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COMPACTNESS OF LOEB SPACES
RENLING JIN AND SAHARON SHELAH

Abstract. In this paper we show that the compactness of a Loeb space depends on its cardinality, the
nonstandard universe it belongs to and the underlying model of set theory we live in. In §1 we prove that
Loeb spaces are compact under various assumptions, and in §2 we prove that Loeb spaces are not compact
under various other assumptions. The results in §1 and §2 give a quite complete answer to a question of
D. Ross in [9], [11] and [12].

§0. Introduction. In [9] and [11] D. Ross asked: Are (bounded) Loeb measure
spaces compact? J. Aldaz then, in [2], constructed a counterexample. But Aldaz’s
example is atomic, while most of Loeb measure spaces people are interested are
atomless. So Ross re-asked his question in [12]: Are atomless Loeb measure spaces
compact? In this paper we answer the question. Let’s assume that all measure spaces
mentioned throughout this paper are atomless probability spaces.

Given a probability space (Q,Z, P). A subfamily & C X is called compact if for
any 2 C %, 2 hasfi.p., i.e, finite intersection property, implies [} # 0. We call
a compact family # inner-regular on Q if forany 4 €

P(4)=sup{P(C): CCANCEF}.

A probability space (,Z, P) is called compact if £ contains an inner-regular
compact subfamily. Clearly, the definition of compactness is a generalization of
Radon spaces with no topology involved. In fact, Ross proved in [11] that a
compact probability space is essentially Radon, i.e., one can topologize the space
so that every measurable set 4 contains a compact subset of measure at least half
of the measure of 4.

Loeb measure spaces are important tools in nonstandard analysis (see, for ex-
ample, [1] and [16]). Ross proved in [11] that every compact probability space is
the image, under a measure preserving transformation, of a Loeb measure space.
This shows, by a word of Ross, some evidence that Loeb spaces themselves may be
compact.
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In this paper we show that the compactness of a Loeb space depends on its
cardinality, the nonstandard universe it belongs to, and even the underlying world
of set theory we live in (suppose we live in a transitive model of ZFC).

Throughout this paper we always denote .# for our underlying transitive model
of set theory ZFC. We sometimes use .4 for another transitive model of ZFC. If we
make a statement without mentioning a particular model, this statement is always
assumed to be relative to .#. Let N be the set of all standard natural numbers.
Using N as a set of urelements, we construct the standard universe (¥, €) by letting

Vo=N, Voo =V, UP(V,) and V=]V,

new

A nonstandard universe (* ¥, *€) is the truncation, at *€-rank o, of an elementary
extension of the standard universe such that *N < N $# (. We always assume the
nonstandard universe *V we work within is at least w-saturated. In fact, w,-
saturation is needed in Loeb measure construction. For any set S we use |S| for its
set theoretic cardinality. If S is an internal set (in *7"), then *|S| means the internal
cardinality of S. For any object S in the standard universe we always denote *S
for its nonstandard version in * V. For example, if € is an internal set, then *#(Q)
denote the set of all internal subsets of Q. Let Xy C *2(Q) be an internal algebra
and let P: Z; — *[0,1] be an internal finitely additive probability measure. We
call (Q, Zy, P) an internal probability space. Let st: *[0, 1] — [0, 1] be the standard
part map. Then (Q, o, st oP) is a standard finitely additive probability space. Then
one can use Xy to generate uniquely an stoP-complete g-algebra ¥ and extend
st oP uniquely to a standard complete countably additive probability measure Lp.
The space (Q,Z, Lp) is called a Loeb space generated by (Q, Ty, P). Let H be a
hyperfinite integer, i.e., H € *N\N. LetQ = {1,2,... , H},letZy = *#(Q) and let
P(A) = *|A|/H foreach 4 € Z,. Wecall (Q, £y, P) a hyperfinite internal space. The
space (Q, X, Lp) generated by (Q, Xy, P) as above is called a hyperfinite Loeb space.
Hyperfinite Loeb spaces are most useful among other Loeb spaces in nonstandard
analysis. For notational simplicity we prove the results only for hyperfinite Loeb
spaces in this paper. From now on we denote the symbol (Q,X, Lp) or just Q
without confusion, exclusively for a hyperfinite Loeb space. Most of the results for
hyperfinite Loeb spaces in this paper can be easily generalized to Loeb spaces in the
general sense (see Fact 3 at the beginning of §1 and the comments after that).

In §1 we show when a hyperfinite Loeb space is compact. We prove the following
results.

COROLLARY 3. Suppose CH (Continuum Hypothesis) holds. Suppose [*N| = w;.
Then every hyperfinite Loeb space in *V is compact.

COROLLARY 4. Suppose MA (Martin’s Axiom) holds. Suppose *V is 2°-saturated
and |*N| = 2°. Then every hyperfinite Loeb space in *V is compact.

COROLLARY 5. Suppose A is obtained by adding k Cohen reals to a ZFC model ¥
for some k = (2°)” with k” = k in ¥ . Suppose |*N| = 2 (in A now). Then every
hyperfinite Loeb space in *V is compact.

COROLLARY 7. Suppose # is same as in Corollary 5. In # suppose A is a strong
limit cardinal with cf(A) < &. Suppose |*N| = A and *V satisfies the Ry-special model
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axiom (see [10] or [5] for the definition). Then every hyperfinite Loeb space in *V is
compact.

THEOREM 8. Suppose k is a strong limit cardinal with of (k) = w and ) = K+ = 2,
Suppose *V is A-saturated and has cardinality J.. Then every hyperfinite Loeb space
in*V is compact.

In §2 we show when a hyperfinite Loeb space is not compact. We prove the
following results.

THEOREM 9. Suppose A is a regular cardinal such that kK < A for any k < A.
Suppose |Q| = A. Then S is not compact.

THEOREM 10. Suppose A is a strong limit cardinal, k = cf(A) and u® < & for any
i < k. Suppose |Q| = A. Then Q is not compact.

THEOREM 11. Suppose # is obtained by adding k random reals to a ZFC model ¥
for some regular k > (2°)" with k” = k. Suppose |Q| = 2% (note 2° = k in #).
Then S is not compact.

THEOREM 12. Suppose A is obtained by adding « random reals to a ZFC model
N for some regular k > . Suppose A is a strong limit cardinal such that cf (1) < &.
Suppose |Q| = A (hence cf(1) > w). Then Q is not compact.

THEOREM 13. Let A > |V | and 2” = A. Then there exists a *V such that |Q| = A
and Q is not compact for every Qin*V .

In this paper we write 4, , 4, ... for cardinals, e, f8, y, ... for ordinals and k, m,
n, ... for natural numbers. We write A* (A<*) for cardinal exponents and *4 (<~ 1)
for sets of functions. For any set S we write [S]* for the set of all subsets of S with
cardinality 2. For any set S we write (52, Z(52), vs) for the complete probability
space generated by all Baire sets of 52 such that for any finite So C S and any
€ 92, vs([r]) = 2715, where [t] = { f €52: fIS =1 }.

The reader is assumed to know basics of nonstandard analysis and be familiar
with nonstandard universes and Loeb space construction. We suggest the reader
consult [8] and [16] for information on those subjects. The reader is also assumed
to have basic knowledge on set theory and forcing. The reader is recommended to
consult [6] for that.

§1. Towards compactness. We would like to list three facts about hyperfinite Loeb
spaces (Q, Z, Lp), which will be used frequently throughout this paper.

FAcT 1. Forany S € Tandanye > O thereexistsan A € *P(Q) suchthat AC S
and Lp(S < A) < e.

FACT 2. For any internal sets A, C ) there exists an internal set B C (), c,, An
such that Lp((,.,, An) = Lp(B).

new <N
A A-sequence (A4, : a € 1) of measurable subsets of Q is called independent if
for any finite I, C 4

Lp (O] Aa) = IEII Lp(4a).

Fact 3. Suppose |Q| = A. Then there exists an independent A-sequence of internal
sets of measure 1/2 on Q.
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Fact 1 and Fact 2 are direct consequences of w;-saturation and Loeb measure
construction. Fact 3 can be proved by finite combinatorics and the overspill principle
in nonstandard analysis. Call a sequence (A4; : i < m) of subsets of a finite
probability space of size » with normalized counting measure u a (k, ¢)-independent
sequence for some k € Nand c € (0,1)ifand only if forany i} < ip < -+ < i
with &’ < k and any 2 € *'2 one has

kl
h(j (4
ﬂ(ﬂ Af,-(l)) Z
j=1

Note that given any k € Nand any ¢ € (0, 1), there is a (k, c)-independent sequence
of length » in an n-elements probability space for large enough n € N. Let H be
an infinite integer. Applying overspill principle one can find an infinite integer K
and a nonstandard real C with st(C) = 1 such that there is a (K, C)-independent
sequence of internal sets of length H in Q = {1,2,...,H}. It is easy to check
that the sequence obtained is, in standard sense, an independent sequence of the
hyperfinite Loeb probability space Q.

For a Loeb space in the general sense Fact 1 and Fact 2 are also true. But Fact 3
may not hold. So whether or not a result about hyperfinite Loeb space can be
generalized to a general Loeb space may depend on the truth of Fact 3.

Asett C <“2is called a tree if for any s, s’ € <*2, 5 C s’ and s’ € ¢ imply
s € t. We use capital letter T C <2 exclusively for a tree with no maximal node.
So every branch of T is infinite. For a tree T we write [T'] for the set of all its
branches. In fact, every closed subset of “2 could be written as [T] for some tree T'.

DErFINITION 1. A sequence of trees { T, : @ € AAR € w ) iscalled a (x, 1)-witness
if
(1) Vw([Ta,n]) > n/(n + 1),
2) vf e “2)({a€l:3n(f €[Tan]) H < &).

THEOREM 2. Suppose there exists a (k, A)-witness ( Ton : @ € AAn € w) for some
uncountable cardinals k and ). Suppose *V is k-saturated and |* P(Q)| = A. Then
) is compact.

ProoF. Choose (A4, : n € w), an independent w-sequence of internal subsets
with measure 1/2 on Q. We write 49 = 4,, and A} = Q \ A4,,. Then for any finite
s Cwandanyh € °2 we have

Lp(ﬂ A’,;<">> _ sl
nes
For any tree T define
n—1
4= U N4
new g€ "2NT i=0

It is easy to see that Lp(A47) = v, ([T']). Note that A7 is a countable intersection
of internal sets. We now want to construct an inner-regular compact family & of
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internal subsets on Q. Let *#(Q) = {a,:a € 1}. Foreacha € Aand n € w let
bon C a, N A7, be internal such that

Lp(bon) = Lp(an N Ar,,).

Then let
={A:nconl=0,1}U{by,:acirncwl.
CLAaM 2.1. & is an inner-regular compact family on €.

ProoF oF CLamM 2.1. The inner-regularity is clear. We need to prove the com-
pactness. Let 2 C % be such that & has fi.p. We want to show that 2 # 0.
Without loss of generality we assume that & is maximal. So for each n € w either
A% € 9 or A} € 2 but not both. Let & € “2 be such that for each n € & we have

Af',(") € 9. Given any b, , € &, we want to show that 4 € [T,,). Letk € w. Then

k—1 )
(ﬂ Af‘(’)> N bon # 0.
i=0

So we have
k—1 m—1
(N4)n(N U Nav)re
i=0 mew ne "2NT,, i=0

This implies that there existsany € T,, N k2 such that

k—1 i k—1 o
ﬂAﬁ)n(ﬂA?’) # 0.
(i:O i=0
Hence we have hlk = nlk € T,,. Thisis true for any k € w. So h € [T, ,]. But
we assumed that
{a:3n(heTal) Y <&

So |Z| < k. Now using s-saturation, we get (<2 # 0. -

REMARK. From the definition of the compactness we do not have to choose # as
a family of internal sets. We do that because internal sets are more interesting, In
this paper if we construct a compact family we always construct a family of internal
sets.

COROLLARY 3. Suppose CH holds and |*N| = w,. Then every hyperfinite Loeb
space in*V is compact.

ProoF. It suffices to construct an (w;, w;)-witness. Let 2 = { f, : @ € 1 }.
For each n € w and a € w), choose T, , such that

n
Vo([Tan]) > et
and

[Ta,n]ﬂ{f/;:ﬂEa}:@.

It is clear that (T, , : @ € w) An € ®) is an (w, w;)-witness. -
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REMARKS.

(1) The condition |*N| = w; implies CH by w;-saturation of * V.

(2) If*V is an w-ultrapower of the standard universe, then |*N| = c;, provided
CH holds.

COROLLARY 4. Supposeforany S C “2, |S| < 2% impliesv,,(S) = 0. Suppose*V
is 2°-saturated and |*N| = 2®. Then every hypetfinite Loeb space in *V is compact.

PRrROOF. By the same construction as in Corollary 3 with length 2 we can find a
(2, 2%)-witness. Now the corollary follows from 2°-saturation of *V and Theo-
rem 2. -

ReMARK. Obviously, Corollary 3 is a special case of Corollary 4. In the case
of =CH, one has that MA implies v,,(S) = 0 for any set S C “2 with |S| < 2¢
and MA implies also 2* = 2% for any k < 2“, which guarantees the existence of
2 -saturated nonstandard universes.

COROLLARY 5. Suppose # is obtained by adding 2 Cohen reals to a ZFC model #
for some A > (2°)" with 2* = A in #. Suppose |'N| = 1 (2° = A in #). Then
every hyperfinite Loeb space in *V is compact.

Proor. It suffices to construct an (w;, A)-witness. Work in .#". For eachn € @
let

n+;/\3m (t=Tfm))}

be a forcing notion ordered by the reverse of end-extension of trees (we assume
smaller conditions are stronger). It is clear that 7, is countable and separative. So
forcing with 7, is same as adding a Cohen real. Let 7% = 7, let P, =[], ., I,
with finite supports for each a € 4 and let P = [] ., P, with finite supports.
Without loss of generality we assume that # = #[G], where G C P is an #'-
generic filter. Foreacha € Aand n € w let

Ton = J(GNTP).

We want to show that the sequence (7, : @ € AAn € w) is an (w;, A)-witness.

Given any f € “2in .#, there exists a countable set S C A in .# such that
f € #[Gs), where Gs = G N ([],esPa). Forany a € A\ S and any n € o,
GNTr CT2isaA[Gs]-generic filter. Define

D;={te 7, :Im(thasheightmA fim¢1)}.

Fo={tc <2:@r ¢ <2) (v (1) >

n

CLaM 5.1. Dy isdensein 7.

ProoF oF CLAM 5.1. Letr € 7,%. We want to find a ' € 7,* N Dy such that ¢’
is an end-extension of ¢. Let m’ be the height of . Without loss of generality we
assume that f[m’ € t. Let

T={ne <“2:gpetvpm et}
It is clear that

n+1

vw([T])>n+2
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Let
n+1
= T —
e =v((T) - =

and let n’ > m’ be large enough so that 277" < &. Let

T'={neT: |yl <n'Vvylln' +1) # f1(n + 1) }.
Now
n+1

Vw([T/]) > vw([T]) —&= n + 2

Let m = n’ + 1. Then we have
'=T'megNDy
and that ¢’ is an end-extension of z. =
Since D is dense in 7,2, then G N.F,* N Dy # (. This implies f & [Ta.]. So
{a€i:In(f €Tan))} CS.
This shows that (T,,,, : « € AAn € @) is an (w), A)-witness. ~

REMARKS.

(1) We don’t have requirements for * V' because *V is always w;-saturated.

(2) Above three corollaries can be easily generalized to general Loeb spaces as
long as their cardinalities are 2%, For example, above three corollaries are also true
if we replace a hyperfinite Loeb space by a Loeb space generated by a nonstandard
version of Lebesgue measure on unit interval. From now on we will not make
similar remarks like this. The reader should be able to do so by himself.

Next we will mention a property of nonstandard universes called the Rq-special
model axiom (see [10] or [5] for details). The special model axiom is in fact an
axiomatization of special nonstandard universes as models (see [3] for the definition
of a special model). In the proof we need only some simple consequences of the
property. Let’s list all the consequences we need. If * V' satisfies the Ny-special model
axiom, then

(1) all infinite internal sets have same cardinality, say 4,
(2) for every hyperfinite internal space (Q, *%(Q), P) there exists a sequence
((Qa,Za) : @ € cf(4)), called a specializing sequence, such that
(a) Q= Uaecf(}.) Qa,
(b) *P(Q) = Upecri) Zes
(c) if {4, : n € @} C Z,, then there exists a B € X, such that B C
nnew A, and LP(B) = LP(ﬂnew An)’
(d) if 2 CZ,and 2 hasfi.p., then (D) N Qay1 # 0.

THEOREM 6. Suppose there exists an increasing sequence (Z, C “2: a € k) for
some regular cardinal k > w such thatv,(Z,) = Oforeverya € kand®”2 =, Za
(so & < 2%). Suppose A is a strong limit cardinal with cf () = k. Suppose *V satisfies
the No-special model axiom and |*N| = A. Then every hyperfinite Loeb space in *V is
compact.
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Proor. Given a hyperfinite Loeb space Q, let ( (Q4,%4) : B € &) bea specializing
sequence of Q. For each f € k let T, C <2 be such that

v ([Tpnl) > —

—— and [Tp,)NZg =0.

Without loss of generality we can pick an independent sequence (4, : n € w) of
internal sets with measure 1/2 in Xo. Let *#(Q) = {a, : @ € i}. Foreacha € 1
let

gla)=min{fer:a, €Xp}.

We now construct an inner-regular compact family & on . For each o € 1 and
eachn € w let by, € X, (o)1 be such that

bon CanNAr,,,
and
Lp(ban) = Lp(as N A7, )
(check Theorem 2 for the definition of A7). Define now
& ={bon:aciAncolu{d inconl=01}
(recall 4" = 4 and 4' = Q < 4).

Cramm 6.1. % is an inner-regular compact family on Q.

Proor or CrLamM 6.1. Again the inner-regularity is clear. Let @ C % be such that
2 has fi.p. We want to show (|2 # §. Again we assume 2 is maximal. Let

0= U{g(a) :3n (bon € D) }.
Casel. d < k.
Then & C Xs,1. By the special model axiom we have (2 # 0.
CASE2. § = k.

Let A € “2 be such that Aﬁ(") € . Same as the proof of Claim 2.1 we have
that 1 € [Ty(q)4] if bon € D. But thereis a fy €  such that & € Zg. So we have
h & [Ty(a) ] for any g(a) > fo. This contradicts & = «. S

REMARKS.

(1) The nonstandard universes satisfying the Ro-special model axiom and having
cardinality 4 exist. In fact, those universes are frequently used by Ross (see [13] and
[10]).

(2) This theorem guarantees the existence of arbitrarily large compact hyperfinite
Loeb spaces.

(3) The set theoretical assumption besides ZFC for .# in this theorem is rather
weak. The model .# satisfies the assumption if .# is a model of, e.g., CH or MA,
or is obtained by adding enough Cohen reals.
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COROLLARY 7. Suppose # is same as in Corollary 5. In # suppose A is a strong
limit cardinal with cf (A) < k. Suppose |*N| = A and*V satisfies the Ro-special model
axiom. Then every hyperfinite Loeb space in *V is compact.

ProoF. First we arrange the Cohen forcing such that .# is a forcing extension of
some model of ZFC by adding ¢f(1) Cohen reals. Then by [7, Theorem 3.20] we
know that ©2 is a union of an increasing cf(1)-sequence of measure zero sets.

REMARK. There is another proof by a method similar to the proof of Corollary 5.

THEOREM 8. Suppose « is a strong limit cardinal with cf(k) =  and suppose
A=x* =2" Suppose*V is A-saturated and |*N| = A. Then every hyperfinite Loeb
space in *V is compact.

ProoF. Given a hyperfinite Loeb space Q in *V, we want to show that Q is
compact. Let x = |, x» be such that kg > w and k,,; > 2™ for each n € w.
Choose an independent k-sequence

(Ao € "P(Q):ax€K)
of internal sets with measure 1/2. For any n, m let
B, :g({Aa Q€ Kpyd })

be the Boolean algebra generated by A4,s for all a € k, and let

PoS, m = {X €&, Lp(X)> mLH }

Note that every X € Pos,,, is internal with measure > m/(m + 1) because it is a
finite Boolean combination of internal sets. For each n, m € w let

l,m ={E CPos,, : Ehasfip.}.
For each m € w let
Poscom = { X :3n (X = (Xo, X1,..., Xau1) A (Vi < n) (X; € Posym)) },
and let

Fm = { F : F is a function from Posc, m t0 | J, ¢, Inm such that
(VX = (Xo,...,Xy—1) € Poscym) (F(X) € I) }.

It is clear that |#,,| < k* = A. Let &, = { Fam : & € A} be a fixed enumeration.
For each a € 4 let’s fix an increasing sequence (B,, C @ : n € w) such that
|Ban| < Ky foreach n € w and a = | J, ., Ban. We define a function f, » from
to |J,c, PoSn.m for each a € 4 by induction on # such that for each n € @

(1) fam(n) € Pos,m,
(2) fam(n+1)C fam(n),
(3) fam(n) & U{ Fpm(famin): B € Ban}.

Suppose we have defined £, [n.
CrLamM 8.1. Thereisan X = fom(n) such that (1), (2) and (3) hold.
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Proor oF CLaM 8.1. For each § € B, , let @ be an ultrafilter on %, such that

9'ﬂ 2 Fﬂ,m(fa,m [n)

(note that Fg,,(fom|n) has fip.). Let fo.(n — 1) = C at stage n > 0 (replace C
by Q at stage n = 0). Foreach y € {k,, k,,1) let

J,={B€Ban:CNA, €Dy}

Since |Ban| < kn and 25" < Kpi1 = |[Kn, Knt1)|, then there exists an E C [Ky, Knt1)
with |E| = k,41 such that for any two different y, y’ € E we have J, = J,/. Let
Y0 <y <y <y;<...beinE and let

C,=(4,,NC)A(4,NC) = (4, A4,)NC,

where A means symmetric difference. It is easy to see that for any » € w and any
B € B, we have C, ¢ 2. Itis also clear that

Le(G) = Lr(C)Lp(4y, A dy) = 5 Lp(C).

Since Lp(C) > m/(m + 1), there exists a big enough N € w such that
I\¥ m
(1-(3) )tet0r> 7
Nowlet fom(n) =1J i=—(;1 C;. Ttis easy to see that (2) and (3) hold. For (1) we have

N-1

U4, A Ay,))>

i=0

Lp(fam(n) = L,,(c n (

:LACM4<YIMWAAMO

i=0

(1= () )02 2 :

We now define an inner-regular compact family € on Q. Let *#(Q) = {a, :
o € 1} be an enumeration. Foreacha € 1 and m € w, let

mmg%m(ﬂfmwg
ncw
be internal such that

Lp(bam)=Lp (aa N (ﬂ fa,m(n)))

new

Now let

& ={bym: €l AmEw}.

CLAamM 8.2. % is an inner-regular compact family on Q.
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ProOOF OF CLAIM 8.2. The inner-regularity of @ is obvious. Let & C & be such
that 2 hasfi.p. If |Z| < A, then (2 # 0 by A-saturation. So let’s assume |F| = 4.
Hence there exists an my € w such that

Z={a bymeceD}
has cardinality A. Let’s prove the next claim first.
CraM 8.3. Thereexistsan X = (X0, X1, ..., Xu_1) for some n € w such that
{fam®):a €ZA famin=X}¢ Lm.
ProoF oF CLamM 8.3. Suppose not. Then we can define a function

F: Poscem, — U Ly

new

such that for each X = (Xp, ..., X,_1)
F(X)={famn):a € ZA famn=X}.

It is clear that F € &,,,. So thereis an f € A such that F = Fp,,. Since |Z| = A
there is an @ € Z such that @ > f. Now choose large enough n € w such that
B € Byp. Then

fﬂt,mo (n) ¢ Fﬂ,mo (fa,mc f”)
by the construction of f . But this contradicts the definition of F = Fg,,,. -

_ We continue the proof of Claim 8.2. By Claim 8.3 there exists an
X =(Xp,...,X,—1) such that

{(fam@):a €ZA famin=X}

does not have f.i.p. Hence { bopm, : @ € Z } does not have fi.p. because b, ,,, C
f a.m,(n). This contradicts that & has fi.p. o

REMARKS.

(1) A-saturated nonstandard universes of cardinality A exist because 1<* = A.

(2) Under certain assumptions for .#, e.g., Singular Cardinal Hypothesis, this
theorem guarantees the existence of arbitrarily large compact hyperfinite Loeb
spaces with regular cardinality.

(3) The proof of this theorem is implicitly included in [14].

(4) D. Fremlin recently found an easier proof of the theorem based on a general-
ization of the proof of Corollary 3, and the fact that any subset S of *2 with |S| < &
has v(S) = 0. Now we have an independent sequence ( 4, : @ < k) of length &
instead of length w. For any closed subset {T] C *2 one has a correspondent set
Ar with Lp(A7) = v ([T]). Let*2 = { fo:a < A}andletQ = {a, : a < i}.
Choose [Tan] so that [T,.]N{ fs: < a} =0and vi([Tan]) = n/(n+1). Itis
not hard to see that the set

& ={a,NAr,, :a<inecw}lu{d,:a<k j=01}

is an inner-regular compact family.
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§2. Towards non-compactness. Remember that our nonstandard universes are at
least w;-saturated. For a measure space (X, Z, P) we write &(X) for the measure
algebra of X, i.e., the Boolean algebra of measurable sets modulo the ideal of
measure zero sets. If @ C X, we write % () for the complete subalgebra of #(X)
generated by &.

THEOREM 9. Suppose A is a regular cardinal such that kK < A for every k < A.
Suppose |Q| = A. Then Q is not compact.

PROOF. Suppose not. Let & be an inner-regular compact family on €. Let
(As : @ € 4) be an independent A-sequence of internal subsets of Q of Loeb
measure 1/2. Pick X), € & foreverya € A, n € w and / = 0, 1 such that

X!, c A4l and
1
! —
br (ng) X"“”) 2

Note that 42 = 4, and AL, = Q ~ 4,, but generally X!  willnotbe Q~ X0, .
(2 (a3 [+ an

CLAIM 9.1. There exists an E € [A) and there exists an n(c, 1) for each o € E and
1 =0, 1 such that for any m € w, any distinct { ag, ... ,&m—1 } C E andany h € ™2
we have

m—1 0
h(i
LP( Xa,,_,,(a,,_,,(,.))> > 0.
i=0

The theorem follows from the claim. Since |Q| = A < 2%, we can find f € £2
such that

S
Xononsen = -
ackE

But { X‘if"("c)!_f(a)) ta € E} C®hasfip.

PROOF OF CLAIM 9.1. For each measurable set 4 C Q let 4 denote the element in
the measure algebra, represented by 4. For each o € 4 let

.@a=.@({Aﬂ:ﬁ<a}U{Xé’n f<aAnewAl=0,1}).
Recall that Z(X) for some family X of measurable sets is a complete subalgebra
of measure algebra on Q generated by X. By c.c.c. of measure algebra it is easy
to see that | &, | < |«|®. Notice that the sequence (%, : a € 1) is increasing and

%, = <o B When cf () > w. Let & be a complete Boolean algebra. Given
a € & and a subalgebra #' C &, define a function

ga,B')=inf{be B :b>a}l
g(a, B') exists since B is complete. Let
D={acli:cfla)>w}
Then D is stationary in A. Foreach o € D let
d(a) =min{ B : g(45, Ba) € Bp Ng(A}, Ba) € By }.
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Then d(a) < a for every o € D. By Pressing-Down Lemma we can find a
stationary subset E C D and an oq € A such that d(a) = a for every o € E. Since

|Zay| < |aol” < 4
we can assume that there are by, b; € .@ao such that for all & € E we have
g(A), &o) =by and g(4}, Fa) = bi.

By thinning E further we can assume that A, ¢ B,, for each a € E. Hence
A, € B, for each a € E. It is easy to see that by A &) # 0 because otherwise we
have, forany a € E,

AL < by < —by < —4}, = A4}
and this implies A% = by € Fa,.
CrLamM 9.2, For any o € E there exist n(«,0) andn(a 1) such that
8(Xg (0.0 Ba) NE(Xy p01) Fa) # 0.
ProoF ofF CLAIM 9.2. Suppose not. Then for any n, m € w we have
| Xon <8(X3,. Ba) < ~8 (X Ba) < — X
So then

=\ X2, < \/ (X2, Z) < N\ (~g(XL,. a)
new mew
< NCEL) ==\ Ry =—di= 2.
mew mew
This implies
A-a = A-fol = V (Xan"%a) € @as
. ncw
a contradiction. 4

We continue to prove Claim 9.1. By thinning E even further we can assume that
there exist dy, d| € By, such that foreverya € E,

g(it(x),n(a‘o)"@a):do and g(X!

It follows from Claim 9.2 that d = dy A d; # 0.
We now prove, by induction on m, that for any m € w, for any distinct
{ap,... ,0m-1} C E and forany h € ™2,

m—1
d/\( X0 );éo
i=0

Suppose the above is true for m, but not true for m + 1. Pick some distinct
{ag,... ,am} C Eand h € ™*12 such that a; < a, for each i < m and

h(i) _
d A ( Xa,;(a,hm) =0.

nla1)’ ga) =d.
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Without loss of generality let 2(m) = 0. Then

m—1
oh(i) G0 _
(d A ( Xm,n(a,»,h(i)))) AN X, niamo) = 0-
i=0

Then
m-—1
50 = h(i)
Xam,n(am,O) <- (d A ( Xai»n(aiwh(i))))‘
i=0
So
m—1
> = Shii
g(Xc?m,n(am,O)"@am) = d() < - (d A (/\ Xaf(,n)(ai,h(i))>) :
i=0
This implies
" o) " oh)
Shi Shi
do A (d A ( Xa.»,n(a,-,w»)) =dA ( Xai}(a,-,hu») =0.
i=0 i=0
This contradicts the inductive hypothesis. -
REMARKS.

(1) Not like other results so far, Theorem 9 is a consequence of ZFC.

(2) When A = (%) for some infinite cardinals # and 8, we have k“ < A for any
Kk < A. So ZFC implies the existence of arbitrarily large non-compact hyperfinite
Loeb spaces in some nonstandard universes.

(3) The proof of this theorem is implicitly included in [15].

(4) The proof works also for general Loeb spaces if they have an independent
A-sequence of measure 1/2.

(5) The reader could find a shorter proof by using Maharam theorem and a
similar idea in the proof of Theorem 11.

THEOREM 10. Suppose A is a strong limit cardinal, k = cf (1) and u® < & for any
1 < k. Suppose |Q| = A. Then Q is not compact.

PrOOF. Suppose € is compact and let # be an inner-regular compact family on
Q. Let (i, : @ € k) be an increasing sequence such that 2%« < 1, for each
a € kand 4 = |Jyepdao Let Q = {ap : f € A} be an enumeration and let

Q, = {ap : p < A, } for each o € . Choose an independent i-sequence of
internal sets of measure 1/2, say (A : f € 1),on Q.

CLaM 10.1. There exist two different ordinals y,, v, € [Aa,Aq+1) Such that A,, A
Ay NQy = O for each a € k.

PrOOF OF CLaM 10.1. Since 2** < 4,1, then there exist two different y, and !
in [Aq, Ao +1) such that

Aya nNQ, = Ayé NQ,.
Hence we have 4,, A 4, NQy = 0. =
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For any o € « let B, = 4,, A 4,;. Itis easy to see that (B, : @ € k) is an
independent sequence of measure ;. By inner-regularity of & we can find X, € %
for each « and each n € w such that X,,, C B, and

1
L Xon ) ==
(yn) -
By a similar method as in the proof of Claim 9.1 we can find an E € [«x]* and an
n(c) € wforeacha € E such that for any m € w and any distinct { &, ... ,am, } C
E we have

m—1
r\ XLhMa” # 0.
i=0
So{ Xpne) 1 € E} C % hasfip., but
rw X@Ma)g (1 Ba==®- -

a€E a€cE
REMARK. Theorem 10is also a consequence of ZFC. So ZFC implies the existence
of non-compact hyperfinite Loeb spaces of arbitrarily large singular cardinalities.

We need Maharam Theorem for next two theorems. Given a complete Boolean
algebra &. For any X C & recall that #(X) is the complete subalgebra generated
by X. Let

7(B)=min{|X|: X CBANB=B(X)}.

Forany a € % ~\ {0} let #|a be the Boolean algebra { bAa : b € & } with a being
the largest element 1 in & [a. A complete Boolean algebra & is called homogeneous
if 1(&B) = t(Fa) for every a € B ~ {0}. The following is a version of Maharam
Theorem (see [4, p. 911, Theorem 3.5]).

MAHARAM THEOREM. Let B be a homogeneous measure algebra of a probability
space with T(B) = A. Then there is a measure preserving isomorphism ® from & to
&(*2). ‘

Let 4 be a cardinal. For next two theorems we always denote, for each o € g,
B,={f€#*2:fla)=0}.
For any set X C #2 let supt(X) denote the support of X, i.e., the smallest w C u
such that for any f, f' € #2 we have f]w = f’|w implies f € X if and only if
f' € X. Clearly supt( X'} is at most countable if X is a Baire set. For any measurable

set X in a measure space we denote again X for the element in the measure algebra,
represented by X .

THEOREM 11. Suppose # is obtained by adding A random reals to a ZFC model &
for some regular 2 > (2°)" with A = A. Suppose |Q| = A (A =2° in #). Then Q
is not compact.

PrOOF. Let Q be a hyperfinite Loeb space in *V with [Q| = 4. Without loss
of generality we assume that &(Q) is homogeneous and t(&(Q)) = u for some
4 =2 A. The reason for that is the following. It is easy to see that for any internal
subset a of Q with positive Loeb measure there exists an |a|-independent sequence
of measure Lp(a)/2 on &(Q)!a. Since |a| = A, then t1(F(Q)[a) > A. Suppose
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& (Q) is not homogeneous. Then we can choose an internal subset a C Q such
that Lp(a) > 0 and u = t(#B(Q)[a) is the smallest. Hence u > A and B(Q)]a is
homogeneous. Then we could replace Q by a.

By Maharam Theorem let &: %B(Q) =2 & (#2) be the measure preserving isomor-
phism. Foreacha € 2 C u let A, C € be measurable such that

®(4,) = B,.

Suppose Q is compact and let € be the inner-regular compact family on Q. Again
let 4% = A4,, AL = Q~ A4,, B = B, and B! = #2~ B,. Then there exist

o

X!, € & suchthat X, C 4/ and
1
1 =
br (g X) 2

where X!, maynotbe Q\ X, Foreacha € A, ncwand/ =0,1let Y., C B!
be a Baire set such that

(D(‘X-/clt,n) = Yci,n‘
We want to find an E € [A)* and an n(a, ) for each o € E and ! = 0, 1 such that
for any m € w, any distinct { o, ... ,am—) } C E andany h € "2

m—1

i)
A Tadeniy 2 0

i=0
This is enough to prove the theorem because by Maharam’s isomorphism we have
a family

_ fla) .
gf = {Xa,n?a,f(a)) e GE}

with fi.p. for every f € £2. But |Q| = 4. So there must be a family ¥, for some
f € £2 with empty intersection, which contradicts that & is a compact family.

Let P = %&(*2) be the forcing in .#° for adding 4 random reals. Since P has c.c.c.,
then for each a € A there exists a countable set v, C 4 in # such that

(Y, :newnl=01}c e
Work in .#". Let 4, be a P-name for

U supt(Y.,).
new
1=0.1
Again since IP has c.c.c. there exists a countable w, C u such that
Fp tig C Wa.

Note that o € w, foreverya € 1 C u. Since A > 2% > w;, wecanfindav C u
with || < A and an E € [1)* such that for any two different a, 8 € E

we Nwg C U.
So in # for any two different , f € E we have
supt(YZ,) Nsupt(Y},,) C %.
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Without loss of generality we assume that ¢ < A is an ordinal, # N E = @ and

=4

l\Uva

acE

Forany X C #2andn € %2let
m={se "™ 2:n¢eXx}
Now we work in #. Foreacha € E,n € wand/ =0, 1 let
Can=1{n€ *2:vus(¥s,(n) > 0}.

Cramm 11.1. v5(U, e, CL,) =1 foreach o € E and1 =0, 1.

new

Proor or CLamm 11.1. For any 7 € 2 we have

Vusd (ngo Yti,n(”)) = Vuxﬁ((ﬂLGJw Yé,;;) ('7)) <

NS TR

1387

because (U, ., Y2,)(n) € BL(n) and v, 5(B. (1)) = 1/2. So by Fubini Theorem
we have
1
2 = v#(U Yolz,n)
new
= / v/t\’u ( U ) dvv )
? neEw
1
E N Vuss U .
new
This implies
Vﬁ({” : v#\,;(U Yé]n(n)> > O}) =1
ncw
But

U cl,= {r] : V#\5<U Yé,n(r])) > 0}‘
nc€w new

We now divide the proof of the theorem into two cases.
Case 1. © =k for afinitek € w.

Fixanny € ?2. Forany o € E and / = 0, 1 the fact v;({J

ncw

2 =1

implies that there exists an n(c, /) such that 7, € C é nlad)” So for any m e w, any
distinct {ag,... ,am—1} € E and any 2 € ™2 we have, by Fubini Theorem and
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independence,

m—1 m—1
h(i) _ h(i)
V#( Ya,-,;(a,-.h(i))> = [2 Vﬂ\ﬁ(ﬂ Ya,-,'n(a,-.hu))(”)) dvy ()
i=0

i=0

m—1
= [ T ¥ s st
i=0

m—1
> (2—")<H vN(Yfi(,',:)(az,h(f))(”"))) >0

i=0
CASE2. 7 2 w.

Let

SCin ((LEJE)U)

be such that |S| = 7. We can factor the forcing P to P, * IP; such that
./VP — /V]PI*]]"’Z’

where P, = #(*~52) and P, = (&( 52))*"" (see [7, Theorem 3.13]). Letr € 52
be a random function over .#F1. Since |S| = |5| we can assume that r is a random
function from ¥ to 2. Since C., € #P foranya € E, n € wand ! = 0, 1, and
Vs(Unew Con) = 1, then there exists an n(a, /) for any a € E and / = 0, I such that

!
r e Ca,n(a,l)'

Now for any m € w, any distinct {o, ... ,an—1} C E and any 2 € ™2 we have
r € C, where
m—1 0
i
C =[] Copntarntn:

i=0

This implies v;{(C) > 0. Hence

m—1 m—1
h(i) h(i)
Vﬂ(ﬂ Yai.lrz(ai,h(i))) 2 /CVN’(ﬂ Ym,ln(ai,h(i))(n)) dvs(n)

i=0 i=0

m—1
= /C <H v,‘\,;(in{Q(ahh(i))(n))) dvs(n) > 0. -

i=0

REMARK. Theorem 11 is complementary to Theorem 2 and its corollaries. Com-
bining those results we conclude that the compactness of a hyperfinite Loeb space
of size 2% is undecidable under ZFC.

THEOREM 12. Suppose A is obtained by adding k random reals to a ZFC model
N for some regular k > w. Suppose ) is a strong limit cardinal such that ¢f(1) < k.
Suppose |Q| = A. Then § is not compact.



Sh:613

COMPACTNESS OF LOEB SPACES 1389

PrOOF. Let (4, : @ € cf(4) ) be an increasing sequence such that 4 = |J, (1) 4o

and 2% < A, foreach o € cf(1). By similar arguments in the proof of Theorem 11
we can assume that & (Q) is homogeneous and ©{#(Q)) = A. Note that the
cardinality of any positive measure internal subset of Q is 4.

By Maharam Theorem there is a measure preserving isomorphism ® from %Z(Q2)
to #(*2). Using the same notation as in Theorem 11 let A4, C Q be measurable
such that ®(4,) = B, for each y € 1. By the same argument as in Claim 10.1 we
can find a cf(1)-independent sequence

(ChCQ:aecf())
of measure 1/2 such that for any Z € [cf(4)]"™ we have (), Ca = @, where

C. = A,, A A, for some different y,, 7, € [A, Aa+1). Suppose Q is compact and
assume % is an inner-regular compact family on Q. Let X,,,, C C, be such that

(Y 5r) =3

neEw

and let Y, ,, C *2 be Baire sets such that ®(X,,,) = ¥,,. It suffices now to find an
E € [cf (W) and an n(a) for each o € E such that for any m €  and for any
distinct {ayp, ... ,am—1} © E we have

m—1
/\ Ya,-,n(af) # 0.
i=0

This is enough to prove the theorem because we have a family

{Xan@) @ €E}
with £.i.p. but

(M Xon@ @ €E}YC [) Ca=0.
o€E
For any a € cf(4) there exists a countable set v, C & in .#" such that
{Yon:new} S #®e2,

Choose a D € [cf(4)]*¥) such that

K\U’Ua

Let S C & \ U,ep Yo be such that |S| = cf(1). Again we factor the forcing
P = &(*2) to P, * P, such that P, = #(*~52) and P, = (®(52))*". Note that
Yon € #Piforanya € D and n € . Let

R= U supt(Y,.,.).

acD
new

Then R C 4 and |R| = cf(4). It is clear that R is unbounded in A. Recall that
B,={f€’2:f(») =0}

= K.
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foreachy € A and
\/ Yon=B, AB,

ncw

for each € D. Notice also that y,, y, € Rforalla € D. Let G C P, bea
APt generic filter. Without loss of generality we assume that P, = %#(®2) since
|S| = |R|. Now we define a dense subset D, C P, in #F1 for each a € D. For any
ZC R2let

Zt={fe”2:flIReZ)}
and for any Z C 2 let
Z-={fe ®:f=glRforsomeg e Z}.
Define
Do ={Z:vr(Z) > 0A(3p €[a,cf(}) ND) (Z+ < B, ABy) }.

CramM 12.1. In #®1 | the set D, is dense in P,.

PrROOF OF CLAIM 12.1. Given any X & P, for some Baire set X C R2 with
vr(X) > 0. Since supt(X) is at most countable, there exists a § € [a,cf(4)) N D
such that yg, 7; € R~ supt(X). Let Y = X* N B, A By, Then

vr(Y ™) = vr(X)vr((By, ABy,;)—) >0
and ¥ € l}yﬂ ABT%. 4

Let
E={acD:B AB, G}
By Claim 12.1 we have |[E| = cf(A). For each a € E since
\ Y..=B; AB,.

new

then there exists an n(a) € w such that Ya_”(a) € G. We are done because G is a
filter and supt(Y, ,)) € R. -
REMARKS.

(1) Theorem 12 is complementary to Theorem 6 and Corollary 7.
(2) In this theorem we didn’t require k > 2% in A,

THEOREM 13. Suppose A > |V'|, where V is the standard universe, and A = A.
Then there exists a*V , in which every hyperfinite Loeb space Q has cardinality A and
is not compact.

Proor. Note that |V'| = 3, > 2“. Construct a continuous elementary chain of
nonstandard universes
(*Va:a<(29)%)
such that for every o € (2°)+,

(1) every hyperfinite Loeb space in * ¥, has cardinality 4,
(2) *V, is w;-saturated when « is a successor ordinal.
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(3) for any hyperfinite Loeb space Q in * V() if Q € *V,, then QN *V, has
Loeb measure zero in * V1.

The elementary chain of nonstandard universes satisfying (1), (2) and (3) exists
because at each step one need only to realize < A” types. We want to show that
nonstandard universe *¥ = * V(). is the one we want.

Obviously, *¥y.)+ is w;-saturated. Suppose there is a compact hyperfinite Loeb
spaceQin*V . Let# be an inner-regular compact family on Q. Forevery o € (2)*
such that Q € *V,, there is an internal set Z, € * V. such that

1

LP(Za) > E

and
ZNn(Qn vV, =0.
Now we can find X, , € & such that X,,, C Z, and

LP(U X) = Lp(Za).

new

Again using the same method as in the proof of Claim 9.1 we can find an E C (2)*
with |[E| = (2°)* and an n(a) € w foreach a € E suchthat { X,, ,,) : @ € E } has
fi.p. But

() Xt € [) Za =9 .

acE acE
We would like to end this section by making a conjecture.

CONJECTURE. [t is consistent with ZFC that there are no compact hyperfinite Loeb
spaces in any nonstandard universes.

The reader might notice that all results in §1 are not proved by ZFC. But The-
orem 8 assumes only ZFC plus a consequence of Singular Cardinal Hypothesis.
So the non-existence of any compact hyperfinite Loeb spaces would have to violate
Singular Cardinal Hypothesis, which implies the existence of pretty large cardinals.
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