
R e m a r k s  o n  t h e  n u m b e r s  o f  i d e a l s  o f  B o o l e a n  a l g e b r a  

a n d  o p e n  s e t s  of  a t o p o l o g y  

A b s t r a c t :  We p r o v e  t h a t  t h e  c a r d i n a l s  /~ w h i c h  m a y  be  t h e  n u m b e r  of 

i d e a l s  of a n  i n f i n i t e  B o o l e a n  a l g e b r a s  a r e  r e s t r i c t e d :  /~ = ~ 0  a n d  if ~ -</~ is  

s t r o n g  l i m i t  t h e n / ~ < ~ = / ~ .  S i m i l a r  r e s u l t s  h o l d  fo r  t h e  n u m b e r  of o p e n  s e t s  of 

a c o m p a c t  s p a c e  ( we n e e d  w ( x )  <~(~) = 2<g(a)). We a l s o  p r o v e  t h a t  if ~ - >  a a 

i s  t h e  n u m b e r  of o p e n  s u b s e t s  of a H a u s d o r f f  s p a c e  X,I~ < 1~ R° then  0 # e x i s t s ,  

( in  f a c t ,  t h e  c o n s e q u e n c e s  of t h e  c o v e r i n g  t e m m a  on  c a r d i n a l  a r i t h m e t i c  a r e  

v i o l a t e d ) .  We a l s o  p r o v e  t h a t  if t h e  s p r e a d  l* of a H a u s d o r f f  s p a c e  X s a t i s f i e s  

I~ > ae (c f  I~) t h a t  t h e  s u p  is  o b t a i n e d .  F o r  r e g u l a r  s p a c e s  F* > 2c!  ~ is  e n o u g h .  

S i m i l a r l y  fo r  3(X) a n d  h (X). 

§0 I n t r o d u c t i o n .  

We d e a l  w i t h  s o m e  p r o b l e m s  on  B o o l e a n  a l g e b r a s  a n d  t h e i r  p a r a l l e l  

o n  t o p o l o g i c a l  s p a c e s .  The  p r o b l e m s  a r e :  w h a t  c a n  b e  t h e  n u m b e r  of i d e a l s  

[ o p e n  s e t s ] ,  a n d  is  t h e  s p r e a d  ( a n d  r e l a t e d  c a r d i n a l s )  n e c e s s a r i l y  o b t a i n e d  

( r e m e m b e r  i t  i s  d e f i n e d  a s  a s u p r e m u m . )  C o m p a r e  w i t h  t h e  we l l  k n o w n  

r e s u l t  t h a t  t h e  c e l l u l a r i t y  (= f i r s t  ~ fo r  w h i c h  t h e  m- c h a i n  c o n d i t i o n  h o l d s )  

is  r e g u l a r .  We s h a l l  u s e  f r e e l y  t h e  d u a l i t y  b e t w e e n  a B o o l e a n  a l g e b r a  a n d  i t s  

s p a c e  of u l t r a f i l t e r s .  R e c a l l  

0 .1  D e f i n i t i o n  : F o r  a t o p o l o g i c a l  s p a c e  X: 

1) s ( X ) = s u p l l A l :  A is  a d i s c r e t e  s u b s p a c e {  + l %  ( n o t e  t h a t  A is  a 

d i s c r e t e  s u b s p a c e  if A = {y{: { < a l  a n d  f o r  s o m e  o p e n  s u b s e t s  u~({ < a), 

y~ cu~, ~ ->~  = j ) .  
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2) z(X)  = s u p l  IA I: A = fYi: i < a l ,  and  for  s o m e  o p e n  u ~  (i < a) ,  

i = j  ------>y, e u  s ------>¢~Jl +So. 

3) h (X)  = s u p l ] d t : A  = l y ~ : i < a J  for s o m e  open  u~(i < a ) ,  

i = j  ~----->y~ e u j  ~----->i~j] +S O . 

4) F ( X ) , ~ ( X ) , b ( X )  are  def ined s imi la r ly  with IA ]+ in s t ead  ]A].  

5) For  a Boolean  a lgeb ra  B ,~(B) is ~(X) where  X is t he  space  of 

u l t r a f i t t e r s  of B. 

On the problem of the attainment of the supremum when the cofinality 

isS 0 see Hajnal and Juhasz [HJ i], Juhasz [Jl], Shelah [Sh 3] i.I (p. 252) 

and then Kunen and Roitman [KR]. 

On a counterexample for higher cofinalities see Roitman [R] and lately 

Juhaz and Shelah [JSh]. On the number of open subsets see Hajnal and 

Juhasz [ HJ2] and Juhasz [J2]; the author observed in fall 1977 (see [Sh 6] for 

the main consequence) that by having a specific cardinal exponentiation 

function we can get from counterexample to the attainment of the 

spread when the cofinality is to, a Hausdorff space X with o (X) ~ > o (X) (this 

extra demand on the set theory has caused no trouble). This connected our 

two problems. The author had withdrawn another announcement of [Sh 6]: 

o (X) = o (X) s° for X a Lindelof  space.  

This work is written An the order it was conceived. 

§1 The n u m b e r s  of idea l s  of a Boo lean  Algebra  

1.1 T h e o r e m :  Let B be an  infinite Boolean  Algebra, Id (H)  t h e  se t  of 

ideals  of B, / d ( B )  i ts  power.  Then  i d ( H )  = i d ( B )  so. 

Proof :  Suppose  not,  A = M i n l ~  : ~ o _ > / d ( B ) { ,  so c f  k =S 0, 

x < - ~ ( B ) < x  s°. Now ~ > 2  s0 as ~ ( B ) - > 2  s0, so X = Z X ~ , A n < A n ÷ I < X ,  

A n = ~ ° .  We define by i n d u c t i o n  on n,ar~ e B,  a n ( ~ a ~  = 0  for £ < n ,  

i a ( B  r an ) ~- An, i d ( B t ( 1 - -  13 a¢) -> A. We shou ld  fail for some  n ,  so w.l.o.g, for  
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n o  a c 1=?, i d ( B  ~ a)  >_ hn , id (H f ( l - a )  -> h. W.l.o.g. n = 0, so  

~ =  fa c B : i d ( B  t a)  .< Aol is a m a x i m a l  ideal .  Now IN[ < X ( o t h e r w i s e  }~l - A, 

e a c h  c o u n t a b l e  s u b s e t  of ~ g e n e r a t e s  an  ideal ,  t h e r e  a r e  -~ ;k R° > id (B) s u c h  

c o u n t a b l e  s u b s e t s ,  a n d  e a c h  idea l  of B of t h i s  f o r m  h a s  p o w e r  <- )'0 h e n c e  h a s  

a t  m o s t  k~ ° = 2, 0 < X c o u n t a b l e  s u b s e t s .  C o n t r a d i c t i o n ) .  So W.t.o.g. IB I < k0- 

Now [d°(B) = II ~ Id(B): I  ff ~1 C U II ~ I d ( B ) : l - a  ~ [I h a s  p o w e r  

<- p, i g ( ~ r a ) ~  IBI +x0 
ae_~ 

So Id°(B) has  p o w e r  ---k 0. Also I d l ( H ) = l f c I d ( H ) : I C ~  b u t  fo r  s o m e  

a E N - I  t h e r e  is no  b < a,b c ~ - I  I h a s  p o w e r  - ) t  o ( for  e a c h  s u e h  a , I  

I N ( B t a ) = ~ N ( B r a  ), a n d  fo r  I N ( B ~ ( 1 - a ) )  we h a v e  

<_ i d ( B  r ( l - a ) )  <:~o pos s i b i l i t i e s .  So Id2(t?) ~ I d ( B ) - f d ° ( s g ) - I d i ( B )  h a s  c a r d i -  

n a l i t y  id (B).  Fo r  e a c h  I c  [de(B) c h o o s e  by  i n d u c t i o n  on  i ,ai  c ~ - I  s u c h  t h a t  

at N aj c I fo r  j < ~ ,  a n d  l e t  a [ = < a i : i  < a> be t h e  r e s u l t i n g  m a x i m a l  

s e q u e n c e .  N o t e  t h a t :  

~(B) = Min IN: t h e r e  a r e  n o  a ¢ c  B ( i  < N), at  n o t  in  t h e  idea l  g e n e r a t e d  b y  

[aj:j # i l l ,  

and let 

Ic = Min IN: t h e r e  a r e  no  N p a i r w i s e  d i s j o i n t  n o n  z e r o  e l e m e n t s  of B] .  

C lea r ly  ~ _< g (B) ,  a n d  fo r  i~< g(B),  2 t~<- id (B)  so 2 < f ( B ) -  id(B) .  I t  is 

k n o w n  t h a t  c f  ~'(B) > ~0, so  (2<~(B)) t% = 2 <~(B) h e n c e  2 <*(e) < X a n d  w.l.o.g. 

2 <~'(B) < ;k  0. Now e a s i l y  if ~ [ = g J  = < a i : i  <ex>, I N (B~a~) = J  N (Bra t )  f o r  

i < a ,  t h e n  I =  J (if e.g.  I ~ J, c h o o s e  x c I - J ,  t h e n  x is a g o o d  c a n d i d a t e  a s  

a a fo r  d). We shal l  p r o v e  fo r  e a c h  a t h a t  ~[ :I c Ide(H),~ z = al  <- X* for  f ixed  

A* < k. By t h e  a r g u m e n t  a b o v e  t h i s  is equa l  t o  

I t < I r ( B r a ~ ) : i > : I c S d ( a ) , ~ [ = ~ l l  w h i c h  is -< [~<di:i <a>:d~ C B t a ~  a n  

ideal ,  a j  N a~ c Jt f o r  j # i l l .  L e t / ~  = [{J:J c B t a i an  idea l  (so a~ er J )  a n d  

fo r  j # i ,  a j  N a ~  E J l l .  So t h e  n u m b e r  is -<ilI<aNi. E a s i l y i I < l N i - < i d ( B ) ,  a n d  

< Xo but by cardinal arithmetic (i rl "i)N°<a = t<I]aNi (or ~<IlaN ~ <- I%) [you can ~t 
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s ee  i n  2.11],  so  i<~a/~ < JR. By m o r e  c a r d i n a l  a r i t h m e t i c  ( see  2.11) t h e r e  is a 

b o u n d  k* a s  r e q u i r e d .  

So n e c e s s a r i l y  I l a [ : I  c Ida(B)ll>_ k. Now e a c h  a I h a s  l e n g t h  < ~'(B) so  

-- I BI  <~(B), a n d  as c f  g(B) >~o, c f  h = t ~  0 c l e a r l y  t h e r e  is / * < ~ ' ( B ) ,  

I B i s - - -  ~. Le t  ~ = Maxlg,t ," ] .  So ~ is r e g u l a r  @ - F(B) ,  B sa t i s f i e s  t h e  ~J-c.c. 

a n d  IBI  <~ - > ~ a n d 2  < ~ - 2 < ~ ( B ) - < X  0. So t B I  <~ >2<~-  L e t x = M i n I x : x  <~> IBIS, 

t h e n  X > 2<~, X <~ = I B I  <~ ~ ~ a n d  (V/~ < X)/~ <'~ < X- By [Sh  1] 4 .4  B h a s  a s u b -  

s e t  of p o w e r  X n o  o n e  in  t h e  i d e a l  g e n e r a t e d  by  t h e  o t h e r s .  So X < ~'(B) so  

2 x .,: id (B) ,  b u t  2 x -> X <~ -> ;k so  2 x -> RI% > / d ( B )  c o n t r a d i c t i o n .  

§2 On t h e  n u m b e r  of  o p e n  s e t s  

2.1 N o t a t i o n :  1) X is an  in f in i t e  H a u s d o r f f  space ,  w t h e  f a m i l y  of 

open subsets of X, any Y c X is equipped with the induced topology i.e 

T y ---- T ( Y )  = { U /% Y: U E X t. B will d e n o t e  a b a s e  of  X. 

e) Le t  o (X)  = t TI ,  ( a n d  f o r  Y E  X, o (Y)  = t~U i% Y:U E T I I .  

a) g (x)  = {Jal+: a a d i s c r e t e  s u b s p a c e  of X, (i.e. ( A , r  A) is a d i s c r e t e  

space I- 

4) B is a s t r o n g  base  of X if f o r  e v e r y  y E X ,  t h e r e  is v ,  s u c h  t h a t  

y E v  o r ,  a n d [ y  E U  ~ v , u  Er----->v cB] .  

We sha l l  a s s u m e  in  2.3, 2.4: 

2 .g  H y p o t h e s i s :  We a s s u m e  h is a n  i n f i n i t e  c a r d i n a l ,  c f  k = R0, 

(Y/~)(I% _/~ < k -,/1% < h) and at least one of the following holds: 

(I) x < o ( x )  < ~o, x = x 

0I)  x -< o ( x )  < ~ 0 ,  x = x +, 

(III) X - - o  (X) < ;k I%, X = ~', a n d  X is s t r o n g l y  H a u s d o r f f  ( w h i c h  m e a n s :  

f o r  e v e r y  i n f in i t e  A c X t h e r e  a r e  Pn c A a n d  p a i r w i s e  d i s j o i n t  
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2.2~ E x p l a n a t i o n :  We shal l  w a n t  to g e t  a c o n t r a d i c t i o n  o r  a t  l e a s t  g e t  

i n f o r m a t i o n  on how an  e x a m p l e  l ike  t h a t  looks  l ike.  

So we allow to r e p l a c e  X b y  X" i f x  <- -° (X ' )  < A  ~ ° i s  stil l  sa t isf ied;  b u t  

we shal l  u s e  th i s  fo r  open  X* only. 

2.3 Claim: A s s u m e  2.2, 

~0 
1) A > 2  t % a n d w e  can  f i n d A ~ , A  n =X~ < A ~ +  1 <A,  A =  ~, A n, 

2) W.l.o.g. t h e r e  a re  no  d is jo in t  o p e n  s e t s  z t , v (ew)  s u c h  t h a t  

o ( u ) - >  x, o ( v ) - > X .  (and  e v e n  no  open  d i s jo in t  ~z,v s u c h  t h a t  o ( u ) - >  X, 

o(v)-->A0) [ and  e v e n  no  open  zt ,v such  t h a t  o ( u - ' u ) - >  X, o(v--~z)-->A O, b u t  

t h e n  we p a s s  to  a n o n - o p e n  s u b s p a c e . ]  

3) W.t.o.g. e v e r y  po in t  y has  an  o p e n  n u m b e r  zGd (so ?g e ~ e T) s u c h  

t h a t  o (zty) < A. 

4) o (X) >- 2<g(x); h e n c e  if cf  g(X) > I~ 0 t h e n  A > 2 <g(X) and  w.l.o.g. 

A0 > 2<g(x). 

5) if IX[ ->~2 t h e n  IX] < A ( a n d  w.l.o.g. [X1 < A0; s i m i l a r l y  

lXl-> z2"-----> IXt'-< o(X)). 

P r o o f  : 1) If e v e r y / g  ¢ X is i so la ted ,  X h a s  2 txl o p e n  s u b s e t s ,  b u t  X is 

i n f in i t e  so o(X)->L:~t  If y*  e X  is no t  i s o l a t e d  we def ine  by i n d u c t i o n  on 

,zt n ,v  n •~"  and  ~/n s u c h  t h a t  : ?g" • u n ,  Yn • v n , z 6 ~  ( 3 v n  = ~ ,  a n d  

v~+ 1 c z,~, z,~+ 1 ~ un .  ( choos e  Y0 • X,~/0 # ~/* t h e n  c h o o s e  v0,~z0; if ~z n is 

def ined,  c h o o s e  ~/n 6 z~ a - [ y *  I a n d  t h e n  ~zn+l,vn+ 1 u s ing  "X is Hausdor f f " . )  So 

[ ~ : ~  < w] a r e  open  non  e m p t y  pa i rwi se  disjoinL h e n c e  

o(x)_> II u~ , . , : scw l l  =2  ~°. 

In a n y  case  0 ( X ) - > 2  ~a bu t  X-<0(X)  * ° > o ( X )  h e n c e  o(X) >21%, b u t  

o(x) <x so2 °<x<x 
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so ( V / z < A ) ( / z + ~ t  0< ;~ )  h e n c e  (V/z<A) /z  ~ o < A  h e n c e  we c a n  find k~ as 

r e q u i r e d .  

2) Le t  ~z 0 = X ,  def ine by  i n d u c t i o n  o n e ,  l<-~z < ¢0,~zn,vn s u c h  t h a t  

(i) un  ~ w,vn ~ T; u s ua l l y  we d e m a n d  t h e y  a r e  d is jo int .  

(ii) vn+ 1 C ~zn,un+ 1 C ~zn 

(iii) o ( v ~ - ~ n -  U vg) _~ 
tg<r~ 

(iv) o (~z~ -v~- U v~)  ~ x 

If we s u c c e e d ,  t h e n  v~z a re  open,  vn--UV~.C(Vr~--%~-UV~.) h e n c e  

o ( v n - u v ~ ) _ ~ ,  so by Fac t  2.3A below Ù ( X ) ~  II  k n = ;k  l % > o ( X )  c o n t r a d -  
~ ~ <co 

iction. 

2 . a A F a e t : i )  I f v n  c r t h e n o ( X ) _ ~  I1 o (v  n - U v e ) .  

ii) If v~ e "r({ < ~x) t h e n  o(X) ~ II o ( v ~ - u v j ) .  

P r o o f  : i) Le t  /z n = o ( v  n - U v e )  and  le t  v ~ c r ( i  < / z n )  be  s u c h  t h a t  

[v~ (3 ( vn -  U v~) : i  < / z  n I a r e  pa i rwise  d i s t inc t .  If p E I I  /z n l e t  
t ~  r~<co 

vo=nU<~(v'~(n) AVe)- Clear ly  v p c r  and  if  p c u c n I I <  br n, t h e n  fo r  s o m e  

k , p ( k )  # v ( k ) ,  h e n c e  vp  N ( v e - u v e )  =v~(~)  N ( v k - u v e )  

# e vv(~.) N ( v e - U V e )  =vu N ( v e - u v g )  h e n c e  Vp #Vy. So 
~ # k  g#/c 

o (X) = Jr[  ~ II /z~ as r equ i r ed .  

(ii) S imi la r ly .  

We r e t u r n  to  t h e  p roof  of 2.3. 

(3) Le t  Y = UlV c T :o (v )  < hi.  If in X - Y  t h e r e  is a non  i s o l a t e d  po in t  

y*, t h e n  t h e  p roof  is as in 1) (with Yn c X-Y) .  If e v e r y  p o i n t  of X - Y  is 
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i so la ted  t h e n :  o(X-Y)= 2 Ix-yt .  As o(X) is infinite eas i ly  o ( X ) =  o(Y) or  

o(X) = o ( X - Y ) .  The l a t t e r  is imposs ib le  as (21x-Yl) 1%= 2 Ix-YI b e c a u s e  i t  is 

infinite.  

(4) If y~ E v  t ET,  y ~  vy, for i < a ,  i ~ j  <a ,  t h e n  I U v i : S ~ o t ]  is a 
i e S  

f ami ly  of 2 lal d i s t i n c t  open  subse t s  of X, so o(X) m 2 laI. By t he  def in i t ion  of 

f(X), o (X) -> 2 <e(x). The s econd  ph rase  is by ca rd ina l  a r i t h m e t i c .  

(5) Assume  Ixl-> x. For  any  c o u n t a b l e  A C X, the  c lo su re  of A is a 

c losed  s u b s e t  of X of power  - :a. The n u m b e r  of A is IXI ~° > IXI -> : 2 , and  for  

a ny  such  A; I IB:B c X coun tab le ,  t he  c losu re  of B is the  c lo su re  of AI has  

power --< ~e, so we finish. 

2.4 Claimc Assume  2.3. 1) W.l.o.g. 

(*) for e v e r y  y E X for some  vt~ c •,y c vy, o (vy) <-- h 0, 

excep t  poss ib ly  when:  Hypo thes i s  (I), holds  (and no t  II or III) and  (xn) A~ ~ > )t 

( hence  ;k n -- o (X)). 

2) IXI </~ so w.l.o.g. Ixl < x0 so X h a s  s t rong  base of power  < k 0. 

~1 h6~, o# Remar k :  So if /%->'~2, t h e n  (w.l.o.g.) h 0 > ~2, k0 = k~ °, h0 > so 

exis t  so t he  c o n c l u s i o n  of [J2, 4.7, p. 97] holds. 

P r o o f  : 1) Let  Yn = U I v e r : ° ( v )  <- A.nt- By 2.3(3) X = U Yn. If for  s o m e  n 

o(Y~) _~ x w e  c a n  r e p l a c e  X by Yn. So a s s u m e  o(Yn) < X. Hence  Yn # X. If X i s  

s t r o n g l y  Hausdor f f  c h o o s e  Yn e X - Y  n. As X = LJ Yn, Yn c Yn+l, ~Yn :n < c0] is 
~ <ro 

infinite.  By t he  def in i t ion  of s t r o n g l y  Hausdorff  appl ied  to  [yn:n < ~01 t h e r e  

a re  d i s t inc t  n(/¢) < ~, and  ue c "r,y,~(~) • u~, ~ u ~ : k  < ~ }  p a i r m s e  disjoint .  So 

o (~k:) -" ~(~), (as  y,~(k) c '~k) a ~ d  o iX) ~ no (~:) - ~no ~ ( k )  = x ~° > o ( x )  

con t r .  

So we have  dea l t  with Hypo thes i s  III. 
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Next  a s s u m e  Hypo thes i s  tt, so 

~,, o ( Y n )  < ~.  A = ~" < X 

So the  following f a c t  is suff icient .  

2.4A Fac t :  If gn c X is  o p e n  (for n < co) ~,o (Zn) + ~o < o (oZn)  t h e n  
n n 

o ( u z , , )  = o ( U Z n )  = + ( Z n ) )  
n n 

P r o o f  : Let @ = ~0 + ~ o  (Z m). 

We define a t r e e  T with ~o levels, Now T n, t he  n ' t h  level, will be 

| ( u , n ) : u  C U Z~:u e TI; t he  o r d e r  will be: ( u , n )  _< (v,ra) iff 

n - m , u  = v ~ ( U Z~). As U Z£ is open  (as well as U Z~). 

IT~I = o ( U Z £ ) - <  ~ , o ( Z ~ ) - < O ,  and  o ( u Z g )  is the  n u m b e r  of ~o-branches of 
£<n ~<n ~<¢0 

T, so it is > @ - > ~ , l T n l .  But  in t h a t  case  it is well known t h a t  t he  n u m b e r  of 

~ - b r a n c h e s  of T is @~0 as r equ i red .  So we have p roved  2.4A. 

We are  left  with case  I, and  a s s u m e  t h a t  for  e a c h  n ,  A~*< A; le t  

C = I(%~1)+:%~ < A~, ~(Y) = o (Y), and  apply  2.5A below, we ge t  a c o n t r a d i c t i o n .  

P r o o f  of  2.4(~.): Let for  y e X vy e ' r , y  e v y , o ( v y ) < k  o. Suppose  

IXI > A0 ~. Clearly o(vT)>--IvTI so IvTI < k0. By Hajnal free subse t  t h e o r e m  

(see [ J1]) t h e r e  is Z c X ,  IYI = IXI s u c h  t h a t  (Yy # z e Y)(y ~' vz). So 

I Y[ < ~'(X), so o (X) -> 2 Irl = 21Xl c o n t r a d i c t i o n .  So IXI ~ A0 ~, t h e n  

|u  V~vy:u e~-,y e X ]  is a s t r o n g  basis of X o f  power <Ao + + A  0. R e n a m i n g  we 

finish. 

We can abstract from the proof of Kunen and Roitman [KJ] (or see [J2]), 

the following theorem. See 4.4(2), or 3.2A(2) for a simpler proof of 2.5(1)) 

even weakening (iv) to: X # U u for each n. 

a.S Lenlma: i) Suppose cf A =M 0 <A, ~,= ~, A~,A n <A, Xa topological 

space, and ~ is a function from subsets of X to cardinals, satisfying: 
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(i) ~(A) -< ~(A UB) -< ~(A) + ~(S).  

( i i)  ~0(X) -> h 

( i i i )  f o r  a n  u n b o u n d e d  f a m i l y  C of  c a r d i n a l s  < h: 

@ i f O  e C, A4 C X ( i  <21% ) and~o(A~) < ~ t h e n ~ 0 ( U A 4 )  < ~ .  
i 

( iv)~(  u u ) < x .  

Then  t h e r e  a r e  o p e n  s e t s  u n c X s u c h  t h a t  ~ ( u  n -  U u £ )  ~- X. n fo r  n < w. 

t~<¢0 

2) We c a n  r e p l a c e  ® b y  Ga + ~b w h e r e :  

@a if < A,:~7 c ~ 2> i s  a p a r t i t i o n  of X, a n d  u IAn : r l (k )  = 0t is  o p e n  fo r  e a c h  

k < ~ , ~  c C a n d  B c X,~o(B) >- ~ ,  t h e n  f o r  s o m e  n o - w h e r e  d e n s e  s e t  K c ~2, 

~,(B ~ U An) -> 
'~cK 

and. 

Cb if A n d X, ~3 E C,~0(An) < ~3 t h e n  ~0( U A~) < ~ .  
n <¢0 

3) If X i s  s t r o n g l y  H a u s d o r f f ,  (i) ,  ( i i)  s u f f i c e .  

P r o o f  : 1) We s h a l l  u s e  (i) f r e e l y .  

e a s e l :  ~o(Y) < X w h e r e  Y : U [ V : V  c % f ( v ) <  At. 

So ~o(X-Y) = h: if X - Y  h a s  a n o n  i s o l a t e d  p o i n t  y * ,  t h e n  we c a n  d e f i n e  d i s -  

t i n c t  Yn c X - Y n - l y * J  a n d  p a i r w i s e  d i s j o i n t  u n , y  n c u n c "r n , y*  n o t  in  t h e  

c l o s u r e  of u n. So a s  Yn c Y, ~ ( u n )  -> ~, > / t  n a n d  u n = u n -  U u~ .  So t h e  u n : s  
t~<n 

a r e  a s  r e q u i r e d .  So  X - Y  i s  a d i s c r e t e  s p a c e  h e n c e  o ( X - Y ) =  2 1 x - Y I  b u t  

o ( X - Y )  = •, c o n t r a d i c t i o n .  

So we c a n  a s s u m e  f ( Y )  -> k, so  w. l .o .g .  X = Y i .e . ,  

(*) fo r  e a c h  y c X fo r  s o m e  v , y  ~_ v e r , f ( v )  < ~. 
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Case lI: For  eve ry  open  Y C X,@(Y) -> h and  "O < X, and  < vy :y  c Y> sat is-  

fying y C v y  C "7" there are p c Y, open u , p  c u c vp and  open  Z C Y, ~o( Z) >- h 

and  v °,  a n e i g h b o r h o o d  of z ,  for z • Z s u c h  tha t :  for every  z m • Z, 

~o(~- u v2.  ) >- "O. 
r t  < a# 

We define by induc t i on  on n ,1  <--n < co, p n , u n , y n , ' o n  and <v~:y  C Yn> 

s u c h  that 

(1) Yn C X , 9 ( Y n )  ~-x, Yn+1 C I~, Y i s o p e n .  

(2) for  y e Yn, v~ is an  open  n e i g h b o r h o o d  of y ,  v~ ÷1 C v~. 

(8) "O. > ~ "o.+1 > ~ -  

(4) pn  e u n • "r, "On <- q~(un) <'On+l, un C v~. 

(5) for eve ry  z~ E: Y~ (C < co) ~o(u n -  U vn~) ~- "On. 
12<co 

For n = 0 we s t ipu la t e  Yo = X, v~(y  e Yo) an open  n u m b e r  of y with ~o(v~) 

m i n i m a l  and  "Oc = Zl + ho. 

Suppose  Yn,<v~:y  C Yn> as defined. Choose qn+1<k such  t h a t  

"on+l > ~n, "on+l > 9e, ~o(u~) when 0 < g < n + l .  Next apply  the  h y p o t h e s i s  of 

t he  case  to Yn, and  "O n and  < n. > vy . y  e Yn , so t h e r e  a re  p = P n + l  E yn, 

u = "u~+,, Y = Yn+,, and  <vzn'°:z e Yn+,> s u c h  tha t :  

~)n,O~ > ~ n + l .  z e E Yn+I(iL <~o),~o(un+ 1-L1  zg i -  

z C vz n'0 c T, and  for  

We le t  v~ +1 = vz n'O (3 vz n. 

Eas i ly  e v e r y t h i n g  is o.k. Now in the  end, a s u ~  c v ~ e  f o r £  < n ,  and  b y ( 5 )  

for  n 

- -  n 

As for  ~ < n , ~ ( u ~ )  < "on c lea r ly  
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T ( u n -  U u¢)  >_ On, as r equ i red .  

Case M: Not Cases I,II. 

So (*) holds,  and  t h e r e  are  open  Y C X , ~ ( Y )  -> k, z~ < A and  

< v y : y  c Y > , y  E vy E T, witness ing  the  fa i lu re  of Case II. W.t.o.g. X = Y, 

E C, y E u C v y ( u  E "c)-------->~(u) ~ ~(vy) .  If ~(vp)  _> ~, by  (iii) @ : 

(**) if p E u E T, U C Vp, then  ~(~z E Y: fo r  so me  

v E T,z c v , ~ ( v  N u )  < ~ ] )  <~, [ if th i s  fails p , u , Z =  Iv:  ~(v N u )  <~,~ and  

<vO: Z E Z> where z Ev 0, ~(v 0 A u) <A, exemplify Z,O do not witness the 

failure the assumption of Case H]. 

Define by induction on n, p~ E Y,un ~ E "r, for £ = 1,2 and ~n such that: 

(1) p~  ~ ~ , ~  n ~ = ¢, ~ ~ ~ 

(2)  ~ < 2,~ n E C , ~  n ~ ~ n , ~ n + l  > tSn ,~ .  

(4) for  e v e r y  open  n e i g h b o r h o o d  v of pn  ~, if m <n : 

For  n = 0  cho ose  O0E  C,O 0 > ~ 0  + ~  t h e n  choose  p l  ~ p a  in Y s u c h  t h a t  

~(vp0~ ) --> ~0 (poss ib le  by  a s s u m p t i o n  (iv)) a n d  t h e n  c h o o se  

~0 ~ ~ . ~ o  ~ ~ 0  ~ ~ , ~  n~o ~ : ~  For n+~, choose first ~ + ~ E  c , ~ + ~  

l a r g e r  t h a n  ~n ,kn+l ,~ (u0  ~) . . . . .  ~ (u~)  for  C = 1,2 ( r e m e m b e r  (*)). Now we 

shou ld  c h o o s e  ~ 2 Pn+l,Pn+l,  s u c h  t h a t  ~ ( v ~ , ) - > ~ n + l ,  a n d  for  e a c h  ~g - - n ,  (4) 

holds .  Each  d e m a n d  exc ludes  a se t  in ~A:~(A) < ~,], (no te  t h a t  

OIVp: o ( v p ) < z ~  ! sa t i s f ies  th i s  by a s s u m p t i o n  (iv)) so t h e r e  a re  d i s t i n c t  
1 2 Pn+~,Pn+l as r e q u i r e d ,  and now choose  dis joint  un+ i l  ,un+ l ~  , s u c h  t h a t  

Define f o r ~ ? E ~ 2 ,  A n= (~ u~ N (~ (X--u~).  
n(n)=0 n(~)=l 
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We d e f i n e  b y  i n d u c t i o n  on  n < ~, rIn ,kn,mn,  s u c h  t h a t  

(a )  Vn c ~2 

(b)  n --< ]cn < m n < kn+ 1 < re.n+:[ 

(e)  f o r  g < n 3 ? e ( k n )  = ~¢(mn)  

(d) ~p(u~ C~ "u~  (3 An. ) > ~/~. 

F o r  n = O  l e t  /% = O,ra n = 1, n o w  ~0(u~ N u 2 r ~ ) -  ~ b y  c o n d i t i o n  (4) 

a b o v e .  T h e n  t h e r e  i s  ~70 i s  r e q u i r e d  in  (4) b y  @. F o r  n > 0 we f i r s t  c a n  f i n d  k n 

m n a s  r e q u i r e d  in  ( b ) , ( c )  a n d  t h e n  ~Tn as  a b o v e .  

Now let u n =u~ nu~. So now by (c) 

un-u u~ NU2m~ ~A,~hence 

U r z N A n  = ¢  f o r  g > m ,  so  

~ o ( u n -  U u ~ )  -> ~ n ;  a s  ~0(u~) < z~ n fo r  g < n ,  ~ o ( u a -  U u ¢ )  _> z~ n so  we f in i sh .  

2) S i m i l a r  p r o o f  - i n s t e a d  u ~  N u2m~ we u s e  f i n i t e  s u c h  i n t e r s e c t i o n  a n d  

s t r e n g t h e n  (4) a c c o r d i n g l y  ( a n d  D7n] is  r e p l a c e d  b y  a n o  w h e r e  d e n s e  s e t . )  

R e m a r k :  If i n  2 .5(1)  we w e a k e n  (iv) t o  f ( X - u [ u :  ~o(u) < h n ] )  -~ X, b y  

c h a n g i n g  ~0 s o  to  s a t i s f y  (iv),  

2 .6  L e m m a :  i )  S u p p o s e  X is  a H a u s d o r f f  s p a c e ,  /7 a b a s i s  f o r  X a n d  
N 

o ( v )  --< k 0 f o r  v c B. S u p p o s e  f u r t h e r  t h a t  2 <-v(x) < o (X),  k 0 < o (X) a n d  f o r  n o  

< f ( X ) ,  (Xo) ~ = o (X) .  T h e n  I B! <f(x) _> o (X). 

2) U n d e r  H y p o t h e s i s  2.2, if (*) of 2 .4  h o l d s ,  cf  ~'(X) > 1%, a n d  B i s  a b a s i s  
N 

f o r  X then  t BI < ~(x) _ o (X) (so  f o r  s o m e  x a n d  ~ : X <~ > o (X) -~ (X + 2<~) ÷ '~)- 

3) If X i s  a H a u s d o r f f  s p a c e  :2<--o(X) < o(X)  t% then  fo r  s o m e  

X,~ : (X + 2 <~ )+~ -< o (X) < X <~. 

2.6A Remark: The conclusion in 2.6(3) implies 0 # exists by the covering 

lemma, and similarly much more. 
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We f i r s t  p r o v e  s o m e  fac t s ,  w h e r e  B is a b a s e  of a H a u s d o r f f  s p a c e  X a n d  
N 

o ( v ) ~ ) t  O f o r v  ~ B  0- 

2.7 D e f i n i t i o n :  1) We s a y  v = <v~:i < a> is g o o d  for  u (whe re  u,v~ c "r) 

if 

(ii) v~ e B ( h e n c e  v~ c T) 
N 

(iii) fo r  i # j < a,v~ (h vj C u .  

2) We s a y  ~ is m a x i m a l l y  g o o d  f o r  u if ~ is g o o d  fo r  u b u t  

f o r  no  v c B i s  v ^ < v >  g o o d  fo r  u .  

2 .8 O b s e r v a t i o n :  1) Fo r  e v e r y  u c T t h e r e  ~ m a x i m a l l y  g o o d  for  it. 

2) If < v , : i  < a> is g o o d  fo r  u ,  t h e n  a < ~'(X). 

P r o o f  : 1) I m m e d i a t e .  

2) By (i) of Def in i t i on  2.7(1))  t h e r e  is Yi c v i - - u .  Now yi  c v i - u  c T, a n d  

i # j ~ y i  ¢ vj  (as  t h e n y i  c v j  0 vi - u . )  

2 . 9 F a c t : L e t  G = l<v i : i  < a>: v i e B, v i ¢ t l l v j : j  < a , j  ~ i l  I. 

1) If ~ is g o o d  fo r  s o m e  u t h e n  v c G. 

Z) For each g :<v{:i <a> [ G the following two sets has the same 

power: 

Pv : | u : ~  is m a x i m a l y  g o o d  fo r  u I. 

Ov : | < J i  :i < a > : U ( v ~ N v j )  C J{ c v { ,  (so J~ # v { )  and  Ji is o p e n  {. 

P r o o f  : 1) I m m e d i a t e .  

2) We define H, a f u n c t i o n  with d o m a i n  Pv:H(u)=<v{Au:i <a). 
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Clear ly  H ( u )  ~ 0 v. Now H is one  to  one:  if H ( u l )  = H(u2)  b u t  u 1 # u a t h e n  

w.I.o.g, u~ ff u e, e h o o s e  y ~ u~--ua, t h e n  c h o o s e  v ~ B, y < v C u~. So y wit-  
~ 

n e s s  v ff u2; and  fo r  i < a , v  I " 3 % C u ~  (as  v c u ~ )  b u t  v ( 3 %  c % ,  

u~ N %  = u 2  ( 3 %  so  a lso  v ( 3 %  C u 2 .  We c o n c l u d e  t h a t  v c o n t r a d i c t s  t h e  

m a x i m a l i t y  of ~ (as  good  for  ua) .  So H is one  to  one.  

Now for  a n y  < J i : i  < a >  c Qe, o r"_=sk) ori is an  open  se t  a n d  eas i ly  

vi  f l v j  c J ~  Cor for  i ~ j , o  r Clv i  =ort a n d  v i ff or. So ~7 is good for  or. Le t  

u*  = k j [ u : ~  is good for  u , u  f 1 %  = ~il. Eas i ly  ~7 is m a x i m a l l y  good for  u* and  

g. lO Fac t :  For  v c G, for  s o m e / x ¢ ,  l Qvl = II / ~ ,  and  / ~  ---/t O. 
~<~(v) 

P roof :  Let  / ~  = I I d c r : U ( v i  (3 %)  c y c v i l l .  Clear ly  / ~ - - - o ( % ) ,  bu t  

v i ¢_ t?~ s o / ~  <- k o. By t h e  def in i t ion  of Qv, 1Qv = ~ I~ .  

~.. 11 O b s e r v a t i o n :  By c a r d i n a l  a r i t h m e t i c :  

n 

1) If /z ~ t h e n  /z = w h e r e  n < co,, X£ -< sup|~z~:i < exj, 

~ ~:(~) = [ a [ .  Also (g i  < a) [x¢  > / ~  >Xe+ l -~  ~(g) ->  c f  Xe] and  
lg=l 

~(g)  = [ t i  "/z~ ----XtZ, a n d  (Ym)[xm <X~ ~----->Xm </~]1[ 

3) In 1) if /~ > / ~  for  e a c h  i ,  /~ in f in i t e  t h e n / ~ o  =/~; in f a c t / ~  = X ~ fo r  

s o m e x - - -  ~ / ~ , ~ 0 < - ~ - - - - - l a l .  

3) Suppose  X>- 2<s, t h e n  |[<I/z~: a < s,/zi 

1 ] / h  > Xt is f inite.  
i < a  

-<X for  e a c h  i < a  b u t  

4) I f x  -> 2<s (s ->1%) t h e n  for  s o m e ~  < s  -X e = x  <s. 

R e m a r k :  In p a r t i c u l a r ,  in 3) I)~a: 2 u < / q  is f ini te.  When I v i s i t ed  

B u d a p e s t  (in April 84 ) I l e a r n e d  t h a t  t h i s  a l r e a d y  a p p e a r e d  exp l i c i t ly  in t h e  

H u n g a r i a n  book  of Ha jna l  on Set  Theory .  
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Proof:  I) We define X~ by induc t ion  on ~ ,Xl > X2 > " " " - Let XI = suphk. 
i<a  

If X~ is defined and  is a successo r  cardinal ,  l e t  X~ = (XI~+I) +- If Xi~ is defined, 

X~ = I l e t n  =IZ. 

If X~ > 0 is a l imi t  cardinal ,  l e t  X~+I be the  m i n i m a l  X < X~,X -> i such  t h a t  for 

e v e r y x  ° , i f X < X  ° <X~ t h e n  

(*) Iti<a:x<~ --- x~} l  = I l i  < =:x" < ~  - < x ~ ] l .  

Now X exists as < l li < a: X </zi <-- Xi}l: X < XIZ> is a decreasing sequence. 

C l e a r l y  fo r  s o m e  £ XI~ = 1, so  £ : n.  Now ~<[Ia/~ ~ : ~=~II III /~:X~+~ < P4 <- X ~  

( r e m e m b e r / ~ t  # O, a n d  we c a n  i g n o r e  P~t = 1). 

By (*), l-II/~:X~+l < / ~  _ X~] = XL~ (~), w h e r e  ~ (£ )  = I I i :xe+~ < / ~  -- x~ l l -  

The last phrase is easy too. 

2) Easy. 

3) By 2) 

~ = lq i~., so 

if ~II<aI~i->X' l ~ i < X ,  t h e n  fo r  s o m e  @<X,~<-- , 

@~<--X ~-<(i<Ha/$i)~ = ( z ~ ' )  ~ = @ ~ ,  h e n c e  i<=I]/~t = X  ¢ w h e r e  

---- l al. So it suffices to prove ~:~ < s I is finite. Suppose k ~(n) are distinct 

for r~ < c0, where for each n ~(n) < s. W.l.o.g. ~(n) < ~(n+l)_ Let 

Xn = Min I/~:~ ~(~) >-- XI, so  eas i ly :  

(i) f o r  e a c h  n ,  Xn >- Xn+l. 

(ii) x~ (~) = x -(~) 

By (i) w.l .o.g.  <Xr,:  n < a~> is c o n s t a n t ;  as  we h a v e  a s s u m e d  

IX~(n): n < ~ a r e  d i s t i n c t ,  by  (ii) [X,~(n): n < a~ I a r e  d i s t i n c t .  

B u t  (Va  < Xn)a "~(n) < Xn, h e n c e  (Ya < X0)(Vn < a)) ( a  "(n) < X0), a n d  c l e a r l y  

c / ( X n )  <- ~ (n ) ,  so X~, (n) = X~ f (x.) = x J ( X 0 )  B u t  X~ (n) = X ~(n) a r e  d i s t i n c t ,  c o n -  

t r a d i c t i o n .  
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4) Follows f rom 3). 

P r o o f  of  ~ .6(1):  Suppose  I~1 <#(X) < o (X). By 2.8(1), 2.9(1), 

~ =  u I P ~ : ~  • ~l ,  hence  o ( X ) =  I~1 <- ~ IP~ l -~Y 2.9(2) o(X)<- p. I%1, and 
~ G  ~EG 

by  2.8(2), I c l  -~ I~l<~(x) So to ge t  a c o n t r a d i c t i o n  i t  suf f ices  to  p ro v e  t h a t  

= _ ~ e ) / ~  w h e r e / ~  ~- )t o (as vt • B by s u p l l % [  " ~  • G1 < o ( X ) .  By 2.10, l % 1  '/.< ~ 

an  a s s u m p t i o n )  and  £ (~) < £(X) (by 2.8(2).) W.l.o.g. (w)(~ > 1). 

Now by 2.11, fo r  s o m e  n a t u r a l  n u m b e r  of r~ (~) and  ca rd ina l s /~e ,g  ~ )t0 and  

• ; (~ ,e)  <_ e(~)  < ~'(x), for (e < ~):  

r~(~) 
1% I = en__~ (~,,,e) '~(''e~ 

so if % is inf ini te ,  % = Max (/~ff(Z,~)). 

Bu t  (/¢e,~) ~(e'g) -~ )t0 impl ies  (/~,~)~(~'~) = )t~(~'g) so t Qel -~ ~o, imp l i e s  t h a t  

fo r  s o m e  ~(~)  - g (@), 1% 1 = )t~(v). But  e (~) < #'(X). 

So we have  proved:  if I%1_> x0 t h e n  I%1 = )tff(~) w h e re  ~(~7) < ~'(X). Bu t  

we have  a s s u m e d  (k0) "(e) ~ o(X) and  we know I%1 = I P~I ~-°(X), so 

n e c e s s a r i l y  I~)~l m ; k o ~  1%1 < o ( X ) .  But  k o < o ( X )  so f%1 < o ( X ) -  The 

s a m e  a r g u m e n t  gives, s u p ~ { % l  v -  • a l  ~ sup[~k0] U ~ ; ~ :  ~ < f (X) ,  

/ ~ < o ( X ) ] ]  bu t  by 2.11 th i s  is )t~(0) for  some ~ ( 0 ) < F ( X )  h e n c e  th i s  

s u p r e m u m  is < o (X), which  we have  shown is e n o u g h  for  2.6(2). 

P r o o f  o f  2.6(2):  We use  f r ee ly  2.3, 2.4. So (w,l.o.g.) IXI < )to,X has  a 

s t r o n g  base  B, IBI < )to, o (v)  < ~o for  v e B, and  2 <~(x) -- o (X). As c f  F(X) > ~o, 

(2<~(x)) 1% = 2 <~e(x) h e n c e  2 <~(x) </~ h e n c e  w.l.o.g. 2<~(x) < ~0. So all t h e  

a s s u m p t i o n s  of 2.6( 1) hold, h e n c e  IBI <e(x) -~ o(X) as r e q u i r e d .  The las t  

p h r a s e  holds  if we choose  X = I BI, "0 = F(X). Note 

(x + 2<~) +° = (IBI + 2<~(x)) +~ -<)t$~ -~ o (x)  (as)to ~° = ~'0 also (X~')~° = X$ n) and 

o ( x )  - I BI <~(x). 
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Proof of 2.6(3): Now X sa t is fy  I f rom Hypo thes i s  2.2. I[ (*) of 2.4 holds  we 

finish by 2.6(2). Otherwise  by 2.4 for some  n k n > A, h e n c e  A n > o (X), h e n c e  

An > ~2 (as o (X) ~ =2). R e m e m b e r  k,~ ° = An. Let X = kn, ~ = ={~, t h e y  sa t i s fy  the  

r e q u i r e d  conc lus ion .  

A c o r o l l a r y  of [Sh I] 4.4 is 

2.12 Obse rva t ion :  If B is in infinite Boolean  a lgeb ra  t h e n  

I B I <~(x) _< 2<~(B). 

Proof :  Let ~ be t he  ce l lu la r i ty  of B, so ~ is r egu la r ,  > l~0,~ <- ~'(B), and 

let  A=M/nlA:A<x_> IB] ] ;  as ~ is r e g u l a r  (A<*) < * = h  <x. If A >  2 <~ t h e n  (V 

/i < A) / i  x < A, and  by [Sh 1] 4.4, A < F(B) so 2 x >- X <x -> IBI ,  h e n c e  

I S'l <*'(x) --- (I B I~') <~'(B) -< ((2'F')<~< B) = 2 <~(8) 

If k--<3 <~, t h e n  I/9] -<2<x; r e m e m b e r  ~ - ~ ' ( B )  now if ~ =~ ' (B) ,  t h e n  

]BI <~'(B) = 2 <~(B) as ~ = ~'(B) is regular ;  and  if ~ < ~'(B), 

i S  ] <~'(s) <_ (2,,)<~'(s) = a<~-(s). 

2.13 Conc lus ion :  I) I f /9  is a Boolean a lgebra ,  id (B)  l% = i.d(B). 

2) If X is loca l ly  c o m p a c t  Hausdorf f  space  t h e n  o (X) 1% = o (X). 

P r o o f  : 1) Let X be the  space  of u l t r a f i l t e r s  of B, cons ide r ing  B as a 

basis. So / d ( B )  = 0(X). By 2.6(3) (note  X is s t rong ly  Hausdorff)  o(X) < o(X) I% 

impl ies  ]B{ <~'(s) > o (X), bu t  o (X) -> 2 <a(z) = 2 <~(B) c o n t r a d i c t i n g  2.12. 

2) We n e e d  the  para l le l  of 2.12, which is p roved  by t r an s l a t i ng  the  proof  

of [Sh ] 4.2, 4.4 to topology,  which  is done in 2.14 below. 

2.14 L e m m a  : Let X be a local ly c o m p a c t  Hausdorff  c o m p a c t  space  with 

ce l lu l a r i t y  ~. 

1) If (VO </z)(@<~ </z)  (so 2<~</z )  and  eve ry  basis  of X cons i s t i ng  of 

r e g u l a r  open  se t s  has  power  ->/z t h e n  ~'(X) ->/z. 

2) If lz is r egu la r ,  X has  a subspaee  Y whose  topo logy  is a r e f i n e m e n t  of 
A2. 

Note: Theorem 2.14 was prooved by F. Argyros and A. Tsarpaleas indepen- 
dently of [Sh3. 
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Proof :  The proof  are  like [Sh ] 4,2 , 4.4; we c o n c e n t r a t e  on 2.14(3), so 

is r e g u l a r  (anyhow we shal l  use  only th is  par t ) .  Here g deno te  the  c losure  of 

u .  Really i t  is a r e p e t i t i o n  of [Sh 1] with one  change ;  use of c o m p a c t n e s s  for  a 
2 1 fami ly  of se t s  u a - - u  ~ , 

2) Let B be s u c h  a base.  W.l.o.g. (Yu • B)[g  is c o m p a c t ]  (o therwise  

r ep l a ce  B by lu  • B : g is c o m p a c t ] ) .  Let  X = (2elxl) + ,H(x) t he  fami ly  of se ts  of 

h e r e d i t a r y  power  < X. We define by i n d u c t i o n  on i < lz, N, -< (H(x),e), s u c h  

t h a t  B • N i ,  I l N i l l < ~ ,  < N j : j < - i > e N i + I , N j ' < N ~  for j < i  and  eve ry  

s e q u e n c e  of < g m e m b e r  of N~ belong to N i when i is a s u c c e s s o r  ordinal .  

(hence  when  c f  i >-~). For e a c h  i < ¢z, let t? = [u e N ~ u  r e g u l a r  open, 

g c o m p a c t ] .  

As lB. I < / z  by a h y p o t h e s i s  it is no t  a basis  of X, h e n c e  t h e r e  are in N{+ i 

p~ • X , u  ° • B ,  p{ • u i  °, s u c h  t h a t  for no v • B , p {  • v  C u  ° .  We can  find for  

tZ < 3 ,  u ~ • B  , s u c h  t h a t  P i • U ~ , ~ c u ~ .  Res t r i c t  ourse lves  to case  
~/ ,+1  

c$ i_>~.  

Let J~[I~] be a m a x i m a l  f ami ly  of pairwise dis joint  open se t s  

u • B , u  c u [  [u n u ~ = ¢ ] .  So J~,I~, are  subse t s  of N~ of power  < ~ ( a s ~ : i s  

the  ce l l u l a r i t y  of X) h e n c e  J~,I~ • N~. Let A~ ~ = X - U I  ~, so At ~ is open,  

be longs  to N~ (non e m p t y  ) u ~  C At ~ (as X--u~ is closed, UI~  c X--u~)  and  

t h e r e  is no  open  (non e m p t y )  v c A~--u~, v e N~. Also A~ ~ • Ni. Let B~ = UJ~, 

so B~ c u~,B~ is open  be longs  to  Ni and  t h e r e  is n o  open  v C u ~ - B ~ ,  v • N~. 

By F o d o u r ' s  L e m m a  t h e r e  are  A~,5 '~ s u c h  t h a t  S =  ~i:i <lz, c f  i < ~. 

A~ = A~,B~=B ~ for  g = 0,1,21 is s t a t i ona ry .  It is e n o u g h  to prove 

(*) for dis joint  finite w(1) ,w(2)  c S, 

n ¢ u 

As t h e n  for any non  e m p t y  iv C S, l u a  a - u ~ : a  eiv,fl  e S-- iv]  is a fami ly  of 

c losed  sets,  t he  i n t e r s e c t i o n  of any  f ini te ly  m a n y  is non  e m p t y  and u~  is c o m -  

p a c t  for a e w,  so t h e r e  is qw in the  i n t e r s e c t i o n .  So | ( (q la l ,uaa) :a  e s I exem-  
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pl i fy  ~'(X) >/~,  a n d  if S =  t ~ i : i  < t t l  , l e t  H: x 3 - * X  be  de f ine  by  

H(~?) : q t ~  + ~: n(~) = 0I UR0t' t h e n  Y = IH(~7): z~ ~ x21 is as  r e q u i r e d .  

Le t  RO(X) be t h e  B o o l e a n  A l g e b r a  of  r e g u l a r  o p e n  s u b s e t s  of X. So in  

RG(X) we i d e n t i f y  u ~ T( )0  wi th  i n t ( ~ )  ( a n d  so  t h e  o p e r a t i o n s  a r e  c h a n g e d  

a c c o r d i n g l y ) .  So RO(X) is c o m p l e t e ,  in  RO(X) U At = i n t ( U A t )  i .c.  t h e  
i<a i<a 

interior of U A~; N At = int( ~ At), So RO(X) satisfies the g-chain condition 
i < a  ~<a i < a  

a n d  RO(X) N N~ is a c o m p l e t e  s u b a l g e b r a .  

So in  RO(X), At e" is m i n i m a l  s u c h  t h a t  At~ c Nt, u 7 c A 7 a n d  W is m a x i m a l  

such that B 7 C uJ, B~ C N~. 

P r o o f  o f  (*): We sha l l  w o r k  in  RO(X) a n d  p r o v e  by  i n d u c t i o n  on 

= I~(1)l  + 1~(2)1;. 

(*)+R0(X)~ n ~ ¢  U ~ U S ~  
aEzu(1) ac~(2) 

When n is z e r o  t h e  s t a t e m e n t  is obv ious .  Le t  a = M a x ( ( w ( 1 ) U w ( 2 ) )  a n d  

By the induction hypothesis v = 
-few(i) 7ew(2) 

7 ~ a  7 # a  

C l e a r l y  v E B ,  a n d  if (*) fa i l s  t h e n  v ~ B ~  = t31  ( if a c w ( 2 ) )  
~ a  

= v (~ A~a = v (~ A 2 (if a c w ( 1 ) ) .  In b o t h  c a s e s  a c o n t r a d i c t i o n  follows.  

F~ u ~ -  U u~ uB' is#O(inRO(X)).  

3 .18  C o n c l u s i o n :  F o r  l o c a l l y  c o m p a c t  X, w (X) <*'(x) <-- 2 <~*(x). 

or 

P r o o f  : S u p p o s e  w ( X )  <~(x) > 2 <~(x), l e t / ~  = 7//in ~/~<~ - ~ w ( X ) l ,  w h e r e  ~ i s  

t h e  c e l l u l a r i t y  of X. C lea r ly  g -<  F(X),/~----- w ( X ) ,  a n d  (Vx </~)(X <~ </~)  (as  

(X<~) <~ = X <~, g b e i n g  r e g u l a r ) .  So b y  2.17 /~ < ~'(X) b u t  

lw(X) l<i'(x) ~ (/i<~)<~(x) ~ ~<~(x) ~; (3<~)<i'(.x) < 2<~(x) contradiction. [if we 

want to use only the part of 2.17 actually prove, note that 

a)/i = ~'(X) is singular (by the previous argument). 

b) if /L is not strong limit, let 9 < II -- 2 ~, SO 
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~w(X)<~'(x) <_ (/~<~)<~'(x) =/~<~'(X) <_ (2e)<~'(X) = 3<~(X) contradiction; 

c) if ]~ is strong limit singular ~'(X) =/~ is impossible (see [ J2] or 3.4.]). 

§3 N i c e  c a r d i n a l  f u n c t i o n s  o n  a t o p o l o g i c a l  s p a c e .  

3.1 Defin i t ion  : 1) 9 is n ice  for  X if 9 is a f u n c t i o n  f r o m  s u b s e t s  of t h e  

t o p o l o g i c a l  s p a c e  X to  c a r d i n a l s  sa t i s fy ing  

(i) 9(A) --< 9(A UB)  -< 9(A) + 9(/3) + t~0 ( i.e. m o n o t o n i c i t y  a n d  subad-  

d i t iv i ty)  

3) We cal l  9 (X,/Z)-comp le te  p rov i ded  t h a t  if At c X , 9(At) < X for  i < 

then 9( U At) < X. 

Let  C(9,/~) = IX: 9 is (X,PO-complete~. 

3) We call  9 (<k , /~) -comple te ,  if for  a r b i t r a r i l y  l a rge  X < A,9 is (X,/~)- 

c o m p l e t e .  

4) Let  Ch~ be the  f u n c t i o n  f r o m  X to c a r d i n a l s  

Ch~(y) = Min[9(u) :y  e u e T(X){ 

3.1A R e m a r k :  t)  We c a n  r e p l a c e  i < / /  by  i < a < / /  a n d  m a d e  su i t ab l e  

c h a n g e s  l a t e r .  

2) In o u r  a p p l i c a t i o n s  we can  r e s t r i c t  t h e  d o m a i n  of 9 to  t h e  Boolean  

Algebra  g e n e r a t e d  by  T(X) a n d  even  m o r e ,  e.g. in 3.2 to  s i m p l e  c o m b i n a t i o n s  

of t h e  ui,6t.  

3) We c a n  c h a n g e  the  def in i t ion  of ( < k , / / ) - c o m p l e t e  to 

(*) if At C X( i  < ~), Sup 9(Ai) < A t h e n  9 ( U A t )  < ~ 

without changing our subsequence use. [we then will use: if 9(Aa)< Xi for 
a < ~ then 9( U Aa) < Xi+I]. 

a</z 

3.2 Lenlnla : Suppose I is singular of cofinality %~, A = ~ X~, Xi < A, 
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< h a n d / ~  : ~5(~)+ o r  e v e n / ~  : ~a(~a(~)+)+ . If 

(i) ~o is n i c e  f o r  X. 

(ii i)  Xx~ = lY e X:Ch~(y) ~- Xil h a s  c a r d i n a l i t y  ->/~ f o r  i < ~.  

(iii) ~0 is  ( < h , N ) - c o m p l e t e .  

Then  t h e r e  a r e  o p e n  u~ C X(i  < ~3) s u c h  t h a t  

~ ( u ~ -  U u~-) -~ x~ 

R e m a r k :  If t ly  ~X:Ch~o(Y)->X i l l  <b~ i t  e s s e n t i a l l y  fo l lows  f r o m  (Xt,/~)- 

c o m p l e t e n e s s  t h a t  ~o(Xx,) -> ~, w h e r e  X x = UIV ~ ~(X):~o(v) < Xt. O t h e r w i s e  

~(X-Xx~ ) ~- A by  a d d i t i v i t y ,  b u t  f (X -Xx ,  ) <- I I I f ( [ y l ) : y  ~ X-Xx~ I so by  (Xi ,~)-  

c o m p l e t e n e s s  f o r  s o m e  y e X, ~(~Yl)~-Xi w h i c h  is i m p o s s i b l e  f o r  t h e  

i n s t a n c e s  w h i c h  i n t e r e s t  us.  

P r o o f :  W.l.o.g. X~ c C, C ~ZC(~0,/~) (3 A. C h o o s e  d i n s t i n c t  y~,~ c X--Xx~ f o r  

i <z~, ~ < ~ .  

L e t  u¢at,¢(i < ~,~#<" < /~)  be  o p e n  s e t s  s u c h  t h a t  y i , t  c ui , t .~ a n d  

u~,t, ¢ n ui,,¢,,e = ~. Now 

(*) fo r  e v e r y  i < @,~(0) < ~(1) < 4(2) < /x ,  t h e r e  is x = xi,~(0),t(1),~(2) s u c h  t h a t  : 

(a)  x c u~A(i),((o) N u~,~(l),((z). 

(b)  if p C 11 ~ t [u j , t , ¢ ,  X - u j , L ¢ :  J < ~ '  ¢ # <" < /~ l ,  

tPl~ '~,  a ~ = c  n A  then ~ ( N A ) ~ x ~  
Aep Aep 

If ( * ) f a i l ,  ( f o r  i , ~ ( 0 ) , ~ ( 1 ) , ~ ( 2 ) ) t h e n  f o r  e v e r y  x c u~,t(1),t(0 ) N U~,t(1),t(2) 

s o m e  ]9 c o n t r a d i c t s  (b).  So t h e r e  a r e  P i  C F ( i  < a ) ,  If)el -< ~,  ~(  n A) < x~, 
AE/~ 

a n d  U n A .) ut,tO),t(0) n ui.t(t),~(e). As a --< IFI ~_< ~ = ~,  b y  the (Xi,N)- 

c o m p l e t e n e s s  (as  f (  N A) < X~): 
A e~t 
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~(u<t(1),t(o)K/u~,t(:),t(2)) _< II ~( N A) < Xi 

But  Yi,t(~) • u,,t(:),~(0) g~ u/,~(:),t(2), Yt,~(:) ¢ Xx,, c o n t r a d i c t i o n .  So (*) holds  

and  le t  2i,~(0),~(1),t[(2 ) exempl i fy  it. Now define a five place  f u n c t i o n  F on 

|y,,t:i < e ,~  < ~ ,  if i # j < 4 ,  , ( o )  < ~(: )  < , ( 2 )  <~, ¢(0) < ¢(1) < ~: 

F(y~,t(o),y~,t(~),y~,t(2),%/3.,~(o),yi,t(~)) 

is 0 if xi,t(e),t(:),t(2) • uj,t(0),t(~ ) and  is 1 o therwise .  

By Erdos  Rado if/~ = :~(~)+ and  [Sh 2] if $~ = :a ( :2(9)+)  + (see r e m a r k  3.18 

below) t h e r e  a r e ~ ( i , £ )  (i < ~ ,  £ < 3 )  s u c h  t h a t  for  i # j  < ~ :  

F(y~,t(~,o),y~,t(~,:),y~,t(~,2),yLt(i,o),y~,tO,~ )) = 

F(Yi.~(i,O),Y~,~(i,t),Y~,t(~,a),Y£t(j,1),Y],t(],2)) 

(and  $(i ,0)  < ~ ( i , : )  < ~(/ ,2)) 

We can conclude that 

x~,t(~,o),t(~,~),t(~,2) ¢ u~,tO, ~),t(J,o) (3 uj,tO., ~),tO',~) 
( b e c a u s e  u~.,6~ C~ ui , ( , t  -- ¢ for  ~ ~ {'). 

Let  u i = u~,~(~,:),t(/,o ) (~ u~,~(i,:),t(~,2 ). So xi,t(i,o),~(i,:),t(i,2) • u i -  U U j ,  a n d  by 

t he  cho ice  of xi,t(i,0),t(t ' 1),t(i,a), u i  c l ea r ly  ~(u  i -  U u j )  -> Xt, as r equ i r ed .  

3.3A Rem ark :  1) The d e m a n d  on /~  is (see [Sh 2] Defini t ion 1) to be able 

to use that <(/,)~> have <(3)~>-cannonization for I<2;3>~,<3;2>#], but 

r e a l l y  ~<2;3>~,<3;2>~1. 

Real ly  we can  def ine  F for  any  five t up l e s  f r o m tYi,t: i < 9, ~ </~l ,  and  it  

is e n o u g h  to  find ~(i ,~) < ~ ,  a ( i , ~ )  < ~  (for i < 4 , £  < 3 )  s u c h  t h a t  

= S u ~  ( ~ a ( i , £ ) ) ,  [k # m  ~ ( i , k )  # ~ ( i , m ) ] a n d f o r i  < j  < 9 ,  

F(Y=(~,o),t(~,o),Ya(~,l),t(~, 1),Ya(i,2),t(i,2), Y.,,(j,o),~(j,o),Ya(j,1),t(/', 1)) 
= F(ya(~,o),t(~,o),ya(i,1),~(i,l),ya(i,a),~(i,2),yaO'l),~(j,1),ya(j,e).t(j,2). ) 

2) tf 9 > n  0 is weakly  c o m p a c t ,  / ~ = 2  4 is o.k.; in fac t  we c a n  u se  j u s t  

|Yi,0: i < ~]  by 3.2A(1). 
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3.2B R e m a r k :  How do we a p p l y  [Sh  2] in  t h e  p r o o f  of 3.2? By t h e  c o m p o -  

s i t i o in  c l a i m  [Sh 2, C la im 5, p. 349]  i t  is e n o u g h  to  p r o v e  t h a t :  

(a) < (:2(:2(@)+)+)~> has a < (~(@)++))#>-canonization f o r  

1(2;3)#, 

(b) h a s  a < ((  )+) )-oanoni=aUon :or really even 

for I (2: I. 

(c) < ((2#)+)~> h a s a  <(3),~>-canonization for : (1)~1.  

Now (c) is t r iv ia l ,  a n d  (a) we g e t  b y  e.g. a p p l y i n g  [Sh  3, 6(B), p. 249] twice;  

Now to  g e t  (b) ( a n d  e v e n  fo r  ~(3;1):~(~)1) we a p p l y  [Sh 2, 6(F)] w i t h  

S = ~, k t  = ~2 (~)++ '  g t  = ( 2~)+, a n d  c h e c k  t h e  c o n d i t i o n .  

3 .3 T h e o r e m  : i )  If /z = ~5(c f  X) ÷ < ik, o r  /z = ~ ( ~ 2 ( c f  ;k)+) + < k, X is a 

H a u s d o r f f  s p a c e ,  wi th  s p r e a d  X, t h e n  t h e  s u p r e m u m  is o b t a i n e d ,  i.e., ~'(X) ~ ;k. 

2) The s a m e  a p p l y  t o  h ( Y ) , z ( X ) .  

P r o o f  : S u p p o s e  X is a H a u s d o r f f  s p a c e ,  ~ ' ( X ) ~  X. Le t  X = ~ Xi, 
i <cl ~, 

X¢ < ~, ~ ~ s c f  k, l e t  IAt I = X¢, At d i s c r e t e  w.l.o.g. X = U At a n d  l e t  
~<~ 

~(A)  = tA I, a n d  l e t  C be  t h e  f a m i l y  of  r e g u l a r  c a r d i n a l s  < k b u t  >/~ .  Now (i), 

(iii) a r e  i m m e d i a t e .  If (ii) fail f o r  X, by  Ha jna t  f r e e  s u b s e t  t h e o r e m  t h e  s p r e a d  

is X. O t h e r w i s e  we c a n  f ind by  l e m m a  3.2 o p e n  u i ( i  < c f  X), ] u i - U u j  I ->Xi  

w.l .o.g,  e a c h  Xi is r e g u l a r  > c f  ~, so  fo r  e a c h  ~ fo r  s o m e  a i < c f  ;k, 

(~z i -k )  ~zj) N A ~  h a s  p o w e r  X¢- The  r e s t  is e a s y  too.  

3 .4 L e m m a :  S u p p o s e  ~ is a s t r o n g  l i m i t  c a r d i n a l ,  X a n  in f in i t e  H a u s d o r f f  

s p a c e ,  o (X) -> ~. If o (X) <~ > o (X) t h e n  fo r  s o m e  Y C X a n d  

x, IX[ ~ X = X <~ < o ( X ) , I X - Y 1  < ~ , Y  open ,  o (Y) = o ( X ) , Y  = 

U~v c T : o ( v )  <X~, so Y h a s a s t r o n g  b a s e  of p o w e r  X. 

Proof :  For  ~ = l~ 0, t h i s  is t r iv i a l ;  if ~ is s t r o n g l y  i n a c c e s s i b l e  t h e n  ~ is  

t h e  l i m i t  of s t r o n g  l i m i t  s i n g u l a r  c a r d i n a l s ,  a n d  i t  su f f i ce  t o  p r o v e  i t  f o r  e a c h  

of t h e m  [ l e t  f o r  a < X 
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Xa = Minlx: X - U I  u e "r: o(u) < XI has  c a r d i n a l i t y  < el .  

Zu= iY £X: Cho(y)>Xa I ( = X - u l u  £ T :  o ( u )  <Xi )  

so when  a i n c r e a s e s  Xo decrease ,  (and Xu is well defined:  Xu-< o(X));  so for  

s o m e  u(0) < ~, X~ = Xa(0) h e n c e  Z u = Za(0) w h e n e v e r  u(0) ~ a < ~. W.t.o.g. a(0) 

is s t r o n g  l imi t  s ingular ;  c h e c k i n g  t he  def in i t ion  of Xa,X~ = X,(0). (as 

CA o(z)~-g for z eZ~(0) ) For eve ry  s t r o n g  l imi t  s i n g u l a r  a , a ( 0 )  < u < ~ : ,  

as 3.4 is a s s u m e d  to be proved  for  it, t h e r e  a re  X, Y as requ i red ;  d e a r l y  (by 

the  "Min" in the  def ini t ion of Xo) X ~ = X a - X = X  <a, so X~ < u < o ( X ) .  As 

o (X) -> ~ > a, ~ s t r o n g  l imi t  r egu la r ,  c l ea r ly  o (X) -> ~-> 2 <~, h e n c e  

o(X) > 2 <~, so either~t~- <x_<(2 <~)<~ = 2  < ~ < o ( X )  o r  by 2.11. X < x = x ~  a for s o m e  

a < ~, h e n c e  X <~ < o(X). Now X = X <~ is as  r e q u i r e d  (if 1XI > x use  Hajnal  f ree  

s u b s e t  t h e o r e m . ) ]  

So w.l.o.g. ~ is a s t rong  l imit  s i n g u l a r  card ina l .  Let X be a c o u n t e r e x a m -  

ple, i.e. o(X) <~ > o(X). 

Let X=Min[X:k¢~_o(X)] ,  so h~=o(X)~;>o(X),  and h ~ o ( X ) .  Also 

[ u < ~ , X < X  ~ X  ~ < x ]  and c f  X--<~. Let z~ = e l  A, so ~3--<~ but-O is r e g u l a r  

so z~ < ~, and  also/~ ~I~5(~)+ is < ~, h e n c e  ( ¥ a  < tc)a ~ < k. 

We define the  f u n c t i o n  ~o: 

~o(A) = [ lu  O A : u  is an open s u b s e t  of X][ .  

The fami ly  C of ca rd ina l s  will be |(X~)+:X < k{. 

Now we want  to apply  the  l e m m a  3.2. I ts  c o n c l u s i o n  c l ea r ly  suffice by 2.3/% 

(ii) . Now "9 is n ice  for  X" and "~o is ( < A,/~)-complete"  are  i m m e d i a t e ,  So (ii) 

n e c e s s a r i l y  fail for  s o m e  X < A .  So Y =  k ) l v : o ( v ) < X I  sat isf ies  t X - Y  I <t.~, 

h e n c e  o ( Y ) = o ( X )  [as o(X-Y) -<2  ~ < ~ o ( x ) ] .  Also I Yl < k  [o therwise  by 

Hajnal  f ree  subse t  t h e o r e m  , ~'(X) -- ~'(Y) > A, h e n c e  o (X) -> 2 x, bu t  2 x -~ o (X) 

so o(X) = 2 ~', h e n c e  o ( X ) ~ =  o(X) con t r ] .  So Y (as a subspace )  has  a s t rong  

base  B o f  power  ~ X + IX] < k. 
N 

3.5 Conclus ion:  If X is Hausdor f f  space ,  A: s t r o n g  l imi t  ca rd ina l  o (X) -> ~:, 
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o (X) <* > o (X), then fo r  e v e r y  b a s e  B of  X [BI <~(x) _> o (X). 

P r o o f  : See  3.3, a n d  a p p l y  E 6  to  t h e  s p a c e  Y. 

3 .6  C o n c l u s i o n :  1) If B is a B o o l e a n  A l g e b r a  , ~: s t r o n g  l i m i t  a n d  ]BI  -> 

t h e n / d  (B) <~ = id (B). 

2) If X is l o c a l l y  c o m p a c t  H a u s d o r f f  s p a c e ,  ~ s t r o n g  l imi t ,  t h e n  

0 ( x )  <" = o ( x ) .  

P r o o f  : t )  By 3.5 a p p l i e d  t o  t h e  s p a c e  of u i t r a f i l t e r s  of  B, 

] B [ < ~ ( B ) - > o ( X ) .  By  3.12 [ B [ < - e ( B ) = 2  <~(B), a n d  c l e a r l y  2<'e(B)-----o(X), So 

IB[  <g(B) = 2 <g(B) = o(X). Now c f  g(X)>_ ~ b y  3.4 (as  g ( X ) - > : 5 ( / z ) +  w h e n e v e r  

/z < g), h e n c e  (3<g(x)) <~ = 3 <~'(x). As id(B) = o (X) we f inish.  

2) By 3.5 [B[ <g(x) -~ o(X) fo r  e v e r y  b a s e  B, b u t  b y  2.18 w(X) <g(x) <- 2 <~'(x). 
N 

As 3 <~'(y) ~ o (X) we g e t  2 <~'(x) = 0 (X), as ~'(X) m ~ ( r e m e m b e r  g s t r o n g  l imi t ,  

o (X) -> g) b y  3. 4 c f  F(X) >- g h e n c e  (2<~(x)) <~ = 2 <g(x). 

R e m a r k :  If y o u  w a n t  t o  a p p l y  o n l y  t h e  p a r t  of 2.18, 2.17 a c t u a l l y  p roved ,  

s e p a r a t e  t h e  c a s e  ;k is s t r o n g  l i m i t  in  3.4. 

§4 F u r t h e r  c o n s e q u e n c e s .  

4.1 Claim= Let  H be  a B o o l e a n  A l ge b ra  , X a c a r d i n a l ,  a n d  we def ine  by 

i n d u c t i o n  on  i ,  i dea l s  I t =/~x(/7) i n c r e a s i n g  c o n t i n u o u s :  

Io=~O],[ i+l=lx  E B : i d ( ( B / I ~ ) r ( x / I i ) ) < X ~ ]  w h e r e  X~ is c h o o s e  as  a 

m i n i m a l  c a r d i n a l  < X s u c h  t h a t / i + 1  # It. 

1) F o r  s o m e  7 = 7 ( * ) = i x ( B ) <  IBt+,IT(o) is d e f i n e d  b u t  n o t  XT(°) ( n o r  

[~,(.)+~), 

2) B : I7(. ) o r  fo r  e v e r y  x E B-I . ( . ) ,  id ((B/I7(.)) r (b/I7('))) -> X, 

3) T h e  n u m b e r  of i d e a l s  d ¢ I~(.) of B h a s  t h e  f o r m  ~ t ~ g  (a) w h e r e  

# --< IBI  <~(B), ~ a  < X ,  ~ ( a ) <  ~ (B) .  
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This fo l lows f r o m :  

4 .2  Cla im:  F o r  a H a u s d o r f f  s p a c e  X wi th  a b a s e  B a n d  c a r d i n a l  X, 

de f ine  by  i n d u c t i o n  on  i u~ = u~(X)  • 

u o = ¢  

u i + i = u i u | v : v  c B  , o ( v - u i ) < X i  ] w h e r e  X~ < X  
N 

u{+i  # u i  u 6  = kJ u{ (so u i  is i n c r e a s i n g  c o n t i n u o u s . )  
{<~ 

is m i n i m a l  s u c h  t h a t  

1) F o r  s o m e  7 (* )  = 7x(X) < IXl  +, ( a n d  7 (* )  < l ~ ( S )  l +) u X * )  is d e f i n e d  

b u t  n o t  u7 ( . )+  i a n d  fo r  e v e r y  y e X - u . d . ) , ( V v ) ( y  e v e "r --* o ( v -u7 ( ° ) )  -> X.) 

2) o (uT(.))  if > t B t <~'(x), h a s  t h e  f o r m  y~, ~ ( a )  w h e r e  

/~ -< I BI  <~'(m [~, ,  < x, o r  ~, ,  = x,~(,~) -> cy x] and ~(,~) < #(x) .  

P r o o f  : Like 2.6. 

F o r  e v e r y  u C uT( .  ) c h o o s e  by i n d u c t i o n  on  i ,  vt,  s u c h  t h a t :  

(i) v j  O v ~  C u  f o r j  < i .  

(ii) v~ ff u ,  v~ c B. 

(iii) v~ E ua ( i )  fo r  s o m e  a( i )  <-- 7(*)  b u t  f o r  no  fl < a(i) a n d  v '  E v i, is 

v" ~ u , v ' C u ~ a n d v ' c T .  

So l e t  fi be f i r s t  s u c h  t h a t  vp  is n o t  de f ined .  By (iii) f o r  e a c h  i < fl a( i )  is 

s u c c e s s o r  ordinal ,  a n d  ua( i )_  1 C l v i  c u .  As in  2,6 V = ( v j : j  <~> , u ( 3 v i  

d e t e r m i n e  u ,  t h e  n u m b e r  of u c o r r e s p o n d i n g  t o  V is II  o ( v t - - u a ( t ) _ i - - U v j )  

e a c h  m u l t i p l i c a n t  is <--o(v i )~Xi  < X, fl < ~'(X) a n d  t h e  n u m b e r  of ~ is 

_< I B I <~(x). 

4.3  R e m a r k :  At l e a s t  f o r  c o m p a c t  s p a c e s ,  t h i s  g i v e s  h e a v y  r e s t r i c t i o n s  

o n  t h e  r e l e v a n t  c a r d i n a l s .  
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Let  110-<~0 < ' "  " <mn  l is t  t h e  c a r d i n a l s  ~ s u c h  t h a t  2 ~ < o ( X ) ,  a n d  for  

s o m e  A=~,[A:], ~ = c f  A, and  X ~ > 0 ( X )  >/~ b u t  ( V x < A )  IX ~ < A ]  so 

o ( X ) < ' ° =  o ( X ) <  o(X) '~° (if t h e r e  is no s u c h  ~: we h a v e  no p r o b l e m ) .  As 

A l g a ]  = A[~:b] i m p l i e s  ice = gb, a n d  [g= < gb ~ A([~a]) > A([~b])], c l e a r l y  n 

is f in i te  and  t r i v i a l ly  e a c h  g~ is r e g u l a r  a n d  l e t  for  g = 1,n,  

A~ = Min[A: Aze-> o(X)I ;  b u t  X[~;e] >-- A e (as  ;kite] '--> o(X))) a n d  Aide] -- k~ (as 
(VX < g[gla]) [X ~ < A[~;e]]), so A[~;g] = 2t~Z. H e n c e  c /  Ag = ~tZ, A0 > A~ > . . .  > A n, 

(vx < Ae)[x "~ < Ae]. Moreove r  ( for  g < n)  (¥X < A e ) ( x  < 'e* '  < Ae) [ f i rs t  s u p p o s e  

X < A, ~g <-- 9 < ~£+~, if X ~ -> A~ t h e n  x ~ ___ x ~ ~ A ~e _> o (X) ,  w.l.o.g, X is 

m i n i m a l  wi th  th i s  p r o p e r t y ,  so X ~ ~ o (X) > 2 ~* '  -> 2 ~ h e n c e  X > 2~- Clea r ly  (t/ 

/* < X)(/~ ~ < o(X))  h e n c e  (¥/~ < X)(/~e < X), and  c j ' ( x )  ~%9 ( o t h e r w i s e  

X ~ = ~, [°tl ~ X  < k ~  ~ o ( X )  con t r . ) .  So e /  X ~%9 < ~ e + l  and  by X'S m i n i m a l -  

i t y  ( V / z < X ) ( / ~ ¢ $ x < - - / ~  <X).  Las t ly  c f  X>~:e  [ o t h e r w i s e  X ~ =X * ! x - < x  ~e<Ag  

c o n t r a d i c t i n g  t h e  a s s u m p t i o n  of ~]. So ~ e Ig  0 . . . . .  ~n], con t r .  S e c o n d l y  

s u p p o s e x  <'g**->A~, for  s o m e x < A g ,  as %9 < ~ + ~ g  ~ <Ale, b y g .  l l  for  s o m e  

< ~:~+1, X ~ = X <~e*' a n d  we g e t  t h e  f i rs t  case ] .  

Le t  An+ 1 = MinIX: 2x>_ o(X)t  and  gn+l  = c f  An+l; so/%~+1 <- An, h e n c e ,  as  

above)  (gX < Xn)(V%9 < kn+l)[X ~ < kn]- By the  p roof  of 3.4 z s ( . : e )  + _> ~ e + l  ( for  

g < n ) ,  o t h e r w i s e  u s ing  k~,~ce,tz =~5(~:~) + we ge t  c o n t r a d i c t i o n .  If An+ 1 is 

s ingu la r ,  < 2x: X < kn +1> is no t  e v e n t u a l l y  c o n s t a n t  [as  t h e n  

( 3x  < x ,~+~)2x = 2x - * ' ] ,  2 <~" ' '  <__ o ( X ) ,  (2<x"* ' )  "~*' = 2 ~" > o ( )0 ,  so 

Allan+l] = 2 <x"'*, so A~ = An+ 1 h e n c e  ~-6(n+l)(m0) -> o (X), o (X) <'° = o (X). If X~+ 1 

is r egu l a r ,  t h e n  ( g ~  < A~+l) (gX < An)[X ~ < An] h e n c e  am(gn) ÷-> An+ 1, so we 

ge t  t he  s a m e  c o n c l u s i o n .  

4.4  L e m m a :  S u p p o s e  X is a Hausdor f f  space ,  A a s i ngu l a r  ca rd ina l ,  

%9 = o f  A., A.= }~,Xi,Xi < A , / ~ < A a n d ( i ) ,  (ii), (iii) of 8.2 holds  ( f o r  f ) .  

l)  If bt = =2(9) + (or  e v e n  

s u c h  t h a t  ~ ( u ~ - o u j )  >- Xi. 
j>i  

~2(a) +) then t h e r e  a r e  open  s e t s  u~(i < ~) 

2) If X= U[U: o(u) <A I, /~ as in 1) then there are open sets u~ such 
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that ~ ( u i - -  U u i ) >- Xi- 

3) I f /~ --> ~a(2<~) + , ~ is ( < Xo,~)-complete, then there are u~(i < ~) such 

that  ~(u~-- U u j )  -> Xo (so A, x~(O < i < ~), are i r re levant) .  

R e m a r k s :  1) P a r t  1) of t h e  l e m m a  is s u i t a b l e  t o  dea l  w i th  B o o l e a n  a lge -  

b ras ,  p a r t  2) w i th  e x i s t e n c e  of Ix a : a < X{ s u c h  t h a t  fo r  e v e r y  a < A fo r  s o m e  

u ,  z a < u  A I z a : # < x  ]cl=~:#___a~. 

P r o o f :  1) We r e p e a t  t h e  p r o o f  of  3.2, f o r  ~ = 22(z~) +, b u t  c a n n o t  u se  t h e  

p a r t i t i o n  r e l a t i o n  u s e d  t h e r e ,  b u t  we c a n  u s e  a w e a k e r  one .  We c h o o s e  by  

i n d u c t i o n  on  j < ~, ~( j ,0)  < ~( j ,2 )  < ~( j ,3 )  < ~ s u c h  t h a t  f o r  i < j :  

F(Y~,t(i,0), Yi,di,1),Yi,di,2),Yj,~O',o),Yi,(U,1)) = 

F(Y~,~(~,o), Y~,e(i,1), Y~,t;(i,2),Yj,~U,1), !lf,t(f,2)) 

This  is c l e a r l y  p o s s i b l e  by the a s s u m p t i o n  on  ~.  

We c a n  c o n c l u d e  t h a t ,  l e t t i n g  u~ = u~,~(~j),~(~,0) N ui,~(~,l),t(i,2) t h e n  

xi,~(i,o),$(iA),$(¢,2 ) • "u~- U u j ,  so we c a n  g e t  t h e  d e s i r e d  c o n c l u s i o n .  

2) In  t h e  p r o o f  of  1) we c a n  t a k e  c a r e  t h a t  fo r  e v e r y  i < ~ ,  { # ¢ < ~ ,  

u~.6¢ s a t i s f i e s  o (u~,6{) < A; h e n c e  we sha l l  g e t  o (u i )  < k. So b y  t h i n n i n g  t h e  

s e q u e n c e  < < a s  -> = w e  c a n  a s s u m e :  

[i <j  ----> o(u~) <u~]. 

As ~ is ( < X ¢ , ~ ) - c o m p l e t e ,  z~ --/~, n e c e s s a r i l y  o ( U u i )  < Xj- H e n c e  

o(u~-- U u~) = ° ( ( ~ - U  u ~ ) - U  ~ )  ->X~ 

as  r e q u i r e d .  

3) Rea l ly  t h e  p r o o f  is as  in  3.2, b u t  we u se  ( for  a = Z, ~ f in i te  l a r g e  

e n o u g h ,  n o t e  b~ = D2(a<~)+; is O.K. in  4.5): 

4 .5  O b s e r v a t i o n :  If F is a 5 - p l a c e  f u n c t i o n  f r o m  ~ to  a, a--> 2,@ m ~0 

/,~ --* (~;).~,, ~ = 2 ("<')+'~ ~ ~ (3 )  2 [e .g .  /z > :~1('t],, 2 " )  = .ha(a<~+~;)  ~; = (2<a )  + + ' 0 ] ,  
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~ (3 )$  [e.g. ~ > =1(2~+2"°) = =3(~<(~ ÷ ~ ) ) ,  ~ = (e<~)+,  or  ~ is f in i te  l . r g e  

e n o u g h ]  t h e n ,  t h e r e  a r e  d i s t i n c t  ~(i,g)(i  < ~ ,g  > 3) s u c h  t h a t ,  fo r  i # j :  

F(~(i ,O).~( i ,  1),~( i .2),~( j  ,o).~(j .  ~)) = 

£ ( ~ ( i , O ) , ~ ( { , 1 ) , ¢ ( i , 2 ) , ~ ( j , ~ ) , ~ ( j , 2 ) )  

Remark:  We can ge t  of course m o r e  gene ra l  t heo rem.  

Proo f  : We choose by  i nduc t ion  on i <  ~, Y{ c / * ,  I Y~ I ~ al~l+~ + ~0, Y~ 

i n c r e a s i n g  a n d  all  " t y p e s "  of e a r d i n a l i t y  < t i I + + ~;+ r e a l i z e d  in /~  a r e  r e a l i z e d  

in  Y~+l- Le t  Y =  U Y~- Now we c a n  f ind  d i s t i n c t  ~*(g) c / ~ - Y f o r  g < ~  s u c h  
t<9 

t h a t  fo r  e v e r y  ~0,~1,~2 c U Y~ t h e r e  a r e  c 1(~0,~1,~a),c2(~0,~1) s u c h  t h a t  

(*)a f o r  e v e r y  g < m < ~ F ( ~ 0 , ~ t , ~ a , ~ ' ( g ) , $ * ( m ) )  = c l(~0,~l,~e) 

(*)b a n d  for  e v e r y  g < m < n < ~ F(~*(g) ,~*(m) ,~*( /c ) ,~0 ,~ l  ) = ce(~0,~l ) . 

Why we c a n  do t h i s ?  We w a n t  t o  a p p l y  t h e  p a r t i t i o n  r e l a t i o n  /~ -* (~)~, 

f o r  t h i s  we h a v e  to  c h e c k  w h a t  is t h e  n u m b e r  of " c o l o u r s " ,  c l e a r l y  i t  is  

- - 2  (~etYla÷~alyle) -< 2 I%÷~÷(a`(~'*+))) --~/.  Now we c h o o s e  b y  i n d u c t i o n  o n  i < ,3, 

~ ( i , g ) , g  < ~ s u c h  t h a t  : 

(i) ~(i,0),~(i,2),~(i,2) a r e  d i s t i n c t .  

(ii) ~(i.g) • Y~+[--Y~. 

(iii) 

F(~(j ,O),~(j, 1),~(] ,2),~(i ,g ),~(i,m )) = F(~(j ,O),~(j, l ) ,~ ( j  ,2), ~" (g),t~* ( m ) ) ,  w h e n  

j < i ,  a n d g , m  <m.  

(iv) t'(~(~ ,e ~).~(~ ,e ~),~(i ,e a).~(J ,e 4).~(J ,e ~)) = 

F(C (e 0,C (e ~),C (e ~),~(j ,e ~),~0 ,e ~)) 
w h e n j  < i , g ~ < . . .  </c. 

T h e r e  is no  p r o b l e m  in  do ing  t h i s :  

Fo r  e a c h  i < # ,  a s  ~ -* (3)a 2 t h e r e  a r e  g o ( i )  < g~( i )  < g a ( i )  < ~; s u c h  t h a t :  
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F(C(o),C(i),C(e),~(i,eo(~)),~(~,e l( i)))  = 

Now ~ ' (g ,m)  = ~(g ,gm(d))  (g < g , m  < 3) a r e  as  r e e q u i r e d .  

4 .4A R e m a r k :  A s s u m e  (i), (ii), (iii) of  3.2. We t r y  t o  d e c r e a s e  /~. Le t  

Z ~ = { y E X : C h ~ ( y ) ~ X ~  ], so  l&l_>~, ,  a n d  l e t  X < ~ , = U l U : ~ ( u ) < a  ]. If 

IX-X<x [ < / ~  t h e n  n e c e s s a r i l y  IZ/ (3 X<xl ->/~, so  we e a n  c o n t i n u e  as  in  4.4(2) .  

So we a s s u m e  lx-x<xl ~ ~ a n d  l e t  Yt: ~ X-X<a ({ < Ca) be  d i s t i n c t .  C h o o s e  f o r  

< ¢, o p e n  d i s j o i n t  s e t s  u~,¢,u¢,( s u c h  t h a t  y~ < u~,¢, y¢ ~ u¢,~. As in  3 .2 ' s  

p r o o f  we c a n  c h o o s e  fo r  d i s t i n c t  ~(0) ,{(1) ,~(2)  < /* ,  

x~,t(o),~(O,~(2) ~ u~(i),t(0 ) (3 u~o),~(e ) s u c h  t h a t :  f o r  e v e r y  

[x~,~(0),~O),~(a ) ~ (3 a ~ >  ~( N a) -> x~] 
a e p  ~ep 

We n e e d  t h e  p a r a l l e l  of 4.5 fo r  ~ f u n c t i o n s  s i m u l t a n e o u s l y  or, w h a t  is 

e q u i v a l e n t ,  t h e  r a n g e  of F ha s  e a r d i n a l i t y  2 ~, so a = 2 ~, a n d  we g e t / z  ~ =~(~)+ 

b u t  t h i s  is n o t  i n t e r e s t i n g .  

§5 W h e n  t h e  s p r e a d  is o b t a i n e d  a n d  h o w  h e l p f u l  is r e g u l a r i t y  o f  t h e  s p a c e  

15.1 I m m m a  " i) S u p p o s e  X is a r e g u l a r  (i.e. Ta) t o p o l o g i c a l  s p a c e ,  B a 

b a s e  of X, h = ~ X t ,  ~ < X~ < ~' , /z = (2~) + a n d  

(i) ~o is n i c e  fo r  X, 

(ii) f o r  e v e r y  ( c losed )  Y C X w i t h  ~#(Y)~ ~ a n d  i < ~ ,  t h e r e  a r e  

Ya E Y ( a  < /~) ,  C h ~ t r ( y  J ~ X~ a n d  lya:a < / z ]  is a d i s c r e t e  se t ,  

(iii) f is ( < k , / , ) - c o m p l e t e .  

T h e n  fo r  s o m e  ~z~ E B (i < ~ ) ,  ~,(u~- UU~) ~x~. 

2) I n s t e a d / ~  = (2~) + i t  su f f i ce s  t h a t / ~  = / ~  > 2 ~ ( a n d  (i), (ii), (iii)). 

S) We c a n  r e p l a c e  (ii) a b o v e  by  
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( i i) '  fo r  e a c h  i < 9 t h e r e  a r e  u a • B(a</z )  s u c h  t h a t :  

( ¥ g  :/z -~ 2~)(~a  # f l )[g ( a )  : g (fl) A ~[(ua--zT~) (3 Y) >- Xi]- 

o r  

( i i)"  t h e r e  a r e  u a , y  a • u s e B, s u c h  t h a t :  Chf (ya )  -~ Xi a n d  

P r o o f  : 1) W.l.o.g. ~0 is ( X i , t t ) - e o m p l e t e  f o r  i < @. We f i r s t  t r y  to  c h o o s e  a 

f a m i l y  K of  o p e n  s u b s e t s  of X, (o r  e v e n  o H ) ,  a n d a  Y C X s u c h t h a t :  

(A) I KI = I YI = (2~) +- 

(B) i f u  is t h e  u n i o n  of < ~  m e m b e r s  of K, ~0(X--u) -~A a n d i  < ~  t h e n  

there is a sequence <y=,vO,vl " (I<(2~)+> such that: y. 6 Y-~, 

[Ya • v }  <----> a = fl], v°a,vIa • K, y a  • v°a C V°a c via, a n d  ( ¥ v  • r ( X ) )  

[y~ • v  -, ~ ( v -u , )  >-xd. 

I t  is e a s y  t o  f ind  s u c h  K, Y (by (ii)). Le t  fo r  i < ~ ,  

Z~(K) ~'elz • X: if u a  • K(a < @), a n d  u "  a e ~ u a , X - u . I  

e a c h  a < ~ t h e n  ~( O uta ( ' ) )  -~ X/,l- 
a < @  

and z • u s for 

By t h e  p r o o f  of 3 .2 fo r  e a c h  i < z~ t h e r e  is z,  • Zi (K) .  Now we c h o o s e  by  

i n d u c t i o n  on  i,x~,u~ s u c h  t h a t :  

(a) u~ • K, z~ • & ( K ) ,  

(c)  za  ~' u t  w h e n i  < a < @  

S u p p o s e  x f , u f  a r e  d e f i n e d  fo r  j < i .  We w a n t  t o  a p p l y  (B) t o  U u f ,  n o w  f o r  
f <i 

e a c h  a, if i < _ a < @  t h e n  ~,(X-L,  lu f )>-X~ as  [ui: j < i ]  O K ,  z : ~  U u i  a n d  
f <~ 3" <i 

z e • Ze(K). Hence ~(X--tlu]) -> A. So by (B) above there is 

( y  0 , <2")9  as , va , v  a : a  < m e n t i o n e d  t h e r e .  By c a r d i n a l i t y  c o n s i d e r a t i o n ,  f o r  
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s o m e  a # fl, 

v °  (3 (~zj:j  < ~ I U t Y j : J  < i ] ) = v ~  O ( t z j : J < ~ ]  t J t v j : J< i t )  

So U/, ~af~, 0 __~ 0 = ~ a  ~ #  is open ,  is d i s j o i n t  to  ~ z j : j < ~ !  t3IYj:J < i t ,  a n d  Ya b e l o n g s  

1 0 t o  it (as  Ya ff v ~ , v #  C v~) .  As (by  (B)) (Vv • "r(X))[y a • v --* f ( v - k J u j )  >- X~], 

c l e a r l y  ~ o ( u i - U u j )  _ X~, h e n c e  (as  in 3.2) t h e r e  is x i • Zi(K) (3 ( u t - U u j ) .  So 
j <~ j <4 

we succeed in the induction. In the end as u~ • K, x¢ • Z¢(K) (3 (u~-gu~) 

c l e a r l y  ~o(u¢-- U U j )  _> X~, so we f inish.  

2),3) S i m i l a r .  

5 .2  L e m m a  : S u p p o s e  X is a t I a u s d o r f f  s p a c e ,  2, = ~,X./., X./ < 2, a n d  
i<,$ 

/~ = ~2(9) +, B a b a s e  f o r  X, a n d  

(i) ~0 is n i c e  fo r  X. 

(ii) f o r  e v e r y  ( c losed )  Y C X,!p(Y) -> 2,, a n d  i < 9 t h e r e  a r e  at l e a s t / ~  

p o i n t s  y • Y w i t h  Chq,~g(y ) >-- Xi. 

(iii) ~o is ( <2` , /~) -eomple te .  

Then for some ui • B,(i < %9) ~o(ui- <j uj) >- Xi. 

P r o o f  : Like t h e  p r e v i o u s  one ,  r e p l a c i n g  (]3) by  (]3)', (C)' (D)': 

(B)'  if u is t h e  u n i o n  of <z9 m e m b e r s  of K,~(X- -u ) ->A  a n d  i <%~ t h e n  

t h e r e  a r e  ~2(~) ÷ p o i n t s  y • Y - u  s u c h  t h a t  (Yv • T(X)) (y  • V ~ ~O(V--U) >-- X~]. 

(C)' if Yl  # Ya • Y t h e n  f o r  s o m e  u , v  • K, Y l  • u ,Y2  • v , u  N v = ¢. 

(D)' K is c l o s e d  u n d e r  f in i t e  i n t e r s e c t i o n s .  

T h e n  h a v i n g  d e f i n e d  u j , x j  ( j  < i )  a n d  s h o w n  ~ 0 ( X - k j u j )  -> 1%, we c a n  f ind  d i s t i n c t  
j <i 

Ya • Y - g ui(a < ~2(z~) +) such that Chx-uuj(Ya) >- Xi. We let 
j<¢ j,~ 

A = }z j : j  < ~  U ~xi:J <i~,  Ia = I v ( 3 A : y a e v e K { ,  so fo r  s o m e  a # fl < = 2 ( ~ )  +, 
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I a = I p ,  a n d  u s i n g  (C)' t h e r e  is ui. e K, s u c h  

A n u i  = ¢ .  As  y ~ • u i ~o(u~ - U u j )  _> x~, 
j<~ 

=~ • ZdK) n (u~-uu~) .  
J<¢ 

t h a t  Ya • u¢, o b v i o u s l y  

h e n c e  t h e r e  is 

We m a y  r e m e m b e r :  

5 .3 F a c t  : 1) S u p p o s e  ~ = g < ~ ,  X = ~,X~, 
~<~ 

Xi i n c r e a s i n g  c o n t i n u o u s  

T h e n  fo r  s o m e  f o r c i n g  n o t i o n  P :  

a) P is m - c o m p l e t e  s a t i s f y i n g  t h e  ~ + - c h a i n  c o n d i t i o n .  

b) In  V P t h e r e  is a t o p o I o g i c a l  s p a c e  X wi th  a ba s i s  of c l o p e n  s e t s  

s u c h  t h a t / ~ ( X )  = 2 ( X )  = ~ ( X )  =X, o (X)  = ~ 2  x' a n d  IXl = x -  

2) In f a c t  we c a n  g e t  t h a t  X is t h e  dua l  of a B o o l e a n  a l g e b r a  a n d  t h e r e  is 

n o  s e t  of p a i r w i s e  i n c o m p a r a b l e  m e m b e r s  of t h e  B o o l e a n  a l g e b r a ,  of c a r d i n a l -  

i t y  X- 

P r o o f :  Le t  p • P be  a s e t  of < J; a t o m i c  c o n d i t i o n s  wi th  no  two c o n t r a d -  

i c t o r y  ones ,  w h e r e  an  a t o m i c  c o n d i t i o n  is a • u p  o r  a ¢ Up, w h e r e  a,fl < X, 

a n d  a e[X~,Xi+l ) ~ fl < X'~ v f l = a  v fl--~ X~+I" 

Two c o n d i t i o n s  a r e  c o n t r a d i c t o r y  if t h e y  h a v e  t h e  f o r m  a • Up,a ~ Up. 

The  o r d e r  is i n c l u s i o n .  

Now (a) is obv ious .  

In  V P we def ine :  

u ~  = ~a < k : a  £ Up b e l o n g  to  s o m e p  e G] 
~ p  

On X we de f ine  a t o p o l o g i c a l  s p a c e  X: by  h a v i n g  t~z~:t~ < X| be  a b a s i s  of e l o p e n  

sets. 
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The r e s t  is e a s y  too.  

3) S i m i l a r  ( j u s t  a s  in  [Sh 9] 4.4) . i.e. l e t  P = | ( B ,  W): B a B o o l e a n  a l g e -  

b r a  of  c a r d i n a l i t y  < ~ g e n e r a t e d  by  txi  : i c W I, ~f' a s u b s e t  of X of c a r d i n a l i t y  

< ~, a n d  if a 0 . . . . .  a ~  a r e  d i s t i n c t  m e m b e r s  of W ('/ [Xi,X~ +) t h e n  

~=1 

5.4  Conc lus ion:  t )  If X is H a u s d o r f f  ~'(X) is  s i n g u l a r  of c o f i n a l i t y  z~ t h e n  

c f  ( ~ ' ( X ) )  < 2 ~'. [ r e p e a t  t h e  p r o o f  of 3.3 b u t  i n s t e a d  of 3.2 u s e  5.1 r e m e m b e r -  

ing  c f  (2") > ~]. 

2) If X is r e g u l a r  (i.e. 73) ~'(X) s i n g u l a r  of c o f i n a l i t y  z~ t h e n  

c f  (~'(X)) < 2 ~. [ r e p e a t  t h e  p r o o f  of 2.3 b u t  i n s t e a d  of 3.2 u s e  5.2 r e m e m b e r i n g  

cf  (2 ~) > 4]. 

3) B o t h  r e s u l t s  a r e  b e s t  p o s s i b l e  in t h e  s e n s e  of c o m p l e m e n t a r y  c o n -  

s ~ s t e n c y  r e s u l t s .  ( s ee  [JSh]  a n d  5.3). 

4) We c a n  r e p l a c e  a b o v e  s by  z or  h .  

5.5 L e m r n a  : S u p p o s e  ~, is s i n g u l a r  of  e o f i n a ] i t y  4 ,  X = ~, X¢, X~ < k, a n d  

/~ -~ 0. A s s u m e  f u r t h e r  ( fo r  a t o p o l o g i c a l  s p a c e  X a n d  f u n c t i o n  ~): 

(i) ~ is n i c e  fo r  X. 

(ii) |y c X: Ch~(y) ~- Xit h a s  p o w e r  -~/~1 f o r  i < 4 .  

(iii) ~ is ( < k , / ~ 0 ) - e o m p l e t e .  

1) If X is  H a u s d o r f f , / ~ 0  =/~1 = ~_~ ~2(~) +, t h e n  fo r  s o m e  u~ c T(X) ( fo r  

i < 4)  fo r  e a c h  i , ~ ( u ~ -  U u f )  -> Xi- 
j< i  

2) If X is r e g u l a r ,  /~0 = / ~  = ~ ( 2 ~ )  + then f o r  s o m e  u i c T ( X )  ( for  

i < 4 )  fo r  e a c h  i ~ ( u / - u u f )  -~ Xi- 
j<i 

R e m a r k :  The  p r o o f s  a r e  s i m i l a r  t o  t h o s e  of 5.1, 5.2. 

Sh:233



185 

P r o o f  : 1) W.l.o.g. 9 is (X/,/~0)-complete for  e a c h  i .  We define K,Y: 

(A) K is a f ami ly  of open subse t s  of X of power  -</~0. 

(B) Y is a subse t  of X of power  <-/~1. 

(C) t h e r e  are  b~0 d i s t inc t  y e Y s u c h  t h a t  Ch~(y )  >- Xi. 

(D) for  any  d i s t inc t  Y l , Y e  e Y for  s o m e  d is jo in t  u l , u  2 e K, Y l  e u l  and 

Y 2  6 u 2. 

(E) K is c losed  u n d e r  finite un ions  of i n t e r s e c t i o n s  

There  is no  p r o b l e m  to c a r r y  th i s  defini t ion.  Let  Z , (K)  = ~z e X: if for  

j < ~  aj  c X ,  aj  < K v X - a j  < K ,  and  z e a j  t h e n  ~ o ( ( ~ a j ) > - X i  I. Now we 

choose  by i n d u c t i o n  on i < ~, x~ and  u~ such  t h a t  : 

(a)  u ,  e K, x~ e & ( K ) .  

(b) z~ c u~,(Vj < i) (x~ ¢ uj). 

Suppose  we have  def ined  x j ,u j  for j < i. 

Ch By (C) above  t h e r e  are  d i s t inc t  Y/a e Y for a </~0, with ~(Ya)  = X,. By (E) 

above  t h e r e  are, for  a # fl ua,  ~ e K¢+1, s u c h  t h a t  y ~  e u~,a,  and 
i u ~ u=,p C~ ~,a = ¢ - N ° w a s / a  0 - , ( 3 ) ~ , f o r s o m e a  < f l < 7 < / ~ 0 :  

i l  = " ( I z j : j  < i ] )  

As u},  a F~uia,p = ¢ ,  c lear ly  u i = u } ,  a K~u},7 is d is joint  to |xa.: j < i  I. Also 

!/} 6 u}, a (~ u},7, so 9~(ui)-> Xi, hence as in the proof of 

x i eu~ N Z~(K). In the end z i witnesses ~(u~-yu])->X~ 
j>~ 

j > ~)(x~ ¢ %.) 

2) S imi la r ly  ( r e m e m b e r i n g  the  proof of 5.2). 
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