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FORCING CONSTRUCTIONS
FOR UNCOUNTABLY CHROMATIC GRAPHS

PETER KOMJATH' AND SAHARON SHELAH

§0. Introduction. In this paper we solve some of Pal Erdos’s favorite problems on
uncountably chromatic graphs. Generalizing a finite graph theory result of Tutte,
Erdds and R. Rado showed that for every infinite cardinal x there exists a triangle-
free, k-chromatic graph of size x. For k = X, Erdos established the existence of N,-
chromatic graphs excludingeven C,, Cs, ..., C,,1.e. circuits up to a given length. For
k > N, the situation is different. As shown by Erdds and A. Hajnal, a graph is
necessarily countably chromatic if it omits any finite bipartite graph. We can,
however, exclude any finite list of nonbipartite graphs (this obviously reduces to
excluding finitely many odd circuits). They posed an even stronger conjecture,
namely, that similar examples must occur in every uncountably chromatic graph. To
be specific, they conjectured that for every infinite k, every k-chromatic graph
contains a k-chromatic triangle-free subgraph. Here we show that this may not be
true for k = N, i.e. we exhibit a model where it is false. We must emphasize that the
conjecture is probably false already in ZFC, but we have been unable to show this.

A. Hajnal and A. Maté proved that under V = L there is, on w,, an uncountably
chromatic graph which is small in another sense: every countable ordinal < w, is
joined to at most a converging w-sequence among the smaller ordinals. They also
showed that these graphs are countably chromatic if MA, holds. The first author
showed that, under diamond, even a triangle-free such graph exists, but was unable
to exclude longer odd circuits. Here we do construct these objects, first by forcing
(this is the easiest), then from <, and, finally, using the previous constructions, we
construct slightly weaker examples in ZFC alone. Of course, the full strength of the
Hajnal-Maté notion of being small is lost, but we still can omit the complete
countable bipartite graph (we call it K(X,, X,)). It was Hajnal who first produced,
under CH, an uncountably chromatic graph omitting both the triangle K(3) and
K(Ny,Np). To guarantee uncountable chromatic number, he used a different,
stronger idea: his graph witnessed w? + (w?, 3)%. We are going to show the rather
surprising fact that it is impossible to reach our target via a similar construction, as
w3 — (w?,Cs)% Notice that it is not known if @? — (w2, 3)? is consistent.

Theorems 1 and 5 were proved by S. Shelah, the other results by P. Komjath.

Received December 15, 1986.
'"The work of this author was supported by the Hungarian Scientific Research Fund, grant no. 1805.

© 1988, Association for Symbolic Logic
0022-4812/88/5303-0002/502.20

696



Sh:303

UNCOUNTABLY CHROMATIC GRAPHS 697

§1. Uncountably chromatic graphs with ne triangle-free uncountably chromatic
subgraphs. An old problem of P. Erdds and A. Hajnal asked if for every k > N, every
k-chromatic graph contains a x-chromatic triangle-free subgraph. See [1]-{6].
This was shown to hold for k = R, by V. Rodl [14]. Here we show that for k = X,
the answer is consistently not; there may exist a graph X with size and chromatic
number ¥, such that every Y € X which does not contain a K(N,) is countably
chromatic. (K{x) denotes the complete graph/ordered graph on o« whenever « is a
cardinal/ordinal.) We notice that every uncountably chromatic graph obviously
contains an uncountably chromatic subgraph not embedding a K(X;). We also
show that there may exist a K(4)-free uncountably chromatic graph with only
countably chromatic triangle-free subgraphs.

THEOREM 1. It is consistent that 2%° = N, and there exists a graph X on w, with
Chr(X) =R, and every Y = X with K(w + 1) ¢ Y satisfies Chr(Y) < X,.

Proor. We are going to build an iterated forcing construction. Assume V is a
model of ZFC + CH. Our notion of forcing will be a finite-support iteration of
length w,, P = P,,. As usual, it is enough to specify @, such that B, , = P, * Q,. Let
0, be the partial order which adds a generic graph X on w, with finite conditions,
and for 1 < « < ,,if Y, € V%= is a subgraph of X not containing a K(w + 1), then
we let Q, be the partial order for adding an w-coloring of Y, by finite conditions. As
usual, if F,, will have the ccc, we can eventually treat every Y € X not containing a
K(w + 1)

We now give the exact definitions.

{s,9> € Q,iff se[w,]°“ and g is a graph on s, ie. g < [s]°.

(s',g'> < (s,g>iff s 2sand g = g’ N [s]>

Let X denote the generic graph added by Q,. In V% if Y, € X is a K(w + 1)-free
graph we let fe Qa iff Dom(f) e [w,]7%, Rag(f) € w, and for x,y € Dom(f), if
{x,y} € Y, then f(x) # f(y). We write f" < f just in case f’ extends f.

Notice that by trivial density arguments the generic colormg added by Q, will
color Y, by countably many colors

DEFINITION 1. For p e B, supp(p) = {f < o:p|B ¥ p(B) = &}

Notice that supp(p) is a finite subset of a.

DEFINITION 2. For o < w,, set D, = {p € P,: there is a function ¢t with Dom(¢)
= supp(p) such that for every 8 <a, p|f - p(B) = t(B), and p(0) = (s,g) with s
2 Dom(p(p)) for every § # 0}.

LemMaA 1. For every o < w,, D, is dense in P,.

ProoF. By induction on a. The case o = [ is trivial, as D; = P,. The limit case is
again trivial, as we take direct limits.

Assume o = f + 1. If pe B, = F; * Qg, then we first extend p to a p” such that
p'|BIp'(B) = f for a finite function f, and Dom(f) < p'(0); then we use the
induction hypothesis and extend p’ | Btoage D;. Now q” f € D, and extends p.

LEMMA 2. Assume that o < w,, p,q€ D,, p(B) and q(B) are compatible for
every B < a, and, if x e Dom(p(f})) — Dom(q(f)), then x € s* — 5%, where {s?,g*)
= p(0) and {s%,g%) = q(0), and similarly for p and q interchanged. Then p and g
are compatible.

ProoF. Put r(0) = {s? U s%,¢g” U g?) (this is the smallest extension of p(0) and
q(0), which are, by assumption, compatible). For 0 < # < «, put r(f) = p(f) v q().
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We show that r is a condition. If r| B has already been shown to be a condition,
then, as r| B < p|B, q| B, it forces that p(B) and g(p) both partially color ¥;. We
show that this is still true for p(f) U g(f). The only problem is if x € Dom(p(f)) —
Dom(g(B)), y € Dom(g(p)) — Dom(p(B)), and r|f does not force {x,y} ¢ ¥;. But
then, by assumption, x € s* — s? and y € s? — s?, so {x,y} ¢ g” U ¢% ie. r(0) forces
that {x, y} ¢ X.

LeEMMA 3. For o < w,, P, has the ccc.

PrOOF. Assume that p; e P, ({ < w,). We can assume that p, € D,, supp(p,)
=au b, withb, N by = JFfor £ <& < w,;,and foraea, a >0, and { < w, the
following holds:

Pe(®) = fu U fore

with Dom(f, ,) disjoint from each other. For « =0 we can assume that p,(0)
= {5 U 8¢, g U g¢). There are & < &' with Dom(f, ;) n s = & and Dom(f, ») N's
= Jforaea,a#0 By Lemma 2, p, and p, are compatible.

To finish the proof of Theorem 1, we need to show that the chromatic number of
X remains X, even after forcing by P,,,. We show more, that there is no stationary
set which is independent in X. Assume that this latter statement fails, i.e. that for
some p e P, , p|-Sisindependent in X, where S is a name for a stationary set. Then
for stationary many ¢ there is a p, < p forcing £ € S.

LEMMA 4. For every ¢ < w, and pe P, (¢ < w,), there isa q € D,, q < p, such that
for every B € supp(q) there exists an s € [£]°“ such that q| B forces that s L {} spans
a complete graph in Yy, but not s U {{,¢} for max(s) < { < &

PROOF. By induction on a. The cases « = 1 and « limit are again trivial, so we can
assume o = f§ + 1. Given p € P, firstextend p| B to decide p(f)and an s € [(]““asin
the lemma for Y; (such an sexists, as Y; does not embed a K(w + 1)); then extend p | B
by the lemma for p| B, B (using the induction hypothesis).

To finish the proof that X will remain uncountably chromatic, apply Lemma 4 for
the p; and £ given before the formulation of Lemma 4. This gives g, < p, for
stationary many ¢. By applying the pressing-down lemma, we can assume that
supp(q:) = a L b, with pairwise disjoint b,’s, and for « € a the graphs/functions g.(x)
are compatible. Moreover, we can assume that the set s, . given by Lemma 4
depends only on « (and not on &), s, . = s5,. We show that r < q,, q,, where { < ¢
< oy, (@) = q0) U g,(a) for x e a U b, U b, — {0}, and r(0) even adds the edge
{{,£}. We need to show that r is a condition, i.e. for every o € a — {0}, r|a |- {{, &}
¢ Y,. But s|« already forces that s, U {{} and s, U {¢} both form a complete graph
while s, U {{, £} does not. Once all this is done, r forces that { and & arein S and they
are joined, a contradiction.

We next show that a graph with the properties of our main result may exist
under CH.

THEOREM 2. It is consistent that CH holds and there exists an uncountably chromatic
graph X on w, such that every triangle-free Y < X is countably chromatic.

PRrROOF. Let ¥V model ZFC + GCH, and let S < w, be a stationary, costationary
set of limit ordinals. We are going to build a countable-support iterated forcing of
length w,, {P,, Qo < w,).
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Let Q, be the partial order which adds a graph X < [w,]? with the following
properties:
(1.1) foraes, {f<a:{B, a}eX} is either finite, or cofinal in a with order-type w,
(1.2) if f<a,0¢S, then {B,0} ¢ X,

with countable conditions. That is, g € Q, iff ¢ = {a, s) with « < wy, s < [a]? with
(1.1), (1.2), and <a',s'> < <o, s> iff &' > o and 5 = s’ N [o]% Graphs with similar
properties will be investigated in §2.

For 1 < a < w, let Y, be a triangle-free subgraph of X, living in V"= Let Q, be the
generic w-coloring with countable conditions, i.e.

(1.3) qge Q,iff g:y > wis a good coloring of Y, and y ¢ S.

Obviously, Q, is w-closed and all the Q, are S-proper; therefore, by [14, Chap-
ter V], P = P, does not add reals, nor does it collapse cardinals. Clearly, all the Y,
will be ¥ -chromatic.

We are going to show that X will be ¥,-chromatic in the final model. Assume
that 1 | f: w, = wis a good coloring. Let 4 be a large enough regular cardinal, and
let N be a countable elementary submodel of {H(4); €, P, supp, f,...), with a =
N n o, €s.

By S-properness, there is a generic sequence G of P, N. Letp = UG. pisnotyeta
condition, but we show that there exists an extension of p which is a condition, and
forces that o can get no color under f. Enumerate N N w, as {y;,7;,-..}. Below we
will sometimes write Y; instead of Y,,. p determines X, Y; (i < w), and f up to o, and
also a good coloring g; for Y;|o. Let o; converge to «. We build an inductive
construction on i. In the ith step, we select y;, < a, c(i,j) <@ (j <i), or do
nothing. Assume that in the ith step

(1.4) thereisa y witha; <y < o, f(y) = i, and for every j < i,
if g;(y) = c(t, j) for some t < j, then {y,y,} € Y;.

If this condition holds, choose as y; any such y; then choose colors c(i, j) with g;(y,)
< c(i, j) for t < i. If (1.4) does not hold, we do nothing.

Extend p to p’ by adding all the {y;,a} to p(0). First we show that p’ can be
extended to a condition. By induction on g € N n w, (i.. in increasing order), we
define a condition ¢ | § which decides the edges between {a} and «. If it forces that no
edge of Y;(B = y,) goes between g; '(0) and a, let g;() = 0. If g,(y;) = 0 and {y;,a}
€ Y, thenevery t > j with g(y,) = c(jj, i) will satisfy {y,, y;} € ¥; so, as ¥, is triangle-
free, {y,,a} ¢ Y;, and we can define g,(o) = c(j,i). Then keep further extending g.

Once q is given, extend it to an r with » |- f(x) = i. Then r forces that thereisa y
(le.y = q) withy; < y, f(y) = i,and, if g;(y) = c(t, j), then {y, y,} € Y;for j,t < i. But,
as N is an elementary submodel, p forces this, i.c. an appropriate y; has been chosen,
so f(y;) = f(x) = i and they are joined in X, a contradiction.

In our example the strongest possible property X may possess is that it does not
contain a K(4). Notice that by an easy argument this already gives the following
theorem of J. Folkman: for every n < w, there exists a K(4)-free (finite) graph such
that, coloring its edges by n colors, there always exists a monocolored triangle [6].
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THEOREM 3. It is consistent that 2%° = N, and there exists a K(4)-free graph X on
wy with Chr(X) = Xy, such that every Y = X with K(3) ¢ Y has Chr(Y) < N,.

ProOF. We slightly modify the forcing construction of Theorem 1. We let g € Q,,
iff ¢ = {s,h,g), where s € [m,]"°, h is a regressive function on s — {0}, g is a K(4)-
free graph on s, and if § < h(x), then {8, a} ¢ g. We write {s’,h',g'> < (s,h,g) iff s’
o2s,h2handg=[s]>ng.

Let X denote the generic graph. Obviously, X does not contain a K(4). Now
construct the partial orders P, and Q, for « < w, asin Theorem 1. The proof that F,,,
is ccc is the same as there. We have to show that Chr(X) = &, in V.,

If A and B are graphs, let 4 — (B)3 denote that however the edges of A are
colored, there always exists a monocolored copy of B. The generalization of the
above-mentioned result of Folkman given by Nesetfil and R6dl says that for every
finite K (4)-free graph B there is a finite K(4)-free A such that A — (B)3. (See [12].)

Assume that p | f:w, = w is a good coloring of X. Let M be an elementary
submodel of (H(A); €, P, p, |, f, supp,...> of size ¥,, containing w,, where A is
a large enough regular cardinal. If the underlying set of 9 is M, add F to M,
where F: o, - M is a bijection. Now form an increasing, continuous sequence
{M,:a < o, of countable elementary submodels of (IR, F>. Put §, = M, N w;.
If p(0) = (s, h, g), extend p to a g with g(0) = {s U {¢}, h" (3,9, 9>, and q(f) =
p(B) for B # 0. Next, extend g to a p,, with p,, | f(5,,) = i.

Put §=h"Y(supp(p,) " d,. If |S|=n+1, choose Ty = K(2) and T,,, —
(T, K(3))3 with T,,., not containing a K(4). (This is possible by the above-
mentioned result of Nesetfil and Rodl) Let T, be a graph on N vertices, N < w.

Puty, =d,y_,and x, = 6,for0 <t < N — 1. Let p, < p be a condition with p, |-
f(y) =i, such that

pt(o) = <St’ht7gt> <<sv {J’z}ahA<yt,Xt>,g>

with g, 0 [x,]%? = g, 0 [x]2, S¢ N Vi S X;4q, and
F~'(supp(p,)) 0 x, = S.

This is possible, as we are working with elementary submodels. Put F”S =
{atg,. .., }<, With ag = 0. Notice that the sets supp(p,) — {ao,...,a,} are disjoint.

We are going to show by induction on k < n that there exists a condition r, € F,,
such that r,(0) spans a T,_, on an appropriate H, < {yg,..-,¥n-1}>

re < p|o foryeH,
and if y, and y, are joined in r,(0), then

F ”—{ynyt’} € Y;k'

Now for k = n this gives the contradiction.

For k = 0, we have to fuse the conditions p,(0) with T, on {y,,..., yx_1}- An easy
check gives that no K(4) is given, so this is a condition.

If the statement is proved for k, we first extend r, to a conditionr € B, such that
r| (o, o + 1) extends all p, | (o, %) for t € H, (this is possible, as these conditions
have pairwise disjoint support in this interval). Next extend r to a condition s such
that for every edge of X n [H,]?, s decides if that edge is in Y, or not. This is

Ape + 1
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possible, as Y,

Ak + 1

isin V... Now we color the edges with two colors according to if
they are in Y,,__, or not. By the partition property, there is a monocolored T,_,_,.

Notice the following easy result.

THEOREM 4. If X is a K(4)-free graph with Chr(X) > 2%°, then there is an un-
countably chromatic triangle-free Y = X.

PrOOF. Order the vertices of X. If for some vertex » the graph spanned by
{y < v:{y,v} € X} is uncountably chromatic, we are done, as this graph is triangle-
free. Otherwise, the edges of X can be decomposed into countably many classes,
none containing a triangle, i.e., if the theorem fails, X is the union of countably many
countably chromatic subgraphs. The fusion of those colorings gives a coloring of X
with 2% colors.

Similarly, one can show e.g. that if x is strongly compact, Chr(X) = k, and
K(4) ¢ X, then X contains a triangle-free, k-chromatic subgraph.

§2. Eliminating short odd circuits. In their paper [9], A. Hajnal and A. Maté
proved that under &% there exists a graph on w,; with uncountable chromatic
number, such that for every a« < w, the set of those ordinals less than « which are
joined to « is either finite or of type w converging to o. In fact, adding a Cohen real
also produces such a graph (see [ 15]). Later, the first author showed that under $ a
triangle-free graph with the above properties exists [ 107, and he even succeeded in
eliminating some other (ordered) circuits. Here we show that short odd circuits can
be avoided. Let C, denote the circuit on s vertices.

THEOREM 5. If n < w, it is consistent that there exists a graph X on w, not
containing C4,Cs,...,C,,,, with Chr(X) = X, and with the property that for every
B < a<wy,theset{y<p:{y,a} € X} is finite.

PrROOF. Assume that 1 <n<w. A condition pe P will be of the form
(5,9 hy,... b, >, wheres € [w;]1°°, g < [s]?is a graph not containing Cs,...,C,, 4 1,
the functions h,,..., h, are defined for « € s, and, for o« > w,

hn(a) < hn—l(a) << hl((x) < a,

and, finally, if f < a, B, a € 5, and there is a path in g of length t between « and  with
t < n, then f§ = h,(x).

Next we define extension. If (s,q,h,,...,h,> and {s',¢’,h},..., h,) are conditions,
the latter extends the formerif s’ 2 5,9 = [s]%2 n g’,h; 2 h,(1 < t < n),and for every
aes, if f<a {B,a} eg — g, then f >y for every y < a with {y,a} € g.

If G is a generic subset of P, then X = U{g: (s,g,hy,...,h,> € G} is obviously a
graph on @, not containing any of the C5,...,Cy, (.

We now show that X possesses the Hajnal-Maté property, ie. if o < w,, the
ordinals <o joined to « form either a finite set or an w-sequence converging to a.
Choose < «. Thereisa p € G with f, « € s, where sis the first coordinate of p. This p
will force that « is joined to only finitely many vertices smaller than §, as, by the
definition of extension, they must be in s.

That P has the ccc can be seen the usual way.

We now show that the chromatic number of X is ;. Assume that p forces that
f:w; - wis a good coloring of X. Assume that 1 is a large enough regular cardinal,

and
M, <M, < <My <<H);6,p,B1,...>
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are countable elementary submodels. Put §;=M; n w,. If p=<s,g,h,,...,h,), then
obviously s < é,. Extend p to d, by defining h;(J,) = 6,. Then extend further this
(s U {do},9,h1,....h,) toagwith g |-f(6) =i If g=<5q,hy,...,h,», puts, =
5n[6,6_)fort=0,....,n(withdé_; = w,).

We next find a very close twin for g. Let

A=su J{hjx):x€es,j<ny,
A, =[6.6_)nA (fort=0,...,n+1,6_, = w0, =0).

Claim. There is a condition q¢' = {s',¢',h},..., h,) withits Ag,..., A, such that
{s,9,h;, A;> and {s',g’, h;, A;) are isomorphic, and

(%) max A,,,; < min 4; < max 4; < g,

fort=0,...,n,and A,., = A,.,. Moreover, q' |- f(8,) = i, where &} is the twin
of 6.

Let 7 be the type of g over A, U *** U A,.

Proof of the claim. Let @y(A, 4 4, ..., Ao) be the statement that g |- (d,) = i, where
8o = min(A,), and g is the condition built from 4, ,,..., A, by type 7. Obviously,
this is true. Now put

d)j+1(An+19""Aj+1)

to denote that for every ¢ < w, there is an 4, € [w; — &]°° with @A, y,..., 4))
(for j<n). As M; is an elementary submodel, and A4,,;, U --U A;.; S
M; N w; < min 4;, we see by induction that all &,(4,,,,..., 4;) are true.

Again by induction we can select A for j = n,...,0,such that @,(4,,,,...,4j)and
(*) both hold (and 4, ,; = A,+1).

To finish the proof of Theorem 5, let g, ¢’ be as in the claim. If ¢ = {s,g, h;),
q =g h),putr={sus’,gug u{d,85} h; U hiy. We have to show that
r is a condition, then r obviously forces that f(d,) = f(d;) = i, and they are joined,
an obvious contradiction.

First we argue that thereis no C;,Cs,...,0r Cy, 4 ing U g’ U {y, 05 }. The only
possibility is by including the edge {J,, J,}, but then the remaining part of the circuit
must go through s n J, (the common vertices of g, g') but the path between é, and
s N 4, must have length at least n + 1, as h,(3,) = J,, and similarly for the path from
0 to s N &,. The total length is therefore, at least 1 + 2(n + 1) = 2n + 3.

Finally, we have to check that none of the conditions on the functions is violated.
Assume that x € s, there is a path of length a from x to d, in g, a path of length b from
8, to y'in ¢/, and either x < A}, ,, ()') Or ¥’ < h 41 (x). (The other possibilities,
i.e. not using edge {dy,do}, Or using it twice, are easily ruled out.) Now obviously

X 2 hy(0o) =0, and y' = hy(do) = &} > 4,
(by the claim). As in g there is a path of length a from x to J,, we get

Baspi1(X) < By 1(00) = Ops1 <Y,
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and as in g’ there is a path of length b from y’ to &5, we get
hasps1(V) < hyy1(86) = 3241 <0, < X,

and we are done.

Let K(«, f) denote the complete blpartlte graph with bipartition classes of size a
and p, respectively. Erdoés asked if there may exist an N,-chromatic graph not
embedding K(X,,N,) or C5. We show that a slight modification of the construction
in Theorem 5 gives such a graph.

THEOREM 6. Let n < . It is consistent that there exists an ¥, -chromatic graph on
w; containing neither a KRy, Ny) nor any C3,Cs,...,Cppyy.

PRrOOF. Define P as in the proof of Theorem 5, except that we now require that g
should not contain a C, of the following type: the vertices are x < y < z < t, the
edges {x, y}, {x,z}, {y,t}, {z,t}. The whole proof goes through, so X will be an X-
chromatic graph with no Cj,...,C,,.,. Assume that {x, y;i < o} forms a
K(X,,N,). We can assume that both {x;:i < w} and {y;:i < w} form a convergent
sequence (otherwise we could take subsequences). They must converge to the same
point o, as X has the Hajnal-Maté property. Therefore there are x; < y; < y, < x;
< o and they form a forbidden C,.

It is worth noticing that A. Hajnal originally gave a triangle-free ¥ ,-chromatic
graph not containing a K(¥,,N,) by constructing a graph actually witnessing w?

+(w?,3)? (under CH: see [7]). This is impossible for the pentagon.

THEOREM 7. w? — (w?, C5)2.

PROOF. Assume that we are given a graph on w?, not containing a C5. We
show that there exists an independent set of type w?. As usual, we call the set
[w; o, @ (o + 1)) the ath column.

As w,; = (w,, Cs), we can assume that the columns are independent.

If there exists a vertex x which is joined to N, vertices y in one column, such
that each y is joined to N vertices in X, columns, then we can select X, vertices
{y.a < w,} and different columns C, such that y, is joined to the uncountable
T, < C,. But then ( J{T,: « < w, } is obviously independent.

If there are only countably many columns C such that there exists a vertex joined
to uncountably many points of C, then an obvious transfinite construction gives an
independent set of type w?. So we can assume that there are ¥, such columns, and,
by the previous remark, every vertex is joined to countably many elements of every
later column. We can then select a set of type w? such that if the £th element of the
ath column is joined to the {th element of the fth column,and « < §,then & > {,i.e.
the edges “go down”.

If now there exists a vertex which is joined to a set of type w? in two steps, we can
shrink this set such that the joining vertices are different (as each can be only used
countably many times, because the edges go down) and this set must again be
independent as there is no Cs.

This means that if there is a vertex which is joined to N, elements of a column,
then these N, elements can be joined to countably many elements of all but
countably many of the columns.

If there are only countably many columns such that there is a vertex joined to X,
elements of that column, we are done, as before. If not, selecting these columns rarely
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enough, we get a graph of type w1 such that if C, and Cj are two columns with o < f,
then C, is joined to countably many elements of C;. Removing a countable set from
each column, we get an independent set of type w?.

Next we show how to transform Theorem 5 into a construction from <. As the
construction is rather involved, we elaborate it for the case of the pentagon.

THEOREM 8. Under <>, there exists a graph G < [w,]* with Chr(G)=N,,
Cy,Cs & G, and G has the Hajnal-Mdté property, i.e. every vertex is joined to either
finitely many smaller vertices, or to an w-sequence converging to it.

PrOOF. We use the following observation [11]: G < [V]? is C;, Cs-free if and
only if there exists an F = [V]}? such that

@21 {a,b}, {b,c} e G = {a,c}eF,
(22) {a,b}, {b.,c} e F = {a,c} ¢ G,
2.3) FRG=g.

When building our graphs F and G we are going to specify by a transfinite
recursion, for every a < w,, F n o x {¢} and G n a x {a}, assuming, of course, that
F ~ [a]? and G n [a]? have already been constructed.

By diamond, we can assume that there exist functions hy(a), i, (x), h,(2), and f,
such that for v < a < w,

hola) < hy(a) < hy(a) < o
and for given y, <y, <y, < w; and f: w; - w the set
{o < w:h) = y;fori=0,1,2,and f, = f|a}

is stationary. We are going to build our F and G with the following additional
conditions:

(2.4) if B < h,(x), then f is not joined to « in G;

(2.5) if B < h (o), then B is not joined in two steps to « in G;

(2.6) if B < hy(e), then B is not joined to ain F;

(2.7) {B < a:{B,a} € G} either is finite or converges to ;

(2.8) {f < hy(a): B is joined to « in two steps in G} either is finite or
converges to h,(x);

(29) {B < hy(e): Bisjoined to o in F} either is finite or converges to hy ().

Assume that we have already constructed everything up to the «th step. We do
nothing, unless the following is true: o is limit, and there are elementary submodels
mo, mtl ) slnz Of

o Fn[0]%, G [od ho o by |on by |a, (S B <ad, fne D

with M; = v, = hw) for j =0,1,2, each being the union of an w?-sequence of
elementary submodels. In countably many steps, we are going to select the w type
sets described in (2.7), (2.9), making sure that « can get no color if our models are
elementary submodels of <w; F, G, f: @, — o,...>. The simplest way of doing this is
tojoin o to a vertex § with f,(f) = i for every i < w. So assume that at a certain step
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the finite sets 4 and B as approximations for the sets in (2.9) and (2.7) have been
constructed. Of course, 4 and B must satisfy

(2.10) if B, B, € A, then {B,,8,} ¢ G;
(2.11) if B, € A, B, € B, then {B,,8,} ¢ F;
(2.12) if By, B, € B, then {f,,B,} € F.

If we cannot extend B with a vertex of color i, then the following is true: there are
y and J with v; < § < v, <7 < a, such that for every f with y < < «, h,(y) > 6,
and f,(f) = i, either there exists a ¢ € A with {, 8} € F, or there exists a ¢ € B with
{¢,B} ¢ F. This can be formulated as a sentence about the parameters,
D(vy, A, v4,7,v5, B,6). If we can show that there exist vy, A',vy, y',v5, B, 0’ still
satisfying @ and also

(2.13) Vo < V5, A" S vy <y <V, <minB <max B < v,
(2.14) y" is arbitrarily large below v,,

(2.15) there is no G-edge between 4 and B’, and

(2.16) there is no F-edge between B’ and B,

then we can extend (A4,B) to (4 u B’,B) and this extension will guarantee
that f(a) # i.

If no such A, B’, etc. can be found, this gives a certain sentence
¥(vy, A, V1,7, V4, B,3).

By the assumption about M, there is an increasing sequence of disjoint sets
{A(z):t < w?) which have the properties of A. The B’ of a certain pair (4’, B’) with
(2.13) can have G-edge only to an w-type subset of these A(t)’s (by the Hajnal-Maté
property). There is therefore an A(t) which can be extended with (2.15), so, if B(z)is
such that A(7) and B(z) satisfy @ A ¥, then there is an F-edge between B’ and B(t).
But this is impossible, as again there is an w? type sequence of appropriate B”s (even
with no G-edges to A(7)), and every element f of B(t)is F-joined to onlya set of type
w? below h,(B), and as h,(B) > h,(x) = v, for every B € B, B(t) can be selected with
these values arbitrarily large below v,.

If the construction of F and G is finished, and f: w, - w is a good coloring of G,
then there is an increasing, continuous chain of countable elementary submodels
Mo <,y of {oy; F,G, f,...). Taking §, = M, n ,, we choose an a with h;(«)
= d,2; (for j =0,1,2) and f, = f|a, and observe that « can get no color under f.

We can modify this construction along the lines of Theorem 6.

THEOREM 9. Under < there is an WX -chromatic Hajnal-Mdté graph not containing
C;, Cs, or K(Rg, No).

Proor. To exclude circuits of type o < f < y < & with edges {a, 8}, {8,7}, {7,6},
{a, 0} means that the class F must split into two disjoint subclasses F; and F, such
that if « < § <y and {a, 8}, {f,7} € G, then {a,7y} € F,,and if « < § < y and {a, 7},
{B,7} € G, then {a, B} € F,.

When building our sets A and B, we require that the edges between members of B
should be in F, (instead of F), and we have the intention that for B € A, the edge
{B,a} will be in F,. The proof is virtually the same.
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We can even relax the condition of the theorem by using an idea of F. Galvin.

THEOREM 10. There exists an uncountably chromatic graph with size 28° which does
not contain C,, Cs, or K(N,, ¥;).

ProorF. In Theorems 8 and 9 we described a method which, given appropriate
graphs F and G on ¢, and a coloring f: « — w, extends these graphs to « (assuming o
is the union of an w24 chain of elementary submodels). We are now building F and
Gonthetree T = { f* o — w,a < w, ), such that only comparable elements will be in
F and G. To decide where to join a particular f: « — ®, we look at the part already
constructed on {g: g < f }, which has order-type o, and think of f as the coloring on
this part. We only have to find hy(a), etc. One way is to handle all possible choices
simultaneously, defining countably many disjoint w-sequences cofinal in a, and
joining those points with «; the other possibility is to choose the smallest ordinals
with those properties (sufficient elementarity). This way we get a graph such that
only comparable points are joined, and if f, g € T, the set of those vertices smaller
than both and joined to both is finite. This insures, with the method of Theorem 9,
that G does not contain a K(NXy,NR,). If H: T — w is a good coloring, define x,
= H({x;: B < a)) by recursion on «. Now finish the proof by regarding the branch
{x, o < w;» as in Theorem 8.

The only other problem is that if we have graphs F and G with (2.1),(2.2), and (2.3),
and we extend to disjoint sets two different ways: F', G', F”, G", then the union of
them is a subset of graphs with similar properties. This is an easy computation, and
is shown in [11].

REFERENCES

[1] P. ERDOS, Problems and results on finite and infinite combinatorial analysis, Infinite and finite sets
( P. Erdos sixtieth birthday colloquium, Keszthely, 1973; A. Hajnal et al., editors), Colloquia Mathematica
Societatis Janos Bolyai, vol. 10, part 1, North-Holland, Amsterdam, 1975, pp. 403-424.

[2] , Problems and results on finite and infinite combinatorial analysis. 11, L’Enseignement
Mathématique, vol. 27 (1981), pp. 163-176.

(3] , On the combinatorial problems I would most like to see solved, Combinatorica, vol. 1 (1981),
pp. 24-42.

{4] P. ErpOs and A. HAINAL, Unsolved problems in set theory, Axiomatic set theory, Proceedings of
Symposia in Pure Mathematics, vol. 13, part 1, American Mathematical Society, Providence, Rhode
Island, 1971, pp. 17-48.

[5] Chromatic number of finite and infinite graphs and hypergraphs, Discrete Mathematics,
vol. 53 (1985), pp. 281-285.

[6] J. FOLKMAN, Graphs with monochromatic complete subgraphs in every edge coloring, SIAM Journal
of Applied Mathematics, vol. 18 (1970), pp. 115-124.

[7] A. HAINAL, A negative partition relation, Proceedings of the National Academy of Sciences of the
United States of America, vol. 68 (1971), pp. 142-144.

[8] A. HaNaL and P. KoMIATH, What must and what need not be contained in every graph of
uncountable chromatic number? Combinatorica, vol. 4 (1984), pp. 47-52.

[9] A. HAINAL and A. MATE, Set mappings, partitions, and chromatic numbers, Logic Colloquium 73,
North-Holland, Amsterdam, 1975, pp. 347-379.

[10] P. KoMIATH, A note on the Hajnal-Mdté graphs, Studia Scientiarum Mathematicarum
Hungarica, vol. 15 (1980), pp. 275-276.

[11] P. KoMIATH, A. MEKLER, and J. PACH, Universal graphs (to appear).

[12] J. NESETRIL and V. RODL, The Ramsey property for graphs with forbidden subgraphs, Journal of
Combinatorial Theory, Series B, vol. 20 (1976), pp. 243-249.




Sh:303

UNCOUNTABLY CHROMATIC GRAPHS 707

[13] V. ROpL, On the chromatic number of subgraphs of a graph, Proceedings of the American

Mathematical Society, vol. 64 (1977), pp. 370-371.
[14] S. SHELAH, Proper forcing, Lecture Notes in Mathematics, vol. 940, Springer-Verlag, Berlin,
1982.

[15]
pp. 1-47.

, Can you take Solovay’s inaccessible away? Israel Journal of Mathematics, vol. 48 (1984),

DEPARTMENT OF MATHEMATICS

LEHIGH UNIVERSITY
BETHLEHEM, PENNSYLVANIA 18015

INSTITUTE OF MATHEMATICS
EOTVOS UNIVERSITY
BUDAPEST 1088, HUNGARY

DEPARTMENT OF MATHEMATICS
RUTGERS UNIVERSITY
NEW BRUNSWICK, NEW JERSEY 08903

INSTITUTE OF MATHEMATICS
THE HEBREW UNIVERSITY
JERUSALEM, ISRAEL

The Budapest and Jerusalem addresses are the permanent ones.



