
The  E x i s t e n c e  of Coding S e t s .  

Late ly  Zwicker  ( see  [Z]), g e n e r a l i z i n g  t h e o r e m s  on r e g u l a r  ~ ( and  t h e  

f i l t e r  of ~)r g e n e r a t e d  by t h e  c losed  u n b o u n d e d  s u b s e t s )  to ]9<r(A) (and  

~)~(k)) f ind t h a t  m a n y  t i m e s  we c a n  g e n e r a l i z e  if we r e s t r i c t  o u r s e l v e s  to  a 

cod ing  s u b s e t  of ]9<r(k). He shows e x i s t e n c e  for  m s u p e r - c o m p a c t ,  ( see  Solo- 

vay  [So] a n d  Menas  [M]) and  S t a n l e y  and  Ve l lman  ( i n d e p e n d e n t l y )  show 

e x i s t e n c e  for  ~, = ~+ a s s u m i n g  a s u i t a b l e  m o r a s s  exis ts .  

Dur ing  the  m e e t i n g  in Colorado,  t h e a r d  a b o u t  th i s  ( and  t h e  two o t h e r  

v a r i a n t s )  and  p r o v e  s o m e  e x i s t e n c e  t h e o r e m s  m a i n l y  t h a t :  for  ~ > tl 2 r e g u -  

l a r  t h e r e  is a cod ing  s e t  for  p<~(/~). We p r e s e n t  h e r e  s o m e w h a t  i m p r o v e d  

v e r s i o n s  w r i t t e n  in Aug 83 a n n o u n e d  in [Sh 2]. H e r e  is a s u m m a r y .  

More i n f o r m a t i o n  will a p p e a r  in "More on S t a t i o n a r y  Coding".  

Def in i t ion  : (1) We call  b ~ a weak  (~ ,A) - s t a t iona ry  cod ing  se t  (or  weak  

(~,A)-SC or  (m,N)-WSC) if b" is a s t a t i o n a r y  s u b s e t  of/9<r(TQ = l a  c k : IA ] < ~{, 

and  fo r  no a # b  i n S ,  a ( ~ = 5  ( ~ , a ~ b .  

(2) We call  $ a (*~,J~)-stationary cod ing  se t  (or  (~,)k)-SC)if S is a s t a -  

t i o n a r y  s u b s e t  of p<~(h),  and  for  s o m e  o n e - t o - o n e  f u n c t i o n  h : S  ~,k, for  

e v e r y  a , b  c $ ,  [a  # b ^ a c b --------> h ( a )  c b ]. 

(3) We cal l  S a s t r o n g  (m,~k)-stationary coding  s e t  (or  s t r o n g  (~,),)-SC 

o r  (~,k)-CD) if for  h ( a )  -- s u p ( a ) ,  (2) holds.  

The s i m p l e s t  c a s e s  of ou r  r e s u l t s  are:  

T h e o r e m  A: If *~-~ Mn+l, t h e n  t h e r e  is a (*~,*~+~)-WSC (on e.g. ~+(~+1) we 

cou ld  h a v e  w e a k e r  r e s u l t s . )  (see  (19).) 
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T h e o r e m  B: 1 ) I f  ~ is a n  inef fab le  c a r d i n a l  (or  j u s t  O l . ~ < ~ : ~ c c e s s ~ -  

b~]), ~ < X = )k <~, a n d  ~, J (~)<~ (S i lve r ' s  r e l a t i o n )  ( see  11). t h e n  t h e r e  is a 

a) If k > ~ > l~ 1, ~ 16<x: c!  ~<~l t h e n  t h e r e  is a (~,k)-CD (see  7). 

3) If k > I~ 1, <> s,  S ~ k, (V6 ¢ S)  c f  /~ = l%, S does  no t  r e f l e c t  in a n y  a of 

co f ina l i ty  i~ 1 t h e n  t h e r e  is an  (l~ I,A)-CD (see  7). 

T h e o r e m  C: If ~ = 9 ,  A<9+(u+) ,  ~ = z  ~+ and  in ~ / ~ ) ~  t h e r e  is an  

i n c r e a s i n g  s e q u e n c e  of l e n g t h  *:+ + 1, t h e n  t h e r e  is a (~,;k)-WSC (see  (13). 

For  T h e o r e m  1 we use:  

T h e o r e m  D: If D is a n o r m a l  fine f i l t e r  on /9<~(~), ~ =/z+,A r e g u l a r  

a n d  l a  ¢ T)<~(;K) " c f  ( sup  a)  # c f  iz~ c D t h e n  D is n o t  ;k+-sa tura ted .  

By L e m m a  20, a n d  l a t e r  r e s u l t  of F o r e m a n ,  Magidor  and  She lah  [FMS], i t  

is c o n s i s t e n t  t h e n  t h a t  t h e r e  is no (l~ 1,1~2)-WSC. 

1 N o t a t i o n :  ~ will be  a r e g u l a r  u n c o u n t a b l e  ca rd ina l ,  /~ a c a r d i n a l  

~> ~, ~,X inf in i te  c a rd ina l s ,  ~)  a fine n o r m a l  f i l t e r  on s o m e  p<~(A).  

2 Def in i t ion  : 1) p<~(A)  = ~a " a  a s u b s e t o f A  of power  <:/z~. 

2) A f i l t e r  ~ ) o n  p<~(A) i s f i n e  if for  x c A  l a  : a ¢ D<~(A), x c g{ be long  

to  ~ We s a y ' i s  f i ne r  if f o r  b c p<~(A) ,  | a  " a C a ,  a e ]9<,(X)] b e l o n g s  to  D.  

3) A f i l l e r  D o n  ]9<~(A) is n o r m a l  if for  a n y  Cx c ~ ( f o r  x c A) t h e  se t  

b e l o n g s  to 

4) ~ < . ( A )  is t h e  m i n i m a l  f i ne r  n o r m a l  f i l l e r  on ~<~(A) (if I A I - ~ i t  is 

t r iv ia l )  ( n o r m a l  i n c l ude  ~ - c o m p l e t e ) .  

3 Fac t :  1) The se t  of o r d i n a l s  < ~ b e l o n g  to  ~ ( ~ )  so ~ ( ~ )  c a n  be 

iden t i f i ed  wi th  t h e  f i l l e r  of ~ of c losed  u n b o u n d e d  s u b s e t s  of ~. 

2) If ~)  is a (fine n o r m a l )  f i l t e r  on ]9<.(A),  Y a f u n c t i o n  f r o m  D<~0(A) 
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to J~) then the set la :a c/9<.(A) and for every w cp<~(a), a DF(w){ 

belongs to 

3) ~)~(A) is the filter of closed unbounded subsets of p<~(A), hence 

¢ ¢ D.(A). 

4 D e f i n i t i o n :  1) S { p<,(A) is ca l l ed  ~ s t a t i o n a r y  if p<,(A)-S ¢ ~ If 

D = ~)~(A) ( a n d  t h e  i d e n t i t y  of A,K is c lea r )  we o m i t  ~). 

2) S 1 , S  2 a re  ~ - a l m o s t  d is jo in t  if (p<~(A)-SI • Ss) c D 

3) We say  D is / z - s a t u r a t e d  if t h e r e  a r e  no /z ~ s t a t i o n a r y  pa i rwise  

~ a l m o s t  d i s jo in t  s u b s e t s  of hJ D. 

5 Main Def in i t ion  : Let  ~)  be  a f i l t e r  on p<.(A) a n d  S C p<.(A) is 

s t a t i o n a r y .  

l) S is a weak stationary coding set (WSC) if a,b c S, a # b, 

a f ' ~ = b  A s  i m p l i e s a  ~ b. 

2) S is a stationary coding set (SC) if there is a one-to-one function h 

f r o m  S i n t o A  s u c h  tha t :  [a c S ^  b c S ^ a ~ b ^ a c b ~ h ( a )  c b]; We call  

h a wi tness .  

3) S is a strong stationary coding set (CD) if the function h(a) = sup(a) 

is a witness (for its being a stationary coding set). 

4) We shah say S is a~)-WSC if S # Cmod ~[~ and similarly for SC, CD; 

we m a y  also say: for  ~), t h e r e  is a WSC; when  ~ ) =  ~)~(A) we m a y  wr i te  (~,A) 

i n s t e a d  of ~). 

6 Fact: i) For ~)~(~) there is a strong stationary coding set (~ 

itself!). 

2) A strong stationary coding set is a stationary coding set, and a sta- 

tionary coding set is a weak stationary coding set (for any fixed ~)). 

3) If h is a s ingu la r ,  D a fine n o r m a l  f i l t e r  on p<~(h) t h e n  t h e r e  is no 

s t r o n g  s t a t i o n a r y  coding  se t  for  ~). 
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4) If 2 <* ---- ~ < ~<*, ~)  a f ine n o r m a l  f i l t e r  o n / 9 < . ( ~ )  t h e n  t h e r e  is no  SC 

fo r  ~). 

P r o o f  : 3) S u p p o s e  S is a D-CD, a n d  le t  C C )k be  c l o s e d  u n b o u n d e d  of 

c a r d i n a l i t y  < k. C l e a r l y  S 1 - - l a  E p<. (X) :  o. (~ c is u n b o u n d e d  in  a I E~) ,  

h e n c e  S 2 = ~a • S : s u p  a • c U Ikl l  ~ ~ rr~od o~), b u t  IS~I  < x so we g e t  c o n -  

t r a d i c t i o n  t o  " D  is f ine" .  

4) If S is s u c h a s e t ,  i f h  w i t n e s s e s  i t s  b e i n g  SC t h e n  i t  s h o w s  I S I - - - k ,  

b u t  e v e r y  a • ]3<~(k) is a s u b s e t  of s o m e  b • S h e n c e  

x <*-< I D < . ( x )  I = E I /9(5) )  -~ I s l  " 2 <* -< x c o n t r a d i c t i o n .  
beS 

7 Cla im:  S u p p o s e  A > g is r e g u l a r ,  ~ ) =  ~) . (k) ,  Y C k is s t a t i o n a r y ,  (V 

6 • T) [c f  6 < ~ ] ,  a n d  O r  holds .  S u p p o s e  also:  ~>1~ 1 o r  f o r  s o m e  n o r m a l  

f i l t e r  J~) o v e r  ~1 fo r  e v e r y  i n c r e a s i n g  c o n t i n u o u s  h : ¢01 -~ k, 

l i  < 6 : h ( i )  ¢ TI c ~  Then t h e r e  i s a C D  f o r ~ t  

7A R e m a r k :  Rea l l y  (~,)t)-CD fo r  ~ > ~ is a w e a k  f o r m  of 0 le<x: c! ~<*1" 

In fact if (~,A)-CD exists, X = k <x > 2 <* then 0 la<x : cl a < *I holds. 

Proof: We know that Do = IA CX:O~_A does not holdl is a normal 

(fine) filter on ~,. As Or holds, T# Cmod J~o, hence for some 9<~, 

T O = t6 • T :  c /  6 = 91#  ¢ n o d  DO. So O To h o l d s  h e n c e  t h e r e  a r e  

< M  e : 6 • To>,  M e a m o d e l  wi th  u n i v e r s e  6 a n d  ~o f u n c t i o n s  s u c h  t h a t  o r  e v e r y  

m o d e l  M w i t h  u n i v e r s e  k a nd  ~I 0 f u n c t i o n s  [6 • T o : M r 6 = Mal is s t a t i o n a r y .  

Now we de f ine  by  i n d u c t i o n  on 6 • T o, a s e t  A e C 6 s u c h  t h a t :  

(a)  A~ is c l o s e d  u n d e r  t h e  f u n c t i o n s  of Mal, 

(b) s u p A  a = 6 .  

(c) IAel < ~. 

(d) i f 6 1 •  6 (3 T0, Aa, f i A  a t h e n ~ l  • A e -  

(This  c l e a r l y  suf f ices ) .  We c a n  e v e n  s t r e n g t h e n  (d) t o  

(d ' )  if 61 c T o (3 6 is in  t h e  c l o s u r e  of Ae t h e n  61 • Aa. 
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If m > I~l le t  a < ~ be r e g u l a r  c a rd i na l  s u c h  t h a t  a # ~, (a  ~ M0), a n d  t h e n  

def ine  by  i n d u c t i o n  on ~ < a, a se t  A{ C 6, s u c h  t h a t  A~ I h a s  c a r d i n a l i t y  < m, is 

i n c r e a s i n g  wi th  ~, t h e  c l o s u r e  of A{ u n d e r  t h e  f u n c t i o n s  of M~ is C A{+ 1 and  

a lso  e v e r y  a c c u m u l a t i o n  po in t  of A{ which  is < ~ is  in A{+ 1 a n d  sup(A0 ~) = ~. 

Then  U [A{ • ~ < a l i s a s r e q u i r e d .  The c a s e ~ = ~ l  l is s imi l a r .  

The following (8,9) is a v a r i a n t  of Si lver  [Si]. 

8 Defini t ion:  1)b~t(,: ,k) m e a n s  t h a t  for  e v e r y  a l g e b r a  M wi th  u n i v e r s e  

A and  c o u n t a b l y  m a n y  f u n c t i o n s  t h e r e  a re  i s o m o r p h i c  s u b a l g e b r a s  M1,M 2 of 

power  <lc, M 1CM 2,M 1 # M  2andM 1 N ~ = M a  C ~  = an ord ina l .  

2) For  D a f ine n o r m a l  f i l t e r  on p<~(k),  S / ( D )  [SS t (D) ]  m e a n s  t h a t  for  

e v e r y  T c ~  [T # C mod ~)] and  M above  we c a n  find M1,M 2 as above  

M l c  T, M2c T. 

3) The n e g a t i o n  of St (~,k), St (S),  SSt (~ )  a r e  d e n o t e d  by  

N St(~,k), NSi(~),NSSi(tc,k) NSb~t(~) resp .  

9 F a c t :  t)  If S t (~ ,~)  and  k ~ ~," t h e n  S/(~,;k*). 

2) If then  (DAx)) 

3) The first ~--~ ~ for which S~(~,~) holds, is a strongly inacessible car- 

dinal. 

4) ~gt(~{)~(k)) is e q u i v a l e n t  to  S/(,:,ik). 

5) If b~t(~) t h e n  t h e r e  is a m i n i m a l  n o r m a l  ~)t e x t e n d i n g  ~ for  which  

s tD). 

i0 Claim: i) Suppose ~ and N b~(~,2,), then there is a WSC for 

DA ) 

2) tf in 1), Y is a se t  of s t r o n g l y  i n a c c e s s i b l e  c a r d i n a l s  ( h e n c e  ~ is 

M a h l o ) , ~ T  and  k = ~ < E t h e n t h e r e i s a S C f o r ~ ) .  

3) S u p p o s e  D is a n o r m a l  fine f i l ter  on ]9<.(k), Do = [A ~ ~ :  [a  • p<.(;~): 

a (~ ~ c A ] c D]  (so Do is n e c e s s a r i l y  a n o r m a l  f i l t e r  on ~). Suppose  f u r t h e r  

~(~O) which means: there is <A,: ~ < ~> such that for every A ~ ~, 
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|& < ~ : A N 6 = A~I ~ rood Do- If N ~ ( D )  t h e n  t h e r e  is a D-WSC; a n d  w h e n  in 

add i t i on  19 < ~ : ~ s t r o n g l y  i n a c c e s s i h l e l  # m a d  Do t h e n  t h e r e  is a ~ C D .  

P r o o f  : 1) Let  Y c ~ be s t a t i o n a r y  s u c h  t h a t  0 r holds.  The re  is an  a lge-  

b r a  M wi th  c o u n t a b l y  m a n y  f u n c t i o n s  e x e m p l i f y i n g  NN/(~(~,X)) .  As 0 T, we 

c a n  find mode l s /P / a  ( a  c T) s u c h  t ha t :  

i) M a is an  a l g e b r a  wi th  c o u n t a b l y  m a n y  f u n c t i o n s ,  and  u n i v e r s e  

~'a a--<Ta < ~ .  

ii) i f  ~ N t :  i < ~> is an  i n c r e a s i n g  c o n t i n u o u s  s e q u e n c e  of a l g e b r a s  

wi th  c o u n t a b l y  m a n y  f u n c t i o n s ,  l l ~  I] < ~, a n d  ~ C U N~ t h e n  for  s t a t i o n a r y  
~<~ 

m a n y  i E it", Ni ,/F/i a r e  i s o m o r p h i c  o v e r  i .  

Let  S" = l a  c/9<~(A) : M ~ a  is i s o m o r p h i c  t o N a N  ~ w h e r e  a ( ~ c  Y]. Now 

S ° is aWSC, i n f a c t i f  a c  S*, b c S*, a c b (bu t  a # b) t h e n a  ( ~ <  b (~ ~. 

2) S t r a i g h t f o r w a r d ,  l e t  h be  a n y  o n e - t o - o n e  f u n c t i o n  f r o m  p < ~ ( k ) i n t o  

A, t h e n  S** = [ a c D < . ( ~ , ) :  a C ~ c  T, lat---< l a  N~; I  a n d  (V 

b )(b Ca. r, Ib t < a n ~  ~ h ( b ) c a ) ]  ~ ¢ mod ~ ( X ) .  Now also 

S° A S°" ~ ¢ rood ~)~(A) and  S ° (~ S *° is a s t r ong  s t a t i o n a r y  cod ing  set .  

3) Left  to  t h e  r e a d e r .  

11 Conc lus ion :  If ~ is an  inef fab le  c a r d i n a l  ( see  e.g. [ KM]), 

N S ~ ( ~ ( X ) )  and  X = A <~ t h e n  t h e r e  is a SC for  ~5.(A). 

P r o o f  : I t  is known  t h a t  for  ine f fab le  ~, O ~ '  holds ,  m o r e o v e r  O r, 

w h e r e  T = [/z < ~ : / / s t r o n g l y  inaccess ib leS .  By 1.0(2) we finish.  

12 O b s e r v a t i o n  : The following p r o p e r t i e s  for  a s u c e e s o r  c a r d i n a l  ~ and  

s t a t i o n a r y  T C ~ a r e  equ iva l en t :  

i) in ~x/(~5~ + T) t h e r e  is an i n c r e a s i n g  s e q u e n c e  s e q u e n c e  

g a / ( ~ + T ) :  a <~;+> and  g / ( ~ + T )  s u c h  t h a t  g / ( , ~ + T )  ~t! ga/(~J~.+T) 

fo r  e v e r y  a < ~+. 

ii) t h e r e  is g : ~  + ~ s u c h  t h a t  for  a n y  we l l - o rde r i ng  <" of 
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~, [ a  • T : ( a ,<*  t a )  h a s  o r d e r - t y p e  < g ( a ) ~  is s t a t i o n a r y .  

iii) there is g :Ic-~ such that the set la •]9<~(~ +) :a (31v• T, 

(a, < [ a) has order-type exactly g(a (~)I is stationary. 

iv) f o r  any  c a r d i n a l  St, 1 < St < g s u c h  t h a t  (V 

6 • T ) [ c f  6 < St^ 161 ~ < ~], c a r d i n a l  h > g a n d  s u b s e t s  P~ C ~.(i < St), there 

are f u n c t i o n s  g t  " ,c -. g (i  < /z ) ,  s u c h  t h a t  t h e  s e t  

f a  : a  e p < ~ ( A ) ,  a ( 3 ~  an  o r d i n a l  f r o m  T a n d  fo r  i < / z  t h e  o r d e r  t y p e  

of a (3 P~ i s g i ( a  0 ~)l 

is  s t a t i o n a r y .  

P r o o f :  T r iv ia l ly  (iv) ~ (iii). Nex t  we s h o w  (iii) ~ (it): if g e x e m p l i f y  

(iii), <* a welt o r d e r i n g  of ~, t h e n  fo r  s o m e  a ,  ~ ~ a < ~+, ( a , < )  is i s o m o r p h i c  

t o  (~,<*),  and  le t  h be  s u c h  an  i s o m o r p h i s m .  L e t  a + i = U a t ,  a~ i n c r e a s i n g  

c o n t i n u o u s ,  ]a t  I < ~, so fo r  s o m e  c l o s e d  u n b o u n d e d  C C ~, ( V 6 e  C) 

[a~ C~ ~ = &, a n d  h is i s o m o r p h i s m  f r o m  a~ o n t o  (6, <" t 6)].  If (ii) fail  ( for  

t h i s  g ,  fo r  t h i s  <*) we c a n  a s s u m e  (Yj e C C~ T)[(6,  <* t 6) h a s  o r d e r  t y p e  

> g ( a ) ,  b u t  t h e n  ~a E p < . ( t c  +) : a  + t c a ,  a n ( a + l )  is a 6 f o r  s o m e  6 e C~ 

b e l o n g s  t o  ~).(tc +) c o n t r a d i c t i n g  t h e  c h o i c e  of g. 

Now we show (it) ~ (i), l e t  fo r  a e (tc,~+), <a be  a well o r d e r i n g  of ~ of 

o r d e r  t y p e  a ,  a n d  l e t  ga( i )  ~"-J " o r d e r  t y p e  of (i ,<a  t i ) ' ,  t h e  c h e c k i n g  is easy .  

Now if (i) h o l d s  f o r  g, g e ( a  < t~+), a l so  (it) h o l d s  fo r  g :  l e t  <a  be a n y  well 

o r d e r i n g  of ~ of o r d e r  t y p e  a ( fo r  ~-----a < to+), g a  :*: -~ tz be d e f i n e d  by  

g*a(i) = " t h e  o r d e r  t y p e  of ( i ,<~  t i ) " ,  f o r  a < ~ l e t  g ~ ( i )  = i; we c a n  p r o v e d  

by  i n d u c t i o n  on  a < ~÷ t h a t  g a / D ~  <- g = / D ~  so (it) is c l ea r .  

L a s t l y  a s s u m e  (ii) h o l d s  fo r  g ,  S t < ~  ( V 6 e  T ) [ c f  & > / ~ ^  I 6 ] ~ < ~ ] ,  

Pt  c k ( i  < St) a n d  we sha l l  p r o v e  (iv) ( for  t h o s e  _Pt(i < /z ) ) .  Le t  f o r  6 e T 

(w.l.o.g. I g ( 6 ) l  _< 161), h6  be  a o n e - t o - o n e  f u n c t i o n  f r o m  5 o n t o  9 (6 ) .  F o r  a n y  

sequence fl =<flj "j <St> of ordinals <•, we define function g~,] "~;-** by 

g~j(i) =ht(igj). If <g~,t :i <St> is not as required then there is a 
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C~ c ~(k) such that (Va c C~)(3j < I i) [a N Pi has order-type 

# g~,i(a N ~)], Let l~l • ( < ~I list all such sequences fl, then 

C = ~a C p < ~ ( ~ ) :  if ~ a  n ~ t h e n  a ~ Ci~ a n d  if fli < a  N ~ fo r  j < 

t h e n  fo r  s o m e ~ < a  N ~ , ~ f = < 1 6 i  " J  < / ~ )  

is in ~ ( k ) .  B u t  S = l a  c /9<~(k)  : a n ~ c T, a n d  t h e  o r d e r - t y p e  of a is 

< g ( a  (3~){  m s ' s t a t i o n a r y ,  so  t h e r e  is a* c S  N C. L e t a ~ =  o r d e r - t y p e  of 

Pi h a ,  so  n e c e s s a r i l y  ~ < g ( a  N ~ ) ,  h e n c e  fo r  s o m e  ~i  < a  ( 3 ~ ,  

hac~.(~8i) = tiff; n o w w e  g e t  c o n t r a d i c t i o n  t o  a*  c C ~ j  : i  <t~)" 

R e m a r k :  At l e a s t  (i) ~ (ii) is well  known .  

1BA R e m a r k :  We c a n  o m i t  t h e  a s s u m p t i o n  "~ s u c c e s s o r "  if we add  in  (i), 

(ii), (iii) g(ot)  < to  + ]am +, a n d  in (iv) g , ( a )  < to + l a ]  + 

13 Clairm S u p p o s e  (i) of F a c t  13 h o l d s  so ~ is a s u c c e s s o r ;  o r  a t  l e a s t  (i) 
of 13A holds .  S u p p o s e  f u r t h e r  t h a t  A = ~+a (i.e. ~ = l~ a, k = I~+a)  a n d  t t t l  + < ~," 

(¥ '7 < ~) 7 lat < ~- T h e n  t h e r e  is a WSC fo r  ~< ~(k ) .  

P r o o f  : C l ea r l y  we c a n  f ind g t ( i  --~ a )  as  in  t2  (iv) r e p l a c i n g / ~  by  a ,  a n d  

Pt  bY/~i. 

Le t  M = (~,f ,g) f a two p l a c e  f u n e t i o n  s u c h  t h a t  fo r  e v e r y  4 < ~, 

i = I f ( i , j ) : j  < I i l l ,  a n d  f o r d  < ] i l , g ( i , f ( i , i )  ) = i ,  a n d s  = ~a : a ¢ ]/fl<.(k), 

a c l o s e d  u n d e r  f a n d  g ,  a N ~: an  o rd ina l ,  a n d  fo r  e v e r y  i -< a ,  t h e  o r d e r  t y p e  

of  a N ~ 4  is gi(a N g)]-  By 12 (iv) S is ~ ) ~ ( k ) - s t a t i o n a r y .  S u p p o s e  a # b a r e  

i n S ,  a N g  = b  N g ,  a n d a  C b .  We k n o w  (as  a , b  ~ S , a  N ~  = b  n ~ ) t h a t f ° r  

e a c h  i --< a ,  a N ~+~, b N g+t  h a s  t h e  s a m e  o r d e r  type .  Now we p r o v e  by  i n d u e -  

t i o n  o n  i t h a t  a N ~:+/ = b  N ~ + i .  For  i = 0  t h i s  is g iven ;  f o r  i l i m i t  by  t h e  

i n d u c t i o n  h y p o t h e s i s ;  f o r  i = j + 1 : a N ~+i is u n b o u n d e d  in b N ~+i as  t h e y  

h a v e  t h e  s a m e  o r d e r  t y p e ,  now a p p l y  t h e  f u n c t i o n s  f , g  u n d e r  w h i c h  a,b a r e  

c l o s e d  ( a n d  a N ~:+i = b n ~+J). For  i = a we g e t  t h e  d e s i r e d  c o n c l u s i o n .  

14 L e m m a  : 1) If ~ = / ~ + ,  ~)  a f ine  n o r m a l  f i l t e r  on  p<~(A), /~ r e g u l a r  

| a  : c f  ( sup  a ) #  c f  (/~)~ ~ ~ t h e n / ~ ) i s  n o t  A + - s a t u r a t e d  ( see  De f in i t i on  4(3).) .  

Sh:212



196 

2) ]9<~(A) - l a  • c f  (sup a )  # c f  /~{ # ~ ) i s  e n o u g h  in 14(1). 

P roo f :  1) Let P be the  se t  of ~ ) - s t a t i ona ry  se ts  o r d e r e d  by inve r se  inclu-  

sion. Suppose  D is h+-sa tu ra ted ,  so P sat isf ies  t he  X+-Chain condi t ion .  We 

shat l  p rove  t h a t  h + is a card ina l  of V P, all V-cardinals  < ~: a re  V P- card ina l s ,  

v P ~ "  lxl  = ~, e$ x ~ ~$ ~ " ,  t h u s  c o n t r a d i c t i n g  [Sh t], XIII 4.9, p. 440. The 

following f a c t s  fulfilling the  above, are  folklore  at  l eas t  for  k = ~:, a n d  s t r a i g h t -  

fo rward  g e n e r a l i z a t i o n  genera l ly .  

F a c t  A: For  eve ry  P - n a m e  a of an  ordinal  < a ' ,  t h e r e  is a func t ion  

g : ] 9 < ~ ( A ) - ~ a ' ,  s u c h  t h a t  [a  # ¢ ^ a  ° < k ~ g ( a )  e a ] ,  and  (G the  P -  ~p 

n a m e  of the  g e n e r i c  set)  I}-p " a  is t he  un ique  a s u c h  t h a t  

la  : g ( a )  = a ]  6 G " ~p 

P r o o f :  Let  < S t  : i < fl> be a m a x i m a l  a n t i c h a i n  of P s u c h  t h a t  for  e a c h  

i for some a~, S i l~-p "a = ai". Now IfiI-< k (by the ~k+-ehain condition) so 

w.l.o.g, fl = A, (we allow S~ = ¢) so for i # j ,  S ~'y ~lp<z(h) - S~ N Sj belong to 

2~). Let  C = la  ep<~(X):  for eve ry  i c a [ a ,  <A~----> a ,  c a ] ,  and for eve ry  

i # j  e a ,  a e S ~ d  I. 

By the  n o r m a l i t y  of ~), C e ~). 

Define a par t ia l  f u n c t i o n  h on C : h ( a )  = i  if a 6 S  t , i  c a .  By C's  

def in i t ion  h has  a t  m o s t  one  value.  

If ,5' ~ IC  -- Dora h is ~ s t a t i o n a r y  t h e n  r e m e m b e r  

S O S~ C~fl<~()k)-~a : i  e a ] ,  so S c o n t r a d i c t  the  " < S  t : i  < a >  is a m a x i m a l  

a n t i c ha in" .  So h is def ined on s o m e  C" e ~), and  is as r e q u i r e d  (it does no t  

m a t t e r  how we c o m p l e t e  it on p<~(k) - I¢{, as long as a*----- A, 

a #qb~-- - -~h(a)  6 a .  

F a c t  B: Forc ing  by P does no t  col lapse  any  ~ < ~. 

P r o o f  : Let S e P, S ]~-p" @ is col lapsed".  Choose m i n i m a l  ~, so @ is 

r e g u l a r  in V and  ( m a y b e  chang ing  S) for some  r e g u l a r  a < z~: 
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[~-p"f  is a f u n c t i o n  f rom a to ~"  

S I~ -e" f  has  an u n b o u n d e d  range" .  

W.l.o.g. for e a c h  i < 9,  we apply Fac t  A (with a* = 9 <- A) on the  P - n a m e  

f ( i )  and  ge t  g~. For  e v e r y  a e ]9<~(A) - I¢1, as  (in V) ~ is r e g u l a r  > a, c l e a r l y  

g ( a )  = s u p I g i ( a )  : i < c[ I is an  ordinal  <9.  As ~) is @+-eomplete  and  fine, 

| a : @ c a l  e ~  and  as R a n g ( g t ) C @  and  ~ ) i s  n o r m a l  c l ea r ly  for s o m e  

T <'0, S"  = ta E S : g ( a )  = TI is ~ s t a t i o n a r y ;  t r iv ia l ly  

S* [~-p" Rang f C7" 

c o n t r a d i c t i o n .  

F a c t  C: S ]~-p" c f  (X) = ~ ' '  if X is a r e g u l a r  ca rd ina l  --A, S c P ,  and  

S c [a c p< . (h )  " 10 = c f  (sup (a (3 X))I- 

For eve ry  a E S let < a ( a , i ) . /  < 9 >  be an  i nc r ea s ing  s e q u e n c e  of ordi-  

na ls  f rom a (3 X with l imi t  sup (a  O X). We know by ~)'s n o r m a l i t y  t h a t  for  

S S" eve ry  i < ~ ,  and S' C S ,  S ' c P ,  for some  C S', c P ,  and  /~(a,i) is con-  

s t a n t  for  a E S". 

Let fi be the  un ique  ordinal  i f /such t h a t  t a  : B (a , i )  = ~1 e G ~i ~P 

name) .  So S IFP"~. is an  ordinal  < g and ~. < ~. for i < j < 43." 

( this  is a P -  

Also we shall show that S ]~-p" lfl. : i < 9{ is unbounded below X (hence 

siP' cf(x)=9" and we shall finish). This holds because for every 

S ' c P , ( S ' C  S)  and  f i < X  w.l.o.g. (Va c S ) ( f l c a ) ,  and  so for  e v e r y  a e S' 

t h e r e  is t a < 9 s u c h  t h a t  iff(a,ia) > fl, and  the  f u n c t i o n  i a ha s  a c o n s t a n t  

va lue  j on  s o m e  ~ ) - s t a t i o n a r y  S" C S' and  S" ]~- " i8 > fl". So we finish. 
~3 

R e m a r k :  This is e s sen t i a l ly  Ulam a r g u m e n t  for "~)~, is n o t  t~ 1- 

s a t u r a t e d " .  

F a c t  D: I~-P" t he  power  of k is/~". It  is e n o u g h  to p rove  t h a t  e v e r y  r egu -  

lar  X,~-< X < k is col lapsed.  As the  n u m b e r  of possible c f  ( sup (a  O X)) is 
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-< 1 ~ 9 : 0  <tc~I = 1~@:@ < / * < ~ 1  < Jc we c a n  u s e  F a c t  C- 

F a c t  E: I I--e" c f  ), # c f  Iz", 

By a h y p o t h e s i s  S O = t a  c fJ<~:()k): c f ( s u p a )  # cj' ~I e~Z) is in ~). As 

~cf supa : a E SO] C I~ :9<-/~I has power <~ for every S E P, for some ~, 

S = l a  c S (3 SO: e f  ( sup  a )  = @1 # ~b m o d  ~ As S ~ S 0, n e c e s s a r i l y  

@ #  c f  /.. B y F a c t  C S t ]]--p"cf  h = O "  and by Fac t  C, (c f /~)  v = ( c f  /~) Ve so 

$I  l~-[,"cf ~. # t£' . H e n c e  S [ ~ P " c f  h = c f  /z". 

As S c P was a r b i t a r i l y  l ~ p "  c f  I~ # c f  M'. So we f inish  t he  proof  of t .14. 

2) Trivial  by i4(1).  

15 Def in i t ion  : For  If a s e t  of r e g u l a r  c a r d i n a l s  < ~, le t  ~)<W~(A ) be  t h e  

m i n i m a l  (fine n o r m a l )  f i l t e r  on p<~(A), s u c h  t h a t  for  e v e r y  well o r d e r i n g  <* 

of A t h e  following se t  be l ongs  to 

S(<')=Sw(<',A) [acp<.(A): if / . z C i f ,  2=<x~i</~> is an 

increasing but bounded (in (A,<*) but not necessarily in a) and zt c a then 

the limit of Z belong to a~. 

Remark: i) We can ask only that each ~)~I(A) is included; the 

difference is small. 

2) ~)<~,(A) m a y  be t r iv ia l ,  i.e. ¢ C ~)ff,(A). 

16 Fac t :  For  e v e r y  S c ~)ff~(A) t h e r e  is a f u n c t i o n  G " p<~0(A ) -~ p < , ( A )  

and well orderings <z of A for x c A such that S includes: 

Gn(G,<*) = la ~E p<.(A): for  every w C ] ' ~ o ( a ) , O ( w  ) C a and for  every 

W * x e A, a c 5" (<.,A)~. 

17 Fac t :  If h - > ~ , I f  is a s e t  of r e g u l a r  c a r d i n a l s  < ~ ,  9 < ~  is r e g u l a r ,  

O ¢ If t h e n  ¢ ¢ D<W.(A). 

P r o o f  : Let  G, <~(x c A) be  as  in 16. 
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It suff ices  to  p rove  t h a t  ~a ' (Vz _< a ) [ a  • G~(G,<z) ]  # #. We define by 

i n d u c t i o n  on ~ < 9, a se t  a t • p< . (A) .  

Let a O = IO{. 

For ~ limit e¢ = Uaj- 

For ~ =3 + I, let ~ =a~j U uIG(w) :ItJ •p<z(~j)I U~y: for some 

z 6 ~j, y is an accumulation point of ~j in (A,<z)l, the last part contributes 

--< S0 + I ~ I elements as each <z is well ordering. 

Now U ~ is as required. 

18 Lemma : Suppose W U I%~I is a set of regular cardinals < ~, 9 ¢ W, 

the set S is a WSC for ~SZ~ul~l(;k) (which is not trivial), and ~)<w~ul~'(k) + S is 

not k+-saturated. Then there is a WSC set for/2)<wz(k+). 

Proof : Let <S. "a < A+> exemplify ~)wu~.l<. + S is not A+-saturated, 

and w.l.o.g. S= C S for each a. 

W.l.o.g. let when k - a < A +, g= be a one-to-one function from a onto k, let 

for a set a~ and function A, h,"(a) = lh(z) • z • ~I. 

We now define for every a • T ~sI~ " k - fl < A + and cf ~ = 9~ a subset S a 

of p<z(a) such that: 

(i) S = is stationary for ~)<w~u~"(a). 

(ii) ~g~(a) : a 6 Sal (J S a 

(iii) each a e S = is an unbounded subset of a and iV= 6 S =) 

(a  n X = g ~ ( a )  a n d a  N ~ e ~ ) .  

(iv) if~ ~ b e uISP:~• T, f l ~ a  I anda Nr=b n~then~ ~ b. 

If we succeed then S" = U S= is as required. As Y is stationary (in A+), 
~x£T 

e T -~ c/(fl) ~6 W, by (i) and 16 easily S" is D<w~(A+)-stationary. The other 

requirement for being a WSC of D<wr(k +) follows by iv). 
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So we c o n c e n t r a t e  on t h e  i n d u c t i o n  s t ep .  

Le t  S g  = ~a c p < ~ ( a )  : g ~ ( a )  c S a l  a n d  S p  = [ a  e ] 9 < . ( a )  • g ~ ( a )  • s I ,  

c l e a r l y  S ~  c S ~  a n d  b o t h  a r e  c l e a r l y  D<w~ul*l(a)-stationary. 

Now t h e  seL 

C a = ~a c p < ~ ( a ) :  a (~ g a n  o r d i n a l  < g, e v e r y  a c c u m u l a t i o n  p o i n t  5 < a of a ,  

< a ,  cy  ~ •  If U [z~] b e l o n g  t o a ,  a is c l o s e d  u n d e r g 0 , g ~  1 fo r  

fl • a U l a l ,  a n d  a is u n b o u n d e d  in a ]  

b e l o n g  to  ~)<w~l(a) .  As S a O S 0 is n o t  ~)<w~u~'l()t)-staLionary by  (ii) ea s i ly  f o r  

< a,  ~ e 7 S O (3 l a  (3 ~ " a c Sa{ is n o t  D < ~ ( ~ ) - s t a t i o n a r y  h e n c e  S a ('1 S0 ' a  

is n o t  D < ~ ( B ) - s t a t i o n a r y  w h e r e  

H e n c e  

S a = [ a  • ] 9 < , ( a ) ' a  • S ~ ' , a  • C a a n d  ( V f l • a )  a ¢ Sa,0] 

in D<W.(a)-stationary. We sha l l  show t h a t  ( i v )  ho lds ,  t h u s  f in i sh ing .  [(ii) h o l d s  

a s  S a c S ~ ,  (iii) as  S a ~ Ca).  

If a , b  c U [ S 0 :  f l < a ,  fl c__ T I t h i s  is by  t h e  i n d u c t i o n  h y p o t h e s i s .  If 

a , b  c S a, t h e n  ( r e m e m b e r i n g  a , b  c Ca),  a A ~k = g ~ ( a ) (3 A, 

b C~ A = g ~ ( b )  (3 A, h e n c e  we u s e  t h e  a s s u m p t i o n  " S  a in  a WSC fo r  ~)<w~l'l(k)" 

a n d  S = C S ~ .  Now a c S a, b • S 0, t8 < a , a  ~ b is i m p o s s i b l e  as  a is 

u n b o u n d e d  in  a .  

We a r e  le f t  w i t h  t h e  c a r e  a • S p, b c S a, fl < a ,  a n d  a s s u m e  a C b; as  

s u p a  = f l  a n d  c f  f l = @ c  W U [z~l c l e a r l y  t i c  b. B u t  by  t h e  d e f i n i t i o n  of 

S a , ~ e -  b ~ b ¢_ S a , 0 ~ b  N f l ¢  S0, h e n c e  b N f l ~ a .  Bu t  as  

b c C a, fl E b c l e a r l y  b N f l e  S ~ ;  so a ~ b O fl, a ~ b A fl a r e  b o t h  in  S~ ,  

a n d  t h e n  g"  (a ) ,  g "  (b (3 8) will c o n t r a d i c t  " S  is a WSC". 

19 C o n c l u s i o n ;  If ~ > 11 n ,~  s u c c e s s o r  t h e n  t h e r e  is a WSC for  ~)~(~+n). 
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P r o o f  : By 18 and  14. Let g = ~+, le t  a = 0, if c f  ~ > - ~ n ,  and  a be n o th-  

erwise.  So in bo th  cases  (as g > S n ) ,  ~a+n < g ,  and ~a is r e g u l a r  and 

c f  ~ ~ ~,~ . . . . .  ~,~+,~-i {. 

Let forO--<£ <_n I4 ~ =[a~ :z~ < g , g r e g u l a r  { - - I~a  . . . . .  I~a+g]. 

Note t h a t  ~<w~(~+~) is a p r o p e r  (fine n o r m a l )  ideal  as ~0 < g, ~0 ¢ W, 

WC ~ : ~ < ~  a n d ~ i s  r egu la r ]  also for e a c h £  < n  it is n o t  g+~- s a t u r a t e d :  

by  14 as g is a s u c c e s s o r  and c f  ~ • W (o therwise  by i n s p e c t i n g  t he  def ini t ion 

of W, c l ea r l y  c f  ~ - ~ a ,  h e n c e  a = 0  so h e n c e  c f  ~ = + n  h e n c e  

c f  ~ > Ma+g). 

Now we prove by induction on ~-< n that there is a WSC set S~ for 

~)<~(g+~)with cf(supa) =~a+~fora •S~.For~=0S= [~<g: cf ~=S01is 
O.K. and for £ --m + 1 use 18 with W m, Ma+~,~ +m standing W,9,A. [on the 

problematic assumption "~)<w~ui"(A) + 6~ is not ~,+-saturated"; this holds by 

14 as c f ( s u p a )  =~a+m for a • S m ~a+m # c f  ~ as 0 - - m  < n .  We still have  

to show c f  (sup a )  = ~  for a • Se, bu t  th is  holds  by the  c o n s t r u c t i o n  in 18]. 

So we ge t  the  r e su l t  for  ~ = n .  

20 Lemma:  Suppose  

(i) ~ is ~+-sa tu ra ted .  

(ii) e v e r y  ~< , ( I c+ ) - s t a t i ona ry  se t  

a < Ic+,S (~ ]9<~(a) is D<~(a ) - s t a t i ona ry .  

Then  t h e r e  is no  WSC se t  S for  ~<~(~+). 

S is r e f l e c t ed  i.e., for  s o m e  

R e m a r k :  La t e r  the  a s s u m p t i o n s  were  p roved  c o n s i s t e n t  for  ~ = ~l in 

F o r e m a n  Magidor and  Shetah  [FMS]. 

P r o o f  : Suppose  S is a c o u n t e r e x a m p l e ,  let  g a ( a  < ~+) be a one- to -one  

f u n c t i o n  f r o m  ~ + a on to  ~ and  le t  S a = Ig~ , (a)  : a • S ,  a e ]9<~(a)]. 

By (i) for s o m e  a (* )  < m+, ~: + a (*)  = a(*)  and  for e v e r y  a,a(*)--< a < ~+, 

a nd  s t a t i o n a r y  S ° ON= for  s o m e  7 < a ( * ) :  S ° N S  7 # ¢ m ° d ~ ) < ~ ( ~ ) -  Now 
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S ° ~ f [ a  6 S : a ( * )  6 a ~ is ~)<~(~+)- s t a t i o n a r y  (as  S - S ° is  n o t ) .  So by (ii) fo r  

s o m e  ~, a ( * )  < a < ~+, a n d  S b = S ° {~ ]9<~(a) is ~ ) ~ ( a ) - s t a t i o n a r y ;  by t h e  

c h o i c e  of a ( * )  t h e r e  a r e  a • S  b, 7 < a ( * )  s u c h  t h a t  a C ~ 7 • S  7 c S -  B u t  

a ( 5 7  • a ,  ( n o t  e q u a l  as  a ( * )  • a b e c a u s e  a c S ° )  a n d  we g e t  c o n t r a d i c t i o n  

to  "S  is WSC". 

21 I ~ m m a  : S u p p o s e  A -* (~)<~, t h e n  t h e r e  is a f ine  n o r m a l  f i l t e r  ~)  on  

p<~(},) fo r  w h i c h  t h e r e  is  n o  WSC. 

P r o o f  : Fo r  e v e r y  m o d e l  M wi th  u n i v e r s e  k a n d  < ~ f u n c t i o n s  l e t  

G ( M )  = tA : A a s u b m o d e l  of M, a n d  s o m e  e x p a n s i o n  of A is  g e n e r a t e d  of a 

s e q u e n c e  of l e n g t h  a of i n d i s c e r n i b l e  w -< a < ~{. 
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