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1. Introduction

In section 2 we give a principle true if V = L which is stronger than $* (which
was enough for building Kurepa tree); of course the proof follows proofs of Jensen
for diamonds. It seems we do not use its full strength—we seem to actually need
only the cases 3(M;) = cf(d) (see 2.1). The principle should be helpful for
building models on A with ¥1-properties (on )). Also there should be cases
where we can prove impossibility {by playing with those cofinalities).

In the third section we apply the principle to construct abelian groups (we
drop “abelian”). For a torsion free group G the group Ext(G,Z) is divisible
and therefore its structure is determined by ranks 15(G), vp(G) (the numbers
of copies of Q and Z(p™) in the decomposition of the divisible group, where p
ranges over primes) and v,(G) < 216l By [HHSh91], if V = L and a group G
is not of the form Gy ® Gz, ||G1]| < ||G|| and G, free then v(G) = 2IGH. If X is
a regular cardinal smaller than the first weakly compact cardinal, A, < AT (for
p prime), then assuming V = L we construct an abelian torsion free group G
such that v,(G) = A, for each p, 1p(G) = At and ||G}| = A. This result can be
considered as a generalization of a result of Sageev and Shelah which states the
same for A = R; but under the assumption of CH only (see [SgSh 138]; for an
alternative proof see Eklof and Huber [EH] or Theorem XI1.2.10 of [EM])).

No advanced knowledge of Group Theory is required; constructions of the
third section are purely combinatorial applications of the principle of the second
section. On the other hand, no advance tools of Set Theory are used — if one
accepts 2.1, the rest is elementary.

SET THEORETICAL NOTATION. For a cardinal k, H{k) is the family of sets with
transitive closure of cardinality < k. If e is a set of ordinals then acc (e) denotes
the set of accumulation points of e (i.e. limits of e) and otp(e) is the order type
of e.

GROUP THEORETICAL NOTATION. P is the set of prime numbers. As all the
groups we shall deal with are abelian, we omit this adjective. G, H, K denote
(abelian) groups, @ denotes a direct sum. Z is the additive group of integers.
Hom(G, H) is the group of homomorphisms from G to H (with the pointwise
addition, i.e. (f + g){z) = f(z) + g()). If f € Hom(G,Z) and p € P then f/pZ
is the following member of Hom(G, Z/pZ):

(f/pZ)(x) = f(2)/PZ (also called f(z) + pZ).

For a group G and its subset {z,: n € I} C G, (z,: n € I)g denotes the subgroup
of G generated by {z,: n € I}.
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History. The study of the structure of Ext has a long history already. For a
review of the main results in the area we refer the reader to [EM].

The results of this paper were proved in 1986/87 and a preliminary version of
the paper was ready in 1992. The illness and death of the first author! stopped
his work on the paper. Later, the second author joined in finishing the paper.

ACKNOWLEDGEMENT: We would like to thank Paul C. Eklof for helpful
comments on earlier versions of the paper.

2. A construction principle in L

THEOREM 2.1 (V=L): Assume

(A) X a regular uncountable not weakly compact® cardinal.

(B) S C X\ is stationary.

(C) P,Q,R are finite pairwise disjoint sequences of predicates and function
symbols (so a P-model M is (4, PM) = (4,...,PM,...)).

(D) Let o = o(P,Q, R) be a first order sentence.

(E) M° is a P-model with universe ).

(F) E is a club of A such that 6 € E = MY%'MO1§ < MO,

(G) For § € EU{\} let ks = {M}: M} a (P™Q)-model expanding MY} and
for M} € ks let ki (M}) = {MZ: M} is a (P"Q"R)-model expanding M}
and satisfying ¢ = ¢(P,Q, R)}. Lastly k; = {M] € ks : k} (M}) # 0}.

Then we can find a well ordering <* of H(\1) of order type A\, a sequence
€ = (es : 6 < X is a singular ordinal ) and functions 3,M, B, (for ¢ < \) such
that:

(a) The domain of the functions 3 and N is | s kj ; superscript § means the
restriction of the function to kj .

(b) For 6 € E and M} € k; we have: 3(M}) is zero or a limit ordinal < |§|*.

(c) For 6 € E, B¢ is a function with domain {M} € kj : 3(M}) > €}, and
8% =, B

(d) For§ € E, M} € k; we have M(M}) € ki (M}).

(e) For § € E and M} € kj we have: (BJ(M}) : e < 3(M})) is an in-
creasing sequence of models, isomorphic to some elementary submodels of
(H(AT),€,<*) but we do not require it to be an elementary chain nor
continuous but we do require the following:

(*) @ € BEM) N BE(ME), y € BE(M)) = BIMY) Fy <* w.

1 Professor Alan H. Mekler died in 1992.
2 Can be weakened to the existence of Y (see the proof).
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(f) For M} € k5, € < 3(M}) the universe of B3(M}) is a transitive set to
which § belongs.

(g) For M} € kj for ¢ < 3(Mj) we have (BI(M}): e < () € BY,,(M})
(remember: 3(M}), if not zero, is a limit ordinal) and:

B (M) F “IBLM)I = llo]]”.

(b) I M} € k5 then NUM}) ¢ U{BE(MY): € < 3(MD)} and M} € B(M})
when 3(M}) > 0.
(i) If M} € ky then for some M} € k] we have:
(%) for some regular o < X (possibly ¢ = 0) for every regular § < A
(the most interesting case is: 0 < ¢ < A\ = 0 = o) such that {§ €
S: cf (5 = 0} is stationary and for stationarily® many 6 € S we have:

(@) Cf( )=
(B) M 5 < Mf,
(v) (M, I6) = M3 |6,

(6) [0 < )\ = 3(M}16) = 0] and [0 = A = 3(M}]6) = cf(8)].
(j) Suppose M1 € k) ~k; but M}|6 € ki for § € E. If M} is an expansion
of My with a finite vocabulary then? for some club E' C E we have

§ € B' = {E'n§, M35} € | {BUMLG): e < 3(M16)}.

Moreover, if M < (H(\"), €,<*) is a proper <*-initial segment, A C M,
M =J; ., M; where M; increasing continuous, |[M;|| < A for i <A

then for some club E' C E for every § € E’:

if j5 is the Mostowski collapse of M then

{E'néjsMsly e |J Bi(M}16) and
e<3(M§ 18)

js[Ms) is a proper initial segment of
U s
e<3(M318)

(also the order).
(Remark: Many M has a tower (B): € < ¢*) which collapses to an
initial segment.)

3 We can get a club Eg C A such that every § € SN Eq is OK.

4 We can also assign stationary S’ C S where M3 was guessed but this is not what
we need.
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(k) € is a square, I.e. e5 a club of § of order type < J and
a € acc(es) = e, = es N a;

if 3(M}) > 0 & a € acc(es) then MédéfMél fa < M} and 3(M}) > 0.
() If6 € E, a < 6 and 3(M}) > 0 then es N a € BS(M}).

Remark 2.2: The interesting case is when the set S satisfies:
() for every 6 = cf(0) < A, {6 € S: cf(d) = 0} is stationary,
(B) S a set of singular ordinals,
() A=pt = S C{u+1,\) and if X is inaccessible then S is a set of strong
limit singular cardinals, and
(6) S does not reflect.

Proof: Let Y C X be such that for every a < A the set
{B8>a (LglY Na],&,Y Na) = (Ly+,€,Y)}

is bounded in |a|* (e.g. Y is a non-reflecting stationary subset of A).

Let € = (€5: § < X singular limit ordinal) be as defined by Jensen {Jn].

Let <* be the canonical well ordering of L.

Supose now that § € EU{A} and M} € ks. If § < A and M} € k; then we
let M(M}) be the <*-first member of ki (M}). Let

WH(MHE {a > 6 Lo[M},Y N8Nk} (M}) =0 and

(La[M},Y N §],€,Y N ) is elementarily equivalent

to (Ly+,€,Y), moreover it is isomorphic to some

elementary submodel of it (demand § = sup(Y N 4§))}.
Let WZ(M}) = acc (W§(M})). If 6 < A\, WE(M}) = 0 then we let 3(M}) = 0.

Otherwise
3(M3) = cf (W3 (M}) N sup WE(M}) )

(so we loose at most finitely many members of W} (M})), and let
_ 1 1oagl 2¢ sl
as = as[Ms] C W5 (M;) Nsup Wy (M;)

be unbounded of order type 3(M}) and v € a5 = as Ny € L,[M},Y 04
(use the definition of the square in Jensen [Jn] for L[Y N 4] and the ordinal
sup(W3(M}) Nsup WZ(M})). Let BE(M}) be (Lo[M},Y N6, €, <*) where o is
the e-th member of as.
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Let us show that it works, i.e. that the clauses (a)—(1) are satisfied.

Clause (a) Directly from the choice.

Clause (b) By the use of sup WZ(M}).

Clause (c) Directly from the choice of B and 3(M}).

Clause (d) By the choice of 9(M}).

Clause (e) Since B2(M}) is L,[M},Y N4 for v the e-th member of a5 = as[M}]
and as[M}] is a subset of W} (M}) (see its definition) we are sure
that B(M}) is OK: they are increasing with ¢ as the e-th member
of as[M}] increases with ¢; (*) is satisfied as <* is the canonical well
ordering of L (or L[Y], in our model not a big difference).

Clause (f) See the choice of Wj (M}).

Clause (g) It follows from Lo[M},Y Né) € Lat+1[M},Y N 6], the definition of
B3(M}) (and the presence of as[M})), etc.

Clause (h) It is a consequence of the first clause in the definition of W} (M}):
Lo[M},Y N8 nkf (M}) = 0.

Clause (i) Let M} € ki (M}) be <*-minimal. Define W1(M}) as above. It is
bounded in A* as M? € Ly+. Then define WZ(M}), ax[M}] as above
and let v* = sup(W3(M3})) (so it is a limit ordinal). Let o = cf(v*).
Let v < At be such that

(Ly,€,M},Y,E,S,M}) < (Ly+,€,M},Y, E, S, M3).

Let Ly = U;c» Ns, IINi|| < A, (N; : i < A) increasing continuous and
such that

o (B,S,M},M2,Y,WL(M), WM}, a[M2]} € No,

e N; < (L,,, G),

o (Nj:j<i)€ Nitr.
Let B/ = {i < A: N;nA=1i},0 € SNE' and let js be the Mostowski
collapse of Ns. Note: js(<*| Ns) :<;5[N5]’ etc. Now clearly js maps
M2 to (M), W (M3) to W3 (M), WE(MY) to WH(M}) and al M)
to a{M}]. If o < X then necessarily

a[Mj] = jslalMAINNs] = {i(B): B € a[MAINN5} = {i(B): 6 € a[M,]}
and if 0 = A then
alMj] = jslalM3] N Ns| = {js(6): B € a[M3}],
B is <d-th member of a[M}]}.
Similarly we can check (j), (k), (I). This finishes the proof. ]
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Remark 2.3: More generally we can phrase parallels of the squared diamond
and/or diamond™.

Discussion 2.4: What is the point of this principle?

You can just read the next section to see how it works. Still let us try to
explain it. Diamonds on A have been very good in helping to build a structure
M with universe X satisfying some I1} statement (like being Souslin).

We are given P. We build here by induction on § € S an increasing sequence
of models M} = (§,P | 6, Q?) carrying some induction hypothesis. We want to
have at the end that there is no R such that (\, P,|J, Q% R) k= ¢, so at stage
§ we look at M(M}) as a candidate for the bad phenomena. For e < 3(M}) (if
3(M}) = 0 then our life is easier) in B2, (M}) we know

‘Bg+1(M51) = “BS(M}) is a transitive set of cardinality &”.

So we can list all elements of B2(M}) in BS, | (M}), i.e. we have f € B, (M}),
f: 6 — B3(M}) which is one-to-one and onto. From the outside point of view §
has small cofinality and by (k)+(1} one can find a sequence {o;: £ < cf(d)) cofinal
in § and such that every proper initial segment is in 8¢, (M}) (even in B (M}),
usually even in L.,). So we have a fair chance to diagonalize over those sets to
fulfill the obligation in the inductive construction of Q%, while “destroying” the
possibility of 91(M}).

But doing it for one & does not suffice. However, if cf(3(M})) = cf(6) then
we can do better. We can find f: § — B5(M}), one-to-one and onto and such
that (Vo < &)(fla € B4(M})) (remember: B°(M}) = Uesup) B(M})). This
is possible as (BI(M}): e < () € BL,,(M}), so we can choose f, € BE,,(M})
as the first one-to-one mapping from & onto B? +1(M61). So by a demand
(fere <¢) € B, (M}). Now by an easy manipulation we can combine them
(using (Be : € < cf(8))).

In the proof of 3.9 and 3.4, to make v,(G) = Xp, we build together with G,
also f7¢ (for ¢ < Ap). We need that all non-trivial combinations 3, ae e
Hom(G, Z/pZ) are not of the form f/pZ. This could be a typical application of
the diamond. But we also need that for every f € Hom(G,Z/pZ) there will be
F'=cn agfp'clZ and f* € Hom(G,Z) such that f — f' = f*/pZ. For this the
normal thing is to apply Oj\‘ and to choose {as : £ < n) and f*[Gs by giving them
to approximations of f. But the two demands seem to be hard to go together
without what was said above.
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3. Building abelian groups

One can think of Ext (G, K) as essentially the family of isomorphism types of
models (K, H,G, g, h, ¢)cckuc such that (in our case K, H, G are abelian groups;
we will not mention this usually, and) h is an embedding from K into H, g a
homomorphism from H onto G with the range of h being the kernel of g (i.e.
0 KBHEG -0 being exact) up to isomorphism over K U G. Moreover,
it has a natural additive structure. So Ext(G,K) = 0 if and only if for any
0 KBHS5G -0 as above, the range of h is a direct summand of H.

We shall not define Ext (G, Z) fully as below we shall quote theorems charac-
terizing it in a convenient way in the relevant cases.

In this section we show how to construct a group G such that Ext (G,Z)
satisfies pre-given requirements (within well-known limitations, see below). The
main tools in the construction are 2.1 and, as a kind of a single step, 3.4 below.

Definition 3.1: 'The quantifier (V*i < A) means “for every large enough ¢ < A",
so this is an abbreviation for “(37 < A)(Vi € (4, A))”.

Definition 3.2: 1. For a sequence A = (A : £ < n) (n < w) of pairwise dis-
tinct infinite regular cardinals, I5 is the ideal on Dom (I5) = [],.,, Ae (called its
domain) such that

Acl; iff (Vg <o) (Vi1 < M)« (VHin—1 < An-1){{io,- - - in—1) € 4.
2. For any A > Wy we define J, as the set of ideals of the form I5 with A =

max{Ag: £ < n}. Let J<xn = U <n Ju-
LEMMA 3.3: Suppose that A = {\g: £ < n) is a sequence of pairwise distinct
infinite regular cardinals and X4¢¢ = ()} : £ < n) is the re-enumeration of A in the
decreasing order. Let m: [],., Ae — [, A; be the canonical bijection (i.e.
7(n)(€o) = n(£1) provided Xy, = A, ). Then

Ael; = n[A] € .
Proof: This is an iterated application of the following observation:

CrAIM 3.3.1: Let Ag < A1 be regular infinite cardinals, 1(z,y, Z) be a formula.
Then

(V*’L.o < Ao)(v*il < )\1)1[)(7:0,1.1,{) = (V*il < Al)(v*ig < )\0)1/)(1'0,2'1,7).

The claim should be clear and so the lemma. 1
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THEOREM 3.4 (V=L): Assume X is a regular cardinal smaller than the first
uncountable weakly compact cardinal. Suppose that Iy, € <, for k < k* < w,
H is a free group with the free basis

{z¥. ¢t € Dom (I}) and k < k*}.

Further, let p € P and let f* € Hom(H,Z) be a homomorphism such that for
some £y < k*
{t € Dom (I, ): f*(z%) =0} € I,.

Then there is a free group G, H C G such that ||G|| = A\, G/H is A-free and:
() there is no f € Hom(G,Z) extending f*,
() if k' <k* A€l then G/{zF: [k =k & t € Al or k # k') g is free,
() if a homomorphism ¢g* € Hom(H, Z) is such that for every k' < k*

{t € Dom (Iy): g"(x} ) # 0} € Ins

and gt € Hom(G,Z/pZ) extends g*/pZ, then there exists g € Hom(G,Z)
such that g/pZ = g* and g* C g,
(8) if g € P, h € Hom(H,Z/qZ) is such that for every k' < k*

{t € Dom (Iy): h(z}') # 0} € I,

then h can be extended to an element of Hom(G,Z/qZ).

Proof: Due to Lemma 3.3 it is enough to prove the theorem under the
assumption that the ideals I; are determined by decreasing sequences A\* of reg-
ulars. The proof is by induction on A. To carry out the induction we need the
existence of stationary non-reflecting sets and Of only. However, we will use this
opportunity to show a simpler application of 2.1 and instead of the diamonds we
will use our principle. The construction of 3.9, though more complicated, will be
similar to the one here.

For k < k* let I, = Iz, A* = (Af: £ < ng), ¥ < A, Thus Dom (I}) =
[lecn, AF and according to what we noted earlier we assume that the sequences
X are decreasing.

If X\ = Ry then A nx = 1: this case is easy and can be concluded from
[EM], pp. 362-363. However for the sake of the completeness we will sketch the
construction (skipping only some technical details). The following claim gives us
slightly more than needed:
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CramM 3.4.1: Suppose that H is a free group with basis {z,: n € w}, f* €
Hom(H,Z) is a homomorphism such that (VN € w)(In > N)(f*(z,) # 0).
Then there is a free group G 2 H such that G/H = Q and

1. there is no f € Hom(G, Z) extending f*,

2. if A C w is infinite and h € Hom(H,Z/qZ) is such that

Ker(h) D {(zn: n € A)g,

then G/{z, : n ¢ A)g is free and h can be extended to a homomorphism
from G to Z/qZ,
3. if g* € Hom(H,Z) is such that (AN € w)(Vn > N)(g*(zn) = 0) and
gt € Hom(G, Z/pZ) extends g*/pZ, then there is g € Hom(G, Z) such that
g* Cgandg/pZ=g".
Proof of the Claim: Let Ay = {n € w: f*(z,) # 0} and let {rn: n € Ap}
enumerate Z. Choose inductively positive integers s, and integers m,, such that
(a) m, € {-1,1},
(b) if n ¢ Ap then m, =1, s, = (n+p)!,
(c) if n € Ag then
T+ 80 Snc1Mnf*(@n) + 50+ Sn—aMn_1f*(Tn-1) + -+ som1 f*(21) +
mo f*(zo) # 0,
Sp=(n+p)|rn+30- Sne1Mpf*(Zn) + S0 - Sp—2Mpn_1f* (Tn—1)+-- -+
soma f*(z1) + mof*(zo)|-
Now, let G be the group generated freely by {yn: n € w} U {z,: n € w} except
that
(%) SnYn+1 = Yn + MnTn.
Note that the condition (*) implies that for each k >0, n € w
%)k Yy = $pSnt1- " SntkYntktl — [SnSnt1 - +r  Sntk—1MnskTnik + Sn - oo
Snak—2Mnik—-1Tntk—1 T - -« + SnMnt1Znt1 + Mnln].
0. G is freely generated by {y, : n € w} and G/H = Q.
1. There is no f € Hom(G,Z) extending f*.
Why? By (x*)7 the value of f at yp determines f(yn41) in the way that is
excluded by the choice of s, for n € Ag such that f(yo) = ry (clause (c)).
2. If A Cw is infinite then G/{zn: n ¢ A) is free.
Why? Let {ng: k € w} = A be the increasing enumeration. Let

Gi = (yn:ni-c1 <n <ny)g, Hi= (za:nio1 <n<m)g

(with a convention that n_; = —1). Then G = @;¢,, Gi, Hi = GiN{zn: n ¢ A)c
and (zn: n ¢ A)g = @,_, Hi. The groups G;/H; are (freely) generated by

i<w Ut
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yn,/H;. Hence G/H is free. Extending suitable homomorphisms into Z/qZ
should be clear now.
3. If ¢* € Hom(H,Z) is such that (IN)(¥n > N)(g*(z,) = 0) and gt €
Hom(G, Z/pZ) extends g* /pZ, then there is ¢ € Hom(G, Z) such that g* C ¢ and
9/pL =g
Why? First note that there is at most one homomorphism g+ € Hom(G, Z/pZ)
such that gt D g*/pZ. This is because G/H = Q: if g1, g5 € Hom(G,Z/pZ)
agree on H then g7 — gf € Hom(G,Z/pZ), Ker(g} — gF) D H and hence
(¢t — g3)/H € Hom(G/H,Z/pZ). But the only homomorphism of Q into Z/pZ
is the trivial one.

Hence it is enough to show that there is an extension g of g* to a member of
Hom(G,Z) (as then necessarily g/pZ = g* by the uniqueness).

Now let N be such that (Vn > N)(g*(z,) = 0). Define

g(yrn) =0 for n > N,
g(yn) = —mng*(zN),
g(yn) = - [Sn5n+1 e SN-lmNg*(mN) + 8p - SN—2mN—1g*($N—1) +---+

M y19 (Tnt1) + Mng*(z,)] for n < N,

and extend it to a homomorphism from Hom(G, Z). Clearly this g satisfies g* C g.
This finishes the proof of the claim. 1

Assume now that, A is smaller than the first weakly compact uncountable car-
dinal, A > Xy and below A the theorem holds.
We may think that for some ky < k* we have

k<ky = A< and ky<k<k™ = M=\

Of course we may assume that kg < k* (otherwise the inductive hypothesis
applies directly).
Recall that ¢y < k* is such that

{t € Dom (I, ): f*(z¥) =0} € I,.

Let ag be defined as follows:
if €3 < kg then o = 0,
if kg < €y < k* and ng, > 1, then oy < A is (the first) such that
(Va > ao)(Vi1 < AP) .. (ing—1 < A, _1)(F* (23 ingg1)) # 0

(C!,i],‘..
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if kg < £y < k* and ng, = 1, then ap < A is the first ordinal such that (Vi >
a0)(f*(2(3,)) # 0)-
We may assume that the group H has universe {2i: i < A}. Moreover, we may
have an increasing continuous sequence (7Y, : @ < A) of limit ordinals such that
®, {zF:t € Dom(Ix) & k < ko} C 70, a0 < Yo and A¥ < g if kg < k < k¥,
1 < ng, and
Xy Hadz-eifH[{%: @ < Ya} is the subgroup of H generated by

{zF: k< ko or [ko <k <k* & t{0) < 7a]}-

For k < k* we define the reduction I}*® of the ideal I; by:
if £ < kg then I;ed = Iy,
if ko < k < k* and ng > 1 then Jf*d = s, ¢ ) and
if kg < k < k* and ny =1 then I,f:ed = I(N()).

Next we define yF[ya] (for k < k*, t € Dom (I}*%)) as

xf if k< ko,

- if ko <k<k* ng>1,
k 3 * —

Tye+t(0)) if kg<k<k®ng=1

1t follows from X, X, and the fact that v, are limit ordinals that y[y,] € Havy
for all k < k*, t € Dom (I}*d). The subgroup generated by these elements
with some side elements will be the one to which we will apply the inductive
hypothesis.
Let E C acc ({a < A : @ = 7, }) be a thin enough club of A\. By our assumptions
we find a stationary set S C E such that
(e) for every 8 = cf() < A, {§ € S : cf(d) = 6} is stationary,
(B) S a set of singular limit ordinals,
(v) A=pt = S C[p+1,)) and if X is inaccessible then S is a set of strong
limit singular cardinals, and
(8) S does not reflect.
We will use the principle formulated in 2.1 to choose by induction on a < A a
group G,, with the universe v, and extending H,. For this we have to define finite
vocabularies P, @, R and a formula ¢. Thus we declare that P is (P, Py,...),
P; a unary predicate and P, a unary function symbol, Q = (Qo,...) where Qo
is a binary function symbol, and (M, @™, RM) = ¢ means:
(a) (M,Q}) is a group, PM is its subgroup (intension: H), and PM[PM ¢
Hom(PM,Z) (intension: f*)
{we should use some additional predicates to encode Z, Z/pZ, ... ],
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(b) RM encodes a homomorphism f € Hom(M, Z) extending f*.
Let functions 91%,B%, 3 be given by 2.1 for P, Q, R and ¢ as defined above.
Now, by induction on o < A, we choose models M1 (i.e. groups G, their
subgroups POM; = H, and homomorphisms f, f*) and T,, R, hig».g+.c) (for
(¢*,9%,C) € Rq), RY and h{j, o (for (h,C) € RY) such that:
1. (G4t a < A) is an increasing continuous sequence of free groups,

2. POM;‘ = H, C Gq, G, is a (free) group on vy,,

3. if B < o then G, /Gg is free,

4. Go/H, is free,

5. ifa ¢ S, a < [ then Gg/(Go + Hp) is a free group with a basis of size
sl

6. fae S kK <k*, Ae I then Goy1/(Go + H£+1) is free, where H&4+1

is the group generated by all elements z¥ such that £ < &*, t € Dom (1),
x¥ € Hyyy but (Vs € Dom (If59))(zF = v¥ [1a) = s € A),

o= f 1 Ha.

8. For a € E let N* = B*(M), 30 = 3(ML), N& = BF(M}) for i < 3.
Remark: Since the group G,/H, is free we have M} € k3. If 3(M}) =0
then N® is empty, and below T, = R, = 0.

Assume a € E (S0 7o = @). Then T}, is the family of all pairs (g*,g") of
homomorphisms ¢* € Hom(H,,Z) N N*, g* € Hom(G4, Z/pZ) N N* such
that g*/pZ C g™*.

. R, is the family of all triples (g*, g™, C) such that:

(a) C € N* is a non-empty closed subset of a N E, (¢*,g%) € T,,
(b) for B e C: (g*Hp,g9%[Gp,CNP) € Ry,

(c) for B <y in C: hgeimy g+iGa,cnm) S higrtr,,0%1G,,c0m)»

(d) if B € [minC, @) N E then for all &' < k*:

-J

©

{t € Dom (If5): g* (u¥ [ys)) # 0} € L5,

RY (for q € P) is the family of all pairs (h,C) such that:
(a) C € N* is a nonempty closed subset of N E, h € Hom(H,,Z/qZ) N

N,
(b) for B € C: (h1H,CNPB) € R,
(¢) for < vin C: A}, cht

(h1Ha,0n8) S "(h1H,,Cri)
(d) if f € [minC, @) N E then for all ¥’ < k*:

{t € Dom (If59): h(y¥ [y5]) # 0} € It%4.
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10. If (g*,g+, C) € R, then h(g‘,g+,C) € HOHI(GQ,Z)QNQ, h(g‘,g+,C)/pZ = g+,

BeC = higtHyg+iGs.008) C Rig g+ .0)

if (h,C) € RY then h&,C) € Hom(Gq,Z/qZ) extends hUJsc h;ng,Cmﬁ-
11. ¥ (g*,g*%,C) € Ra, g§ € Hom(H,41,7Z) is such that g* C g} and for every
K < k*:
{t € Dom (IiF"): g3 (7 [1a]) # 0} € IiF

and if g € Hom(Gaq1,Z/pZ) is such that g5 /pZ C g3, g7 C g7
then thereis b’ € Hom(Go41,Z) extending h(g« 4+ ¢) and such that g5 C k',
W pZ = g3
if (h,C) € R, hg € Hom(Hy11,Z/qZ) is such that h C hg and for every
k< k*

{t € Dom (If"): ho(yf [1al) # 0} € I

then there is h’ € Hom(Gq41,Z/q7Z) extending ha’c) U hg.
12. Assume that a € S and

N(ML) = (GoyHay 2y f),

where f € Hom(G,,Z).
If there is a free group G*, Go U Hyqy € G* such that: ||G*|| = (Va1
G* satisfies (2)—(6), (11) (with G* playing the role of G, 41) and
(%) there is no g’ € Hom(G*, Z) extending f U f},,
then G, satisfies () too.

The limit stages of the construction are actually determined by the continuity
demands of (1), (7). Concerning the requirements (2)—(5) note that (2) is pre-
served because of (3) at previous stages, (3) is preserved because of (2), (4) is
kept due to (5) and the fact that the set S is not reflecting, and finally (5) holds
at the limit because of (4) at previous stages and non-reflection of S (see e.g.
Proposition IV.1.7 of [EM]}). There is some uncertainty in defining hg+ o+ ¢ for
(9%,9%,C) € Ry (for a € E). However it is possible to find a suitable h(g+ g+ ¢
since in the most difficult case when supC < «, supC € S we may apply first
(11) and then (5). Similarly we handle h?;z,c)'

If a ¢ S, then we choose a group Go41 2 Hot1UGq such that Goq1/(Hey1 +
G, ) is a free group with a basis of size ||vo41-

If o € S, then condition (12) of the construction describes G4 41. (We will see
later that this condition is not empty, i.e. that there is a group G* as there.)
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Thus we have carried out the definition and we may put G = Gx = U, Ga-
Let us check that the G satisfies the desired properties (the main point will be
the requirement () of the theorem}.

By (2) and (3) the group G is free of cardinality A (and the set of elements is

A) and it extends each G,. Due to (4) the quotient G/H is A-free.

CLAUSE (a) OF THE ASSERTION. This is a consequence of the condition (12)
of the construction. Suppose that the homomorphism f* has an extension to a
homomorphism in Hom{(G,Z). This means that

M'=(G,H, f,...) € kJ.
By condition (i) of 2.1 we find a regular cardinal ¢ < A and
M?=(G,H,f*...,f)eki(M") anda€S

such that M(M}) = M2 < M? and

cf(@) = w; if A =R,
cf(a) # cf(p) if A= p*, uis an uncountable limit cardinal,
f(0) ¢ (i cf(B)} A= b, p= 6%, 6> R,

(remember (i)(a)). Look now at the stage a of the construction.

Before we continue with the proof we give a claim which helps us to apply the
inductive hypothesis.

Cram 3.4.2: (1) If R C Hom(Ga, Z) UU,ep Hom(Ga, Z/qZ), 212l < ||a then
for every B € a ™~ S large enough there is x € G, such that:

(a) (vh € R)(h(z) =0),

(b) = € Gy is a member of a basis of Ggy1 over Hgy1 + Gg.

(2) Suppose that p < a < p*, p is an uncountable limit cardinal (so we are in
the case A = u*), R C Hom(Gq, Z) U cp Hom(Go,Z/qZ) and ||R| = p.
Then for each 8 € (u,a) \ S there exist ¢; € Ggy1 for j < cf(u) such that:

(a) if h € R then the set {j < cf(u): h(z;) # 0} is bounded in cf(p),
(b) {zj:j < cf(u)} can be extended to a basis of Ggy1 over Hay1 + Gg.

(3) Suppose that 6% =y < o < p*, R C Hom(G, Z) UU,ep Hom(Ga, Z/qZ),
|R|| = . Then for every 8 € (p,a) \ S there exists a sequence (z;x: j <
p,k < cf(8)) C Ggyq such that

(a) if h € R then {(], k‘) € [ X Cf(e) h(:l?j,k) # 0} € I(“,Cf(9)>,
(b) (zjx : j < p,k < cf(f)) can be extended to a basis of Ggy1 over
Hgy + Gg.
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(4) Suppose X1 < a < Ry (so A =Ny),

R C Hom(Ga, Z) U | ) Hom(Ga, Z/qZ),
qeP

[|R|| = Rg. Then for each 8 € (Ry,a) \ S there are x4 € Ggyq (for £ < w)
such that

(a) if h € R then the set {¢ < w: h(zy) # 0} is finite,

(b) {z¢: £ < w} can be extended to a basis of Ggy1 over Hgi1 + Gpg.

Proof of the Claim: (1) Let 8y < « be such that |vg,| > 2I%l (remember
a € S C E, see the choice of S). Let € a~ S, 8> fy. Let {ye: £ <ys+1} bea
free basis of Gp41 over Hgy 1+ Gp (exists by condition (5) of the construction). If
R is finite, then considering first || R||+1 elements of the basis we find a respective
point z in the group generated by them. If R is infinite, so 2181 = ||RFZ||, then
we find §y < & < vyg+1 such that (Vh € R)(h(ye,) = h(ye,)) and we may put

T ="Yeo — Yeu-
(2) We follow exactly the lines of (1), but first we have to choose an increas-
ing sequence (R;: j < cf(u)) such that {J; ¢ B; = R, [|[R;|| < [|R|| (and

hence 2171 < 4 as p is a limit cardinal). Now if 3 € (u,a)\ S then we find
(x;: 3 < cf(pn)) € Gpy1 which can be extended to a basis of Ggy1 over Hgy 1 +Gp
and such that (Vh € R;)(h(z;) = 0).

(3) Similarly: first find (R; x: j < p, k < cf(8)) such that ||R; x| < 8, the sequence
(Uk<ct(ey Rik: § < ) s increasing, for each j < u the sequence (Rjx: k < cf(9))
is increasing and {J; ., Uy<ct(s) Rik = R. Next follow as in (2).

(4) Represent R as an increasing (countable) union of finite sets and follow as in
(2) above. The claim is proved. ]

Now we are going back to the proof of clause (@). The following claim will
finish it.

CramM 3.4.3: Suppose that «, f,... are as chosen earlier. Then there exists a
free group G* 2 Hyy1 U Gy such that ||G*|| = ||va+1ll, G* satisfies the condi-
tions (2)-(6), (11) of the construction as G+41 and there is no ¢’ € Hom(G*, Z)
extending fIGa U f5,1-

Proof of the Claim: Let R = {hg o+ c): (g*,97,C) € Ra} U {ha’c): (h,C) €
R3, g € P}. By clauses (g) and (b) of 2.1 we have ||R|| < l|a|| (of course R may
be empty). Let {a; : i < cf(a)) be an increasing continuous sequence cofinal in
« and disjoint from S (possible by the choice of S).
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CASE A: « is a strongly limit singular cardinal (so we are in the case when A
is inaccessible).
We find an increasing sequence (R]: i < cf(a)) such that (J R = R and

IR < llall. But in this case we have

i<cf(a)

(Vi < cf(a)) (2N < ).

So we may apply Claim 3.4.2(1) to choose by induction on i < cf(a) an increasing
sequence (j;: ¢ < cf(a)) C cf(a) and z¥ € Gy, +1 such that:

(a) h€ R = h(z¥") =0,

(b) z*" is a member of a basis of Gaj, +1 over Ho, 41+ Go, -
Since (a;: 1 < cf{a)) € S is increasing continuous (and cofinal in @) we
get that {z¥": i < cf(@)} can be extended to a basis of G, over H,. Now we
apply the inductive hypothesis to k* + 1, It (for k < k*), I (cf(a)), the group H*

generated by
{yF[va): k < k*,t € Dom (I}*)} U {zF": i < cf(a)}

and the function (f U f,,)[H*. This gives us a group Gj 2 H*. Let H’' be
such that Go + Ho41 = H* ® H'. Then put G* = G§ & H'. It satisfies the
requirements of the claim: condition (3) follows from the presence of the y¥[y4]’s
part of H* (remember the inductive assumption 3.4(3)), condition (4) holds due
to the 25", It follows from the fact that the a;, are cofinal in o (and from the
choice of z¥" ¢ Ga;,+1) that (5) is satisfied. Similarly, (11) is a consequence
of the choice of ¥~ and the inductive hypothesis 3.4(7y, 6). Finally clause (6)
follows from the inductive assumption 3.4(3)

Case B: Ny <a <R (sod=1,).

Thus R is at most countable, so let R = J,, Re, where Ry are finite increasing
with ¢. Apply 3.4.2(1) to find an increasing sequence (ji: £ < w) C w and
xf € Ga].ﬁl such that

(a) he Ry = h(zF) =0,

(b) xf is a member of a basis of G"n“ over Ha”+1 + Ga”.
Proceed as in Case A (so apply the inductive hypothesis to If*® (for k < k*) and
Iinoy)-

Case C:  a € (u,u*) for some limit cardinal ;> R (so A = p )
Then we have || R} < 1 and by Claim 3.4.2(2) we can choose =¥ € G4, 41 (for
i < cf(e), j < cf(u)) such that:
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(a) for each h € R for every i < cf(a) the set {j < cf(p): h(;cfj) # 0} is
bounded,
(b) for each i < cf(a) the set {wfj J < cf(p)} extends to a basis of Gy, 41 over
Hyo11+ G-
Now apply the inductive hypothesis for k* +1, I ,’ced (for k < k*) and Iicg(a),cf(u))
(remember that cf(a) # cf(u) in this case).

CasE D: Ry < a < N3 (so A =Xy and cf(@) = wy).
Write R as an increasing union |J;,, R of countable sets. Using 3.4.2(4)
choose ¥} (for i < w1, £ < w) such that
(a) foreach h € R, for every sufficiently large ¢ < w; the set {£ < w: h(zfe) # 0}
is finite,
(b) for each ¢ < w; the set {:cfe ¢ < w} can be extended to a basis of Gy, 11
over Hy 41+ Go;.
Proceed as above (using I;*® (for k < k*) and I, x,))-

CasE E:  a € (u,ut) for some cardinal u such that g = 8% > R, (so A = put).
Using Claim 3.4.2(3) we choose a sequence (xﬁ;’i: l<cf(a), j < p,i<cf(8))
such that
(a) for each h € R and for every | < cf(a), for every j < u large enough for
every i < cf(f) large enough, h(zf“) =0.
(b) for every I < cf(a) the set {zf“ Jj < p, 1 <cf(8)} can be extended to a
basis of G4, 41 Over Hy, 1 + Gaq,.
Now apply the inductive hypothesis to k* + 1, I'* (k < k*) and I (cF () rch(8))
(remember cf(c) ¢ {u, cf(8)} in this case).
This completes the proof of Claim 3.4.3. ]

It follows from the above claim that at the stage a of the construction we had
a non-trivial application of the condition (12) “killing” the function f. This gives
a contradiction proving the clause ().

CLAUSE () OF THE ASSERTION. It follows from conditions (6) and (5) of the
construction.

CLAUSE (y) OF THE ASSERTION. Assume that g*, g* are as there. Then by
the clause (j) of 2.1 we have a club C C F such that for each . € C

(9" 1Ha, 911G, C Na) € R,.

Consequently we may use the functions g« 151, g+6,,cra) for @ € C.
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CLAUSE (8) OF THE ASSERTION. Like clause (). ]

Before we state the main result let us recall basic properties of Ext. First note
that
if G is an (abelian) group satisfying G | (Vz)(pz = 0) then G is a vector
space over Z/pZ.

Definition 3.5: 1. For a group G and p € P let v,(G) be the dimension of
Ext ,(G,Z) as a vector space over Z/pZ where

Ext,(G,Z) = {z € Ext (G, Z) : Ext (G,Z) = pz = 0}.

2. For a group G let 1(G) be the rank (=maximal cardinality of an indepen-
dent subset) of the torsion free group Ext (G, Z)/ tor(Ext (G, Z)) where for
a group G":

tor(G') = {x € G’: for some n, 0 < n € Z we have G’ |= nx = 0}.

LEMMA 3.6 (see Fuchs [Fu] or Eklof and Mekler [EM, Ch. X1l]): Let G be an
abelian torsion-free group. Then:
1. For p € P, v,(G) is the dimension of the vector space

Hom(G, Z/pZ) /Hom™ (G, Z/pZ)
over the field Z/pZ, where Hom™ (G, Z/pZ)déf{f/p: f € Hom(G,Z)}.
2. Ext(G,Z) is a divisible group, hence characterized up to isomorphism by
cardinals vy(G),vp(G) (for p € P).

THEOREM 3.7 (Hiller, Huber, Shelah [HHSh 91j} (V=L)): If a group G is not
free, moreover it is not G1 & G, with Gy, free, ||G1]| < ||G||, then 1o(G) = 2!1G1.

Remark 3.8: If G = G; ® G2 and G, is free then Ext (G,Z) % Ext (G1,Z), so
the demand is reasonable.

MAIN THEOREM 3.9 (V=L): Suppose that X is an uncountable regular cardinal
which is smaller than the first weakly compact cardinal. Let A, < At forp € P.
Then there exists a (torsion free) strongly M-free group G such that ||G|| = A,
vp(G) = Ap, and 1 (G) = AT.

Proof: During the proof we will use consequences of the assumption V = L like

GCH, the principle proved in 2.1 etc. without recalling the main assumption.
The construction is much easier if A\, = At for some p € P and Ay = 0 for

all ¢ # p (remember that Ext (D, ¢, Gn,Z) = [[,c., Ext(Gn, Z)). Therefore we

n€w
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assume that we are done with this particular case and we assume that A, < A
for all p € P.

We shall build a A-free group G = Gy = J,.) Ga With universe A (the se-
quence (Gy: a < A) increasing continuous, G, a group on an ordinal 7, < A
for & < A). As witnesses for v,(G) > A, there will be also homomorphisms
ff’c € Hom(G,Z/pZ) for ¢ < A, ff’C = Uy fBS. For the witnesses to work
we need:

()1 IfpeP,0<n<w, O < << A, a0 € {1/pZ,...,(p— 1)/pZ}
(for £ < n),
then >, . agf/\’ce ¢ Hom™ (G, Z/pZ)
(of course Y-, ., agff\"d € Hom(G, Z/pZ)).
This is equivalent to
(¥)2 therearenop € P, 0 < n < w, ¥ <+ < ¢ <\, a0 € {1/0Z,...,
(p—1)/pZ} (for £ < n) and g € Hom(G, Z) such that g/pZ =3, ., agff’gz.
We shall also have to take care showing that v,(G) is not > X, (if A, < 2*) and
for this it suffices to show that { ff\”C : ¢ < Ap} generates Hom(G,Z/pZ) over
Hom™ (G, Z/pZ). For this we shall use the h(, ¢y (and T%) below.

By induction on a@ < A choose an increasing continuous sequence
(Ya: @ < A) C A such that A\, < A= Ay +w < Y0, Yat1 = Yo + Ya-

For our given A, we want to use 2.1; we use a club £ C acc({a < A 7o = a})
thin enough. As V =L we find a stationary set S C F such that:

(o) for every 6 = cf(6) < A, {0 € S: cf(d) = 6} is stationary,

(B8) S a set of singular limit ordinals,

() A=pt = S C [u+1,)) and if X is inaccessible then S is a set of strong
limit singular cardinals, and

(6) S does not reflect.

Now, P is empty, @ = (Qo,@1,Q2,Q3,Q4...) where Qg is a binary func-
tion symbol, @, (4 are 3-place ones and )3, ()3 are binary predicates and
(M,QM RM) k=  means:

(a) (M,Q¥) is a group, @M (p,(,) is a homomorphism from the group to Z/pZ
with p, ¢ variable (it corresponds to fP¢); also Z, P,... are coded in some
way (see below),

(b) RM codes a counterexample to (*)g, i.e. p,n, (%, ..., (" 1 ag,... ,Gn_1, f,
g such that g € Hom(M,Z), f =3, , agf”*‘;lZ = g/pZ € Hom(M,Z/pZ).

Let 9%, 82,3 be as obtained in 2.1. Choose a sequence {A,: a < A) such that
Ay Cafor a < A and
fACSH B<A
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then there is o € (3, {||8]] + R¢)T) such that A = A,
(remember we have GCH).

We now choose by induction on o < A the following objects: M) (i.e. a group
1 1 1
G, and homomorphisms f2¢ (for p € P, € A\,N,) and Q;VI", QQ/I", in“, ),
T?, RY, h(g,cy (for (g,C) € RE) such that:

= LN

ot

G, is a free group with universe 7,,
G, is increasing continuous in o,
if < a,B ¢S then G,/Gpg is a free group of size ||[va /[,

. f2¢ € Hom(Gq,Z/pZ), M} is (Gq, f2°) considering f2¢(z) a function

with three places (so f2¢ is not defined for ¢ > 7,),

. if § < a then fg’c C fP¢ (so that fP:< is increasing continuous in «),

6. if @ ¢ S then there is a basis Y, of G411 over G, such that:

10.

11.

12.

fpeP,n<w O < <" <X Nvy, and ag,... ,an_1 € Z/pZ
then for || Vel members y € Yy, fgfi (y) = a¢ (for £ < n) and g’fl(y) =0
if g€ P, (<A NYa (4:¢) ¢ {(,¢%),... ., (0, " 1)}
Let a € B, N* = B*(M}), 30 = 3(ML), N& = BE(M}) for i < 3q.
Note: M} € k; by clause (1), the universe of N* is a transitive set (see (f)
of 2.1) so ord N N® is an ordinal greater than « (if non-zero).
Assume a € S (80 74 = @) and G, (f2¢: ( < A\pNa) belong to N¥. Then
we choose by induction on ¢ € ord N N® \()\, Na) the function f2:¢ € N
as the <j.-first member of Hom{G,,Z/pZ) {as a vector space over the
field Z/pZ) which does not depend on {fP%: £ < (}.
Let f2¢ be defined if and only if ¢ < {(p, @).
Note: if 3(M}) = 0 then {(p,a) = A\p N, N® is empty, and below T? =
RE = .
T2 = {f2€: ), Na < £ < ((p, ).
RE is the family of all pairs (f2¢, C) such that:

(a) f24 € TP and C' € N® is a closed subset of a N E,

(b) for feC: fRfiGgeTyand CNBe NP,

(¢) for B<vin G, hipeic,com S Pztia, oy
if (9,C) € R then hy o) € Hom(Go, Z) N N* and hy ¢)/pZ = g and
Usec Maras.cns € Mg )y
if (4,C) € B8, g C g’ € Hom(Gosr, Z/p7)
then there is ' € Hom(Go41,Z) extending hg ¢y and h'/pZ = ¢’
Assume that a € 5,0 < n < w and

m(M(i) = <Gaa g’c)"' ,p,n,CO,... ’Cn—lvG'Oa"' aan—laf’g>7
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where f = 3, ., agfg’“ € Hom(Gy,Z/pZ), a; € Z/pZ~{0}, f = g/pZ,
9 € Hom(G,,Z).
If there is a free group H, G, C H such that: for every ¢ € P, { < A; N,
the homomorphism f2¢ can be extended to a member of Hom(H,Z/qZ),
and the quotient H/Gp is free for 8 € (o™ 5), ||H|| = |[Vas1]], and H
satisfies (11) (with H playing the role of G441) and there are some fP¢
satisfying (4), (5) (with H as Gay1 and f2° as a+1) such that for f/ =
S oen aefP € Hom(H,Z/pZ) we have:

(x)  ~(E9)g € ¢ € Hom(H,Z) & ¢'/pZ = [']
then H = Gay1, f' =2 4cn aefg’fi satisfy (x) too;

13. if Apep Ap =0 (so (12) is an empty demand), o € S, and there is a group
H such that G, C H and for each 8 € o~ S the quotient H/Gp is free,
and || H|| = |[7a+1ll, and it satisfies (11) (with H playing the role of Go41)
and H/G, is not free
then G,11/G4 is not free.

14. QQ’I:,QQ/[‘I’ C “Ya X Yo are such that for each @ < vy, we have:
Ap = {i < ya: My = Q2(B,7)} and
if 3 is limit then {i < v, : M} = Q3(8,7)} is a cofinal subset
of B of the order type cf(3).

1

in"‘ is such that if {,& < 74, |||l = ||£]| then the function

QY=(C.6,)1¢: ¢ — ¢

is one-to-one and onto. We require that Q2 , Q3 and Q4 are increasing
with «, of course.

The conditions (6), (12), (13) and (14) fully describe what happens at successor
stages of the construction. Limit cases are determined by the continuity demands
(2) and (5). Note that the demands (1), (3) are preserved at the limit stages as
the set S is not reflecting (see e.g. [EM, Proposition IV.1.7]). Hence there is no
problem to carry out the definition and let G = G = | J,., Go (though it is not
so immediate that G is not free!).

Some of the desired properties are clear:

(®)1 G is a group of cardinality A (and the set of elements is A) extending
each G,

(by (1)+(2)),

(®)2 G is A-free and even strongly A-free

(by (1) each G, is free so G is A-free; by (3) if € AN S, B < a < X then G, /Gy

is free, so G is strongly A-free, see e.g. [EM, pp. 87-88]).
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Let fP¢ = f28 =, o, f28 for p e P, { < X,
(®)s fP¢ € Hom(G,Z/pZ) (extending each fE¢ for o < A)
(by (4)+(5)). Before checking the main properties of G let us note the following
two facts (which explain the condition (14) of the construction).

CLAM 3.9.1: If§ € E, 3(M}) > 0 and k < 4, ||x]| < ||8]| then P(x) C N°.

Proof of the Claim: By the clauses (f), (h) of 2.1 and condition (14) of the
construction we have 4; € N{ for alli € (k, ||«||T). By the choice of the sequence
(A;: 1 < X) we are done. ]

CramM 3.9.2: If § € E, 3(M}) > 0 then there is an increasing cofinal in 6
sequence {f2: i < cf(8)) such that for every i* < cf(§) we have

(B%:i < i*)y e N°.

Proof of the Claim: By the clauses (k), (1) of 2.1 we have a club es C § such
that otp(es) < & and for each a < § the intersection es N« is in N®. The set
b*déf{i < v5: M} = Qs(otp(es),?)} is an increasing cofinal subset of otp(es) of
the order type cf(6) = cf(otp(es)). It follows from the condition (h) of 2.1 that
b* € N® But with es and b* in hand we may easily build (3%: i < cf(8)) as
required. |

Now comes the main point:
®aifpeP, 0<n<w O < <" <\, apy...,an1 € Z/pZ {0},
f =Y enaefrs € Hom(G, Z/pl)
then f ¢ Hom™ (G, Z/pZ).
Why (®)4?
Assume that (®)4 fails, so there are p € P, (Y < --- < (™Y, ag,... ,8n_1 €
Z/pZ~{0} and g € Hom(G,Z) with f =3_,_,. aefPS = g/pZ. Let

M2 = <G’fP1C,_“ 7p7nacov"' acn_laa()a"' aan—l)f>g>? M52 = M2[6
By 2.1 condition (i) without loss of generality (i.e. possibly replacing
panvgoa"- acn—laa()v"' >a’n—17.fag

by some other
* % 0 n*—1 _x* * *
pa"a(*u“'i(* 1a0a"'1an*—1’fvg

with the same properties) we have: the set

S5 € S: M(M}) = M2 and M? < M? and
3(Mj) = cf(8) or 3(Mj) = 0}
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is stationary. (Just applying (i) choose § = ¢ when 0 < ¢ < A and take arbitrary
regular § < X in other cases.} Choose § € S*. Remember that S* C §, so e.g.
§ =3, cf(8) < 4§ and

A=pt=>d5€[p+1,)) and

if A is inaccessible then 4 is a strongly limit singular cardinal.
Let us first consider the case 3(M}) # 0 (so cf(6) = 3(M})). To show (®4) we
will need the following technical but useful claims.

CramM 3.9.3: If R € N, R C Hom(Gs,Z) U, p Hom(Gs,Z/qZ), 21EI < |15
(so 22!l < ) then for every § € § S large enough there is ¢ € G5 such that:
(a) he R= h{z)=0,
(b) z € Gpt1, moreover Gg @ (Zz) is a direct summand of Gg41,
(¢) g(z) #0.

Proof of the Claim: First assume that R is infinite, so 211El = || Bz

As 2IRIl < ||§)| clearly there are 2 € Gs {0} satisfying (a). If z satisfies
(a)+(c), z € Gg and B € 6~ S large enough then we can find y € Gg4+1 which
is a member of a basis of Gg41 over Gg and which satisfies (a) and ¢(y) = 0.
Then the element z + y satisfies (b) (and (a), (¢)). So it suffices to find z € G
satisfying (a)+(c). If this fails then for every x1, 25 € G5 we have

[\ Ale1) = h(z2)] = g(z1) = g(z2)-

hER

So there is a function F: 8Z — Z such that g(z) = F(...,h(z),... )ner- Take
i < 3(M}) such that R € N?. Then NJ,; = ||R|| < [|6]] (remember 2.1(f, g))
and necessarily N7, = [|R| < ||6]| (as |R|| < ||6]| in V). Applying 2.1(h) we
get that in‘; € NP, and therefore N?,; |= ||R|| = xo, where o = ||R|| (in
V). Let 51 = 2% (so xy < [[6]]). Then, by 3.9.1, we get P(xg) C N?,; and
N, E ||F0Z x Z|| = k1. Again by 3.9.1, we get P(x1) C N{,,. But this implies
that P(™Z x Z) C Nf,, and P(*Z x Z) C N{,. In particular F € N°. Since
{Gs,R} € N? (G5 by clause (h) of 2.1, R by the assumption) we conclude that
g € N% — a contradiction to condition (h) of 2.1. The case when R is finite is
much easier. We start as above, but getting © € G5 with (a)+(c) we give purely
algebraical arguments. The claim is proved. |

CrLAM 3.9.4: (1) Suppose that cf(8) # cf(u) < p < § < p* (so we are in the
case A = pu*), R € N}, R C Hom(G5,Z) U, cp Hom(Gs, Z/qZ), i < 3(M;)
and N} = |R|| = p. Then for each sufficiently large 8 € (u,8) \ S there exist
z; € Ggyq for j < cf(p) such that:
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(a) if h € R then the set {j < cf(u): h(z;) # 0} is bounded in cf(p),
(b) Gg ® (z;: j < cf(i))gy,, is a direct summand of Ggyy (and so of
Gs),
(c) g(z;) # 0 for all j < cf(p).
(2) In (1), if we change the assumptions to:

f(@)=0"=p<é<p*, |BR|=0

then the assertion holds true after replacing cf(u) by cf(8) (so x; are being
chosen for j < cf(6)).

(3) Suppose that cf(§) # cf(8), cf() < 8F =p < é < put, Re N}, RC
Hom(Gs,Z) U, cp Hom(Gs, Z/qZ), i < 3(M}) and N? |= ||R|| = p. Then
for sufficiently large 3 € (u,8) ™ S there exists a sequence (z; 5 § < p, k <
cf(8)) C Gg41 such that

(a) if h € R then {(j, k) € u x cf(0): h{z; k) # 0} € Iy ci(o)),

(b) Gg ®{zjr: j < p,k <cf(f))as,, is a direct summand of Gg,1,

(¢) g(zjxk) #£0 for all j < p, k < cf(8).
Proof of the Claim: (1) We follow exactly the lines of the proof of 3.9.3, but
first we have to choose an increasing sequence (R;: j < cf(u)) € N such that
Uj<ctquy B = B, I|1R;]l < | R|| (and hence 20851 < 41 as p is a limit cardinal). To
find the R; use condition (14) of the construction (and @3, Q4). Then use 3.9.3
to find Bo € (u,d) such that there are 3 € Gg, (for j < cf(u)) with

(Vh € R;)(h(z]) = 0) and g(a]) #0

(remember that cf(d) # cf(u)). Now if 8 € (f,0) S then we find a sequence
(yj : J < cf(p)) € Gpy1 which can be extended to a basis of Gg41 over Gg and
such that for all j < cf(u)

(Vh € R;)(h(y;) =0) and g(y;) =0.

Put z; = y; + zj.

(2) Similarly (note that if R € N?, |R|| = 8 then N? |= ||R|| = 6).

(3) Similarly: first find (R;x: 5 < p,k < cf(f)) € N? such that ||R;4]| < 6,
the sequence (|J, <ci(e) Biki J < p) is increasing, for each j < p the sequence
(Rjk: k < cf(6)) is increasing and U, ., Ux<ce(o) Bik = R. Next follow as in (1).
|

Now we are going to ﬁriish the proof of (®)4 (in the case 3(M}) # 0). Note that
by (®)s, f”'d IGs = f; X", so we can try to apply condition (12). But condition
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(12) says “help only those who can help themselves”. More specifically we have
to prove that there are H, f’, fffl as required there (in particular (*)) and then
by (12), g]Gs+1 gives the desired contradiction. But this is done by the following
claim.

CrLAM 3.9.5: Suppose that §, g,... are as chosen earlier. Then there exists a
free group H such that Gs C H, H/Gpg is free for 3 € NS, | H|| = ||4]|, the
homomorphism g cannot be extended to a homomorphism ¢’ € Hom(H,Z) and
(a) for every h € Hom(Gs,Z)NN® and ht € Hom(H,Z/pZ) such that h/pZ C
ht there is h* € Hom(H,Z) with h C h* and h*/pZ = h™;
(B) ifgeP, { <AgNJ then fg’c extends to an element of Hom(H, Z/qZ).

Proof of the Claim: Let us recall that 3(M}) = cf(6). For ¢ < 3(M}) let
Re = B(M}) N (Hom(Gs,Z) U U,cp Hom(Gs,Z/qZ)) and let (f.: € < 3(M}))
be a sequence of functions such that for each e < 3(M}) we have:

fe: 628R, and (fei¢<e)e NS,

(see clauses (e) and (g) of 2.1). Let (8%: i < cf(6)) be an increasing sequence
with limit & such that G5 > cf(6) and {8: i < i*) € N® for all i* < cf(d) (see
Claim 3.9.2). Finally for i < ¢f(6) let

R0 (< & e < i}

Then R} are increasing with ¢ and

Ur=-U &

i<cf(8) e<3(M})

and for each i* < cf(d) the sequence (R}: i < i*) belongs to N‘sp (for some
Gir < 3(M})). Moreover Ngi_ = [|R]| < ||821 for each i < i*.

Let (af: i < cf(6)) be an increasing continuous sequence cofinal in § and
disjoint from S (possible by the choice of S).

CASE A: ¢ is a strongly limit singular cardinal.
In this case we have
(Vi < cf(8))(2 1 < ).
Thus we may apply Claim 3.9.3 and choose by induction on ¢ < cf(d) an increasing
sequence {j;: 1 < cf(8)) C cf(6) and z¢ € Gaj._+1 such that:
(a) h € R = h(z?) =0 '
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(b) Gaj._ ® (Zx?) is a direct summand of Gs;

(c) g(a?) 0.

Since {ad: i < cf(8)) € 6~ S is increasing continuous (and cofinal in §) we
get that the subgroup Hs = (zf: i < cf(8))q, is a direct summand of G5, say
Gs = Hs © H} (and {zf:i < cf(8)} is a free basis of Hs). Let I = {4 C cf(§): A
is bounded} and apply 3.4 for cf(é8), g, p, I and Hs and get the respective free
group H' 2 Hs (H' N Gs = Hs). We claim that the group H = H' & H} is
as required. For this, first note that if § € 6~ .5, a?io > B, A =10,7;,) then
H'/(zf: i € A) is free and hence H/Ga‘]s_i is free. But Gai /Gpg is free so we
conclude that H/Gg is free. ’ ’

As g cannot be extended to a member of Hom(H’,Z) it has no extension in
Hom(H,Z). Suppose now that h € Hom(Gs,Z) N N?, so h € R} for some
ip < cf(6). Let h™ € Hom(H,Z/pZ) extend h/pZ. Since for all ¢ > ig we
have h(z?) = 0, we may apply clause () of 3.4 to get a suitable lifting h* €
Hom(H,Z) of h*. Similarly, we use 3.4(§) to show that f5’€ can be extended

onto H (remember f2* € N°%).

Case B: 4§ € (u,ut) for some cardinal p such that cf(p) = cf{8) < p.
By condition (14) of the construction and the use of @3, Q4 we have that,
letting o = ¢f(4), for each ¢ < cf(4)

N, BBl =Nl & of(p) =a.
This allows us to build R}* such that

i<j<cf() = RI*CReN’,

U Br= U R end |RF[ <
i<cf(8) i<cf(6)

Now we can continue as in the previous case.

Case C: 6 € (u,u™) for some cardinal number p such that cf(8) # cf(u) < p.
By Claim 3.9.4(1) we can choose xf’j {for ¢ < cf(8), j < cf(u)) such that:
(a) for each h € R}, for every j < cf(p) large enough h(:::‘;j) =0
(b) {xf’j: i < cf(8),7 < cf(u)} is a free basis of a direct summand of Gy,
moreover for some increasing sequence (j;: i < cf(d)) C cf(d), for each
i* < cf(8), the family {xfd-: i* <1< cf(d),7 < cf(p)} is a free basis of a
subgroup H C Gs such that Gai‘ @ H is a direct summand of Gj;

(c) g(mf,j) #0.
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Let

I = Tic(s),ct(uyy = {A C ef(6) x cf(p): (V*i < cf(§))(V*] < cf())((3,5) ¢ A)}-
Again apply 3.4 (with A there standing for cf(8) + cf(u)).

CasE D: 4 € (u,u") for some cardinal number g such that cf(6) = u = cf(p)
is inaccessible.
Similar to Case B.

CasE E: 6 € (u,pu) for some cardinal number p such that g = % = cf(5).
First find an increasing sequence (R}*: i < §%) such that R}* € N°, |, o+ R}*
= Ui<et(s) Bi and [|[R*|| < 6. Then apply Claim 3.9.4(2) to choose a sequence
(mf,j: 1 < cf(4),7 < cf(9)) similarly as in case C.
CaSE F: 6 € (u,u™) for some cardinal u such that cf(d) < p = 8%, cf(8) #
cf(6).
Using Claim 3.9.4(3) we choose an increasing sequence (j;: ¢ < cf(§)) C cf(6)
and a sequence (a:ff,j’k: i < cf(8), 7 < i, k < cf(#)) such that
(a) for each h € R}, for every j < p large enough for every k < cf(d) large
enough, h(z? ;) = 0;
(b) {zf,j’k: i < cf(d), § < pu, k < cf(6)} is a free basis of a direct summand of
Gs; moreover for each i* < cf(§) the set

{of 4 i* <i<cf(8),5 < p, k < cf(0)}

is a free basis of a subgroup H C Gs such that G,s @ H is a direct
summand of Gy; "
(©) 9(al,1) 0.
Let I = I(cf(,s)yuycf(g)) and apply 3.4.

Case G: § € (p,pt) for some cardinal u such that p = 6%, cf(d) = cf(6).
This is similar to case F though we have to modify the application of 3.4. First
we choose increasing sequences (Rf%:j <p) € N 8 (for i < cf(8)) such that

IR < | JRij=R; and
j<p
R¥™:j<p):i<i*)e N® for each i* < cf(4).
1’?]

Then we choose increasing sequences (R}%%: k < cf(f)) (for i < cf(6) = cf(),
J < p) such that

1B 5!l <6, U R =R and
k<cf(8)
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(RS <pnk < cf(8)):i<i™) € N2

Now, for £ < cf(6) = cf(6), j < u put RS, =, o Bi%7%- Note that RY, € N°
and “Rj+,e” < 0. Moreover if h € [J;c5(5) RS then (V75 < p)(V*e < cf(d))
(he R;Lye). Next, as in the proof of 3.9.4 we choose z7 ,, yj,¢ such that

(Vh € RF,)(h(z5,) = h(yje) = 0), 9(2}0) #0, 9(y5e) =0,

if pj, o min{aj, : Ti, € G“Zo} then £ < £y and

{yj.e: pj e = B} € Gp41 can be extended to a basis of Gg4q over Gg.
Then we put z; = 25, + yj (for j < p, £ < cf(4)) and we apply 3.4 as earlier.

Case H: § € (u,ut) for some inaccessible cardinal p such that cf(d) < cf(p)
This is similar to case C.
This completes the proof of Claim 3.9.5. 1

The case 3(M}) = 0 is much easier and can be done similarly. We do not
have N% and we have to take care of extending homomorphisms fg’c only. We
basically follow the lines of the previous case, but proving the suitable variants
of 3.9.3, 3.9.4 instead of the fact that g ¢ N® we use clause (6) of the inductive
construction.
This completes the proof of (®),.
To finish the proof of the theorem we have to show
(®)s if p € P, f € Hom(G,Z/pZ) then there are n < w, (% ..., ("1 < A,
ag,... ,Gn-1 € Z/pZ such that f — 3, arfP$" € Hom™ (G,Z/pZ) (ie.
the difference can be lifted to a homomorphism to Z).

For this we inductively define a sequence (f¢: £ < £(*)) C Hom(G, Z/pZ) by:
fe is the <*-first member of the vector space Hom(G,Z/pZ) over the field
Z/pZ which does not depend on

{FPeC< M u{fe ¢ <€)

(So £(*) is the maximal length of a sequence with the property stated above.) It
is enough to show that all the homomorphisms fe (for £ < £(x)) can be lifted to
homomorphisms f; € Hom(G,Z). But by (®)4 we know that M} € ky N kJ, so
we may apply (j). Thus we have a club C C E such that for each § € C:

{C N8, (fe1d: ¢ < 8)} e N°.

Applying the “moreover” part of (j) of 2.1 we may make use of conditions (8),
(9) of the construction. (Remember that in (7) the sequence (f2¢: \,Na < € <
((p, @)) has the same definition as our sequence (f¢ : & < £(¥)).) |
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Remark 3.10: The main theorem 3.9 can be proved for all regular cardinals

which are not weakly compact. This requires some changes in the construction
(and 3.4).
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