Sh:616

After All, There are Some Inequalities which are Provable in ZFC

Author(s): Tomek Bartoszyriski, Andrzej Roslanowski and Saharon Shelah
Source: The Journal of Symbolic Logic, Vol. 65, No. 2 (Tun., 2000), pp. 803-816
Published by: Association for Symbolic Logic

Stable URL: http://www.jstor.org/stable/2586571

Accessed: 13/06/2014 18:30

Y our use of the JSTOR archive indicates your acceptance of the Terms & Conditions of Use, available at
http://www.jstor.org/page/info/about/policies/terms.jsp

JSTOR is anot-for-profit service that helps scholars, researchers, and students discover, use, and build upon a wide range of
content in atrusted digital archive. We use information technology and tools to increase productivity and facilitate new forms
of scholarship. For more information about JSTOR, please contact support@jstor.org.

Association for Symbolic Logic is collaborating with JSTOR to digitize, preserve and extend access to The
Journal of Symbolic Logic.

http://www.jstor.org

This content downloaded from 62.122.76.48 on Fri, 13 Jun 2014 18:30:31 PM
All use subject to JSTOR Terms and Conditions



http://www.jstor.org/action/showPublisher?publisherCode=asl
http://www.jstor.org/stable/2586571?origin=JSTOR-pdf
http://www.jstor.org/page/info/about/policies/terms.jsp
http://www.jstor.org/page/info/about/policies/terms.jsp

Sh:616

THE JOURNAL OF SYMBOLIC LoGic
Volume 65, Number 2, June 2000

AFTER ALL, THERE ARE SOME INEQUALITIES WHICH ARE
PROVABLE IN ZFC

TOMEK BARTOSZYNSKI, ANDRZEJ ROSLANOWSKI, AND SAHARON SHELAH

Abstract. We address ZFC inequalities between some cardinal invariants of the continuum, which
turned out to be true in spite of strong expectations given by [11].

§1. Introduction. The present paper consists of two independent sections which
have two things in common: both resulted in a failure to fulfill old promises to
build a specific forcing notion and in both an important role is played by cardinal
invariant K*.

The first promise was stated in [4] and was related to cardinal invariant cov* (/).
Let B denote the measure algebra adding one random real.

DEerINITION 1.1. Let #; be the ideal of measure zero subsets of R x R and let
Borel(R) be the collection of all Borel mappings from R into R. Define

covH(H) = min{lMl . o C N & (Vf € Borel(R))(VB € Borel \ /)
@H e ) {x€B:(x f(x)) cH} ¢ /V)}
and
non* () = min{|X| : X C Borel(R) & (YH € #,)(VB € Borel \ /)
@feX)({xeB:(x f(x) ¢ H} 55/1/)}.

PROPOSITION 1.2. cov*(#") = cov(#)"" and non*(#') = non(#)"" =
It has been known that (see [4], [7], [9] for more details):

1. max{cov(#)", 6"} < cov(#)"” < non(./);

2. it is consistent that cov(.#)¥” > max{cov(#)¥,b"};

3. it is consistent that cov(#)"" > 2.
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And in [4, 3.11] we promised that in [11] it would be proved that
e it is consistent that cov(#)"” < non(),

being sure that using the method of norms on possibilities we could construct a
forcing notion which:

a: is proper 0®-bounding,

b: makes ground reals meager and

c: does not add a B-name for a random real over V5.

However, when trying to fill up the details of the construction, we have discovered
that there is no such forcing notion and found new inequalities provable in ZFC.
The second section deals with an inequality related to localizations of subsets of
w by partitions of w. Several notions of localization and related cardinal invariants
were introduced in [10]. The one we will refer to is the R3-localization property.

DEerNITION 1.3. Let ¥ C V* be universes of Set Theory and let k£ € w.

1. We say that the extension ¥ C V* has the R-localization property if in V*:
for every infinite co-infinite set X C w there is a partition (K, : n €
) € V of w such that |K,| > k + 1 and

(3°n € 0)(|X N Kn| < k).

2. An infinite co-infinite set X C w, X € V* is said to be (k, 0)-large over V if
for every sequence (K, : n € w) € V of disjoint k-element subsets of
w we have

V°new)K,NX #D).

The following result has been shown in [10, 1.8].

PROPOSITION 1.4. Let V C V* be models of ZFC, m > 2, k € w. Then the
Sfollowing conditions are equivalent:

1. there is no (m,0)-large set in V* over V,

2. there is no (2,0)-large set in V* over V,

3. V C V* has the Ré'-localization property,

4. V.C V* has the Ri-localization property. -

After noting that if ¥ N 2% is not meager in V*, ¥ C V* then the extension
V C V* has the R§-localization property we promised to give in [11] an example
of a forcing notion showmg that the converse implication does not hold. In fact we
wanted to construct a forcing notion which:

a: is proper 0®-bounding,

b: makes ground reals meager and

c: has the R3-localization property.

Once again, we have discovered that there is no such forcing notion and we have
established some new inequalities between relevant cardinal invariants.

NortaTiON 1.5. We try to keep our notation standard and compatible with that of
classical textbooks on Set Theory (like Jech [6] or Bartoszyniski Judah [3]).

1. Let i, j < w. The set of all integers m satisfying i < m < j is denoted by [i, j),
etc.
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AFTER ALL, THERE ARE SOME INEQUALITIES WHICH ARE PROVABLE IN ZFC 805

2. Forintegersk;,....k; (i < j < w), Ij'[ k, is their Cartesian product interpreted
e=i
as the collection of all finite functions = such that dom(z) = [i, j] and (V¢ €
dom(z))(z(¢) € k;). '

However, we will use the same notation for the cardinality of this set, hoping that
it will not cause too much confusion.

3. For two sequences #, v we write v <1 # whenever v is a proper initial segment
of #, and v < 5 when either v <1 # or v = . The length of a sequence # is denoted
by Ih(z).

4. The quantifiers (V>°n) and (3°°#) are abbreviations for

(Gmew)Vn>m) and (Vm € w)(3n > m),

respectively.
5. For w-sequences 7, p we write # =* p whenever

(v°n € w)(n(n) = p(n)).

6. The Cantor space 2% and the Baire space »® are the spaces of all functions
from w to 2, w, respectively, equipped with natural (product) topology.
7. In forcing arguments, a stronger condition is the larger one.

§2. Adding a random name for arandomreal. As the failure in building the forcing
notion we had in mind for [4, 3.11] directly results in some properties of extensions
of universes of ZFC, we will formulate the main result of the present section in this
language. Further we will draw several conclusions for cardinal invariants.

The result presented in 2.3 below is of some interest per se if you have in mind the
following theorem (see [9, 3.1]).

TueorREM 2.1. 1. (Krawczyk; [7].) Suppose that V C V* are universes of Set
Theory such that V N 0% is bounded in V* N w®. Let r be a random real over V*.
Then there is in V*[r] a random real over V[r].

2. (Pawlikowski; [9, 3.2].) Suppose that c is a Cohen real over V and r is a random
real over V[c]. Then, in V[c][r] there is no random real over V[r].

DEFINITION 2.2. Let ® € w® be a strictly increasing function. 4 ®-constructor
is a sequence (n;, m;, k; : i < w) of integers defined inductively by: ny = 2 and for
icw

m; = (jl:[lmj> 30t g — (mi 'gkj) -(D(mi gh) Ryl = ni(ki +1).
[Son; <m; < ki < njqq.]

THEOREM 2.3. Suppose that V C V* are universes of Set Theory such that
if r is a random real over V*
then in V*[r] there is no random real over V[r].
Let ® € o® NV be strictly increasing and let (n;, m;, k; : i < w) be the ®-constructor.
1. If VN % is dominating in V* N w®, then, in V*:
for every function n € [] k; there are sequences (X : £ < w) € V and
icw

(im : m < w) € V such that
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a: (V£ e a))(Xg Cki & |Xg| =my - rIij),
j<

b: (Vm € @) (3L € [im, im+1)) (n(£) € X).

2. If VN is not dominating in V* N 0%, then, in V*:
Sor every functionn € [] k; there is a sequence (X;: £ <w) € V such that
icw
a: (V2 € 0)(Xe C ke & |Xe| = me - [T K;),
j<t

b: (3¢ € w)(n(£) € Xy).

THEOREM 2.4. Suppose that V C V* are universes of Set Theory such that

if v is a random real over V*
then V[r] N 2%® has measure zero in V*[r].

Let ® € o® NV bestrictly increasing and let (n;, m;, k; : i < w) be the ®-constructor.

1. If VNw® is bounded in V* N w®, then there are sequences (X; : £ < w) € V*
and (i, : m < @) € V* such that for every functionn € [[ k;NV
i€w
a: (Vf € CU)(Xg Cki & |Xg| =my - H kj),
j<e
b: (V°m € @) (3 € [im,ims1)) (n(€) € Xy).
2. If VN® isunboundedin V* Nw®, then, there is a sequence (X;: £ <w) € V*

such that
Sor every functionn € [[ k;nV*
i€Cw
a: (VZ (S w)(X[ - kg & |X[| =my - H kj),

j<t
b: (34 € w)(n(2) € X).

PrOOF OF 2.3. We will only prove 2.3, the proof of 2.4 is obtained by dualization.

The main parts of the proofs of (1) and (2) are the same, the difference comes
only at the very end. So, for a while, we will not specify which part of the theorem
we are proving. We will present a construction which itself is interesting, though it
is very elementary.

Let ® € ® N V be increasing and let (n;, m;, k; : i < ) be the ®-constructor.

Letting n_; = 0, for each i € w choose a sequence (f} : £ < k;) of functions such
that

° f’ 2[”: nit1) —_ 2[”1 lnr)
o for every sequence (v, : Z < k;) C 2W-17) we have

2ni+l_ni

— k ‘ni—
2ni—ni 1)k 2

|{P c 2[ni,ni+1) . (\V/e < kl)(fé(p) = Vl)}| =

J
Fori < j<wandn €[]k let

r=i

” - olni, ni1) olni—1, n;) op— Ufr [nrsnr+1))
r=
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The main point of our arguments will be done by the following combinatorial
observation (which should be clear if S is thought of as a tree of independent
equally distributed random variables, but still it needs some calculations).

J
CramM 2.4.1. Suppose that0 < i < j < wand® # S C [] k, is such that for each

neSandr €[i,j):

He(r):z e S&tir=nlr} =
Then
[ninjs1) . [ri—1.n;) 7 I{T €S: f;',j(p) = G}l
Hpez ) (e € 2m-1m)) (zn,-—n.-_l < 5]
< % 2T

PROOF OF THE CLAIM. Fix r € [i, jland t* € [] k; (so if r = i then t* = ())
L€lir)
such that there is T € S with * < 7. Let

Az o {P g 2lma) ¢ for some g € 2-1)

’|{T(r)ZT€S&T*<]T&f;(r)(p)=0'}| 1 1 }
2r

m, - 2n,—n,_1 = m—=ne_y

By Bernoulli’s law of large numbers and by the definition of the m;’s we know that

]A# n—Rr—1 | 1 _ 1 . —Gne_1+r)
Wry1 =Ny <2 1 4.m, - (2—(n,—n,_1+r))2 - 4. H my 2 T
<r
Let
a¥{pedmm) @ eli)(3 e [] k)
LEir)
((Fr e S)(x* <) & pllne,nri1) € Aﬁ*)}.
Note that
2n,+1—n, Z Z{an+1 —n, E H kl EIT € S (T < T)}
reli,j] LEiyr)
1
sz<4.nm@ e I < S d
relij] i< r€fij]

Suppose now that p € 2%+) \ 4. Let o € 2I%-17), We know that for each

re€li,jland t* € [] k¢ such that (3r € S)(¢* < 7) we have p|[n,, n,11) & A%
L€E[i,r)

and therefore

(e 58 a e fyplptema) et 1y 1

my
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(just look at the definition of the set 4%.). Hence

freS: )=o)l _fr, 1y 1 1 o1
|‘;| < E(l + 2_r)‘2nr_nr—1 - omj—ni_ : H(l + ?)

r=i
1 i 7

mj—ni1 € < Qnj—ni—1’
This finishes the proof of the claim. -

Now define a function

F: Hk,- x2%9 —29: (y,p)— U f’;(i)(p[[ni,nprl)).
i€w i€w

It should be clear that F is well defined (look at the choice of the f}’s) and its
definition (or rather its code) is in V. The function F is continuous and we have
the following claim.

Cram2.4.2. If no,m € [Ticokis po.p1 € 2% and 9o =* n1, po =* p1 then
F(no, po) =* F(n1, p1).

PROOF OF THE CLAIM. Should be clear. 4

Before we continue with the proof of the theorem let us introduce some more
notation. For atree T C 2<% x 2<® and integers £,i < w we let T; ¥ rn
(2mi+1 x 2™) and

Tim = {(vo, v1) € 2"+ x 2" . if £ < i then there are (v, v{) € T; such that

<

vollres1, mig1) = vollnerr, niv1) and vil[ng, ;) = vil[ng, n;) }.

If £ < i < o then we may treat members of T\) as elements of 2[ne+1mi+1) 5 2lnen)
(as only this part carries any information). Thus if py € 20e+17i+1) | p; € 2l7en) then
(po, p1) € Ti[e] means that there is (vo,v;) € T,-[e] such that vo[[res1, mi01) = po,
vi[[ne, ni) = pi.

Cram 2.4.3. Suppose thaty € [] kiNV*. Thenthereisatree T C 2<® x2<®

iCw

T € V such that

(i) #*(1]) >0

(where [T is the set of all infinite branches through T,
[T]1={(p.0) €2? x2? : (Vn € )((pIn.aln) € T)},

and u? stands for the Lebesgue measure on the plane 2% x 2%),
(ii) for eachf < w

u({pe2?: (vieo)((plniss. Fln.p)im) € TH) }) =o0.

PROOF OF THE CLAIM. Let r be a random real over V*. By the assumptions of the
theorem we know that F(,r) is not a random real over V[r]. Every Borel null
subset of 2% from V[r] is the section at r of a Borel null subset of 2% x 2% from
V. Consequently we find a Borel null set B C 2% x 2% coded in ¥ and such that
(r. F(n, r)) € B. We may additionally require that B is invariant under rational
translations, i.e., that

(po.p1) € B&po="py& p1 =" pi = (py,p) €B.
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In V take a closed subset of 2% x 2% of positive measure disjoint from B. This
givesatree T € V, T C 2<% x 2<@ gych that z2([T]) > 0 and

(®) Ve ew)3ie co)((r tniv1, F(n,r)in;) ¢ Ti[e]).

We want to argue that this 7 is as required and for this we need to check the
demand (ii). Let £ < w. Look at the set

v & { €2?:(vie w)(( tnip1, F(n, p)in;) € Ti[e])}'

It is a closed subset of 2% coded in V*. Assume that x(Y) > 0. Then some finite
modification r* of the random real r is in Y. By 2.4.2 we know that F(n,r) =
F(n,r*). Take £y > £ so large that

F(n,7)l[ng, ) = F(n,r*)[[ng,0)  and  r|[ng, @) = r*[[ng, @).
Now note that
r* €Y = (Vi € 0)(r*lnip, Fn,r*)in;) € T
= (Vi € w)(rlniz1, F(n,7)In;) € yyal

and the last contradicts (&) above, finishing the claim. -
CramM 2.4.4. Suppose that T C2<® x 2<® jsqtree,1 < i< j < w and

i—1
|73

(®}) & Sz

Let

{P € 2l nis1) . (p, f;,j(p)) € Tj['i_”}l 1
{r € Hk < 67;}'

nj+1—hi

Then there are sets X; C ki, Xi11 C kiy1,...,X; C k; such that

() \Xe| <my-[[lr foreacht=i,...,;jand
r<f
) (Ve e W)(3¢ € [, j1) (z(€) € Xy).

J
PROOF OF THE CLAIM. Assume not. Then we may find a set S C [] &, such that
0=i
S C W and for every 7y € S and every £ € [i, j]

{z(€) ;1€ S&TIL =1L} =

How? For £ € [i,jllet W = {z[£ : © € W} (so Wi = {{)}). Now we choose
inductively sets X; C k; and Y, C W for£ = j,...,i. First we let

Yi={vew [z(j)ivare W} <m}, X;=|J{(j):varew}
VEY;
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By its definition we have |X;| < m; -|Y;| < m; - [] k,. Suppose that i < £ < j and
)

we have defined Y, C W**! already. Let
={vew  |{r(¢):v <t e W\ Yy} <m,}, and
= U {z(0) :v a1 € W\ Y, 4}

VEY,
Note that | Xp| < my - | Y| < my- ] k-
r<f
Now look at the sets X;, ..., X;. By our assumption we know that thereis 7o € W

such that (V£ € [i, j1)(zo(¢) ¢ X;). This implies that () ¢ ¥;. [Why? If () € Y,
then, as 7o(i) ¢ X;, we have (1o(i)) € Y;11. Suppose we have already shown that
(70(i),...,70(€)) € Ypi1,i < £ < j—1. Since 19(£ + 1) ¢ Xp41 we conclude
(to(@), ..., 70(€),70(£ + 1)) € Yy4,. Thus, by induction, (7o(i),...,70(j — 1)) € ¥;
and 79(j) € X;, a contradiction.]

Now we define the set S C W. We do this choosing inductively a finite tree

S* C U H k, in which maximal nodes will be elements of . First we declare

L=ir=i
that () € S* and since () ¢ Y; we may choose a set S,-() C{z(i):z € W\ Yiu}
of size m;. We declare that {(z) : z € S'()} C S*. Note that( ) € W’+1 \ Yiy

for z € Sio. Suppose that we have decided that a sequence v € H k. isin S,

r=i-

i <€ < j—1and we know that v € W**! \ Y,,,. By the definition of Y,.; we
may choose a set S}, C {t(€ +1) : v a1 € WH?\ Y15} of size my, . We
declare that all the sequences v™(z) for z € S;, | are in S*. Note that we are sure
that vz) € W*2\ Y.y, (for z € S},,). Finally, having decided that a sequence
v € W/\Y,isin S* we choosea set S} C {z(j) : v < = € W} of size m; and we
declare v(z) € $* for z € S}. Immediately by the construction of S* we see that

J
the set S = S* N [] k; is as required.
=i

Define:
. ij [i-1]
def oy . {TES: (p. £/ (p)) € T/} S 1
w = {p e 2 5] >3}
i) 2 (p,a) € TETY 7
def [niny41) . {o €2 P J < -
Ui {p €2 / . nj—ni—i - 8}’

7 I{TGS:fé""(p)=a}l>};

= [nnj41) . [ni—1.m)
uy {pez i+ 2 (o € 2 )(2,,]_”, - < H
Since S C W, by Fubini theorem, we have that
Cuol 1
2nj+1—ni 8’

Now look at the assumption (®/) on T': it implies that, by Fubini theorem once
again,
|1
nje1—ni —

CO| r=—
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Finally, by 2.4.1, we know that
o]  _ 1
2npm—mi = 2
Consequently we find a sequence p € 2[" Myr1) \ (#o Uuy Uuy). Since p ¢ ug U u; we
know that in the sequence

(fel(p):z€s)
less than § - 2% "1 many values (from 2"~1"/)) appear more than [ - |S| times.
This implies that there is one value o € 2-1") which appears in this sequence
more than 2,,_—,,1 |S| times and therefore p € u,, a contradiction finishing the
proof of the claim. o

Now we may prove the theorem.
(1) Assume that ¥ N 0% is dominating in V* N w®. Let (n;, m;, k; : i < ) be
the ®-constructor and let F : [ k; x 2% — 2% be as defined above. Suppose
icw
n € [] ki. By Claim 2.4.3 we find a tree T C 2<% x 2<@ from V satisfying the
i€w

demands (i) and (ii) of 2.4.3. Let ¢ € @® N V* be such that for each i € w
ni,n, [i—1]
I{pezl H) (p’f [z(pt)](p))eT (i) }I
(41— 64

Since ¥ Nw® is dominating in ¥* N w® we find an increasing sequence of integers
(im : m € w) € V such that

i< (i) and

63 |7 o
(®) ) < §nj+1—+n, for each ip < j < w,
(®") foreachm €
i My, . mstm 1 lim—1]
|{p c 2[n n, +1) . (p, ;f[im‘:inﬂ (p)) S Tr:1+l 1}|
2n1m+| iy, 64

[Note that to get (®7) it is enough to require ¢ (in,) < i,,+1 for each m € w, what is
easy to get as ¥ N w® is dominating. ]

Now we construct, in V, a sequence (X; : £ < w).

Fix m € w for a moment. Note that (®) implies (®f”‘+1_1) of 2.4.4. Let

imp1—1 [Py o1, imsim+ 1 [lm
{TE f[ ke : [{pe2 @)1 (p, fm” (p) €Ty~ 1}| 64}

2nim+l TP
C=ip,

It follows from 2.4.4 that there are sets X; C k;,,..., X;,,,—1 C k;,,,—1 such that
(a) |Xg|§me~]:[kr

r<t
(8) (Ve € W) (3 € [im, im11)) (z(€) € Xo).

But now we easily finish notifying that (®*) implies that
(\7’m € CO) (77 [lims im+1) € Wm)-
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(2) We repeat the arguments from the first case, but now we cannot require (®7).
Still, as ¥ N w® is unbounded in ¥* N o® we may demand that the sequence
(im : m € @) € V satisfies (®) and

(®7) for infinitely many m €
i »TH, . st 1 m_1
|{p € 2[n nm+l) ) (p’ ’;r[imtin+l (p)) € TE:+I ]l}l < _1-
Wiy~ Mim 64

Then, defining W,, as above, we will have
(3*°m € @) (Nlim> im+1) € W),
and this is enough to get the conclusion of (2). =

COROLLARY 2.5. Suppose that V C V* are universes of Set Theory such that

if r is a random real over V*
then in V*[r] there is no random real over V[r].

Let H € ©® NV be an increasing function. Then:

- (Vf eIl H(z)) (Elg e[[a@©N V) (3¢ € »)(g(2) = £ (1)).
LeEw lew

Proor. Define inductively a sequence (n;, m;, x;, yi, ki :i € w) € V:

no=2 mo=64, xo=64 yo=64+ [[H©, ko =64y,

£<64

nig =n;- (ki +1), mi = (H mj) 3Dy = X by - Hk',
J<i J<i
Yitl = Yi + Xiy1 + H H(£), kiy1=yiq1- (mi+1 'ij)~
LE[x; X,’+l) J<i
Note that y; 1 —y; > xip1 > miqq- [] kj—m;- [] k;. Consequently we may choose
]<1 Jj<i

a strictly increasing function ® € w® N ¥ such that (Vi € w)(®(m; - [] k;) = yi).

j<i

Now look at the definition of the sequence (n;, m;, k; : i € w) — clearly it is the
®-constructor.

Fori € owehave [] H(¢) <k; (weletx_; =0 here). So we may take a

Lelxi—1,xi)
one-to-one functionz; :  [] H{E) — k;.
L€[xi-1,xi)
Now suppose f € [[ H(¢) N V*. Definen € [] k: N V* by
lew icw

(Vi € 0)(n(i) = mi(f 1[xi—1, x:))).

By 2.3(2) we find a sequence (X; : £ € w) € V satisfying 2.3(2)(a),(b) (for our
n). Using the sequence (X, : £ € w) (and working in V) we define a function
g€ [[ H(r)NV. Fix £ € w and look at the set

rew

Y, = def {TE H H(r) :ne(T)EXg}.

r€lxe—1,x¢)
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Since |Yy| <my - [[ kj = x¢ — x¢—1, wefindap € []  H(r) such that

j<e re[xg_hxg)
(Vr € Yo) (3r € [xe—1, x2)) (02(r) = 2(r)).
Next let g € [[ H(r) N V¥ be such that g [[x,_1,x,) = g, (for £ € w). We finish

rew
noting thatifz(£) € X, then f [[x,_;, x¢) € Y, and therefore for somer € [x,_1, x¢)
we have g(r) = f(r). -

§3. cov*(.#') and other cardinal invariants. Results of the previous section allow
us to compare cov* (/') to other cardinal invariants.

We will need several definitions. Let f, g € w® be two nondecreasing functions
such that 0 < g(n) < f(n) for every n. Let Sy, = [[,[f(n)]F" and Sty =

[LLf (n)"™ x [w]®. Define relations R}, R7, as

ﬂR?ygS < (3%n)(n(n) € S(n))
nRY S < (V°n)(n(n) € S(n))

forn € [, f(n) and S € Sy,. In case when g(n) = 1 for all » we will drop
subscript g and define

noR7m <= (3%n)(no(n) = m(n))

for n9,m1 € Sy. The dual relation RY, is not very interesting, so we consider the
following weaker relations R}, and R}* defined as

nR7, (S, K) (V°°n)(3m € [kn, knt1)) (n(m) € S(m)),

forne Sy, S e€Srgand K = {ko < ki < ...} € [w]®. Finally define for a relation
RCAXxB,

b(R) =min{|X|: X C 4 & (Vy € B)(3x € X)(-xRy)}
?(R) =min{|Y|: Y C B& (Vx € 4)(3y € Y)(xRy)}.
For various independence results and techniques connected with these invariants
see [11].
Using this terminology we can express the results of the previous section as
follows.
THEOREM 3.1. Thereare f, g € o® such that cov*(#) > 9(R7,). Ifcov*(#) >0
then cov* (/') > D(R}:*g).
Similarly, non* (') < b(R?ig)’ and if non*(#") < b then non*(/) < b(R;;)-
Proor. This is a simple reformulation of Theorem 2.3. Fix an increasing function
® € w®. Let M be a model of size cov* (/") containing a witness for cov*(#), and
containing ®. Since cov*(/#/') > b we can assume that M N © is an unbounded
family. Let {n;,m;, k; : i € } € M be a ®-constructor. Define f(n) = k, and
g(n) =m, ], f(i). By 2.3,

(Vn € S7)(3S € Spe N M)(3®n)(n(n) € S(n)).
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Thus D(Rf't’g) < |M| = cov*(/#). Remaining parts of the theorem are proved in
the same way by using 2.4. It is not very hard to see that by simple diagonalization
we can show that for many triples (k, f, g) we have b(R})) < b(R7,) and d(R}) >
D(R? 87 -

DEFINITION 3.2. ‘Let
k* =sup{o(R7): f € (w\ {0})®} and A*= inf{b(R?) cfe(w\ {O})w}.

THEOREM 3.3. cov* (/") > k* and non* (') < A*.

ProoF. Let f € (w \ {0})®. We may assume that f is strictly increasing. Take
a family & C ) realizing the minimal cardinality in the definition of cov* (/)
and take an unbounded family & C w® of size b (remember b < cov*(./')). Let
N < (#(x),€,<}) be an elementary submodel of size cov*(.#") containing all
members of & and F and such that f € N. Now apply 2.5to N C V. Note
that if 7 is a random real over ¥ then in V[r] there is no random real over N[r] (as
& C N). Moreover N N w® isunbounded in ¥ Nw® (as & C N). Consequently
(in V) we have

(Vh e[l f(n)) (Elg e[[rm nN) (3%n € w)(g(n) = h(n)),

new ncw
showing that 9(R?) < |N| = cov*(/). -

DEerFNITION 3.4. Suppose that X' C 2%,

1. X € S# (strong measure zero) if for every meager set F C 2, X + F # 2°,
2. X € S (strongly meager) if for every null set H C 2%, X + H # 2,
LemMMA 3.5. A* = non(SA) and * > non(S4).

ProOF. The first equality was proved by Miller (see [8] or [3, 8.1.14]).

Suppose thata family # C [],,, f (n) exemplifies D(R?). Work in the space X =
[T,co f () (for sufficiently big f) equipped with the standard product measure.
Consider the set G = {x € X : (3%°n)(x(n) = 0) }. It is easy to see that G is a null

setand & + G = X. Thus & & S4 in X (which easily translates to 2). .
COROLLARY 3.6. cov*(.#') > max{b, non(S4#)} and
non*(.#") < min{d, non(S4")}. =

LemMA 3.7. If cov*(#') > 0 then cov*(A#') = non(#). If non*(A#) < b then
non*(#") = cov(A).

ProoF. We will prove only the first assertion. The other one is proved by the dual
argument.
It is well known (see [3, 2.4.7, 2.4.1]) that

non(«#) = min{|F|: F C 0 & (Vg € ®)3f € F)(3%n)(f (n) = g(n))}
and

cov(AL) = min{|F| :F Co® & (Vg € 0®)3f € F)(v°n)(f(n) #g(n))}
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Let F C w® be a'dominating family of size 9. For each f € F choose a witness
Xy C Sy of size D(Rf',). Let X = J;cp Xy. Itis clear that |X| = max{o,x*} <
cov*(#') and A .

(Vg € 0®)3f € F)(3xy € X7)(3%n)(g(n) = xs(n)).
Thus, non(#) < cov* (). To see that cov* (/") < non(4 ) in we need the following
lemma: v

LemMA 3.8. cov*(#) < non(£) and non* (") > cov(4).

PrOOF. We have the following cov*(#") = cov(#)"* < non(#)"" = non(.2).
The first equality is by 1.2, the second is well known, and for the third one see [3]
or [4]. 3

COROLLARY 3.9. There is no proper forcing notion P such that

1. is proper ® -bounding,

2. makes ground reals meager and

3. does not add a B-name for a random real over V5,

§4. Adding a 2, 0)-large set.
THEOREM 4.1. Assume that V' C V* are universes of Set Theory. Leth € o® NV
be a strictly increasing function. Suppose that

VrE (377 € H h(n)) (Vp € H ﬂV) (v°n € w)(p(n) #n(n)).

Then there is a set X € [w]® N V* such that
V* = (Vf € 0® N V)((Vn co)(n< f(n)=>{meX: f(m)e X} <cu)
(so in particular the set w \ X is (2,0)-large over V). '
Proor. Let (n; : i € w) be defined by
ng=0, ny=n+ H h(k).

kgn;

LetH : U II h(k) L wbea bijection such that for each i € w
icw k<n; .

H[H h(k)] = [ni, nig1).

kSn,-
For a function f € w® define py € [] h(k) by
o kew
H™Y(f(k))(k) ifn; <k <mniandn < f k)
prlk) = .
0 otherwise.

Note that the mapping f — py is coded in V.
Let X = {H(nln;) : i € w} (soitis an infinite subset of w from V*). Suppose
that / € @® N V is such that (Va € w)(n < f(n)). Look at p,. We know that

pr € II h(k) N V. So, by the assumptions on #, we find iy € w such that
kew

(Vi > io) (n(i) # py(i)).
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Suppose now that i > iy and f (H(n]n;)) € X. Then f (H (n1n;)) = H(n|n;) for
some j > i. But this means that

pr(Hnin)) = H ' (H(nin;)) (H(nn:)) = n(H@nin)),
a contradiction with the choice of . ~

DEFINITION 4.2. Let 9(R§) be the minimal size of a family # of partitions (K,, :
n € o) of w into sets of size > 2 such that for every infinite co-infinite subset X of
o we have
AK,:ncw) e X)(3F®ncw)(K,NX =0).

In [10, 3.1] we remarked that b < ?(Rj) < non(). Now we may add:
COROLLARY 4.3. k* < 0(RF).
Proor. It follows from 4.1 (compare the proof of 3.6); remember 1.4. -
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