Sh:545

ANNALS OF
PURE AND
APPLIED LOGIC

ELSEVIER Annals of Pure and Applied Logic 79 (1996) 289-316

Saturated filters at successors of singulars, weak
reflection and yet another weak club principle

Mirna DZamonja®* Saharon Shelah®

3 Department of Mathematics, University of Wisconsin-Madison, Madison, WI 53706, USA
Y Institute of Mathematics, Hebrew University of Jerusalem, 91904 Givat Ram, Israel

Received 1 February 1995
Communicated by A. Nerode

Abstract

Suppose that A is the successor of a singular cardinal y whose cofinality is an uncountable
cardinal k. We give a sufficient condition that the club filter of A concentrating on the points
of cofinality x is not A*-saturated.' The condition is phrased in terms of a notion that we call
weak reflection. We discuss various properties of weak reflection.

We introduce a weak version of the d-principle, which we call &>, and show that if it
holds on a stationary subset S of 4, then no normal filter on S is A*-saturated. Under the above
assumptions, &’ (S) is true for any stationary subset S of 4 which does not contain points of
cofinality x. For stationary sets S which concentrate on points of cofinality x, we show that
&* (S) holds modulo an ideal obtained through the weak reflection.

0. Introduction

Suppose that A = u* and p is an infinite cardinal of cofinality k. We revisit the
classical question of whether a normal filter on A can be i*-saturated. We are in
particular concerned with the case of k uncountable and less than p. We are mostly
interested in the club filter on A.

While the richness of the literature on the subject provides us with a strong
motivation for a further study, it also prevents us from giving a complete history
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and bibliography involved. We shall give a list of those references which are most di-
rectly connected or used in our results, and for further reading we can suggest looking
at the references mentioned in the papers that we refer to.

It is well known that for no regular 6 > ¥y the club filter on 8 can be G-saturated,
but modulo the existence of huge or other large cardinals it is consistent that X; carries
an N;-saturated normal filter [5], or in fact that any uncountable regular X, carries an
N, 1-saturated normal filter [3]. In these arguments the saturated filter obtained is not
the club filter. As a particular case of [13, Th. 14] or [14, Th. 6], if ¢ = p*, then the
club filter 2, restricted to the elements of ¢ of a fixed cofinality 8 # cf(p) is not ¢*-
saturated. It is consistent that 2y, is N,-saturated, as is shown in [4] and also in [21].

If 6 < p and p is a regular cardinal, we use S7 to denote the set of elements of ¢
which have cofinality p. Let 4 be as above.

In the first section of the present paper, we give a sufficient condition that 2; | S}
is not A*-saturated. Here No < x = cf(u) < u. The condition is a reflection property,
which we shall call weak reflection, as we show that it is weaker than some known
reflection properties. We discuss the properties of weak reflection in more detail in
Section 1. Of course, the main part of the section is to show that the appropriate form
of the weak reflection indeed suffices for 2; | S,ﬁ not to be A*-saturated, which is
done in 1.13. In 1.15 the argument is generalized to some other normal filters on 4,
and [11], Section 3 is revisited.

In the second section we introduce the combinatorial principle &* which has the
property that, if & (S) holds, then no normal filter on S is A*-saturated. Here S is
a stationary subset of A. The &* is a weak form of &. The &-principle was first
introduced for N; in Ostaszewski [8], and later investigated in a more general setting
in [10] and elsewhere.

If 4 is the successor of the singular cardinal u whose cofinality is x, then &* (4\S})
is true just in ZFC. As a corollary of this we obtain an alternative proof of a part of
the result of [13, Th. 14] or [14, Th. 6]. On the other hand, &* (5¢) only holds modulo
an ideal defined through the weak reflection (in Section 1), so this gives a connection
with the results of the first section. For the case of u being a strong limit, &* just
becomes the already known &*. Trying to apply to " arguments which work for the
corresponding version of ), we came up with a question we could not answer, so we
pose it in 2.6.

Before we proceed to present our results, we shall introduce some notation and
conventions that will be used throughout the paper.

Notation 0.0. (0) Suppose that y>6 and 8 is a regular cardinal. Then
S'o={6 <y:Ro<cf(d) <8}, if 6> R,
Sy =1{6 < y:cf(d) =0}
More generally, we use S, for r € { <, <,=,#, >, >} to describe

Slg=1{6 < v: Ro<cf(d) & cf()rb}.
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(1) SING denotes the class of singular ordinals, that is, all ordinals é with cf(d) < 0.
LIM denotes the class of all limit ordinals.

(2) For 1 a cardinal with ¢f(1) > Ng, we denote by &, the club filter on A. The
ideal of non-stationary subsets of A is denoted by J;.

(3) If CC 4, then

acc(C)={a e C:a=sup(CNa)} and nacc(C)=C\ acc(C).

We now go on to the first section of the paper.

1. Saturated filters on the successor of a singular cardinal of uncountable cofinality

Suppose that p is a cardinal with the property u > cf(u) = k > Ny, and that
4 = p*. We wish to discuss the saturation of 2; | S} and some other normal fil-
ters on A. For the reader’s convenience, we recall some relevant definitions and no-
tational conventions. The cardinals 4, u and x as above will be fixed throughout this
section.

Notation 1.0. (0) Suppose that 2 is a filter on the set 4. The dual ideal ¥ of P is
defined as

F={aCA: A\a€c D}.

A set aC A is D-positive or D-stationary if a ¢ F. The family of all P-stationary
sets is denoted by 27. A subset of 4 which is not P-stationary is referred to as
9-non-stationary.

(1) Suppose that ¢ is a cardinal. A filter & on a set 4 is g-saturated iff there are no
o sets which are all Z-stationary, but no two of them have a P-stationary intersection.
If we denote the dual ideal of 2 by .#, then this is equivalent to saying that #(4)/.¥
has o-ccc.

For a cardinal p, the filter & is p-complete if it is closed under taking intersections
of < p of its elements.

(2) A o-complete filter 2 on a cardinal o is normal if, for any sequence X,(« < o)
of elements of 2, the diagonal intersection

AK,,Xudéf{ﬁea: o< B=peX}
is an element of &, and 2 contains all fina] segments of 4.
(3) Suppose that 2 is a filter on 4 and S C A is P-stationary. We use Z | S to
denote

def

218S¥{xXnSs: X e}

We have fixed cardinals 4, u and x at the beginning of this section. By [14, Th. 6]
or [13, Th. 14], we know that 2, | S;EK is not AT -saturated. We shall now introduce
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a sufficient condition, under which we can prove that 2; | S,’} is not A*-saturated. In
Theorem 1.15, we extend the result to a somewhat larger class of normal filters on A.

Definition 1.1. Suppose y > N is a regular cardinal and # > yx is an ordinal. We say
that n has the strong non-reflection property for y, if there is a function 2 :n —
such that for every 6 € S}, there is a club subset C of & with 4| C strictly increasing.
In such a case we say that & witnesses the strong non-reflection of # for y.

If # does not have the strong non-reflection property for y, then we say that n has
the weak reflection for y, or that n is weakly reflective for y.

If h:n — y is a function, we define

def

ref(h) = {6 € ST : h | C is not strictly increasing for any club C of §}.
r

We shall first make some general remarks about Definition 1.1.

Observation 1.2. (1) If y is weakly reflective for y > No, and { > n, then { is weakly
reflective for y.

2) If n > x = cf(x) > Ny, then n has the strong non-reflection property for y
iff there is an h : n — y such that for all 6 € S}, there is a club C of & with the
property that h | C is 1-1. In fact, the two sides of the equivalence can be witnessed
by the same function h.

(3) Suppose that y is a given uncountable regular cardinal such that there is an n
which weakly reflects at y. Then the minimal such v, which we shall denote by 8*(y),
is a regular cardinal > y. Consequently, { weakly reflects at y iff there is a regular
cardinal < such that 6 weakly reflects at y.

(4) Suppose that y is a regular cardinal, and n = 0*(y) or n is an ordinal of
cofinality =6*(y), so that Sgﬁ(x) is stationary in . (This makes sense, as by (3), if
0*(x) is defined, then it is a regular cardinal. ) Then not only is n weakly reflective
Jfor y, but for every h:n — y, the set ref(h) is stationary.

Proof. (1) Follows from the definition.

(2) If n has the strong non-reflection for y, the other side of the above equivalence
is obviously true.

In the other direction, suppose that % satisfies the conditions on the right hand side,
and fix a 6 € S;. Let C be a club of § on which A is 1-1. In particular note that
ran(h) is cofinal in y and that otp(C) = y. By induction on y < y, define

B, =Min{a e C: (V6 € (C\w) (¢ <) (WB) > h(B) }.

Then D= {f,: y < x} is a club of 6 and % [ D is strictly increasing.

(3) Let n = 0*(x) be the minimal ordinal which weakly reflects at y, so obviously
n > y. If n is not a regular cardinal, we can find an increasing continuous sequence of
ordinals (y; : i < {) which is cofinal in #, and such that { < n. We can also assume
that o = 0 and #; > x. In addition, for every i < {, if i is a successor, we can assume
that #; is also a successor.
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Then, for every i < {, there is an h;y; : #;41 — x which exemplifies that #,.; has
the strong non-reflection property for x. There is also a g : { — x which witnesses that
{ has the strong non-reflection property for y. Define h: 4 — yx by

_ hi+1(a) if o € (”ia Hiv1 )’
h(a) = {g(i) if o =y,

Since # is weakly reflective for y, there must be a § € S} such that for no club C of
0 is h | C strictly increasing. We can distinguish two cases:

Case 1: 6 € (n;,1:4+1] for some i < {. Then there is a club C of  on which A,
is strictly increasing. But then 2 [ (C\ (s + 1)) = hipqa | (C\ (g + 1)) is strictly
increasing, and C \ (n; + 1) is a club of §. A contradiction.

Case 2: 6 = n; for some limit i < {. Notice that D = {5, : j < i} is a club of #,.
We know that there is a club C of i on which g is increasing. Then setting £ = CND,
we conclude that 4 [ E is strictly increasing. Therefore, a contradiction.

(4) We first assume that # = 6*(x). By (2), 8*(x) is necessarily a regular cardinal
> x. Let h: 8”(x) — x be given. Suppose that ref(%) is non-stationary in 6*(y) and fix
a club E in 0*(y) such that ENref(h) = (). Without loss of generality, otp(E) = 6*(y).
Let us fix an increasing enumeration E = {&; : i < 6*(x)}. Without loss of generality,
% = 0 and oy > y and ;. is a successor for every i. So, for each i, there is a
function A; : «;4; — x which witnesses that o, is strongly non-reflective at y.

But now we can use 4 and 4; for i < 6*(x) to define a function which will contradict
that 6*(y) weakly reflects at y, similarly to the proof of (3).

The other case is that n > 6*(y), so Sﬂ*(x) is stationary in . Let A : n — y be
given.

If 6 € Sj.(,)» then let us fix a club Cs of J such that otp(C;) = 6*(y). Let C; =
{o;: i < 0*(x)} be an increasing enumeration. Then 4 | Cs induces a function gs :
0*(x) — %, given by gs(i) = h(a;).

We wish to show that ref(h) is stationary in 5. So, let C be a club of 5. As we
know that Sg*(x) is stationary in #, we can find a J € S”*(x) which is an accumulation

point of C. Then C N Cs is a club of §, so E & {i < 0*(x): o, € C} is a club
in 6*(y). Therefore, there is an i € E Nref(gs), by the first part of this proof. Then
o eref(h)yNnC. O

Remark 1.2a. One can ask the question of 1.2(3) in the opposite direction: suppose that
o reflects at some #n, what can we say about the first such #? This is an independence
question, for more on this see [2].

We find it convenient to introduce the following

Definition 1.3. For ordinals n > y > R, where y is a regular cardinal, we define

Fn,x)=1{ACn: there is a function 4 : n — y such that for every § € AN S,
there is a club C of ¢ with & | C strictly increasing}.
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Saying that » has the strong non-reflection property for y is equivalent to claiming that
n € #ln,x) or S§ € Fin, x). In such a case, we say that #[n, ) is trivial.
I(o,y) is the statement: There is an n € (y,0) with #[n, x) non-trivial.

Theorem 1.4. Suppose that w > y > Rq and y is a regular cardinal. Then #{n,y) is
a x-complete ideal on .

Proof. #[1n,x) is obviously non-empty and downward closed.

Suppose that 4; (i < i* < y) are sets from #[#n, ), and that ; : n — y witnesses
that 4; € F[n, x) for i < i*. Let 4 = |J, ;. 4i, and we shall see that 4 € #[n, x). This
will be exemplified by the function 4 : 5 — x defined by A(f) &f sup{h(f): i < i*}.
Let 6 € ANS; be given.

Then & € 4; for some i < i*, and therefore there is a club C of é such that &; | C
is strictly increasing. Then it must be that otp(C) = cf(d) = y, and we can enumerate
C increasingly as {f, : ¢ < y}. Therefore, the sequence {(h{(f:): ¢ < x) is a strictly
increasing sequence in x, and x = sup, _, (hi(f:)).

On the other hand, for every & we have that A(fB.) < y, so there is a minimal
&(e) < x such that A(f,) < A:i(By.)) for some i < i*. Let

EZ{{<p: Né& <},

144

so E is a club of y and C*‘iéf{ﬁg: (€ E} is aclub of 4.
But then, for & < & € E we have {(g;) < &, so for some i < i* we have
h(Be) < hiBeeny) < hi(Be,) <h(Bs,), so h [ C* is strictly increasing. O

If there is a square on g™, then I(a™,y) is false. As there are various notations in
use, to make this statement precise, we state the definition of the o principle that we
use. Note that what we refer to as o{c™), some authors regard as 0.

Definition 1.5. Suppose that y and ¢ are cardinals. O, ,) denotes the following state-
ment: y < o and there is a sequence (Cs : 6 € (SINGNLIM)& y < § < o) such
that:

(1) Cs is a club in 4.

(2) otp{Cs) < 4.

(3) If 6 is an accumulation point of C,, then Cs is defined and Cs = 6 N C,. In

particular, 6 > y.

We use O(x™) as a shorthand for ci,,+). The sequence as above is called a Oy0)-

sequence, and its subsequences are called partial o, 4-sequences.

Observation 1.6. (0) Note that by a closed unbounded set of w, we simply mean an
unbounded subset of w. Similarly, any & with cf(6) = R¢ will have a club subset
consisting of an unbounded w-sequence in 8. So, O{w,) trivially holds.

(1) If 11<x2 < 0, then 0y, 0) = Qo) If X < 0102, then ye,) = Oy
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Theorem 1.7. If 6 > y is regular, then Cyyey implies that 8 has the strong non-
reflection property for y.

Proof. From [17, VII 1.7], we recall the following Fact 1.7a. For the reader’s conve-
nience, we also include the proof.

Fact 1.7a. Assume that 0y holds. Then, there is a partial o, gy-sequence

(Cs: 6 € (SINGNLIM) &y < 6 < 0& cf(8) < x),

such that for each & for which C; is defined,
(i) Cs is a club subset of 4,

(ii) otp(Cs) < & & cf(8) < x = otp(Cs) < ¥,

(iii) y € ace(Cs) & C, defined = C, = CsN 7.

Proof of Fact 1.7a. We start with a sequence {(Ds : § € (SINGNLIM)& y < & < )
which exemplifies o 6).

We can without loss of generality assume that each Dj satisfies Ds Ny = @. For
each & for which D; is defined, we can define a 1-1 onto function f;: Ds — otp(Ds)
by

fo(@) < otp(Ds N ).

Note that y € acc(Ds) = f5 | D, = f,. Now we define C;s for 6 < 6 with cf(d) < x
by induction on § < 0.

If D;s is not defined, then C; is not either.

If D; is defined, and Dotyp;) is not defined, we set Cs = Dj;. Note that otp(Ds) < x
in this case.

Finally, suppose that both Ds and Dyyp,) are defined. Then & > otp(Ds) > x and
cf (otp(Ds)) = cf(8) < x. So Comppy) is already defined and we can define

CsE {aeDs: f5(x) € Coppy)}-

We can check that

G (Cs: 6 € (SINGNLIM) &y < 6 < B&cf(8) < )

is as required. One thing to note is that if y € acc(Cs) and Dyyp;) is defined, then
Dotpp,) must be defined too. [

Fixing a sequence C like in Fact 1.7a, the following defines a function £ : 8 — y:

h(8) = {Otp(Ca) ifée ‘-six \ %
0 otherwise.

Now, if 6 € Sf, we can choose a club E; of & which consists only of elements of
SL\ 1
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We let
D;s =acc(Cs) N Ejs.

Then h | D; is increasing and Ds is a club in 6. OJ

We can also show, for example, that I(g, x) is consistently true if ¢ > y* and y
is regular. This follows from Fact 1.10 below. This fact also explains why we choose
to call the properties under consideration “weak reflection” and “strong non-reflection”.
There are other reflection properties that imply the weak reflection, like the reflections
considered in [1] and elsewhere, so Fact 1.10 can be used as an example of a proof
that the weak reflection is weaker than other reflection principles. Let us first recall
the notion of stationary reflection.

Definition 1.8. (0) Suppose that S is a stationary subset of a cardinal 6 with cf(6) >
Ro. We say that S reflects at 6 € 8 if cf(6) > o and SN J is stationary in 5. We say
that S is reflecting if there is & € @ such that S reflects at 4. Otherwise, S is said to
be non-reflecting.

(1) A regular cardinal @ is reflecting iff for every regular y such that y < y* < 6,
every stationary S QSf is reflecting.

(2) For a regular cardinal 0, notation REF(8) means that 8 is reflecting. REF is the
statement denoting that for every § > N; which is a regular cardinal, REF(#) holds.

(3) Suppose that 4 > 6, x are regular cardinals and ¥ > Ny. We define the statement
Ref(4,k,0) to mean: For every S C Sg} which is stationary, there is a J of cofinality x
such that S reflects at d.

Remark 1.9. (0) If ¢ is an ordinal of uncountable cofinality, then & has a club subset
consisting only of elements of cofinality < cf(8). Therefore, if S reflects at J, then S
has to have elements of cofinality < c¢f(d). This explains the gap of one between y
and 8 in the definition of REF(6).

REF is consistent modulo the existence of infinitely many supercompact cardinals
[15]. The consistency of Ref(/,x,#) has also been extensively studied, starting with a
result of Baumgartner in [1] that CON(Ref(R;, N, Np)) follows from the existence of
a weakly compact cardinal.

(1) M. Magidor points out the following equivalent definition of the weak reflection,
from which it is easy to see that it is weaker than what is usually meant by reflection:
We can say that § > k weakly reflects at « iff for any partition

S(ix = U Si’

i<k

there is an i < k and an « € S¢ such that S; N« is stationary in a.
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Fact 1.10. (0) Suppose that y is a successor cardinal. Then
REF(x%) = y*weakly reflects at y.

(1) Refid,x, ) = A & F[4, k).

Proof. (0) Let y = o™. So, suppose for contradiction that & : y* — x is a function
such that for every é € S{, there is a club of Cs with A | Cs 1-1.

Now, 4 is regressive on (y, x"). Since (x,x)N S¥ s stationary in y*, there is a
stationary S C(x, x+) N S¥ such that & | S is a constant.

By REF(y*), there is a & € y* such that $ N J is stationary in 6. As in 1.9, we
conclude that ¢f(8) > o. Therefore cf(d) = y and C;s is defined. But then SN Cs is
stationary in 9, and A [ (SN Cs) is constant.

(1) Similar. O

We now go on to present the last two facts before we proceed to the Main Theorem.

Fact 1.11. Suppose that cf(é) > Ry and f:8 — & is a function which is not
increasing on any club of 8. Then there is a stationary set S in & such that « €
S = f(a) < Min(S). (Hence, there is also a stationary subset of 6 on which [ is
a constant.)

Proof. We fix an increasing continuous sequence of ordinals (u, : & < cf(d)) which

is cofinal in 8. Let T % {s: flo) < a.}. So T Cef(d).

We shall see that T is stationary in ¢f(d). Let us first assume that it is true, and
define for e € T\ {0},

g(s)d;f Min{{: f(o) < %41}

Therefore, g is regressive, and we can find a stationary 7, C T such that g | T3 is
constantly equal to some {*.

Let § & {o: : e € Ty \ ({* +2)}. We can check that this § is as required.

It remains to be seen that T is stationary in cf(5). Suppose not. Then we can find

a club C in cf(8) such that CNT =§. Let

E¥ (e ec LIMNC&(YV < &) (f(ar) < o)}

Then E is also a club of ¢f(8). But then D &f {e;: e€E}isaclubofdand f [ D
is strictly increasing, contradicting our assumption. [

Remark 1.12. As a remark on the side: we cannot improve the previous result to
conclude, from the assumptions given above, that there is a club C of & such that
/ | C is constant, Namely, if we take a stationary costationary set S in o, and define
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f on d by

1 ifaes,
0 otherwise,

r@={

then this f is neither increasing nor constant on any club of J. In the following Fact
1.12a we recall a more general result along the lines of Fact 1.11. This fact is not used
in the proof of the Main Theorem 1.13, and a reader who is in a hurry may without
loss of continuity proceed directly to 1.13.

Fact 1.12a. Suppose that 8 is an ordinal with cf(d) > Ry and [ is a function from
0 to the ordinals. Then, there is a stationary S C J such that

either f | S is constant,

or f 'S is strictly increasing.

Proof. Let 0 = cf(8) > N, and (& : ¢ < 0) a strictly increasing enumeration of a

club of 8. Let E % 6 N LIM. We define a partial function g : E — 8 as follows:

(2) flee) < f(a),
gle) = if ¢ (b) (V€ < e)(f(@)<flog) = flag)<f(=e))

{¢) { < ¢ is minimal under (a) and (b).

Note that g(e) < ¢ for all ¢ € Dom(g). Now we consider three cases:

Case 1: S, © E \ Dom(g) is stationary in 6. Then S &f {o: : € € Sy} is stationary
in §. We claim that f [ S is strictly increasing on §. Otherwise, there would be an
g € S such that there is a (o < & with (&)< f(og, ), which contradicts the fact that
¢ ¢ Dom(g).

Case 2: Dom(g) is stationary in 0 and S &f {e € Dom(g) : f(o) = f(age))} is
stationary in 8. Since g [ Sy is regressive, there is a stationary S; C.S; such that g [ S,

is constant. Then § & {a.; ¢ € §;} is stationary in 8, and f [ S is constant.

Case 3. Dom(g) is stationary in 8, but S, is not stationary. Then S -] Dom(g) \
S) = {e € Dom(g) : f(%:) < f(oge)} is stationary, and there is a stationary S; C S;
such that g [ S4 is a constant. Let S = {«, : ¢ € S4}, 50 § is a stationary subset of 4.
We claim that f | S is strictly increasing.

Otherwise, there are ¢ < & € S; such that f(o, )< f(a,). On the other hand,
Sog) < f2)) = f(%)) since both £, and & are members of S4. This contra-
dicts the definition of g(e;), since & < . O

We now present our main result.

Main Theorem 1.13. Assume that A = pu* and p > cf(p) = x > No. In addition,
Jor some 8 € {(x,1), we know that 8 has the weak reflection property for x. Then
2, | 8¢ is not A*-saturated.

Proof. By 1.2(3), without loss of generality, 6 is a regular cardinal, so 8 < p.



Sh:545

M. Dzamonja, S. Shelah! Annals of Pure and Applied Logic 79 (1996) 289-316 299

Fact 1.13a. There is a stationary subset S of S} such that: For some S*2S and
St C A\ k, there is a sequence

C={(C,:aeSH,

such that, for every o € St :
(1) C, is a subset of a\x and otp(C,)< 8.
(2) « is a limit ordinal = sup(Cy,) = a.
3) BeCi= (PeST and Cg =C N f).
@ cf(x)=0 iff weS.
(5) For every club E in A, there are stationarily many & € § such that for all o, p,

(x < B&aBecCs)=(aw,B]NE £

Proof of Fact 1.13a. Since 67 < A we can apply [16, 1.5], so there is a stationary
subset S of Sg \ {8} with S; € I[4]. By [16, 1.2}, this means that there is a sequence
(Dy + @ < A) such that:

(a) D, is a closed subset of a.

(b) o* € nacc(Dy) = Dy = D, 01 0%,

{c) For some club E of A, for every 6 € $1 NE,

o =sup(Ds) & otp(Ds)=4.

(d) nacc(D,) is a set of successor ordinals.

Observation: We do not lose generality if we in addition require that for each o,
otp(Dy) < 6.
[Why? Let £ be the club guaranteed by (c). Since §; is stationary, so is §{ NE, so

we can define for x € 4
D, ifaeSNE
DI = or 3 > a (ﬁ ESSNE&a e nacc(D,;)),

§  otherwise.
Then we can set $; &f St NE, so the sequence (DQZ D < Ay will satisfy (a)(d), with
S, replaced by Sz, and otp(D;)<6 will hold for each a.]
Continuation of the proof of Fact 1.13a: Now, for any club F of 4, we let

def

CIF1 ¥ (GsF): s e STF1Y

= §) N ENacc(F) U (successors) \ k),
where
CsIF1 % {7 € nacc(D5) \ x : F O [sup(y N Ds),7) # 0}.
We claim that C can be set to be equal to C(F) for some club F, with S = S[F] &f
E NSy Nacc(F)\x and S* = ST[F]. We are using the ideas of [19, Section 2].
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1t is easily checked that (1)~(4) are satisfied for any club F. So, let us suppose that
(5) is not satisfied for any choice of F, and we shall obtain a contradiction.

By induction on { < 6%, we define a club F; of 4.

If{=0, welet F; = LIM.

If { is a limit ordinal, we let F; = ﬂkcFé. This is still a club of 4, as { < 87 < A.

If { = £+ 1, we have assumed that there is a club F; such that the set

def
Ge[F;) = {8 € S[F¢]: Yo, B € Cs[Fe] (2 < B= (o, BINF; #0)}
is non-stationary. Without loss of generality, we assume that Fy C Fe.

At the end, let us let C = N;.g+F;. This is still a club of 4, as 67 < 4. Since
s & S[C] is stationary in A, and for every { < 6%, we have that §CS[F;], we

conclude that the set

rEcens\ | U GlFul

<8+

is stationary. So, let us take a 6 € T N LIM. Then D;s is a club of J, since T N
LIMCS NE.
For B € D;, we consider the sequence

(sup(BNFy): ¢ < 6™).
This is a non-increasing sequence of ordinals <, so there must be a {3 < 67 and
ygp< B such that

C3<C < gt = sup([)’ﬂFg) =78

Notice that {* def sup{{s : B € Ds} < 6%, since otp(Ds) = 0.
Since & ¢ Gy[Fr-41], by the definition of Gg-[Fy«y1], there are a < B € C5[Fi+]
such that

(ix, ﬁ] mF(*+} = Q}.

On the other hand, § € Cs[F-1= [sup(BNDs), B) NFy» # B = sup(BND;) < sup(BN
Fro) = yg = sup(B N Fro4q). But o < B and « € nacc(Ds), so sup(f N Dj)=>a.
Therefore a<yp<p. Note now that y; must be a limit ordinal, since Fr.y CLIM.
But « is a successor, by (d) in the definition of D;. So, @ < y3 < B € Fr«yy and
(&, BI N Fy«yy = @, by the choice of Fy-. A contradiction. O

Continuation of the proof of Main Theorem 1.13: Let us fix S,S* and c¥ {Cy:
o € §*) as in Fact 1.13a. Denote by cl{C) the following:
(C)={C: CCST AVBeC(Cp=CnAH)}.
Now fix the following enumerations: For « € S*, let

Cy = {p(a,8) : & < otp(Cy)}s
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such that y(a,¢) is increasing in e. For each g, let

o) S | wed).

i<e

Let u = %, .4 be such that {i : i € k) is a continuous increasing sequence of
cardinals, and, for simplicity, g > 6.

Claim 1.13b. Given enumerations as above, we can for each o < A, find sets &(i < )
such that
() a= Ui<z\'a?{‘
(I lat<p.
() i < j = a*Ca¥ and for i a limit ordinal < x,

o aF
@ =|Ja.

j<i

(V) pear = d Ca.
(V) fearnsSt = CyCal.

Proof of Claim 1.13b. It is easy to see that we can choose af for o < Zand i < x
such that (I)—(III) are satisfied. Suppose we have done so. Then define by induction
on « < 4, and then by induction on j < k, sets

a,ﬁ‘*é‘"a;‘u{afT: pearu| {Cp: pearnsTIul J{Cp: pearnsTy.

Now we can check that, by renaming of = af‘T, we satisfy the claim. [

Continuation of the proof of Main Theorem 1.13: So we now fix a? as in Claim
1.13b.

Similarly, for each & < A, we can let & =, _; b, where b5 are C-increasing in
a, while |pS| < 4 and, if { € bS, then b C b;. We require in addition that, if & = {+1,
then { € b}, and if ¢f(&) < A, then & = sup(b).

We now define, for ¢ <« A%, a function h: : 4 — A. This function is given by
he(o) = otp(b3).

Clearly, each h: is non-decreasing, and

L€ b= h(a) < hy(2). (a)

Now, fix a sequence £ = {E, : n € S/}, where each E, is a club subset of # with
otp(E, ) = « and consisting only of elements of cofinality < k. We prove the following
claim, with the intention of applying it later on the functions &;: (¢ < A™).

Claim 1.13c. Suppose that h : i — 7 is non-decreasing, and E is given as above.
Then, there is an i = i(h) < x such that for stationarily many n € S¢, there is a
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C = C(y) € ci(C) with:
(i) CCn=sup(C).
(it) CQU,«;EgWaf? (hence J,cca; C Uses, ', by the choice of a’s).
(iii) n=sup{x e C:h(a) € U/ie[:‘,, a,/-J and h(sup(C Nx)) € UlfeE,, a,/-j}.

Proof of Claim 1.13¢. Recall the definition of S and Cs’s from Claim 1.13a. In par-
ticular, for all 8 € §C {;*,

Cs = {7(d,8) 1 & < otp(Cy) = 6}.
Let us first fix a 0 € S and suppose that for all x € Cy,
A2y < Min(Cs \ (e + 1)). (b)

We define a function f = f5: 6 — k by:

Ifec(0\S%,), fs)=0.

If e € SU,, f(e) = Min{i < x: h(3*(8,6))h(3(5,6)) € @™ and & % N C,
is unbounded in y*(d,¢)}.

Remember that all ¢ € S%_ satisfy Wo<cf(7%(5,8)) < k. By the definition of

+*(8,¢), we have that C; N v*(J,¢) is unbounded in ¥*(J,¢). Then, as (a;‘f‘(‘s’” Ci< K)

is a C-increasing sequence of sets with union y*(J,¢), it must be that Cs M a;f"((s’”) is
eventually unbounded in y*(9,¢).

On the other hand, since % is non-decreasing and 7*(4,£)<y(d,e) < wWd,e+ 1), we
have by (b) (at the beginning of this proof) that A(y*(,¢)), A(y(5,¢)) < y(d,&+ 1),
$0 h(y*(8,6)), h((0,&)) € &™) for every large enough i < k.

So, f(¢) is well defined.

We have assumed that 6 is weakly reflective for x. So, by Observation 1.2(4), for
stationarily many ¢ € S”, f is not strictly increasing on any club of y*(J,e). If we
take any such ¢, then cf (37(d,8)) > Ry and f | y7(d,¢) : 7*(d.8) — ¥*(d,e), as

¥*(3,£) > . So Fact 1.11 applies and f is constant on some stationary subset of

7*(d,¢). Let us denote that constant value by i, = is(¢). Let i f y*(8,¢).

Observation: The set (J,¢g af is an unbounded (even stationary) subset of Cs N
77(0,€). ‘

[Why? We can check that e, & {{ <e:y8,0) e E,} isaclub of ¢, s0 5, &f {e
e, . f({) = i,} Ce, is stationary, and we conclude that {y(3,{) : { € 5.} CTy*(d,&)
is stationary in 7*(8,¢). Note that for each { € e,, by the choice of £, we have that
cf(77(5,0)) < k.

Now we take any { € s,. Since cf (y*(4,{)) < x, by the definition of f, we have
that a;*(&,;) N Cs is unbounded in 7*(5,{). Then

U a,“ ne; 2 U a; @0 nGCs,
2€E) 7HELES,

and since s, is stationary in y*(4,¢), we derive the desired conclusion.]
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Continuation of the proof of Claim 1.13c: So, by (V) in the choice of a’s and (3)
of Fact 1.13a, we conclude that Uo!6 E, a} contains the entire Cs N y*(,¢). Hence, by
(IV) of 1.13b,

U @ 2UJld 1 pe Cnyd.e)).

%EE,

Now, there must be some j = j5 < k, such that {¢ € 89 i, is well defined and = j}
is a stationary subset of 6.

If we let & vary, then j; is defined for every o € S} which satisfies (b). We show
that the set of such J is stationary in S{’)

We now get to use (5) from 1.13a. Namely,

E={3 < 2: ¥y <d)(h(y) < 9)}

is a club in A. Therefore,

T=T,%{6eS:Va<f(xpecCs=(a0,f]NE #0)}
is stationary. It is easily seen that every element of T satisfies (b), so the set of all
d € § for which j; is defined is stationary.
Now, for some i(x) < k, the set {3 € §: j5s = i(x)} is stationary. Therefore,

{n=7"(5,8): 6 €S & is(e) is defined and = i(*)}

is stationary in A, For every such n = y*(d,¢), we define C = C(y) by C «f Cs N
v*(d,8).

We can easily check that this is a well posed definition and that i = i(x) is as
required. [

Continuation of the proof of Main Theorem 1.13: Now we apply the previous claim
to h: (& < AT). For every & < A7, we fix i(£) < k as guaranteed by the claim. Then
note that for some i(*) < k, the set

W={¢< A" 1i(&) =i(x)}

is unbounded in A%. Of course, we can in fact assume W to be stationary, but we only
need it to be unbounded.
We now define a new family of functions, based on the &;’s.
) ; . . . £
For every { € W and 5 € S let h;, be the function with domain a;, & User, @ixr
defined by

hey(B) = Min(ay \ h:(B)).

Observe that a; C# and n = sup(a; ). We have noted before that for { < { < 4, we
can fix an oy ¢ € A such that

he [ o 4) < he [ lace, A).
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So, if [< &€ W, then
a € [oge, A) = hpy(2) <he (o).
Also, if { < £ € W, then

h(B) < he(BY N by o(B) = hey(B) = [he(B). he(B)) # B & [he(B). he(B)) Nay = 0.
Using the above functions, we define the following sets 4y for { < € W.

def

dre={n¢e S# . for unboundedly f € a,, we have hy,(B) < h:y(B)}.

We now show that these sets witness that 9; | S is not A*-saturated.

Note:

(AYIf{ < L e W, then Ars is a stationary subset of A.

[Why? To see this, fix such { < ¢ and suppose that E is a club in 4 which misses
A‘:,t:'

Suppose that > «;: and # € SN E. Then n ¢ A;, so there is o < sup(ay) = 1,
such that for all § € (a; \ Bo),

hen(B) = hen(P)s
or, equivalently,

[ (B).he(B)) N = 0.

We can also assume fo 2oz, S0 [h,:(ﬁ), he(p ))7é 0. In particular, k¢ (B) ¢ a;. We can
further assume that # satisfies the conclusion of Claim 1.13c, with A = Ay and i = i(*)
{since { € W). Let C be as there.

But then the conclusion of Claim 1.13c¢ tells us that we can find a § in C which is
greater than ffy and such that 4(f) € a; ]

BY I LSO <ESE €W, then Ap,g, \ Ary ¢, is bounded.

[Why? This follows easily by the remarks after the definition of Ag,.]

Now assume, for contradiction, that &; | S} is A*-saturated. Then, by (B):

(C) For each { € W, we have (A;:/%; : ¢ € ({LAY)YNW) is eventually constant,
say for & € [&, AT

So, A d;ng,é; satisfies {; < {» € W = A4y, DAy, (mod &;) (again by (B)). Hence,
again by the A*-saturation of 2, | S7,

(D) {4;/2; : [ € W) is eventually constant, say for {={".

Choose {; € W\ {* for & < pj,, such that

e(1) < e2) = &, < L2y

which is possible since W is unbounded. By (a) after the definition of 4, we can find
an 2* < A such that

e(1) < e(2) < ,u,?(*ﬂ A" o < A= by, () < he, | (@) < Ay, (o). (@)
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By clauses (C) and (D), for all {,{ € W and ¢ < u;(’*),
Ap = Ay, =Arp, =Ar ., # 0(mod 2,).
By (C) and (D),

ﬂ 4 r.,, = Ar-(mod Z;).

M
E<Hiay

So,

Ad;f m ACE,§5+| #@(mod@l)

N
Bty

Now we can choose an 5 € 4\ (¢ + 1), hence by &,
(1) < &(2) < iy A B € ay = hye)(B) <hy g, (B). (®1)

For each f§ € a,«\(a*+1), the sequence (h,; (f): & < ,u;(;)) is non-decreasing. Hence,
since |a}| < pis), for some &(B) < py,,, the sequence (i, (B) : e(f)<e < py,)) is

constant. Let &(*) f supﬁea;\(a*+,)(a(ﬁ)) < ;1,?(“*). But n € A4, t4.,..» hence by the
definition of 4;;’s, there is a f € a; \ («* + 1) such that

hld*).!y(ﬁ) < h(s(a)+h’l(ﬂ)' (692)

So we get a contradiction. [J

A similar argument can be applied to other normal filters & on A, under certain
conditions, In addition, we shall see that under some assumptions on the cardinal
arithmetic, the fact that @ is not At-saturated is strongly witnessed, by the existence
of a { on @. That is, we obtain {3(S}). This notation is explained in the following

Definition 1.14. If 2 is a normal filter on A, and § is Z-stationary, then $»(S) means:
There is a sequence {4, : « € §) such that each 4, C« and for every 4 € [A}%,

{a€S:ANa=A4,} € 2.

The statement {}(S) means: There is a sequence (¥, : a € S) such that each
P, C P(a) and |P,|<a, and for every 4 C A, there is a C € 2 such that for all o,

aeSNC=>A4Na € P,
By a well-known result of Kunen (see [6]),
Qa(S) = Oa(S).

It is easily seen that {4(S) implies the existence of an almost disjoint family of
9P-stationary subsets of A, of size 2%, Therefore, if $»(S) holds, 2 is not 2*-saturated.
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Looking back at the proof of Theorem 1.13, there are two important facts that we
were using. The first is that there is a 8 € (x,4) such that @ has the weak reflec-
tion property for k. The other important ingredient of the proof is Fact 1.13c. Dealing
with filters other than &, 1o obtain the corresponding version of 1.13c, we have to
strengthen our assumptions. Here, .#[0,x) is as in Definition 1.3.

Theorem 1.15. Assume p > 0 = cf(6) > k = cf(u) > No, while 1 = p* and S8 ¢
F[0,x). Suppose that D is a normal filter on i such that S% € 9. If, for some S,
(x) For every A € &,

{5 €S:VCaclubiné({otp(CNy): ye CNA}L# @modf[@,x))}

is a D-stationary set in 1, then:

(1) Claim 1.13¢ holds for any C and a as in the assumptions of Claim 1.13c,
with “stationary C A” replaced by “@-stationary C 17

(2) @ I St is not A" -saturated.

(3) If 2* = i and p = p, then $%5(SE) holds.

We remind the reader of the notation u!®! for the revised cardinal power, from [20].

Definition 1.16. Suppose that v > y are infinite cardinals and y is regular. Then

W = Min{|2| : 2 C[v}* and
YA € [V]* (4 C the union of < y elements of £)}.

Proof of Theorem 1.15. (1) and (2) arc easily adjusted from Theorem 1.13.

(3) The conclusion is the same as that of [11], Section 3, and the proof is the same.
The assumptions on the cardinal arithmetic are here the same as in [11, Section 3],
with ¥ from there equal to our x. The only difference is that the proof in [11, Section
3], started from 0(4), but we can use Fact 1.13a instead. [J

2. The &~ 4(S) principle

Suppose that § is a stationary subset of a regular uncountable cardinal A. The aim
of this section is to formulate a combinatorial principle which suffices to show that
certain normal filters on A cannot be A*-saturated. The principle, &* ;(S), is a form

of &(S), where fis a sequence of ordinals. Our interest in this comes from two facts
presented in 2.8. Firstly, if A is a successor of a singular cardinal pz of uncountable
cofinality , then &= (4\ %) is always true. This can be used to obtain an alternative
proof of that part of the result from [13, Th. 14]=[14, Th. 6] which states that no
normal filter concentrating on A\ S} is A*-saturated. Secondly, if #[4,x) | S/ contains
only non-stationary sets, &* u(S,ﬁ) is true, so by 2.5. we can conclude that @ | §? is
not AT -saturated. The key to the proof of 2.8, is the combinatorial Lemma 2.7.
We commence by recalling the definition of some versions of &.
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Definition 2.0. Let 4 be an uncountable regular cardinal and S C 4 stationary. Then:
(0) &(S) means: There is a sequence 4 = (4, : o € SN LIM) such that:
(i) For each o« € SN LIM, the set 4, is an unbounded subset of «.
(i) For all 4 € [A]%, the set

def
= {acSNLIM : 4,CA}

Gas)l4]
is non-empty.
(1) &*(S) means: There is a sequence 2 = (2, : « € S N LIM) such that
(i) For each o € S N LIM, we have |2,| <|«|.
(ii)) If B € &y, then B is an unbounded subset of a.
(iii) For every A € [A]%, there is a club C4 of 4 such that

Y laeSNLIM: 3B € 2,(BCA)} 2C, NS NLIM.

Ggeis)]

Many authors use a different definition of &, in which every unbounded set is

required to be “guessed” stationarily many times. The following well-known fact shows

that the two definitions are equivalent. We also include some other easy observations
about Definition 2.0.

Fact 2.1. Assume that A and S are as in Definition 2.0.

(0) IfA= {4, : a € SNLIM) is a &(S)-sequence, then, for every A € [A), the
set G’i(s)[A] is stationary.

(1) If &(S) holds, then there is a &(S)-sequence (4, : o € SN LIM) such that for
each o € S N LIM, we have that otp(4,) = cf(x).

(3) Suppose that 9 is a normal filter on A and S € @+ is such that P exemplifies
that &*(S) holds. Then, for every A € [A), the set Gf*(s)[A] is @-stationary.

Proof. (0) Otherwise, we could find an 4 € [4]* and a club C in 4 such that for all o
in CNSNLIM, the set A, is not a subset of 4. Then set AT = {Min(4\ a): « € C},
so At € [/1]*. But if 4, C AT, then 4, is also a subset of 4. On the other hand, since
AT is unbounded in « (as A4, is), also C is unbounded in «, therefore « € C. This is
a contradiction.

(1) Suppose that (B, : o € SN LIM) exemplifies &(S) and define for each « €
SN LIM, the set A, to be any cofinal subset of B, with otp(4,) = cf(a).

(3) We simply remind the reader of the following elementary

Observation: For every club C of A, we have C € & (so the set SNC is @-
stationary ).

[Why? Suppose that C is a club of A such that C ¢ 2, so S\ C € @*. We define
the following function, for « € §\ C:

f(2) < sup(C N o)
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and we note that f is regressive on S\ C. Then we can find a 7 C S\ C which is
Z-stationary and such that £ | T is a constant. Then T must be bounded, which is a
contradiction.] [

Now we introduce the version of the &* principle that will mainly interest us. The
guessing requirement is weaker, while the order type of the sets entering each family
in the &*-sequence is controlled by a sequence of ordinals.

Definition 2.2. Let 1 be a regular uncountable cardinal and S C A stationary. Let
0= (8,: x€S) be a sequence of ordinals. Then
&’ ;(S) means: There is a sequence P = (P, : o€ SNLIM) such that:
(i) For each « € SN LIM, the family £, consists of <la| unbounded subsets
of a.
(ii) For each o € SNLIM and B € #,, we have otp(B) < 6,.
(iii) For 4 € [A]*, there is a club C4 of A such that

G A1 {a: (3B € 2,) (¢ =sup(BN4))} DC4 NS NLIM.

If for each a € S, 6, = cf(a) + 1, we omit § in the above notation.
If for some y we have that 8, = u for all « € SNLIM, then we write &2 ,(S) rather
than &~ #S)

We make some easy remarks on Definition 2.2.

Observation 2.3. Assume that J, S and 8 are as in Definition 2.2.

(0) If the set of all » € SN LIM for which 8, > cf(a) is non-stationary, then
& (S) is false. Otherwise &*(S) = &* 5D

M I, oo, W< al, for each o € S, then

®75(S) = #°(S).

(2) Suppose that 2 is a normal filter on A, while S is 9D-stationary and P exem-
plifies & (S). Then, for every A € [2]* the set G- (5\[4] is D-stationary.
-

Proof. (0) Obvious.
(1) If # = (P, : « € SN LIM) exemplifies &* ;(S), define

Pl =

x®

{B:34€ 2. (BCA AB cofinal in o« A otp(B) = of(2) } if 6, > cf(x),
{a} otherwise.

Then |2]] = |2,® < « and, by (0), (2} : « € SN LIM) exemplifies &*(S).
(2) Like 2.13. [
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We can consider also d-sequences whose failure to guess is always confined to a
set in a given ideal on A. In this context, for example #(S) will mean &(S)/J;.

Definition 2.4. Let A and S be as above, while .# is an ideal on A. Then
&(S)/.# means: There is a sequence A= (Ay : o € S) such that each 4, is a cofinal
subset of a, and this sequence has the following property. For every 4 € [4]%, the set

q def
Gasys[41 = {a: 4, C 4}

satisfies G5, 4[4] & 7.

If 2 is the dual filter of the ideal .#, then &(S)/2 means the same as &(S)/.S.
We extend this definition in the obvious way to the other mentioned versions of the
& principle.

Theorem 2.5. Suppose that A = u* and p is a limit cardinal.

(1) Assume that &~ (S) holds for a stationary S C J. Then no normal filter 9 on
S is A*-saturated.

(2) If S C A is stationary and 9 is a normal filter on S such that &* (S)/2 holds,
then 9 is not AT -saturated.

Proof. Let us fix a sequence 2 = (%5 : & € S N LIM) which exemplifies & ,(S).
Therefore, for each § € SN LIM, we have a family 25 = {P;, : i < i° <5} such that
each Ps; is a cofinal subset of & of order type otp(Ps;) < .

We fix a 1-1 onto pairing function pr: A x A — A\ w such that for each «, B € 4,
we have

Max{a, B} <pr(e, B) < (lo] + |B])".

(Here, we use the convention that n* = & for n € w.)
We shall also fix a club C of A\u such that

wnf <y&yeC=pr(e,f) <y

Now, we choose sets b} for { < i* and @ < 4, and the functions hy : A — A for

{ < A* as in the proof of 1.13, and with the same properties as there. For { < AT,

we define the unbounded subset X; of 4 by
X & {pr(ahe(2) = & < 4},

and partial functions g; by
9:(3) < Min{i < & : sup(X; N Ps;) = 8}

In fact, the domain of each g; is exactly the set Gf,_ &Xc], so Dom(g;) is &-stationary
(by 2.3.2). For 4 € Dom(g;) N C, we can define

¥ pr(gc(8), |Psoga|™)-
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Notice that g, is regressive on its domain, so if 6=y and f((8) is defined, then
f(6) < & (as 6 € C). Therefore, there is a P-stationary set By such that f; | By is
constantly equal to pr(i;, 0;) for some i; and a regular cardinal ; < p. Then there are

*

i* < 1 and a regular cardinal 6* < p such that the set
def . -k *
W:{C<)‘.+Z (lc,ec)Z(l,o )}

is unbounded.
Let us define for S Macc(C)N LIM with i* < i the set

ds < {a: (3B) (priw B) € Psi-) U LB : (30) (pr(e, B) € Psn) ).

By the definition of pr, we have ds CJ. In fact, since 6 € ace(C), the set ds is an
unbounded subset of . Like in 1.13, we can define for { € W and & for which d; is
defined, a function &, on ds given by

bty = { MG+ 1) 4o\ (ki +1) £

A otherwise.

Therefore
hrs: ds — dsU {4}
For {,& € W we define sets
Arz ={0 €5 : d; is defined and for unboundedly f € d;
we have h;s(B) < hes(B)}.

Assume now that & is A'-saturated, and let us make some simple observations about
the just defined sets:

(2) Age/9 increase with & and decrease with (.

(b) Since & is AT-saturated, for any fixed { € W, the sequence (4;:/P : ¢ < AT)
is eventually constant, let us say for & € [, AT)NW.

Similarly,

(c) {4, & A /D 0 { < AT) are eventually constant, say for { € W\ {(%).

We choose by' induction on ¢ < §* ordinals {, such that:

() G € (().27).

(i) LeW.

(iii) {. are strictly increasing with .

(V) Lon > &
Therefore

1) < 8(2) <0 = Acsm,&(z)/‘@ = AC‘:m,f /‘@ = AC(*)/@‘

[

Let y(x) < A be such that for all a € (y(x),A"), the sequence (h;(a): & < %) is
strictly increasing. (Recall that for { < & < A", we know that /& is eventually strictly
less than h:.) We can as well assume that y(x) > w.
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By the above and the fact that 8* < A, we can find a set £ € & such that

e <e) <6 = ALy NE =4; NE = Ay NE.

ELIESIN

We can assume that Min(E) > y(x). Without loss of generality, we can also add that
E Cacc(C) and

e < 0"&S€ENSNLIM = by 6C5,

since 0% < A.

Now we discuss two possible cases, the first of which corresponds to the situation
in 1.13.

Case 1. For some {={(x), we have e W and Agsy N By is D-stationary. We
choose a 8 € E N B; N Ayxy. In particular, d; is defined. We consider (b : & < 8%}
By the choice of E, each #; s is a function from d; to itself.

For any a € d;s\ 7(x), the sequence (A s(x): ¢ < 0*) is non-decreasing. As é € By
and { € W, we know that |ds| <|Psy-
constant.

Similarly, |ds \ p(*)] < 6*, so there is some & < 6* and some function & such that
for all ¢ € (g0,6%), we have kg s | {ds\ 7(x)) = h. But 8 € Ag,yNE, so 6 € Agr,,
for all ¢ < 6%, and therefore for any such &,

{eeds: hys(a) < b, s(0)}

is unbounded in 4. This is a contradiction.

Case 2. Ay« N B; is not 9-stationary for any e w with C—,>,C(*). Then for all
(€ Wand [ € W\ {(+), the set Age. N By is not P-stationary, as Arg, C Ayy/2.
Similarly, since for { < £ € W, we have that 4;; C A;¢ /9, we conclude that 4. N B;
is not P-stationary for any { < £ € W and Lew \ {(*).

On the other hand, as each B; for { € W is D-stationary, and we are assuming that
9 is AT-saturated, there are { < £ € W \ {(x) such that B; N B; is P-stationary. We
fix such { and ¢&.

Let us choose a § € (ENB; NB:)\ Azc. Without loss of generality, we can assume
that there is an a7 < & such that a>oy = hr(x) < he(a). Note that d; is defined.
Then, by the definition of 4z, we can find a y, € (0, 8) such that

hes T(ds\v1) = hes | (ds \ 1)

Note now that there is a club E¢ such that

< 0%, so the above sequence is eventually

o E,g =>hg”a§;oc,

and a similarly defined club E;. We can without loss of generality assume that 6 €
E:NE;, so both h; and h; are functions from d; to itself. Now, since & € By N B, we
know that g:(8) = g¢(8) = i(x). By the definition of X;, we can find an « € (71,9)
such that pr{a, he()) € ds, so by the definition of ;5 we have

heg(on) > he(o).
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On the other hand, hi(oy) < he(ay) € ds, s0 hys(a) < hy(ay). Therefore, hys(ay) #
hes(ay), which is a contradiction to a; > ¥;.
(2) Follows from the proof of (1). [J

Like > and by the same proof, the usual & principle on A can be used for guessing
not just unbounded subsets of 4, but any other structure which can be coded by the
unbounded subsets of 1. With the &* principle, this does not seem to be the case, or
at least the {-like proof fails. In particular, we do not know if the following is true:

Question 2.6. Suppose that 4 is a regular uncountable cardinal and § a stationary subset
of A such that &* (S) holds, Is it true that there is a sequence (¥, : o« € SN LIM)
with the following properties:
(i) Each %, consists of partial functions from « to «, each of which has an
unbounded subset of « as its domain.
(i) |Fy <a.
(iii) For every function f : 4 — A, there is a club C; of 4 with the property

x€ CNSNLIM = (3g € #,) (sup{B € Dom(g) : g(B) = f(B)} = «)?

We note that a positive answer to 2.6 would quite simplify the proof of 2.5.

Our next goal is to prove that &* ,(1\ S%) is true for any A which is the successor
of a singular cardinal p of uncountable cofinality k. The key is the following

Lemma 2.7. Assume that A = y* and Ny < x =cf(u) < p. Also p = iy, where
(g 1 i < K) is an increasing continuous sequence of cardinals and, for simplicity,
o > k. Then there is a sequence

({af i <Ko < A)

t

such that for every a < A, the sets a¥(i < k) are subsets of o which are C-increasing
in i, with |a?|<p;, and such that:
Forany f:A— A if

A{:{a<2: azsup{Ceafif(C)ea?}}’

then:

{(A) Aif are C-increasing in i.

(B) 2\ $2C U<, 4] (mod 2,).

(C) If y € S, while i < x and Aif reflects on », then y € A,-f . (In fact, this is true
for any y < A with k2 cf(y) > Ro.) So:

() If S diefS,’} \ U;<,CA{, then for no i < x does A{ reflect in any 6 € Sy.

(D) There is a non-stationary set N such that Sy \ N € F[4,x).

Proof. We describe the choice of sets af, and then we check that all claims of the
lemma are satisfied.
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First we fix a sequence (e, : y € LIM N A) such that e, is a club of y with otp(e,) =
cf(y). Then we define by induction on a < 4 sets a? for all i < x, requiring that for
all limit y

wi = cf(y) = U af.g Cal,
Bee,

in addition to the requirements that we already mentioned in the statement of the
lemma.

Now we suppose that f: 1 — A is given, and check claims (A)-(D).

(A) This follows from the fact that for every a < 4,

i<j<x=a Cdj
(B) Let

Ed—f—-f{ozel: a=sup{{ <a: f({) < oc}}.
Then F is a club of A. We shall show that
G\ SHnaceE)C| 4]

i<K
So, let us take a y € acc(E) such that cf(y) # k. Then e, N E is a club of y, and
otp(e; N E) = cf(y). Let e, NE = {B, : & < cf(y)} be an increasing enumeration. So,
for all &, we have

f(ﬂe) < 581—& <7

Since cf(y) # x, there must be an i < x such that for some unbounded ¢ C cf(y), we
have {B., f(B:) : € € c} Cal (note that we are using the fact that ¥ are increasing
with 7). Then y € 47

(C) Suppose that k= cf(y) > ¥y and A,f reflects on y. In particular, A{ Ney is
stationary in y. Given an & < y, we can find a { € A;{ MNe, such that &« < {. Then,
there is a & € af such that « < & and f(&) € af, by the definition of A,f . Since
cf(y) < k¥ < u;, we have that af Cal, and we are done.

(C') This follows immediately by (C).

(D) Define & : §%, — x by h(a) & Min{i : a € 4/}. Then, if § € Sy Nacc(E), the

function 4 is defined on §%, N and not constant on any stationary set of 8, by (H.
By 1.11, 4 is increasing on some club of 4. O

Theorem 2.8. (1) Suppose that A = p*, and p > cf(u) = k > No. Then, #* (A\S})
holds and & ,(S)/F1J, ) holds.

(2) If in (1) we in addition assume that u is a strong limit, then &*(A\ S) holds
and &*(S})/F1A,x) holds.

Proof. Let us fix sets af (i < k) for & < A as guaranteed by Lemma 2.7. We fix for
all « € A a cofinal subset P, of a such that otp(Py) = cf(a).
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(1) We shall define for @ € 4,

{ {a¥: i < k& sup(a¥) =a} U{P,} if |a|>x,
Py = .
{a} otherwise.
Now, certainly each %, is a family of <|«| subsets of a.

Suppose that 4 € [1)* is given, and let f be an increasing enumeration of 4. In
particular, f({)>{ for all { € 4. The set

CYu<i:Vealf(Q) <m)}\x

is a club of A. Let us take any o € CﬂS;‘éK. By (B) of Lemma 2.7, there is an i < «
such that o € 4/, where A,f is as defined in Lemma 2.7. Then a = sup{{ € a} :
f() € a¥}, so x =sup(ANaf).

This proves &* (1 \ S*). With the same definition of Z &f (Py 1 o < A), let us
start again from an 4 € [A}}, and f and C as above. Let Sy and N be as in Lemma
2.7, 50 Sg\N € J[hx). If e € CNS*\ Sy, then we argue as above, to conclude that
@ € Ggv (spystive A}

(2) With the same notation as above, we define

p {all cofinal sequences of « included in a¥: i < k}U{P,} if |a[>x,
e otherwise.

Then |2, <21* +x < .
We argue similarly on S;E, using the set Sy as above. [l

As a consequence, we obtain another proof of (a part of) a theorem from [13, Th.
14] and [14, Th. 6], as well as some other statements.

Corollary 2.9. Suppose that i = pt and p > cf(p) =« > V. Then:

(1) No normal filter on A\ S} is A*-saturated.

(2) If @ is a normal filter on S; such that #[i,x) | S} contains only non-stationary
sets, then 9 is not )% -saturated.

(3) If &(S) holds, then 9, | S is not A*-saturated.

Proof. (1) &% ,(4\ S%) holds, by 2.8. By 2.5, & cannot be A*-saturated.
(2) Similar.
(3) See 2.10(2) below. O

Concluding Remarks 2.10. (0) Another useful version of the &-principle on 4 for
a stationary S C /1 is &~ (S), which says that: There is a sequence P =(Py: a€
S N LIM) such that 2, is a family of <« unbounded subsets of o with the property
that for all unbounded subsets 4 of 4,

G{’(S)[A]

is non-empty.

M laeS: IBe P(BCANK)}
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As opposed to the situation with ¢, it does not have to be true that &~ (S) = &(S).
Of course, still $*(S) = & (85), so we do not consider &~ here.

{1) We can also consider versions of &* or & for which the size of each #, is
determined by some cardinal p,, not necessarily equal to |«|. Also, we can combine
this idea with the idea of &_g, so also the order type of sets in &, is controlled by
some prescribed sequence 0.

(2) If we now define & ,(S) in the obvious way, then it follows from the proof of
2.5 that for A = pu* and p singular, &Z,(S) is enough to guarantee that Z; [ § is not
At -saturated. Therefore, in particular, &(S) suffices.

For A the successor of a strong limit, most “reasonable” versions of & coincide.

(3) After hearing our lecture at the Logic Seminar in Jerusalem, Fall 1994, M. Magi-
dor showed us an alternative proof of 2.5 using elementary embeddings and ultrapowers
and not requiring g to be a limit cardinal.

(4) The assumptions of 1.13 and 2.5 seem similar, but we point out that they are
in fact different. The existence of a 6 < A which weakly reflects at x is not the same
as the assumption that .#[A,x) | S/ contains only bounded sets.
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