
e(H(z),a).

Proof. (1) Trivial as B* satisfies it.
(2) Let z* = ("@(x,a)™. First, Q(z*) holds by (f) above. By (1), z*(H (z)) holds for each z € 0B, 7* < 7. Now
by (b) and (f), B = VxPi(x) = (z*(x) <= ¢(x,a)). AsB = Range(H) C P, we are done. [

We now proceed with the proof (i) = (iii). So let p be a 1-type in N of cardinality < A, so let p = {@g(x, ag) :
B < a} witha < A, ag € N1VB. Without loss of generality p is closed under conjunction, i.e. for every ¢, ¢ < a for
some § < a we have ¢z (x, ag) = @:(x, az) A ¢ (x, ag). We shall now choose by induction on 8 < « an element bg
of N such that

(A) bg € PB = N;3 moreover bg € QBand y<B=b, <Ns bg
(B) if y < Bthen B = (V2)(Q(2) A (bg < 2) = ¢y (H(2), ay))
(C) if y < a (but not necessarily y < f) then B f= (32)[Q(2) A (bp < 2) A (VW)(Q() Az <y = ¢y (H), )]

If we succeed then H B(bm) is as required.

Case 1: 8 =0.
Define by = () (the element of pB corresponding to the empty sequence). Clearly B = Q(bp), i.e. the
demand (A) holds. (B) holds trivially. Why does (C) hold? Let y < «. B = 3dx¢,(x, a,) therefore denoting

Z”); = ("¢, (x,a,)"),wehave B |= Q(z)’j) Aby < z;. Now we finish by part (2) of the subclaim.

Case2: B=v+ 1.
B satisfies the sentence saying that for every n € Q and y € Pj there exists an element of P that we denote by
Concy(n, y) corresponding to (" ¢y (x, y) 7). We define bg = Concy, (by, ay). Now we have to check (A)—(C).

(A) By the induction hypothesis, clause (C) holds for b,, and v (standing for bg and y there). Therefore B |= 3z €
Oy < 2) ANpy(H(2),ay)). But B* (and so B ) satisfies that Vy € Pj if there exists z € Q s.t. 9, (H(2), y)
holds, then Conc,(z, y) is an element of Q (as in B* the assumption means that there exists an element of m
satisfying all the formulae in z plus ¢, (x, y)). So we get what is required.

(B) is clear as by the induction hypothesis, ¢ (H(z), a;) holds for every { < v, bg < z (recall that b,, < bg). As for
©u(x, ay), B* clearly satisfies that for every z € Q,y € Py, if b = Concy(z, y) is in Q then ¢, (H (z), y) holds
Vze Q,b <z

(C) Let ¢ < a. As p is closed under conjunctions, for some &, ¢, (x, a,) A @;(x, ar) = @ (x, ag). Now we apply
clause (C) holding for b, to y = & and get z € Q, b, < z with H(z) satisfying both ¢, (x, a,) and ¢; (x, a;).
Once again using the satisfaction by B of natural sentences, we show that b = Conc;(bg,a;) isin Q, bg < b
and Vz € Q which is above b, ¢; (x, a;) holds, i.e. b is as required.
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Case 3: B = § limit.

By our present assumption, clause (i), and therefore clause (ii), hold. Hence there is b € PB  which is an
upper bound to {b,, : y < B}. Now B satisfies “for every element z of P there is a y < z which is in Q and
x < z&Q(x) — x < y”. Apply this to b for z and get b§ for y. So by € Q and y < § = b, < by, as required in
clauses (A) + (B) but not necessarily (C).

Define for each ¢ < « a formula ¢ (w, a;) = FD)(w <z A Q@ ANVMYEZ <y A Q1) = ¢ (H(y),ar)). Now
we find ¢; (for ¢ < o) such that:

(@) c; € QB, cc <b.
(b) 1//{ (C; , Cl;-) holds.
(c) under (a) + (b), the element ¢; is maximal.

Why do ¢ exist? B satisfies “for every element s of P there is a w < s which satisfies ¥ (w, a), is in Q and
(x s AYr(x,a) A Q(x)) = (x S w)”.
By the induction hypothesis we have:

y<é¢<a=b, <N3c;.

Clearly it suffices to find bs satisfying Q(bs) and b, <N3 ps <N crfory <6, <a.As N3 | {c:c <b}is
linearly ordered, this follows from N, being A-saturated. [

Proposition 3.7. (1) For every T*, there is T™* 2 T*, |T**| = |T*|+ R such that for every model B of T** we have
(a) for any A, the following are equivalent
() if 1 is an interpretation of T;} in B (possibly with parameters) then Blorl i py-saturated
(B) if @2 is an interpretation of Ty in B (possibly with parameters) then B2 is A-saturated
(b) for any A, the following are equivalent

(a) if @1 is an interpretation of Ty in B (possibly with parameters) then in B\ every branch with no last
element has cofinality > A

(B) if ¢ is an interpretation of T,y in B (possibly with parameters) then in B2 there is no Dedekind cut
(I1, Iy) with both cofinalities < A and at least one > .

Proof. Easy. [J

Corollary 3.8. (1) T, is <}-maximal.
(2) IfIT| < A and T has SOP3 then T is <I}-maximal.

Proof. (1) Follows from 3.7
(2) By (1)and 3.5. O

Question 3.9. Is the other direction of 3.8 (2) true?

Remark 3.10. See Theorem 3.13 and Corollary 3.15 for a proof of a weaker version of the other direction: we get
SOP; instead of SOP3.

We would like to know whether it is possible to weaken the assumptions of Corollary 3.8(2) to SOP;. The following
theorem is a step in this direction, showing a local version. See also Discussion 3.17.

Theorem 3.11. If T has SOP; as exemplified by ¥ (x; y), then (T, ¥y (x; y)) < (T, 9 (x; y)) for any A > |T| + Ro
regular.

Proof. We can find a model M; of T;* and model M, of T and a;, € ) M, for b € M such that:

(a) if M1 =bo < -+ < by—1 then {¥ (X, ap,) : € < n} is satisfiable in M>
(B) if by, by are incomparable in M then

M = —(3X) (@D (X, ap )&V (X, ap,))
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(y) fornod € 89 (M) is {b € My : M> = 9(d, ap)} unbounded in M; (note that by (B) it is always linearly
ordered in M7, therefore () means that for each d € @ (M,), there exists an element of M| which is above
every b satisfying 9 (d, ap)).

[The construction of M; and M> is as follows: choose by induction on n, (M1 ,, M2, (Gp : b € M1 ,) 1 n <
) such that:
(a) My, is amodel of T}
(b) Ms, is amodel of T
(¢) My, < M ,4+1 moreover, every branch of M1 , has an upper bound in My ;|
(d) My, < M3 541
(e) ap e ¥ (My,) forb e My,
(f) clauses (@), (B8) hold
(g) ifbe My yyyand [ € My, = M| 41 = —(b < b')] then ¥ (X, ap) is not satisfied by any sequence from
M.
There is no problem to carry the definition.
Now My =J,, Min, M> =, M2, and (ap, : b € M) are as required above.]

Now let x be such that M, My € H(x), wlog 11 = t(M>), {<} = t(Ty) = ©(M)) and {€} are pairwise disjoint.
Now we define a model By.

Its universe is J{( ) relation € (membership)

Py = |My|,

Py = |Ma|,

R=RMifR e t(Mp), L e {l,2) F, (for € < £g(y)) a partial unary function such that: b € M| = (F¢(b) : £ <
€8(3)) = a. )

Let T* = Th(By). For the obvious ¢ and ¥, T* is (T, T;)-superior and |T*| = |T| + 8g. Assume A = cf(A) >
|T*|.

So let B be a model of T* such that Mé = B9l the model of T interpreted in it, is AT -saturated. It will be
enough to prove that M| = BWI satisfies: for every branch of cofinality & < A there exists an upper bound. So let

{bi : i < 6) be <Miincreasing let ¢; = (Fﬁ(bg) 1 £ < £g(y)). Hence for any n < w,ip < -++ < ip—1 < 6
we have M), = (3X)[/\,,-, 9 (*, ¢;)] because By = (Vzo, ..., 2n—D[Npen P1@k) = 20 < 21 < -+ < Zy—1 —
35) Apan 9@, (Felzm) : € < gD

So {¥(x,c¢;) : i < 6} is finitely satisfiable in Mé hence some d € 8 (f)(Mé) realizes it. Now we claim that
{beM|:B 9 (d, ap)} is bounded in M 1+ recall that by clause (y) By satisfies: for every X € t2() P, there exists
z € Pjp such that z is <B __ above all the elements w € P satisfying 9 (x, ay). Therefore B satisfies this sentence,
and applying it to d € *¢ (j)(Mé), we get b* € M| — the required bound. As for each i < 6, v (d, ap,) holds, clearly
B &= b; < b* for all i, and we are done. [J

The next goal is to complete the proof started in [1] of the fact that <*-maximality implies SOP;. In [1] a property
“<17* - maximality”, which is closely related to <1} - maximality” was defined, and it was shown (Theorem 3.6 there)
that every T which is <1}*-maximal for some (every) big enough regular A, has an order property similar to SOP»,
that we call SOP’Z’ (see Definition 1.5). We will show that SOP’Z’ is equivalent to SOP, (for a theory). This answers
Question (3.8)(3) from the original version of [1] (version 1 on the arXiv).

Discussion 3.12. In particular, Theorem 3.13 will lead to the following conclusion: assuming that T is <}, -maximal
for some regular A satisfying 24 = At we get by [1], Claim (3.2) that T is <§*—maximal, so it has SOP/2’, and
therefore SOP,. So we will obtain <*-maximality implies SOP;, see Corollary 3.15.

Theorem 3.13. Let T be a theory.

(1) Suppose ¥ (x, y) exemplifies SOP> in T. Then ¥ (x; y) exemplifies SOP/Z’ inT as well.
(2) Suppose ¥ (x,y) exemplifies SOP) in T. Then for some k, O<k>(x;7) exemplifies SOP> in T (where
9@ TH) = N\ 955 Fo))-

Proof. (1) is easy.
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(2) Denote 77 = {ij : 7 = (¢ : £ < n), ng < ney1; and g € *>2}. So assume ¥ (X; y) has SOP as exemplified by
n,a = {(aj : n € J). Without loss of generality (a; : 7 € J7) is tree indiscernible in the relevant sense:  ~ (0),
n — (1) look the same over n (2-fbti from 1.9). We can assume this by 1.10 (for more details, see [1], Claim
(2.14)).
Forv € ®Z2 let p, = {(P(x,a5) :n=(me: € <n),n <neg1 Jv}so
®1 py forn € “2is consistent (in €7).

Let
Z ={(h, T) : h is a one-to-one mapping from"=m to “~2
preserving <1, L and 7" € "m and there is
(vyine ), h(n)Qvy €“2forne”m
such that U { IS T}is inconsistent}.
Now

®> = is non-empty.
[By the definition of SOP5, clause (b), choose 1" =" m ].
Choose (h*, T*) € = with | T*| of minimal cardinality and (v) : n € T*) as there. By ®; clearly | T*| > 2. So
choose 19 # 11 from 7* with v* = v,’;o N v;;l (= h(no) N h(n1)) being of maximal length and let k* = £g(v*).
We can find £* < w sufficiently large such that U{ Puses 1) € T*} is inconsistent. We choose by induction on

i < wforevery p € ‘2, asequence v, € “2by vy = (), Vprejs = vp (v, T €9).

Lastly for p € “72 & {<>} let 9*(x, 15:;) be the conjunction of
WUlpsgies sn € T\ lmo, mB U B (R, @) 71 = (ne - € < m),
e < et Jvp and (Ve < n)[g(ne) & [K*, Lg(vp) — €5 + k)]
(the last condition is empty if £g(p) = 1)}.

In other words, we are taking the “upper part” of v, that “looks like” ng or 1 after they split.

Now if p* € “2 then {#*(x, b,) : p <1 p*} is consistent as all its members are conjunctions of formulae from
Ulpu; 2 € T"\{ng, ni} U por

and this is consistent as otherwise (2* [ (7*\{ng, nTH U {{ng, o* | £**)}, T*\{n]}) belongs to = for some
£**, thus contradicting the choice of (h*, 1), i.e. with minimal | 77*|.
Lastly if pg, p1 € “~2 are <-incomparable then {#*(x; b)), ¥*(X; by, )} is inconsistent: we know that

® 3.13.1.

Utpogies s € T\lno, mB U LD (%, @5) < 71 = (ne £ < n),
ne <Aner g [EVUR(R, ag) = (ne: € < n),me <nesr Sy [0

1

is inconsistent (by the choice of (h*, 7*) € = and the choice of £*). Now, by the fact that v* = vj;o N ”;1 was
chosen to be maximal among other pairs in 7%, we see that if

o = (n? : £ < n), where for each ¢, n? < ’72+1 < v;‘s A

and

= (nl : £ < n), where for each £, ’7}5 < néﬂ < v;‘]‘T | £*

= (772 : £ < n), where for each £, 17; < vyfor some n* € T\ {ng, nj}



Sh:844

30 S. Shelah, A. Usvyatsov / Annals of Pure and Applied Logic 155 (2008) 16-31

® 3.13.2.
n—~m~—~Mm=G61~¢ 1N

where ¢; = (gg : ¢ <n)and

sl =nl, if lg)) <k*

¢/ = v, I lg(vp)) — (€ —1g(n)))]. otherwise.

In simpler words: we replace every né (an initial segment of vy, | £*) whose length is bigger than k* (in particular,
it is not below any element in the image of 7 other than vy itself ) by an appropriate initial segment of v, and
get a similar sequence over the image of 1\ {ng, n}}.

Now, by indiscernibility of (dzq), the definition of ¥*(x,b7), 3.13.1 and 3.13.2, we conclude
{9*(%; bpy), 0¥ (X; by, )} is also inconsistent. [

Let us summarize the main results of this section.

Definition 3.14. (1) We call a theory T <1*-maximal if it is <i}-maximal for every regular A > |T'| + Ro.
(2) We call a pair of theory and formula (7', ) <*-maximal if it is <¥-maximal for every regular A > |T| 4 Ro.

Corollary 3.15. (1) If T has SOP3 then it is <*-maximal.
(2) If T is <*-maximal then it has SOP,.

Proof. (1) Corollary 3.8.
(2) By [1] Claim 3.2, [1] Theorem 3.6 and Theorem 3.13. [

So we have shown SOP3; =—> <*-maximality => SO P;, and for the second implication we also have a weak
(local) “converse”, Theorem 3.11. See Discussion 3.17.

Question 3.16. Is any of the two implications above reversible?

Discussion 3.17. Note that Theorem 3.11 is a step in (possibly) reversing the second implication above: we show
that if 7 has SOP, exemplified by a formula ¢, then the pair (7}, ¥) is <*-below the pair (T, ©). By Theorem 3.6
(and quantifier elimination), in order to obtain SOP, = <*-maximality it is enough to show that (7}, {¥¢, =0« })
is <t*-below (T, A) where A is some fragment of the language of 7. This was our original motivation for proving
Theorem 3.11, which is in a sense a “local” or “positive” version of what we are interested in, but right now it is
unclear to us whether similar techniques will lead to the desired “global” result.

One should remark that Theorem 3.11 is not weaker than the global version since A = {1}, so it is really localized
to a single formula, with no use of negation (hence “positive”). Therefore, although it does not quite does what one
would hope for, we find Theorem 3.11 interesting on its own.

Discussion 3.18. We would also like to point out that our analysis provides an alternative (in fact, in a sense a more
conceptual) proof of Theorem 1.17 and Conclusion 1.18 in [1]. Theorem 3.5 here shows that 7if', and therefore T,
is maximal in <}, and therefore is <1}-above Tf’gq. By Theorem 2.1, Tf’gq does not have SOP; (in particular, does not
have SOP;), and so by Corollary 3.15, cannot be <{}-maximal. So Tf’gq is strictly below Ty (and T ;) in <{}-ordering,
which is precisely the statement of Conclusion 1.18 in [1]. There is no surprise here: in [1] it was shown that Tf’g is
on the “good” side of an “external” dividing line. Here we showed that it is also on the “good” side of an “internal
syntactic” dividing line, and brought the “internal” and “external” lines close together. So our paper also provides a

generalization of section 1 of [1].
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