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The known results about ¥,-completeness, ,-compactness, ordinal omitting etc. are given a
unified treatment, which yields many new examples. It is shown that the unifying theorem is
best possible in several ways, assuming V =L.

Introduction

The generalizations of results from the theory of countable admissible sets and
from definability theory for countable structures to certain uncountable sets or
structures has been the subject of several works by Barwise, Chang-Moschsvakis,
Green, Karp, Makkai, Nyberg, Grant and perhaps others. (Recently, while this
paper was being written we have received a work in the same direction by S.
Friedman.)

The common feature of all these generalizations, which are of concrete nature,
was that the relevant set or structures, while not countable, can be still rep-
resented as a countable union of ‘small’ sets. Making this observation explicit we
provide in this paper a unified treatment that contains the concrete results of all
these authors on 3;-completeness, 3,-compactness, non-definability of well-
orderings, inductive definability of I1}-relations, ordinal pinning by statements of
L., etc. By ‘concrete results’ we mean results providing set-theoretic conditions
on a set or a structure, that imply some definability property, as opposed to
abstract results, asserting that one definability property implies another, e.g., that
IT}-reflection implies 3;-compactness, or that if M is a uniform Kleene structure,
then any admissible set above M, projectible into M is 3;-compact.

In addition to all these results, we establish ordinal omitting theorems or in
general type omitting theorems (for L,_, , for instance) and via such theorems
generalize H. Friedman’s theorem [8] on the existence of models (e.g., of set
theory) whose standard part has an ordinal a, where « is any given countable

* Work done during the Logic Year 1980-81 at the Institute for Advanced Studies, The Hebrew
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admissible ordinal. As an application we find (assuming V = L) a necessary and
sufficient condition for ordinals k <a <k* where cf (k) = w, to be of the form
a(X) - the minimal X-admissible ordinal where X < k. The problem of doing it
was raised by Nyberg [22], who obtained some special cases. (S. Friedman in
[9, 10] solved this problem independently of us. [22] influenced much of our
earlier work on the subject of this paper.) Most of these results are included in the
first part of this paper. In the second and third parts we verify that our results are
in some sense the best possible. For instance, if one defines h(A) for an
admissible set A to be the minimal ordinal not pinned down by a sentence of
L..,NA, then if one assumes V =L, then h(L,)= «a iff this is guaranteed by the
decomposability conditions in the first part of the paper, which imply h(A)=
0o(A). Similarly L, is validity admissible iff it is guaranteed to be such by our
decomposability condition.! Also we provide characterization of the limit ordinals
a such that L, has the Kleene property, i.e., every II}i-relation on L, is
inductively definable. These results use the fine structure of V=1L,

Trying to get a similar result for 3,-compactness stumbles on the fact that if «
is a regular cardinal {a | a <k, L, is X;-compact} contains a closed unbounded
subset of «. (See [1, VIII, 8.3] and [25]), hence one can find many L,’s which do
not satisfy the decomposability conditions but which are X,-compact. The fact
that one has such «’s seems to be completely accidental and if one strengthens the
notion of 3;-compactness to stable 3;-compactness, then L, is stably 3;-compact
if and only if it satisfies the right decomposability conditions. The proof of this
fact is the content of the third part of the paper.?

PART I

1. Preliminaries

We work in ZFC with a class UR of elements. For applications it is often best
to assume that every set has a one to one mapping into UR, hence UR is a proper
class. Capital letters range only over sets (occasionally classes), not over urele-
ments. P(X) is the power set of X,

X¥={flf:Y—>X},

! 1t is not the case, however, that L, is validity admissible iff h(L,) = «, for all admissible ordinals c.
This is because h{A)=0(A) is guaranteed by having some admissible structure (A, €, R) on A
satisfying our conditions, whereas being validity-admissible is not inherited from (A, €, R) to (A, €).
See Part II for the details.

2 The results of this paper were announced in the three abstracts [19]. As mentioned there the
essential results of Parts I and II were already presented to an 2-group meeting in Be’er Sheva in
March 1978. The abstracts [19] are marred by two technical errors, corrected below in footnote 3.
These were generated in later attempts to shorten the definitions and statements.
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Tc(X) is the transitive closure of X, and for B < UR,
H(k)g ={x||Tc({x})| <k and Tc({x}) NUR< B},

H(k)= H(k)4, &, A, p denote infinite cardinals.

In admissible set theory we mainly follow the terminology and notation of
Barwise’s book [1]. However by a transitive structure we mean a single-sorted
structure

d:<A, € nAz,URﬂA, Sls . 5Sk>

({A, €, 8) for short), where A is a transitive set and each S; is a relation or
operation on A. & is amenable if S;Nae A for every ae A. An admissible
structure is a transitive structure &f = (A, €, 8) satisfying the axioms of KPU for
its language. An admissible set is a set A such that (A, e€) (e,
(A, e NA?%, URNA)) is an admissible structure. 3, (sf) is the set of relations on
A definable over & by a 3, (f)-formula (possibly including parameters from A).
Sometimes consider more general 3,(A)-formulas which may contain, besides
parameters from A and individual free variables, also free relation ‘variables’ (in
addition to the relation constants S;, denoting the relations S; of &f). Such a
formula in which the free relation variables T, ..., T; occur only positively is
typically denoted by & =P(x,,...,x, Ty,..., T;)=P(x, T"). Similar conven-
tions apply to IT -formulas, IT}- or strict IT{-formulas etc.

By an &f-r.e. relation, where & is an admissible structure, we mean a 3,(s)-
relation. An &f-partial-recursive function is a partial function from A" into A (for
some n <w) whose graph is an sf-r.e. relation. The identification of r.e. with 3,
stipulated here is not meant as a claim that 3, is the ‘correct generalization’ of
r.e.; it is made simply because 3,-relations on & are in the center of our interest
in this paper.

Denote by LV the class of all logically valid £, -sentences. An admissible
structure of is validity admissible if A NLV is of-t1.e. [1, VII 1.7]. o is 3;-complete
when for every sf-r.e. theory T, Cn(T)NA is sf-r.e. (A theory is a set of
Z..-sentences and Cn(T) is the class of logical consequences of T in L.,). & is
3 ,~compact when for every #-r.e. theory T, if T has no model, then some T,< T,
Toe A has no model. o is uniformly 3,-complete when there exists a 3,(sf)-
formula @&(x, T*) such that for every sf-re. theory T, Cn(T)NA-=
{ae A | AE®[a, T]}. (This definition differs from definition 1.1(6) of [22], but is
equivalent toit.) As Nyberg proves [22, 1.2] the following three conditions are equiv-
alent for an admissible structure &:

(1) o is validity-admissible and X;-compact.
(2) o is uniformly 3,-complete.
(3) o is 3 -complete and X;-compact.

Denote by h(A) the least ordinal that cannot be pinned down by an ¥, ,NA
sentence and by hs(sf) the least ordinal that cannot be pinned down by an #-r.c.



Sh:144

290 M. Magidor, S. Shelah, J. Stavi

theory [1, VII, 3 and VII, 6]. hg is the least ordinal that cannot be pinned down
by a sentence of B-logic. By B-logic we understand first-order logic, with distin-
guished constants c, (y=<p) and a distinguished relation symbol <, but attention
is restricted to ‘B-models’, i.e., models in which < linearly orders its field and the
sentence

Vx (x<cy<—> V ox :ca>
a<y

is satisfied for each y =< . (For B = w this is essentially the familiar w-logic and h,,
is the first non-recursive ordinal.)

For any object a we denote by HYP(a) the least admissible set containing a as
an element. In particular, if #=(M, €,S,,...,S,) is a transitive structure, then
HYP(#)=HYP{M, S,,..., S }. Every structure (M, Sy, .. ., S;) where Mc UR
can be identified with the transitive structure

'/“:<M1 E’s>:<M9 € an,URnM9S>:<M¢,M5 s)

and so the operation HYP applies to arbitrary structures (of finite signature)
based on urelements. Note that for us HYP(A4) (or generally HYP(a)) is simply
an admissible set, not a structure. Let a(a)=o(HYP(a)) = min{o(A)| A is admis-
sible and a € A}. In particular, if a = 8 (an ordinal), then by these definitions «(8)
is the next admissible ordinal and HYP(B) = L, ). An admissible set of the form
HYP(A) is called a successor admissible set.

Recall (from [1, VI, §3-4)) that if A is a transitive structure having an inductive
pairing function (this is true in particular if M is closed under pairs), then
HYP(AH) is projectible into M and a relation R on M is inductive on  iff R is 3,
over HYP(#). Still assuming that # has an inductive pairing function, it is
implicit in [22] and not hard to prove directly that (1)&(2)<(3); (4)&(5)<(6)
and (3)=>(4) where

(1) Every II}-relation on # is inductive;
(2) A=HYP(M) is validity-admissible;
(3) A=HYP(#H) is 3,-complete;

(4) A=HYP(M) is 3,-compact;

(5) h(A)=0(A) where A =HYP(M);
(6) hs(A)=0(A) where A =HYP(#).

In fact 2)&B)S (4 (5)(6) for every successor admissible set A. [Hint:
(3)=>(4) because A is resolvable [22, 1, 4], (4)&(6) by [1, VIII, 6.5], (2)(3)
and (5)© (6) because the class of models of an A-r.e. theory can be represented
by a class of relativized reducts of models of a single £..,MN A sentence. (2)=> (1)
is easy and (1)=>(3) occurs in the proof of [22, 2.9].]

Following Nyberg, we call a transitive structure # with an inductive pairing
function satisfying (1) a Kleene structure.



Sh:144

Countably decomposable admissible sets 291

2. Decomposability conditions and the main completeness and compactness
results

In the sequel, & is always an admissible structure with domain A. Following the
observations made in the introduction, we formulate a ‘decomposability condi-
tion’ for admissible structures meaning intuitively that every member of the set is a
countable union of ‘small sets’ and that this decomposition is in some sense
recognizable in the admissible structure.

Our main theorem which will be stated in this section claims that an admissible
structure satisfying the decomposability condition has all the nice properties one
associates with countable admissible sets, i.e., X;-completeness, X ;-compactness,
theorems about ordinal pinning and ordinal omitting, etc.

We first have to define what we mean by small sets.

Definition 2.1. Iet S A-UR, i.e., S is a set of sets and S< A. S is a smallness
predicate for o if

(a) S is A-r.e.
(b) xeS—>P(x)e .
(c) The relation {(x, #(x))| x € S} is o-r.e.

Definition 2.2. « has the first decomposition property (DP1) if for some smallness
predicate S for o every member of & is a countable union of members of S.

Note that we are not assuming that the decomposition of x € A into a countable
union of members of S is in & or even definable there.

In Section 4 we shall show that if o has (DP1), then one can assume that the
smallness predicate is of the form (for some k <o(«))

S(X)@fe A)(Pa<k) (f maps X into a Af is one to one).

(Hence the smallness predicate can be assumed to mean “X has small -
cardinality”.)

The next condition claims that in some sense we know at least a trace of the
decomposition of a general X € A into a countable union of sets whose power set
is in A.

Definition 2.3. A relation R < (A-UR)? is a decomposition relation for of if

(a) R is sf-r.e.

(b) VX3IY R(X, Y).

(c) For every X and Y such that R(X, Y), X is a countable union of members
of Y whose (real) power set is a subset of Y. In symbols: X = |J, -, X, for some
sequence of sets X, satisfying #(X,)< Y for all n.

(Note again that we are not assuming that the representation of X as countable
union of members of Y is in A.)
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Definition 2.4. (a) The admissible structure &f is said to have the second decom-
position property (DP2) if it has a decomposition relation.

(b) A is said to have the decomposition property (DP) if it has (DP1) and
(DP2).

Note. It will follow from the results in Section 3 that if A contains an element
with maximal (real) cardinality, then (DP2) = (DP1) but one can find an example
of an admissible structure satisfying (DP2) but not (DP1).

Definition 2.5. o is said to be countably decomposable if it has the decomposition
property and A is a countable union of members of A.

Our main results can be stated for & having the decomposition property?,
provided we restrict our attention to theories T such that T is a countable union
of members of A. (Call such theories o-small.) Of course if & is countably
decomposable, then every T< A is o-small over A.

Theorem 2.1. Let s/ have the decomposition property and let T L. ,NA be
o-small and o-r.e. Then

(@) Cn(TNA is oA-re.

(b) If T has no model, then some T, T, Toe A has no model.

(c) The least ordinal not pinned down by T is a member of A.

Corollary 2.2. If f has the DP, then o is validity admissible and h(A) = o(A). If
s is countably decomposable, then o is 3 -complete and 3,-compact and hs () =
o(A).

(The implication 2.1=>2.2 is easy.)

We shall prove 2.1 and related results in Section 5. The rest of this section
contains examples of admissible structures which have the DP. These examples
show that the known concrete completeness and compactness theorems are
special cases of 2.1 or 2.2. Note that if o has DP, then every admissible expansion
of o does. In particular if an admissible set A (i.e., the structure (A, €)) satisfies
our condition, then so does every admissible structure with universe A.

Example 2.3. If A € (%,)anur (i.€., every member of A is countable), then A has
the decomposition property. Define S by

S(X) & X is a singleton.
(Hence DP1). Define R by

(X, Y)YeReY={{a}| aec X}IU{0}.

3 Our present definition of the decomposition property is a correction of the version announced in
[19], where (DP1) was omitted because we had an (erronecus) proof that (DP2)=>(DP1) always.
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It can be easily verified that R is a decomposition relation for A. Thus & has the
DP. If, moreover, & is countable, then & is countably decomposable. Thus
Theorems 2.1 and 2.2 yield the well-known Barwise compactness and complete-
ness theorems.

Example 2.4. Suppose that & is closed under 2 —the power set operation (i.e.,
xe A—UR>D>P(x)c A), and let #={(A, €,...) be an admissible structure such
that @ | A is &f-partial-recursive. Then & has the decomposition property, since
one can take S to be all the sets which are member of A (S = A —UR) and define
R by (X, Y)e R& Y =2(X). Thus we get from 2.1 and 2.2 the Barwise-Karp
cofinality-w compactness theorem [1, VII, 7.4] and an associated completeness
theorem.

To simplify the statement of the following examples we define a cardinality-
maximal (c-max) element of a set A to be an element D of A such that every set
in A is an A-image of D. (For X, Y€ A we say that Y is an A-image of X when
there exists a function fe A from a subset of X onto Y.)

Lemma 2.5. Let D be a c-max element of the admissible set A. Suppose that
(VX e D) (#(X) < D) and that D = J ., D, where D, € D for each n. Then A has
the DP.

Proof. To verify (DP1) define
S§={XeA|X is an A-image of some member of D}.

The assumption that Xe D>%®(X)e D guarantee that this is a smallness
predicate for A (i.e., for (A, €)). Since every Xe A is an A-image of D=
Un<e Dy, X is a countable union of sets in S.

To verify (DP2) define R< A? by

onto

X, YYeRe@Tfc A)(f:dom(f) — X)

Adom()S DAY ={f/W|WeDAWcD}].

R is clearly A-r.e. For every X e A there exists Y e A such that R(X, Y). (D is
c-max hence X =f'B for some fe A, B D, hence Y={f'W|We D, Wc D}
satisfies R(X, Y).)

Since D=, D, and D, € D, ®(D,)< D we get that if (X, Y)eR, then X is a
countable union of members of Y, whose power set is included in Y. [

Lemma 2.6. Let D € A satisfy (WX e D) (P(X)< D) and let D=J,-, D, where
D, e D. If A is projectible into D, then A is countably decomposable. (See [1, V,
5.1] for definition of projectible.)
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Proof. Let 7w be a notation system for A such that D,<D where D, =

Uacam(@). If X€ A and Y =U,cxm(a), then YS D and f: YZ%X, given by
f(¥)=1y|., is a member of A, since 7 is A-recursive. Thus D is a c-max element
of A, so by Lemma 2.5 A has DP.

A is a countable union of its members since if D, are the sets described in
Lemma 2.5 one can define E, =D, ND,. For each n E, € A (since #(D,)< A).
Hence A, ={y|.|yeE,}€A, by ¥ -replacement. But A=,., A, because
each a € A has a notation in E, for some n. [

We now continue with our examples of structures having DP and countably
decomposable structures.

Example 2.7. Let « be a strong limit cardinal of cofinality @ and D = H(k). Let
A be an admissible set such that D€ A and D is a c-max element of A. Clearly D
satisfies Lemma 2.5 for A. Hence A has DP. In particular if A = H(x ")z for any
set B< UR, we obtain that H(x")g is validity-admissible. This is an abstract
version of Karp’s completeness theorem for L,-,-[16]) and we obtain also that
the well-ordering number for single sentences of L,-, is k. The conditions D€ A
and D is c-max in A also hold whenever (A, €) is a transitive elementary
submodel of (H(k")g, €) as well as when A = HYP(D), or more generally, when
D e A and A is projectible into D. (In the latter case A is countably decomposa-
ble, hence it is ¥,;-compact, by Lemma 2.6.)

Example 2.8. Let D be a set representable in the form D =, <, D,, where for
each n D, is transitive and #(D,)< D, ,,. Clearly Lemmas 2.5 and 2.6 are
applicable to D. Typical examples are D = H(x) where « is a strong limit cardinal
of cofinality w, or D = V, where cf(a) = . By Lemma 2.5 if D is a c-max element
of A (and A is admissible), then A has the DP. By Lemma 2.6 and our main
theorems (2.1 and 2.2) if De A and A is admissible and projectible into D, then
A is 3,-complete, 3;-compact and hz(A)=0(A). This example covers all the
major concrete applications of the main result (Corollary 2.10) of [22].

Example 2.9. Let A be an admissible set containing a c-max element B. Assume
that B ={J,., B, for some sequence (B, |n<w)ec A (hence wec A), and that
Unco @(B,) = C for some Ce A (hence U,.,P(B,)e A). Then A has the DP,
Indeed (DP1) holds for

§={XeA|X is an image of B, for some n <w},
and (DP2) holds for

R={(Y,Z)e A>) (3fc A) [f is a function from a subset of B onto Y
and Z={f'"W| WeCl,

as the reader can verify. This example gives Makkai’s compactness theorem [17,
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5.2], which generalizes that of Green [11]. Green’s theorem is also a special case
of Example 2.8, as shown in [22]. Note that our result here slightly improves
Makkai’s in requiring only 3Cec A) (U<, P(B,)<= C) rather than ACe A)
(Un <o B0 = C). A more useful improvement would be to discard the hypothesis
that (B, | n<w)€ A, and this is done in the next example.

Example 2.10. Assume that A is admissible, B is a c-max element of A,
B =UJ,«<. B. where U, -, ?(B,)< C for some Ce A. Then A has the DP.
(DP2) is verified precisely as in Example 2.9. The proof of (DP1) is considera-
bly more tricky, so we refer to Section 4 where we prove that (DP2)=>(DP1)
whenever A has an element of maximum cardinality, i.e., (@Xe A) Vye A)
(|X]==|YY)). This is of course the case whenever A has a c-max element, as here.
Note that this example contains both the preceding ones as special cases.

Example 2.11. (‘Iteration of Example 2.10°). Let k=1 and let (E,, ..., E,) be a
sequence of sets satisfying (with the notation B = E,, A = E;) the following:

(1) A is admissible.

(2) For 1sisk—1, E; is a ccmax element of E, ;.

(3) For 1=si=<k-1, E; has cofinality w, i.e., it is a union of countably many of
its members.

(4) There exist Ce A and a sequence (B, | n <w) such that B=\J, -, B, and
Un<o @(B,) = C.

Then A has the DP.

To see this, claim first that if 0<<i=<k—1, then there exist CeA and a
sequence (X, | n <w) such that E; =, <, X, and U,<., P(X,,) = C. For i =0 this
is (4) above. Let 1<i=<k—1 and suppose the claim true for i —1. Thus E,_ ;=
Um<o Y where Upnco P(Y,,)eD for some DeA. By (2) and (3), E, is a
countable union of sets X, each of which is an E;-image of some Y,,. Therefore

U 2(X,)c{g"W| g is a function, ge E; and Wc'Y,, for some m}.

Letting C={¢g"W|g is a function, geE and WeD} it follows that
Un<o P(X,) = C and clearly C < A. This completes the proof of the claim.

Taking i = k—1 in the claim we see that E,_; =, ., X,, where U, ., P(X,,) <
C for some Ce A. But E,_, is a c-max element of A, so A has the DP by
Example 2.10.

We shall now illustrate the application of the last few examples to more specific
cases. For the rest of this section we assume that V=L and « is a limit cardinal of
cofinality o, say k =supik, | n<w} where {(k,|n<w) is a strictly increasing
sequence of infinite cardinals. Since we are assuming V=L « is a strong limit
cardinal and the set D=L, = H(k) is as required for Example 2.8.
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Example 2.12. L - has the DP, for it contains L, as a c-max element. Similarly, if
k <8 <«k' is an admissible ordinal and

LsF“k is the last cardinal”,

then L; has the DP, as again it has L, as a c-max element.

Example 2.13. Let « <8<k be admissible and denote S={y|k<vy<$§ and v
is a cardinal of L} (in the previous example we had S ={«}). We claim that if
each vy €S has cofinality o (in the ‘real universe’, not in L;) and S has a last
element, then Ls has the DP. In case S is finite this follows from Example 2.11
(with B=L, A=Ls, B,=L,, C=L, E,=L,, where y,<<y,< ---are the
members of S). For the general case we argue by induction on v € S that y can be
represented as | J, -, X,, for some sequence (X, | n <w) such that |, -, P(X,) <
L, (and, in fact, |X,|<« and sup(X,) <y for each n). For y=« take X, =L, ,
and the induction step is left to the reader (use the fact that if ye S, then any
bounded subset of y which is a member of L; is already a member of L, by a
well-known theorem of Godel relativized to Ls). Applying the result to the last
element B of S we see that Example 2.10 applies to A=L; with B=#, C=L,
{or with B=C=Ly), so Ls has the DP.

A special case of this example is the case where & is the least ordinal such that
8>k, Ly FZF (=ZF without the power-set axiom) and LsF*k is not the last
cardinal”. By the minimality of 8, I; has just one cardinal (call it v) greater than
k, and each a € L; is definable in {L;, €) by a first-order formula using ordinals
<k as parameters. For each n<w let

B,={acLs|a is definable in (L;, €) by a 3, -formula with ordinals

<k, (only) as parameters}.

As Ls;EZF and there is (in ZF, or even in KP) a truth definition for 3,,-
formulas, we have B,eL; for each n, so Ly (=\J,-, B,) has cofinality .
Similarly, B,, Ny is bounded below vy for each n (for v is a regular cardinal in Lg)
hence cf(y)=w. Thus Example 2.13 applies and L; has the DP and is even
countably decomposable (hence X,-complete etc.).

The following example is of a similar character.

Example 2.14. Let § be the least ordinal >« such that Ls FZF (assuming such an
ordinal exists), and let Cs ={y <8 |Lsk vy is a cardinal”’}. The structure (L, €,
Cs) is admissible, as Lz FZF. We claim that (Ls, €, Cs) is countably decomposa-
ble. To see this let, for each n<w, A, ={aeL;|a is definable in {L;, €) by a
3., -formula involving only « and ordinals <k, as parameters}. Since LsFZF and
satisfaction for 3, -formulas is definable in ZF it is clear that A, € Ly for each n
and Ly =], ., A, (since by minimality of § every member of Ly is definable
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from x and members of k). We define R by (X, Y)e R iff
Y ={Z|Z<c X, Z has Ls-cardinality <«}.

R is ({Ls, €, Cs)-re. (not (Ls, €)r.e.) and clearly YX3IY (X, Y)eR). X=
Un<o (XNA,), and clearly if (X, Y)eR, XNA, €Y, and P(XNA,) <Y since
the Ly cardinality of XN A, is =k,,.

Thus we have verified that A has (DP2). (DP1) can be inferred from (DP2) by
the above-quoted result of Section 4, or verified directly by defining

S(X)e (X has Lg-cardinality <«).

S is clearly L;-r.e. (in the parameter ). {(x, #(x))| xS} is Ls-r.e. since L, is
closed under power set, hence for xe §

y =P(x)&3f Ja <« (f maps x into a Af is one to one
AVzey(zex)aVzeL, (zsa—f z)ey)).

Thus L is countably decomposable, hence 3,-complete and compact.

The kind of considerations we applied in the last examples suggest a systematic
approach to classification of admissible ordinals in L, with respect to completeness
and compactness. We shall pursue such a classification in the second and the third
part of this paper.

Sy Friedman [10] independently obtained compactness and completeness re-
sults for structures of the form (L, €) where |a|=«k and cf(x) = w. He proved
that if « is as above and L, = |J, ., X, where each x,, € L, and L, F|x,|<«, and if
8 is the largest a cardinal, then ¢f(8§) =w, then « is 3;-compact with ordinal
omitting, and (L., €,g) is X,-complete for some g such that (L, €,g) is
admissible. Friedman’s proof gives an alternative proof of Theorem 2.1 for
structures of the form (L,, €,...)

The ordinals studied by Friedman were exactly those studied by us, and in the
second part of the paper, we show that (L,, €, g) is countably decomposable for
appropriate choice of g. Hence Theorem 2.2 applies and yields the 3;-
compactness, completeness and ordinal omitting results (see Section 10). Fried-
man proved a converse theorem; see Theorem 13.2 for more clarification on the
relation between the present paper and Friedman’s [10].

3. Sufficient conditions for Kleene structures

Let Ml = (M, €, 8) be a transitive structure having an inductive pairing function.
Recall from Section 1 that 4 is a Kleene structure iff HYP(#) is validity
admissible. By 2.2 it suffices that HYP(A) will have the decomposition property.
This is always the case when M is countable. Keeping in mind that HYP(A) is
projectible into M, Example 2.8 shows that if M=J,., M, where M, is
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transitive and #(M,,) € M, ., for each n, then A is a Kleene structure. This result
is essentially due to Chang and Moschovakis [5] and is explicitly proved in [23].
Example 2.10 leads to a large class of Kleene structures, described in the
following proposition.

Proposition 3.1. Let M =(M, €,8) be a transitive structure having an inductive
pairing function. Suppose that there exist sets M, (n<w) such that M=, <, M,
and U, -, P(M,) < C for some Cc HYP(M). Then M is a Kleene structure.

Proof. Use Example 2.10 with A =HYP((), B=M. O

A special case of Proposition 3.1 is when M=1J,., M, and M, =M, .,
P(M,) e M for each n <w. This case is stated in [22, p. 113] but the proof seems
to require something like the methods of this paper, unless one is willing to
assume that the sets M, are transitive.

Corollary 3.2. Let M be a transitive set closed under (unordered) pairs for which
there exists a sequence {M, | n <) such that M=J,,., M, and U, -, P(M,) = M.
Then every structure of the form (M, €, 8) is a Kleene structure.

It seems likely that in this situation (M, €) is a uniform Kleen structure in
Nyberg’s sense, but this involves checking the proofs of all the results involved for
the required uniformity, and we have not done it.

We can get many more examples of Kleene structures by using Example 2.11
with A =HYP(#) and E,_, =M. The most useful case is when k=2 so that
BeMe A =HYP(M). For this case Example 2.11 shows the following

Proposition 3.3. Let M =(M, €, 8) be a transitive structure having an inductive
pairing function. Assume that the set M has cofinality w and has a c-max member
B of the form B =\, B, where |,,~., #(B,)) < C for some Cc HYP(M). Then M
is a Kleene structure. O

Corollary 3.4. Let « be a strong limit cardinal of cofinality o and let M be a
transitive set closed under pairs such that H(x) is a c-max element of M. Then every
structure (M, €,8) is a Kleene structure. [

Note that if (M, €) is a transitive elementary substructure of (H(x "), €) (or of
(H(k")w, €) for some set W of urclements) and M has cofinality o, then
Corollary 3.4 applies to M. This, together with [25, 4.1] proves [25, 4.2(3)] i.e.,
the IIl-compactness of almost all levels of cofinality @ in any cumulative
hierarchy of length «* whose union is H(kx ") for some set W of urelements.
Actually, the work reported in this paper started from the proof of Corollary 3.4
(for M admissible) for the purpose of getting this result on II{j-compactness.
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Corollary 3.4 was first proved directly, along the lines of [5] or [23] and later
derived from the completeness Theorem 2.1.

In Part IT of this paper we shall get a characterization of the limit ordinals a for
which (L,, €) is a Kleene structure, assuming V =L,

4. Overture to the Proof of Theorem 2.1

Before we prove Theorem 2.1 (in the next two sections) we shall elaborate on
the DP and draw an equivalent form of it which will be easier to apply.

Both (DP1) and (DP2) state that every set is a countable union of sets z; whose
power set is still in the admissible set A, and the power set of z; can in some sense
be effectively found. The apparent strengthenings of (DP1) and (DP2) which we
shall consider (but which are actually equivalent to (DP1) and (DP2) respectively)
will state that every set in A is a countable union of sets z;, such that P(z; X z;) €
A, and 2(z; X z;) can be found in some effective sense.

Definition 4.1. & has the strong first decomposition property (SDP1) if there is
an #-1.e. predicate S such that {(X, (X x X)) | S(x)} is &f-1.€. and such that every
member of & is a countable union of elements satisfying S. Such S is called a
strong smallness predicate for «.

Definition 4.2. A strong decomposition relation for & is R < A? such that

(a) Ris o re.

(b) VX3YR(X, Y).

(¢) For every X, Y such that R(X, Y), X can be represented as a countable
union X =, =, X,,, where X, €Y and (X, x X,,))= Y. & has the strong second
decomposition property (SDP2) if it has a strong decomposition predicate.

The main result of this section is that the seemingly stronger (SDP1) and
(SDP2) are respectively equivalent to (DP1) and (DP2). The reader who is
satisfied with replacing (DP1) by (SDP1) in the statement of Theorem 2.1 can skip
this section and go directly to the Proof of Theorem 2.1 in the next section. The
only fact from this section we shall need is Lemma 4.7 which is independent from
any thing else proved in this section. To motivate the proofs of these two main
facts we give first a non effective version.

Theorem 4.1. Let (A, €) be a transitive set closed under primitive recursive set
functions (‘prim closed’). Assume that every x € A can be written as |J;.., z;, such
that P(z;) € A, then every xc A can be expressed as ;.. zi where P(z; X z;) € A.

Proof. If every member of A is countable, then the theorem is trivial (because
every member of A is union of singletons and for singleton z;, clearly #(z; X z;) €
A).
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It is clearly enough to prove the theorem for x’s such that ?(x)e A. So let x be
an infinite set such that (x)ec A. We first show that we can find a large enough
member of A, whose power set is still in A.

Lemma 4.2. Let A be as in Theorem 4.1. If ?(x)e A and x infinite, then for some
z€EA

|zl>222h‘I and P(z)e A.

Proof. Since P(x)e A, we can find z; € A such that #(x)=J;~, z; and P(z,) € A.
The cofinality of |#(X)| is bigger than w. Hence for some z; we have |z;| = |P(x)| =
2! Since ?(z;)€ A we can repeat the argument for x replaced by z;. Repeating it
twice we get z€ A

lz|=2>" and 2(z)eA. 0 Lemma 4.2

The next fact states that we can find z of large enough cardinality, so that
P(zXz)e A.

Lemma 4.3. Let x and A be as in Lemma 4.2. Then there exists t€ A, such that
lt|=(2*)* and P(txt)e A.

Proof. Let z be an element satisfying Lemma 4.2. Since A is prim closed
z Xz € A. By assumption z Xz =J,,-, y. Where y, € A, ?(y,)€ A. Enumerate z
in a sequence (z, |y <|z|) let [z]* be the set of unordered pairs of elements of z.
Then

[2]2 = U Wioin

where

W, .=z, zs}| v <8,(z,, z5) €y, and (25, 2,) € Y, }.
By the Erdos—Rado partition Theorem [7] and the fact that |z|=(2%")", there
exists a subset ¢ of z such that

lt|=(2"h* and [t W,, for some fixed m, n<w.

It follows that txXt<y, Uy, Ut where t' ={(y, y)| yet}. (Note t'€ A since A is
Prim closed.) Since ?(z)e A, we have t€ A. Recall that P(y,,), P(y,), P(¢') all
belongs to A. (The later is because we have P(t)e A, and t’ is an A image of t.
Again we use the fact that A is prim closed.) Clearly we get P(txt)e
A. [OLemma 4.3

We now conclude the proof of Theorem 4.1. So given infinite x such that
P(x)e A. Let t satisfy Lemma 4.3 with respect to x. xXt€ A, hence xxXt=
Un<eo 2, Where 2(z,) € A.
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Every member of t,] determines a partition of x into » many parts. Since
|t = (2*"* and the cardinality of such partitions is 2. We get t' <, |t'|= (2"
and every l €t determines the same partition on x, namely x = can be represented
as a union |J, ., x, where x, Xt < z,.

Since |t'|=|x,|, there exists a function f, from t' onto x,. f, S x, xt’, hence
fL€P(z,) € A, so we get f, € A. Recall that (t'Xt'Ye A, x,, is an A image of ¢'. It
follows that P(x, Xx,) € A. (P(x,xx,) is the set {R|for some TeP(t'xt):
R={{f.(),f.(m)| (,m)eT}.) Hence X is a countable union of sets the
powerset of whose square is in A. [ Theorem 4.1.

We now handle (DP1).
Theorem 4.4. (DP1) implies (SDP1).

Proof. We begin the proof by showing that the smallness predicate S may be
assumed to be closed under A images.

Lemma 4.5. Let S be a smallness predicate for s and let

S={XecA|@f YecA)S(Y) and f is a function from a subset of
Y onto X7},

then S is a smallness predicate for &, S= S and S is closed under A images.

Proof. S is clearly 3,(sf) since S is. Next note that if f is a function from a subset
of Y onto X, then 2(X)={f'W | We®(Y)}. Therefore S(X)>P(X)c A as A is
prim closed. Also {(X,?(X)| X e S} is 3,(«f) since

SX)rnz=PX)&@f Y, te A)S(Y)At=P(Y)
A(f is a function from a subset of Y onto X)
Az={f'W|Wet}l.

This shows that S is a smallness predicate for A and the rest of Lemma 4.5 is
obvious. [J Lemma 4.5

It follows from Lemma 4.1 that if & satisfies (DP1), then (DP1) is witnessed for
& by some smallness predicate S which is closed under A images. Fix such S and
note that every subset of a member of this S is also a member of S and that every
X € A such that |X]=<1, is a member of S. Let « be the least ordinal such that
—1S(k). Then for a € A, S(a)& a <k. Clearly 1<k <0(A), and it is possible that
k = 0(A). The next lemma shows that every x € A is a countable union of sets
which are A images of some a <k.

Lemma 4.6. Every X € A is a countable union of U, -, X,, where for some o, <«
and f, € A, X,, =fre, and f, is one-to-one.
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Proof. By Theorem 4.1 we can express X as |J, ., X, where (X, X X,)e A.
Without loss of generality we can assume that S(X,,). (Otherwise replace each X,
by a decomposition of it into countable union of members of S.) X, can be
well-ordered by some relation R,. Since R, = X, X X,,, we have R,, € A. But (A, €)
is an admissible set. Hence for some f, € A and some ordinal «,,, we have A F“f,
is an order preserving function from {e,, €) onto (X,, R,)".

By our assumption about S being closed under A images we have S(ea,),
hence o, <k. [ Lemma 4.6.

Conclusion of the Proof of Theorem 4.4, We have to produce a strong smallness
predicate for A. We define

S={XeA|X is an A image of some a <k}

Note that S={XeA|@B<k)3FfecA)(f:B— X is 1-1 and onto)}. Hence § is
A-r.e. By Lemma 4.6 every member A is a countable union of members of S.
The only claim left to be verified is that {(X, (XX X))| S(X)} is #f-r.e. (This
includes the claim that for S(X), P(XxX)e A.)

We show first that <k >P(a X a)e A and that {(a, P(a X a) | a <«} is o-r.e.
Note that if a is infinite, since A is admissible, we have a bijection g:a—a Xa,
hence, using P(a) e A we get P(a X a) € A. The case « finite is obvious. Moreover

a infinite Aa<kAY=PlaXa)e3Z3g(g:a—aXa
is a bijectionAZ=P(a)AY ={f"z |z Z}).
Hence we get that {{o, Pla X ) | a <k} is &-r.e. (Recall that o < k — S{a). Now if

onto

S(X) we have some a <k and g:a =>X. Define §:a—>XxX by g(&n)=
(g(&), g(m)). Then P(X x X)={g"t| te P(a X a)}. Hence

SXIANY=2(XxX)&S(X)AQa, Z,gc A)
[a<kAZ=PlaXa)rg:a 5 XAY ={g"t| te Z}].
This proves that {(X, (X, X) | §(X)} is of-r.e. and S was shown to be a strong
smallness predicate [J Theorem 4.4.
Our subsequent use of strong smallness predicates depends on the following

simple observation.

Lemma 4.7. Let S be a strong smallness predicate on A. If S(X) holds and X is an
infinite set, then w € A and w™ € A where 0™ ={f| f: X— w}. Moreover, the relation
{(X, @) S(X) and X is infinite} is of-r.e.

Proof. If S(X) holds, then all subsets of X and all binary relations on X are in A.
If X is infinite, it has a subset X, and a well-ordering r of X, the order type of
which is w. It follows that w € A and that the unique isomorphism g : (X, r) onto
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(w, <) is in A. Now o> ={gof|f:X—X,}. Since P(XxX)e A it is clear that
XXe A, hence w* € A,
For the moreover part note that

SXNY = 0X&[AX,, g, Z, We ATS(X) A

ANZ =, XxX)nXocXng:X, is one-to-one and onto w A
AW={flfeZ f:X—>X}rY={g°f|fe W}l

This relation is sf-r.e. because S is a strong smallness predicate on &f. [] Lemma
14.7

We now wish to prove that if &f has (DP2), then o satisfies (SDP2). This is not
needed for the proof of Theorem 2.1, but will be used to show that (DP2)=>
(DP1) whenever A contains an element of maximal cardinality. Several examples
in Section 2 depend on this fact.

Theorem 4.8. If A satisfies (DP2), then it satisfies (SDP2).

Proof. The idea of the proof is to have an effective version of the proof of
Theorem 4.1. We fix a decomposition predicate for o, R. We shall assume
without loss of generality that

R(X, Y)>?({a}tx{ah)eY forall aeX

The first lemma is a variant of Lemma 4.2 except that we handle not just one x,
but all collection of them, provided we are given a set y containing the power set
of all of them.

Lemma 4.9. Let o satisfy (DP2). There exists an sf-r.e. predicate T such that
() VY3AZT(Y, Z2).
(b) If T(Y, Z), then for every infinite M€Y such that #(M)ec Y, Z contains a
member F whose cardinality is 2>, and #(T)< Y.

Proof. Define #(Z, T) —the power set of Z relative to T -by
PZ,T={Y|Y<cZ YeT}

P(Z, T) is clearly sf-recursive.
Define Q(Y)={2(Z, V)| Z€Y}.
R is a decomposition relation for &f.
Define T,(Y, Z) by
ToY,Z)>VTeZ3AScQ(Y)IU
[R(S, U)ATe UIAVS e Q(Y)IUIR(S, U)AUc Z],

i.e. Ty(Y, Z) means that Z is the union of decomposition candidate for members

of Q(Y).
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Note that by properties of R and the admissibility of A, VY 3Z T,(Y, Z). Note
also that if M € Y, M infinite and (M) Y, then if T(Y, Z) holds, then for some
U, R(®(M), U) holds, and U = Z. Hence for some X,,’s, X, € Z P(M) =, <o, X,
Therefore some X, has cardinality 2™ and P(X,)c U< Z.

We can now iterate the definition of T, to get

T(Y, 2)>3Z,, Z, (TAY, Z) AT Z,, Z,) N T Z,, Z)).

T(Y, Z) is clearly sf-r.e. VY 3AZ T(Y, Z). If M e Y, M infinite and (M) < Y, then
if T(Y, Z) holds (witnessed by Z, and Z,), then in Z, one can find M, such that
|M,|=2™ P(M,)< Z,, hence in Z, one can find M,, |M,|=2™!, P(M,)c Z,.
Similarly in Z one can find M;, |M;|=2™:!, ?(M,) < Z. We can take F =M, and
the lemma is verified. [ Lemma 4.9

The next lemma corresponds to Lemma 4.3.

Lemma 4.10. Let o satisfy (DP2). There exists an o-r.e. predicate M(X, Y) such
that

(a) YXIAYM(X Y).

(b) If M(X,Y) holds, then for every infinite SeX, such that #(S) =X, Y
contains a set U,|U|=2"SY*", 2(UxU)c Y, P(U)c Y.

Proof. Let T(X, Y) be the predicate satisfying Lemma 4.9. Let M*(X, Y) be the
predicate expressing the fact that, for some Z, T(X, Z) holds and Y contains (as
subset) U satisfying R(S xS, U) for all Se Z. Namely

M*X, Y)>3Z[(T(X, Z)INZ=YAVSeZ
QU (R(SXS, NHAUSY)AVSeZ{(s,s)|seSte Y]

M¥X)Y) is () and VX IYM*(X,Y). (Since VX3IAZT(X,Y) and VSe
T3IAU R(S xS, U)). Define M(X,Y) as expressing the fact that Y contains the
unions of all triples of elements of some Z satisfying M*(X, Z) i.e.

M(X, Y)3Z (M*(X, ZYAVZ,, Z,, Z:€ Z (Z,UZ,UZ;e Y).

M is the required predicate. Clearly M is 3,(«f) and VX IYM(X, Y). Now
assume that M(X, Y) holds and S € X, S infinite and 2(S) < X. For some Z we get
that M*(X, Z) holds and that the union of every triple of elements of Z is in Y.
By definition of M*, Z contains an element V,2(V)< Z such that |Vl:222IS|
(recall the properties of T) and VxV=U,., V. where #(V,)cZ By the
arguments of the proof of Lemma 4.3 we get that for some U<V, |U|=(2'S)*
and for some m, n

UxUcV, UV, Ul{(uu)|ue U}

It follows that every subset of U X U is the union of three elements of Z. Hence it
isin Y.



Sh:144

Countably decomposable admissible sets 305

It follows that Y contains an element U, |U|=(2"S)" and #(UXU)<cY,
A U)c X. O0Lemma 4.10

Lemma 4.11. Let of satisfy (DP2). There exists an o-r.e. predicate Q(X, Y) such
that

(a) YXIAY QX Y).

(b) If Q(X, Y) holds, then for every infinite S € X such that #(S)<c X,
there are 1-1 functions in Y, f,, (n<w), such that S=J,, range(f,),
#(Dom(f,) x Dom(f,)) = Y.

Proof. Let M(X, Y) be the predicate satisfying Lemma 4.10. Define Q(X, Y) by
QX Y)AZ[MX, Z)NZ=YAVUeZ
VSeX3aL(R(UXS,LYALc Y],

i.e. Q expresses the fact that for some Z satisfying M(X, Z), Y includes as subsets
a decomposition witness for every Ux S where UeZ,Se X (i.e. L such that
R(UXS, L)). That Q is 3(sf) and that VX IY O(X, Y) is easy to verify. Assume
Q(X, Y) and let SeX be infinite with P(S)c= X. Let Z witness Q(X, Y), in
particular M(X, Z) holds. By properties of M, Z contains U, such that (U x U)
cZcY and |U|=(2)*. Since R is a decomposition relation, and Y contains
a decomposition witness for UxS we get UxS =), V., where #(V,)cY.
Now the argument is as in the conclusion of Theorem 4.1, i.e. we get that for
some U'c U, |U'|=(2°)" and some sequence S, (n<w), S=S, and U' xS,
onto

V,. Since |U’|=|S,| we get the existence of a 1-1 function f: U,~>S, where

U,cU'. Clearly f,c U xS,<U,. Hence f,€Y. The facts S=U,.,range(f,),
#(Dom(f,,) x Dom(f,,))c Y are obvious. [0 Lemma 4.11

The conclusion of the proof of Theorem 4.8. We shall produce a strong decom-
position predicate using the predicate Q(X, Y) introduced by Lemma 4.11.

R(X, Y) will express that for some T such that R(X, T), and some Z such that
Q(T, Z), for every function f in Z the preimage of f of a set of pairs is in Y,
namely:

R(X, Y)=>3ITAZ(R(X, TIANT< YAQ(T,Z)AVfec ZVLecZ
[f is a one-to-one function from some K to N, AL KXK
—{f(r), f(s)) | (r,s)e L}e Y]).

Again checking that R is 3,(sf) and that VX 3Y R(X, Y) is easy to verify.
Assume that R(X, Y) holds and let T, Z witness it. Since R(X, T) holds we get
X =Un<o X, where P(X,)=T. If X, is finite, then we can assume |X,|=1.
By the properties of O(T, Z), each infinite X,, can be represented as X, =
Um<o tange(f,..) where f,,.€Z and P(Dom(f,,,)*xDom(f,.))=Z for some
one-to-one functions f, .. Let range f,,.=X,,. By definition of R, since
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P (Dom(f, ) X Dom(f, ..)) = Z we get P(X,,,, XX, )= Y. Hence X =, Xom
where X, €Y and P(X,,. %X, )<Y which proves that R(X,Y) is a strong
decomposition relation. [ Theorem 4.8

The main reason for having Theorem 4.8 is

Proposition 4.12. If A contains an element of maximal (real) cardinality, then if
A has (DP2) it has (DP1).

(Note: We have an example where the proposition fails if A does not contain
an element of maximal cardinality, see Section 16.)

Proof. Assume that & satisfies (DP2) and let R be a strong decomposition
relation for & (we use Theorem 4.8) and let D be an element of A with maximal
cardinality.

Let B satisfy R(D,B) and pick a representation D =J,., D, where
PD, xD,)< B. Let |D,|=«, and « =|D|. Clearly « =sup, -, k.. And since D is
of maximal cardinality 2% =|®(D,)|=<|D|. Hence « is a strong limit cardinal
having cofinality w. Since P(D, X D, )€ A it is clear that P(k,)e A. (By picking a
well-ordering of D,, of order type «,,.)

Define the smallness predicate S by

S(X)e3a <k Bf(f:Xixx).

S is clearly 3;(sf). If S(X) holds, then P(X) e A, since P(a) < A for a <k. In fact
even (X x X)< A. We have to verify that (X, ?(X)) for X in S is of-r.e. But if
We A, XeS, then

W=2(X)oVwe W (o< x)aTa <k If (fi—sa A
VY e B (Y a well-ordering of order type o

order preserving

—3g [g:Dom(Y) a)A

VZcYZeBAf(g"Dom Z)e W)).

We used the fact that relation “Y is a well-ordering of order type a” is
oA-recursive since it is both I1,(sf) and 3,(sf).

Every xe€ A is countable union of sets in S since by R being a strong
decomposition relation X=|J X, where P(X, % X,)e A. Therefore |X,|<k,
hence in A we can find a well-ordering of X,, of order type a for some o <«k.
Therefore S(X,) holds. [ Lemma 4.9

5. Proof of the completeness theorem using games

In this section we prove Theorem 2.1(a), that an admissible structure having DP
is 3;-complete for o-small theories. Upon examination of the proof, one can
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check that it yields uniform 3;-completeness, hence 3;-compactness and one can
deduce 2.1(b).

The use of games or game formulas to establish 3,-completeness, which
originated with Vaught is well known today (see e.g. Makkai [18], also [17] and
Grant [12]).

The general idea of the proof of Theorem 2.1(a) is to characterize the relation
¢ €Cn(T) for e A and T a o-small A-r.e. theory by the existence of a winning
strategy for the second player in a certain open game Gr,. In this game the first
player (call him White) attempts to produce an increasing sequence (@, | n <o) of
sets of sentences whose union is a Hintikka set (see [18] and below), including
T U{—¢}, while the second player (Black) provides him with pieces of T and with
various challenges, especially concerning the choice of disjuncts from various
disjunctions. If TU{—1¢} has a model, then White has a strategy for facing
Black’s challenges and hence win after w steps. If on the other hand ¢ € Cn(T),
then White cannot have such a strategy and hence (since the game is open and
therefore determined) Black has a winning strategy.

In order to be able to express the existence of a winning strategy for Black by a
3, -formula some assumptions must be made on the definability over & of the set
of options available for each player. The following Corollary 4.2 takes care of the
matter.

First we describe the open game OG(A, P) associated with any set A and any
set P of finite sequences from A containing the empty sequence. (i.e. fe P<
A~®). The two players White and Black alternately choose elements aq, a4, a5, . . .
of A. As soon as a position (ag, . . ., a,) ¢ P is reached, the player who moved last
(White if he is even, Black if he is odd) is declared loser and the game stops. If the
game continues for o steps so that (ay, ..., a;) € P for all k <w, then White is the
winner. We denote by Py (Pg) the set of all xe P of even (respectively odd)
length. Py, (Pg) is thus the set of positions at which it is White’s (Black’s) turn to
play. Define a function O :Pyw— A by

Ow(x)={ye A|xy)eP}.

Owl(x) is the set of options available to White at position x and we call Oy, the
options function of White. The options function of Black is defined similarly and
denoted by Og. A position x € P is called a winning position for some player
when that player has a winning strategy in the game obtained from OG(A, P) by
taking x, instead of @ as the initial position (where White moves first if x € Py
and Black otherwise).

Lemma 5.1. Let of be an admissible structure. Consider an open game OG(A, P)
where the set P of positions is f-r.e. and the options function Oy of White is oA-
partial-recursive. Then the set of winning positions for Black in this game is o-r.e.

Proof. The set in question is the least fixed point of the following inductive
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definition: x€ S if
[x € PwA(Vy € Ow(x)(x"(y)e S)]U[x € Pg ATy (xXy)e S)].
Thus the set is &f-r.e. by Gandy’s theorem [1]. [0 Lemma 5.1

For later use we remark that one may assign to each winning position x for
Black an ordinal D(x) measuring ‘how far’ Black is from winning. D(x) is simply
the stage at which x enters into the least fixed point of the above inductive
definition. Thus D(x)< « if

x € Py (Vy € Ow(x))D(x(y)) <a]v[x e PgATy (D(x(y)) <a)].

We stipulate that D(x) = oo for any position x which is not a winning position for
Black. « is considered greater than any ordinal.

Noting the uniformity of the above inductive definition in which P and the
graph of Oy, occur only positively, and using the obvious uniform positive version
of Gandy’s theorem we conclude

Corollary 5.2, There is a fixed 3,-formula p(x, X", Y"*) such that whenever o and
P are as in Lemma 5.1 and a€ A, then a is a winning position for Black in
OG(A, P) if skpla, P, Ow]. (We identify O, with its graph.) In particular (letting
a =) there is a 3;-formula po(X", Y) such that for A and P as above, Black has
a winning strategy in OG(A, P) if AEp [P, Owl.

We need a few more preliminaries on sets of L., sentences. As far as Theorem
2.1 is concerned there is no loss of generality in considering £.., sentences built
up from atomic formulas and their negations by means of A, v, ¥V, 3 (.e.
sentences in negation normal form) and in which the only nonlogical symbols
occurring are relation symbols and individual constants. (‘=" is considered a
logical symbol.) Let @ be a set of such sentences. Put

Cy(®)={c| c is a constant occurring in & or

~is the specific constant c,},
C(®)={¢/| ¢ is a conjunct of a member of @},
Co(@)={y(c) | Vx y(x)e @ and c e Co(P)},
Cy(@)={c=c|ce Co(P)},
CuD)={c=d|‘d=c"e ]},
Cs(@)={c=e|for some d ‘c=d’e ® and ‘d=e’c D},

5
C(®)=|J C;(®)=the set of ‘immediate logical consequences’ of @}.

i=1
Note that the operation C is set-primitive-recursive, hence its restriction to any
admissible set A is A -recursive.
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By a witnessing assignment for & we mean a one-to-one function h such that

dom(h) ={3x s(x) | Ix Y(x) € @ and there is no
constant ¢ such that y(c) e @},

the values of h are constants outside Co(P). We assume that some fixed
primitive-recursive operation H has been chosen, which assigns to any set @ (of
sentences of the form considered above). a witnessing assignment h = H(®) for
. Let

C'(®) =D U{y(c) | Ix y(x) e Dom(h) and ¢ = h(3x ¢(x))}

where h = H(®). Thus C"(®) is the result of adding to @ witnesses to existential
statements in some fixed primitive-recursive way. Note that if @ already contains
the required witnesses, then H(®)=§ and C'(P)= .

Let C"(®)=C(®P)U C'(P). Call @ a Hintikka set when

(1) @ does not contain an atomic sentence and its negation.

2) C'(P)= .

(3) Whenever \/ ¥ e @, some disjunct ¢ € ¥ belongs to @.
We remind the reader that every Hintikka set has a model (cf [18]) and that every
model of @ in which only constants from Cy(®) are interpreted can be expanded
to a model of C'(®), hence of C"(®) (for ®EC(D)).

The main result of this section is

Proposition 5.3. Let A be an admissible structure having the DP. Then there is a
3 (A)-formula o(T") such that whenever T is o-small s-r.e. (consisting of
sentences in negation normal form without function symbols but possibly with
constants), then

AFEa(T) if T has no model.

This clearly implies Theorem 2.1(a) because ¢ e Cn(T) if TU{—1¢} has no
model and the translation to negation normal form and replacing function
symbols by predicates are primitive recursive syntactical operations.

Proof of Proposition 5.3. Fix S and R witnessing the fact that & has (DP1) and
(DP2) respectively. By Lemma 4.4 we can assume that S is a strong smallness
predicate for &f. Let T be a o-small «-r.e. theory as assumed. We are going to
describe an open Game OG(A, P) associated with T such that T has a model iff
White has a winning strategy in this game. Then we shall use Corollary 5.2 to get
the desired ¥,(«f)-formula which is independent of T (getting a uniform version
of Proposition 5.3).

The rules of the game are as follows: At step n White chooses an element
a, € A and Black chooses some b, € A, each player being required to fulfill the
condition below. The set P of positions in the game is the set of sequences
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{ay, by, ay, by, a,, b,) or {ay, by, - . ., a,) with the following conditions satisfied:
a, is a quadruple a, =(F,, &,, D,, G,),
b, is a triple (T,, X,,, Y,).

[Informally White tries to construct @ =P, P, < - - - such that |J,., D, is a
Hintikka set @, and Black forces him to include in @, a piece T, of T, so that
eventually @,2T. X, is a challenge for White to choose disjuncts for a certain
small set of disjunctions in @, (this set is D, ,,). G, ., is Whites reaction to this
challenge. Usually G,.,; does not give the desired disjuncts but consists of a
promise to choose each of them after a specified number of steps. F,., is the
fulfillment of promises of this kind given earlier in the game. The role of Y,, is
technical and has to do with restricting the options of White to choosing disjuncts
in the future, so that the set of available options is a member of A, so we can
apply Lemma 5.1. It will be helpful to note that any function choosing disjuncts
from some members of X, is a subset of X, X Te(X,).]

Now we state more formally the type of moves White and Black can play in the
game.

ao=(9,9,9,9).
b, =(T,, X,, Y,))

where T, < T (T, € A as b, e A), S(X,,) and R(X, xTc(X,), Y,.).
an+1 = (Fn+1’ ®n+1’ Dn+1’ Gn+l)

such that

(1) Dyyi={eleecX, NP, ¢ is a disjunction, such that no disjunct of ¢
belongs to @,}.

(2) If D,,,, is finite, then G, is a function that chooses a disjunct from each
¢€D,.

(3) ¥ D, ,, isinfinite, then G,.,:D,,;— o —(n+2). [Informally if G, ,,(¢) =],
it means that White promises to choose a disjunct from ¢ at step j.]

4) F,.\ ={T""|1<is<n). f 1<i<n and D; is an infinite set of disjunctions
and o;: D, —>w—(i+1), then ' is a function that chooses a disjunct from each
¢ € D, satisfying G;(¢)=n+1 and f*' e Y,. For other values of i between 1 and
n, fi =9

S &D,.,=C"(P,)UT, U, range fI*" (if D, is finite, we also add range
G, .1 to the union) such that @, ,, contains no atomic sentence and its negation.
Clearly the set of positions in this game is of-r.e. (The distinction between D,
finite and infinite comes from the case w¢ A.)

Lemma 5.4. The options function Oy, is sf-partial-recursive.

Proof. The main point to notice is that if pe Py (i.e. p is a position in which
White is to move), then Ow(p) is a member of A. This is clear if p=0. So assume
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p ={(ag, bo, - . ., a,,, b, ). Note that there is no freedom in the choice of D, which
is a primitive recursive function of b,. Given D, ., if it is finite, then A contains
as a member the set of all functions from D, ., into Tc(D,,,,). (In fact there is an
o-r.e. function mapping D, ., into this set.) If D, ,, is infinite note that D, ., €
X, and S(X,). Hence P(X, X X,,) € A. (We assumed that S is a strong smallness
predicate.) In particular, if X, is infinite, @*€ A (see Lemma 4.7) and the
function mapping XeS to wX is o-re. Hence we have an «f-r.e. function
computing the set of possible G, .,’s from b,,.

Remember that f**! was required to be in Y;. Hence we can find an «f-partial-
recursive function computing from (b, ...,b,) the set of possible
F,.,. OLemma 54

It is clear from the preceding arguments and the proof of Lemma 5.4 that one
can write 3,(sf)-formulas p,(x, T") and p,(x,y, T") which define the set of
positions P and the graph of Oy, in the game associated with T, for any choice of
the of-r.e theory T. (The only place T occurs is in the requirement T, < T on
Black’s move.)

Let o(T") be the formula

pO({x l pl(X, T+)}9 {(xs y) | p2(xa y’ T+)})
where p, comes from Corollary 5.2. Then if T is of-r.e. we get
A ko[ T]if Black has a winning strategy in the game associates with T.

Now comes the model-theoretic part of the proof.

Lemma 5.5. If T is o-small, then T has a model if and only if White has a winning
strategy in the associated game.
(We are not using the sf-r.e.ness of T).

Proof. First suppose that T has a model and let # be a model for T. We describe
the winning strategy for White. At the time of choosing his move a, =
(F,, @,, D,, G,) he also defines an interpretation in 4 of all the new witnessing
constants appearing in @,, interpretation that extends the interpretation he
already picked for new constants which appeared in @, _;.

More precisely at step n White picks a 7-triple

Cl’l - (Fn’ ¢n’ Dn’ Grl’ 'Mn’ Hn) <h;(1 \ n < k <w>)

of which the first four members form his move a,, 4, is the model #, expanded
by the interpretation he picked for the new constants appearing in @,. As
induction assumption he makes sure that M, F®,. H, and hj will be described
below. (If n=0 the 7-triple is (@, 3, 9, 9, 4, @, 3)). (We are not assuming c, € A,
just that its first 4-members are.) Assume ¢, has been chosen and Black’s legal
move is b, =(T,, X,, Y,). Now White has to choose c,, ;.
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D, ., is of course determined by &, and X,. By assumption 4, F®,, hence
M, ED, . Hence for every disjunction of D, ., some disjunct holds in /. Let
H, ., be a function defined on D, ., which picks such a disjunct for every member
of D, ;.

Note that H,.,< X, xXTc(X,), hence that by definition of Y, (note that
R(X, xTc(X,), Y,) holds). H,., is a countable union of sets whose power set
belongs to Y,.

H, ., can be represented as a countable disjoint union of members of Y,, hp™!
(i<k<w). (h?!is a partial function from D, to Te(D,.,).)

If D, ,, is finite, then White picks G, ., = H, ;. If D, is infinite, then White
defines G,.;: D, .;—® by G, (p)=the unique k such that peh}*'. (G,.,€ A
since w™e A.)

F,.=(fili<j<n)

where if D; was infinite, then f;= h! (h! comes from his previous choice of ¢;) and
fi=0 otherwise.

‘Dn+1 = C”(¢n) U Tn U U range(fii)~
i=1

(We add range (G,,,) to &, ,, if D, is finite.)

White has now to interpret the new constants appearing in @, ., but that can
be easily done by expanding ,,, noting that by induction assumption #, F®P,, .
The resulting expanded model is #,.,. Note that #,,,F®P,  ,, (one has to use
induction, noting the particular way in which h! were defined for j=<n, we of
course use M, FT, since T,< T).

Thus we see that as long as Black plays legally, White can continue to choose
the 7-triple ¢, but then he can continue his play. So White has a winning strategy.

Conversely assume that White has a winning strategy and we show that T has a
model. We shall construct a sequence (b, | n <w), b, =(T,, X,, Y,) of legal moves
for Black such that | J,., T, =T and for all kew, Urcnce X, =P, =U, <o, P,
where the sets &, are generated by White using his winning strategy in response
to the play by, by, ... of Black. Then @, is a Hintikka set containing T. Indeed
b, 12T, .1, ©..1=2C"(dD,), no atomic sentence and its negation belongs to @,.
Moreover every disjunction 8 € @, either has a disjunct in @, or (since it belongs
to X, for some m > n) it falls in some D, ,, and then has disjunct in ®; where
j=m+1if D, . is finite or in &, where k = G,,,,(8). As every Hinttika set has a
model, T has a model.

It remains only to show that Black can play as desired. Since T is o-small he
can obviously pick T,, = T, T,, € A whose union is T. Also once X, is chosen there
always exists a suitable Y, since R is a decomposition relation for &£. So the only
problem is to choose X, € S such that | Jy <, <, X, = P, holds for every k.

Each &, is a member of A, hence by S being a smallness predicate for ¢
witnessing that & has (DP1), &, =J,., Z}, where S(Z}). Once White picked &,,
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Black picks a suitable sequence {Z'|l<w) and plays X, = Z}' at step k where
f(n,)=k. (f is any 1-1 function from ®? onto @ such that f(n, [)=n for each
n, [ <w.) Clearly U cney, X, = P, for every k>w. [0 Lemma 5.5

Since our game is open, it is determined therefore, for a o-small theory, T,
Aka(T) iff T has no model. U Proposition 5.3 [ Theorem 2.1(a)

Proposition 5.3 also implies 2.1(b) (compactness), since if T is g-small and T
has no model, then ko (T). Therefore by ordinary X;-reflection (note that T
appears positively in o, hence o(T) is a 3,-formula) it follows that ofFa(T’) for
some T'c T, T' € A. Since T' € A, it is trivially o-small, hence by Proposition 5.3,
T’ has no model. [ Theorem 2.1(b)

(This argument is essentially a repetition of Nyberg’s proof that uniform X,-
completeness implies X,-compactness. See [22], Proof 1.2].)

Theorem 2.1(c) will be proved in Section 7. Actually the proof of Theorem 2.1
gives a uniform version of this theorem, (uniform across different admissible
structures, the only parameter changing will be the specific smallness predicate
and the specific decomposition relation).

Proposition 5.6. There exists a (fixed) 3,-formula o,(S™, R*, Q", T*) such that if
o is an admissible structure, S is a smallness predicate for s (witnessing (DP1)), R
is a decomposition predicate for s, Q is the predicate {{x, ®*)| X €S, X infinite}
(hence S, Q, R, are sd-r.e. relations) and T is o-small sf-r.e. theory, then

T has no model if AFoy(S, R, Q, T].

Proof. By examining the construction of the formula ¢ in the proof of Proposi-
tion 5.3 and noting that if T is «-r.e. we can write (uniformally) a 3,-formula
¢(x, T") defining the theory obtained from T by replacing each function symbol
by appropriate predicate and transforming each sentence to its negation normal
form. We also use the fact that the transformation from a smallness predicate to a
strong smallness predicate is uniform, as well as the proof of Lemma
4.7 [ Proposition 5.6

Corollary 5.7. There exists a X,-formula o5(S*, R, Q*, T*, X) such that if
A, S, R, and Q are as in Proposition 5.6 and T is a o-small od-r.e. theory, then

Cn(TINA={acAldFc,[S, R, Q T,al}.

Proof. o, is obtained from o, by replacing T with T U{the negation of a}.
O Corollary 5.7

From Corollary 4.7 we immediately obtain uniform versions of the complete-
ness theorem for any example of a class of admissible structures for which we
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have a uniform definition of a smallness predicate witnessing (DP1) and a
decomposition relation witnessing (DP2). Thus for instance Examples 2.3 and 2.4
yield uniform versions of the Barwise and Barwise Karp completeness theorems
etc.

6. Axiom system and completeness theorem

From the proof of Proposition 5.3 one can extract an axiom system for L. ,MN A
from which every validity can be proved in A. The first step is to analyze in
model-theoretic terms what is the meaning of the fact that a certain position in
the game associated with a o-small theory T is a winning position for Black.

So let p={(aq, by, - - -, Ay, b,) or p={ag, by, ..., a,) be a position in the game
where a; =(F,, @, D,, G;), b, =(T, X,, Y;). We shall define the formula associated
with p, ¥,. (¥, intuitively means that if it holds in a given model of T White can
win by playing ‘inside’ this model.)

Define first Y;,, for i<n, m>n by

{flfey, Dom(f)=1{8 |8 € D;.,, Gi+1(8) =m},

Vx e Dom(f): f(x) is one of the disjuncts appearing in x},

T=ABAA A V A f.

i=1m>n feY;_ ,, xeDom(f)

(For n=0 we take ¥, to be cy=c¢,.) Note that ¥, oo =WVio b0 a by
Lemma 6.1. p is winning position for White if TU{W¥,} has a model.
Proof. Like the proof of Lemma 5.5. [] Lemma 6.1

Looking at the proof of Lemma 5.5 one can actually see that the proof yields

Lemma 6.2. Let q be a position in the game at which it is Whites turn to play. Let
M be a model of TU{W¥,}. (Note that M contains interpretation for all the new
constants in W,.) Then there exists pe Owl(q) and an expansion of M, HM', by
interpreting the constants in ¥, such that M'F Y,

It follows from Lemma 6.1 that Black wins the game associated with T, he wins
the game starting from any legal position p. (Otherwise TU{¥,} would have a
model, hence T would have a model, contradicting LLemma 5.5.)

Our axiom system for the admissible structure & having DP (where S, R
witness it, and S is a strong smallness property) is made up of the usual axioms for
L., for instance (A1)-(A7) of Barwise [1, II11-4] together with the following
scheme (which is a kind of distributive law). For each ¢ < L. N A, such that
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@ e A, S(®) and @ is a set of disjunctions, P infinite and for each Y € A such that
R(® xTc(d), Y) put an axiom of the form

(A8) AP—>V AV A fx)

Gew® m<w feYg,. @ cDom(f)
where Yg,.={f|f is a function defined on the set {¢ | ¢ € @, G(¢) = m}, and such
that Yo € Dom(f) f(¢) is one of the disjuncts appearing in ¢}. Note that since
S(®) holds, ®® € A, hence any axiom of the form (A8) is in A and the set of all
axioms is an sf-r.e. subset of L., N A.

The inference rules are (R1)—(R3) as in [1, III-4]. All axioms of the form (A8)
are valid because assume that @ is infinite set of disjunctions, S(@) holds as well
as R(®P xTc(d), Y). Consider a model M of A ®, we have to verify that H
satisfies

V. A V. A fx

Gew® m<wo feYg,, xeDom(f)

where Y., was defined above. By properties of R @ X Te(®) = U X, for some
X, (n<w) such that X, €Y, #(X,)c Y. Since A @ holds in M, for every ¢ € @
we have some f(¢)eTce(p) which is one of the disjuncts in ¢ which holds in .
The pair (@, f(¢)ye @ xTc(P), so for some Gle), (¢, fle)e X5y G will be the
witness for the outermost disjunction above. Let m <w. f,, = f M {w | G(¢)=m} is
clearly in Y¢,,.. Hence by definition of f, Axcpom,) fm(x) holds in 4, and we
verified that there is Gew® such that for all m <w there is f, € Yg
MEAxcpome f(x). This proves

MEN NV A fx).
Gew? m<w feYg m xeDom(f)
What we have proved (together with the known facts) shows that our axiom
system is sound. Now we prove that it is complete:

Theorem 6.3. For a o-small theory T, and ¢ € L., ,N A, €Cn(T) iff there is a
proof of ¢ from T in our axiom system.

Sketch of Proof. Define a theory to be sf-consistent if one can not prove a
contradiction from it in our axiom system. Assume TU{—¢} is consistent, then
White can win the game associated with T U {—¢}. White simply makes sure that
every position p arrived at the game TU{—¢}U{¥,} is «-consistent. He can
always do it because if the present position is p ={aq, by, . . . , d., b,) and he is
faced with b, =(T,, X,, Y,}, then by induction assumption ¥, is consistent with
TU{—¢}. Note that D, is a set of disjunctions such that S(D,,,) holds. We
claim that White can pick a function G, ,:D,,;— ® such that

TU{ntU{¥U{ A V A f(x}

m<o feYg,, xeDom(f)
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is of-consistent. (Otherwise using (A8) one gets a contradiction from TU
{m¢, ¥,}) Using G, ,, and the consistency of &, White can complete his move.
We leave the details to the reader. Hence if TU{¢} is consistent, White wins
the associated game, hence TU{—¢} has a model. Contradicting ¢ ¢
Cn(T). O Theorem 6.2.

7. Pinning down ordinals

Recall [1, ITI-7] that a theory T< L..,N A is said to pin down the ordinal « if it
contains a symbol << such that

(a) MET implies that < interpreted in /# is a well-ordering of its field.

(b) In some model of T, < has order type c.

In this section we prove Theorem 2.1(c), i.e. if T is an sf-r.e. a-small theory
which pins down ordinals, then the ordinals pinned by it are bounded below o(A).
Let

T'=TU{c, is in the field of <}U U {c.<c,_i}

where {c, | n<w} is a set of new constants not appearing in T. By assumption T"
has no models. (Otherwise T has a non-well-ordered model.) Hence Black wins
the game associated with T'. We shall make a small change in the game by
restricting the moves of Black, such that on his nth move he must play T, which
does not mention ¢, for k >n and T, 2{c; in the field of <} and ‘¢, <c!_, € T, for
0 <i=n. (It follows that ¢, for k> n does not appear in @,.) It is easy to see that
Black still wins the modified game. Recall that at the proof of Lemma 5.1 we
assigned by «-r.e. function an ordinal D(p)e A to any legal position in the game
in which Black wins. (Hence to every position.)

Lemma 7.1. Letp ={ay, by, ..., b, 1,a,yorp={ay,...,b._1, a, b,) be a position
in the modified game associated with T'. (Note that ¥, does not mention ¢, k =n.)
Consider all models of TU{W,}, then the order type of the initial segment of <
determined in the model by the interpretation of c,,_, is <D(p). (In case n =0 we
take ‘“‘the order type determined by ¢, " to mean ‘“‘the order type of <”).

Theorem 2.1(c) follows from Lemma 7.1, for n =0. Since D(@) € A. The order
type of < in any model of T is less than D(@).

Proof. By induction on D(p). We distinguish two cases:

(a) pePgs. In this case D(p)=D(q)+1 for some qe Og(p). But ¥, =1V,
D(q)<D(p), hence by induction assumption in any model of TU{¥, = ¥} the
initial segment determined by ¢, _, has order type <D(q)< D(p).

(b) pe Py, p=<{agy, by, . .., a,, b,). Let us distinguish two cases:

(I) TU{¥,} has no model. In this case the Lemma is true trivially.
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(ID) Tu{¥,} does have models. In this case, by Lemma 6.2, any model of
TU{¥,} can be expanded to a model of TU{¥,} for some q <€ Ow(p).

Note that since ¢, did not appear in &,, the only mention of it in @, comes
from T,. Hence all that @, implies about ¢, is that c, is in the field of < and
¢, <c,_ 1. Assume that in some model # of TU{¥,} the order type of the initial
segment of < determined by c,,_; is = D(p). M can be expanded to a model of
&, for some g€ Ow(p).

By definition of D, D(p)> D(q). Hence we can find in # an element x which is
< the interpretation of ¢,,_;, and such that the order type of the initial segment of
< determined by x is D(q). If we re-interpret ¢, as x we still get a model of
TU{¥,}. Hence we got a contradiction to our induction assumption for g, and the
Lemma is verified. [0 Lemma 7.1 [ Theorem 2.1(c).

8. Ordinal omitting

If < is a linear ordering, denote by Wf(<) the largest well-ordered initial
segment of <. Without loss of generality we can identify Wf(<C) with the ordinal
which is its order type. The following theorem generalizes Theorem 7.5 in [1, I1T]
(which is a generalization of H. Friedman’s theorem on the existence of models of
Set Theory with a given weli-founded part [8].)

Theorem 8.1. Let of be countably decomposable. Let T be a 3,-theory in L,,NA
such that TE“ < is a linear ordering” and for each B <o0(A), T has a model M
such that WI(<C) = B holds in the model. Then T has a model with Wf(<) = 0(A).

Proof. Let T be the theory T expanded with the addition of the constants cg for
B <o0(A) and the sentences

“cg is the field of <”AVx (x<czg—> V x=¢,).
a<f
T is clearly 3,(s¢) and it has a model (using Theorem 2.2-compactness). We want
to get a model of T such that the ordinal a = 0(A) is not in Wf(<). (For B8 < a,8 is
in Wf(<) by construction of T.) We expand T further to T by adding constants
Co, C1, . . . With the sentences “c;,,<¢”. T is consistent since otherwise T pins
down ordinals, hence for some B <o0(A) it can not have a model whose well-
founded part (hence itself) has order type =8.

We shall define a modified version of our basic game associated with T. The
intuitive idea is that in addition to the steps in the original game, White is given at
the nth step a small set of constants. (We assume that no constant ¢, k> n,
appeared so far.) He has to divide them into three subsets C;, C,, C;. C, is the set
of those which he decides to put in the well-founded part of the constructed
model. He has to witness it by picking an ordinal 8 <<o(A) and putting the
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resulting set of sentences ¢ <cz for every ce C,. C, is the set of those which
White decides to put in the non-well-founded part, so he makes c,,.; <c for every
ce C,U{cy, ¢q, . . ., ¢, }. (Note that the game does not satisfy the fact that Ow(p) €
A for every position p but that does not interfere with the following arguments.)
C; is the set of constants which White decides to put outside the field of <.

So the formal definition of the game is that Black plays b, =(T,, X,,, Y,,) where
T., X,, Y, are the same as in our original game except that T, does not mention
any constant ¢ k >n. White’s move is

@, =(Fprt, Puits Dy, Gy, C1HL, C37L, C5, B)
where F,.,, D, 1, G, are like in our original game. Define
Cn*!={the constants appearing in @, }NX,.
(By induction assumption C"**M{c,, ¢y, ...} S{cg, ..., c.}.) Then
CriUCE i UCH =C™, CrtiNeTti =g, i
B is an ordinal, 8 <o(A).

D, =C'(P,)UT,U U range(ff"HU{c<cg|ceCt*'}
i=1

U{c,i<clceCs M U{c.,1<c,}U{“c is not in the
field of ¢”|ce C3* 1.

We put range(G,,,,) in @, if D,,; is finite. Again @, should not contain an
atomic sentence and its negation. This finishes the definition of the games which
we denote by G.

For a position p in our present game, ¥, is defined as in Section 6. The proof
of Theorem 2.1 is divided into two parts:

Lemma 8.2. If White has a winning strategy in the game G, then T has a model in
which Wf(<)=0(A).

Proof. Since o is countably decomposable we pick X, such that S(X,,). (S is a
strong smallness predicate witnessing (DP1) for &) and UJ,, X, =A. We pick
also T, € A such that |J,., T, = T but T,, does not mention any ¢, for k>n. We
define Y, to be any member of A satisfying R(X, xXTc(X,),Y,). (R is a
decomposition predicate witnessing (DP2).)

At his nth move we let Black play (T,, X, Y,). Clearly White’s strategy gives a
sequence @, such that ¢, =UJ, ., D, is a Hinttika set, containing T. For &, we
can define a model in which every element is the interpretation of some constant
in the language of @,,. Each such constant, ¢, appears in some X,, hence it was put
in C1™1, C5*' or C5*1. In the first case for some B, ®,, ., contains “c <cg”, hence
by definition of T, C determines an initial segment of < of ordertype <B <o(A).
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If ¢ was put in C5*?, then ¢ is not in the well-founded part of < since- - <
Crin<cCn1<c. If ce C3", c is not in the field of <. So in the resulting model
every element in Wf(<C) is less than 0(A), but since it is a model of T, « = Wi(<),
hence Wf(<)=a. [0 Lemma 8.2

Lemma 8.3. In the game G White has a winning strategy.

Proof. White plays such that for each position p arrived in the game T=“U{‘I’p} is
consistent. Since ¥, does not change by Black’s move we just have to show that
given a position p in which White is to move, White can move to a position q such
that Tu{lI’q} is consistent. So assume p={ay, by,...,a, b,), where b,=
(T,, X,, Y,), let C* be defined as above. Note that ?(C*)c A, P(C"xC")e A
since C"< X, and S(X,) holds. Let # be a model of TU{¥,}. We shall not
distinguish between constants and their interpretation in . Let C5*" be the set of
those constants in C"*! which are not in the field of <. Let E={(c,c¢')|ce C""},
MEc<c'}. Note that C5*! and E€ A. Put

¥ =¥ AA{c is not in the field of <'|ceC3*"}
Ae<c|(c, e E}.

Clearly ’i‘u{qf} is consistent. ( is a model for it.) We already determined C3*'.
We next let White determine C3*!, C3*! and q.

E is an ordering of C""'—C3™". Let ¢ be the minimal element of Wf(E) such
that TU{‘I’}U{cB <c|Beo(A)} is consistent. (¢ does not necessarily exist.)

Let D be {d|(d, c)e E} if c exists and D = Wf(E) if ¢ as above does not exist.
Note De A. (P(C"*')e A.) We claim that 38 <0(A) such that TU{¥}Fd <c,
for all d € D. The reason is that

VdeD 3B 'd<c, eCn(TU{W}).
By our completeness Theorem 2.2(a) and 3;-reflection
3B Vde D 'd<cg' eCn(TU{¥)).

So we let White play C7*'=D, C53*'=C""'~(C}" U C3*Y), and the ordinal B
above. _
Let ¥ be WA Ayep d <cg. Clearly TU{¥} is consistent. We claim that

TU{WUlc,,, <d|deCi*l

is consistent.

_ Note that ¢, (k>n) is not mentioned in ¥, and the only way it is mentioned in
T is in the sentences ¢ <cy_; and ¢,y <c,. We first show that it is consistent
with TU{¥} that some e <d for all d € C3*" such that e¢ Wf(<). Otherwise, if it
is inconsistent, it means that

A Tx <d1} is well ordered.

deCn?

TU {W¥} I < restricted to {x
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By Theorem 2.1(c), 3y <o(A) such that

f“U{‘I’}I—the order type of < restricted to {x| A d} is less than .
decy™!

Since
TFthe order type of the initial segment of ¢, is v,

We get

TU{Y V d<g,.
deC"*!
Since T contains the statement Vx (x <co—> Ve, X =cg), it is clear that C3*!
contains E minimal element, which we denoted before by c¢. Hence

Tu{¥}tc<c,

contradicting the definition of D and C3"'.

Therefore we conclude that TU{¥} has a model in which some e<d for all
de C3"', where e¢ WI(<). Since ¥ does not mention ¢, ,;, we can interpret ¢,
as e and ¢, for k>n+1 as some decreasing sequence below e, which exists since
ed WI(<). B

We conclude that TU{W¥}U{c,.,<d|de C3'}is consistent. It has a model 4.
Since ¥— ¥,, by the arguments of Lemma 6.2 White can now complete his move
by picking G,.; and F,.,, and interpret the new constants of C"(®,) in .4, such
that if q is the resulting position M F¥, [ Lemma 8.3

Lemmas 8.2 and 8.3 obviously lead to [1 Theorem 8.1.

A typical application of Theorem 8.3 is the following generalization of Fried-
man’s Theorem.

Corollary 8.4. Assume that there exists a standard model of Set Theory whose
ordinals has order type >0(A) where o is countably decomposable. Then o(A) is
the order type of the well-founded part of the ordinals of some non-standard model
of Set Theory.

This gives many examples of standard parts of models of Set Theory. Note that
if o is countably decomposable, 0(A) has cofinality w. The problem of charac-
terizing the well-founded part of non-standard models of Set Theory in uncounta-
ble cofinality has a different flavour. See [20].

Another application is the problem of trying to characterize the ordinals of
k <a <k* such that o = a(X) where X < k. («(X) is the minimal ordinal admissi-
ble in X.) If Cf(k) =w, and « is 0(A) for some countably decomposable &, then
o = a(X) for some X < k. The proof is by looking at a theory T of the form (c is a



Sh:144

Countably decomposable admissible sets 321

new constant):

(a) KP+ < is the ordering of the ordinals.

(b) Vx (x<c,— Vg, x =cg) for every y<a.

(c) Vx(xec—xec,).

(d) There is no ordinal admissible in c.
T has well-founded models where < has order type arbitrary large in «*. By
Theorem 8.1 there is a model of T whose well-founded part is a. This model gives
an element ¢ which is really a subset of «, X. It is easily verified that a(X)=a. In
the next part we shall see that in the constructible universe a = a(X) (where
cofinality (ja| = w). If @ = 0(A) for some countably decomposable . This was our
independent proof to some of the results of Sy Friedman [9,10]. (Friedman dealt
also with the cases || regular, and cofinality (la})> w.)

9. Interpolation

It is well known that the Craig Interpolation Theorem, while holding for L,
fails in general for L.,. However there are some cases in which one gets an
interpolant for L, provided one allows the interpolant to lie in a stronger
language. Thus Chang’s Theorem yields [4] that if « is strong limit of cofinality w,
that an implication in L, has an interpolant in L,,. Under the same assumption
an implication in L, -, has an interpolant in L,-,.

Since the Craig interpolation holds in any admissible countable fragment of
L, ., naturally there arises the question whether the Chang interpolant can be
found in an admissible structure containing ¢ and . We shall get a positive
answer for admissible structures satisfying (DP). (By the proof of Theorem 4.4 we
may assume in this section the smallness predicate witnessing (DP1) is always
“having o cardinality <k’ where k is the first non-small ordinal.)

Note that if o is an admissible structure satisfying (DP1), then either « = 0(A)
or k is the maximal cardinality of a member of A, because every member of A is
a countable union of elements having cardinality <«.

Theorem 9.1. Let o be an admissible structure having (DP). Let « be the first
non-small cardinal of A. Let ¢ and ye L., N A such that it is logically valid that
¢ — . Then there exists a sentence x in L., x € A such that every non-logical
symbol in x appears in both ¥ and ¢, and it is logically valid that ¢ — x and x — .
(We assume that equality is a logical symbol.)

Proof. We shall define a variant of our basic game (defined in Section 5). The
game will be in principle like the basic game except that now White is construct-
ing two sets formulas @,, ¥, such that |, ., ®.UU,.<, ¥. is a Hinttika set
containing {¢, —1y}. (Of course White must fail.) In White’s construction all the
non-logical symbols of &, will be the non-logical symbols of ¢ together with the
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new witnessing constants introduced so far. Similarly all the non-logical symbols
of ¥, will be the non-logical symbols of i together with the new witnessing
constants. (To simplify terminology we shall assume that the type of &,, denoted
by 7(®,) contains all non-logical symbols introduced thus far. Similarly for
7(W¥,).) At each stage n we shall have less than k new witnessing constants.

Without loss of generality we shall assume that ¢ and ¢ contain no function
symbols or constants. (We replace n-ary functions by n+ 1 predicates, we replace
constants by unary predicates and ¢ by

27

@ A““all these predicates are functions. . ..
and ¢ by
‘“all these predicates are functions— .

Upon finding the interpolant we substitute back the function symbols and the
constants.) We also assume that whenever we mention ¢ and ¢, we actually mean
their negation normal form.

As in the basic game Black supplies a small set of disjunctions to take care of.
White will handle disjunctions and existential statements separately for the &,
part and the ¥, part. Say for odd n’s taking care of the @, part and of the ¥,
part at even steps. Since we want to have few witnessing constants we shall use
Black’s move also to determine which existential statements should be taken care
of at a particular stage.

We would like to limit Black’s moves to a set in A, at each stage. For
guaranteeing it we pick before the game starts Y such that R(X,Y) where
X =Tc{e, ¢}). We actually would like to limit Black to playing small sets from Y,
however there may be new witnessing constants, hence relevant formulas may not
be in Tc(Y). Therefore we define, for a set C of constants, h(Z, C) = all formulas
obtained from formulas in Z by substituting constants from C for their free
variables.

h(Y,C)={h(Z,C)| Ze Y}.
A move by Black is b, =(X,, Y,,) where Y, = h(Y, C) where C is the set of all

witnessing constants introduced so far. X, € Y such that S(X,) holds. White’s
move is now a 6-tuple.

a, =(F,, ®,, ¥,, D, E,, G,),
ao =<0, {e},{741,0,9.0).

In general we require that @, U ¥, would contain no-atomic sentences and its
negatijons. The specific requirements are (n>>0)

1) D,={A|lAeX, Nd, A is a disjunction
no disjunct of A belongs to @,},
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if n is odd, and
D,={A|AeX,_;N¥, A is a disjunction
no disjunct of A belongs to ¥},

if n is even.
Similarly

E,={A|AeX,_ NP, A has the form Ix pn(x)},
if n is odd, and

E,={A|AeX, i NY¥,, A has the form Ix n(x)},

if n is even.
(2) If D, is finite, then G, is a function that chooses a disjunct of A for each
AeD,.
(3) If D, is infinite, then G, :D,—0dd—(n+1) if n is odd (where Odd is the
set of odd integers).
If n is even, then G,:D,—>Even—(n+2) where Even is the set of even
integers.
(4) F, is like in the basic game. (Note that {7 is empty if i = n(mod 2).)
(5) If n is odd, then
n—1
(Dn = (p"71 U C(¢n~l) U C’(En) U U range(ﬂl)’
i=1
‘Pn - W"_l.
If n is even, then

‘pn = (p"71,
n—1

v, =¥, ,UC(¥, )UC(E)U U range(f).
i=1

(6) If n is odd (even) and D, is finite, we add range G, to ®,(¥,). (The
operations C,C’ were defined in Section 5, but note that we assume that every
new witnessing constant ‘appears’ in both @,_; and ¥, _,. Hence all the witnes-
sing constants appearing so far are in Cy(¥,) and Cy(®,).)

Recall that we assumed that the predicate S(X) simply expresses “X has A
cardinality < «”’. Hence one can easily verify by induction on n that at every stage
in the game the set of new constants introduced so far, has cardinality <«. Note
also that in the present version of the basic game Og(x) is also &f-r.e. (Og(x) is
Black’s options at position X.)

Following Section 6 we define for each position p in our game two sentences in
L., I, and A,. Assume p={ay, b, ..., a, b,) or p={ag, by, ..., a,) (I, and A,
do not depend on b,), where a; =(F,, ®,, ¥, D, E, G;), b, = (X,, Y;). Recall from



Sh:144

324 M. Magidor, S. Shelah, J. Stavi

Section 6 the notation
Yin={f1fe Y, Dom(f)={8|8e D, G 1(8)=m},
Vx € Dom(f), f(x) is one of the disjuncts of x}.

Then

n
r=ANoe,. A A 'V A [,
i=1 modd feY;_,,. xeDom(f)
iodd m>n

n
A, =A¥. AN ANV A f).
i=1 m>n feY,.,. xeDom(f)
i even m even

Note that the type of I', is 7(®,) and 7(4,) = 7(¥,). For p=0 we put I';=¢, Ay =
Y.

Lemma 9.2. If White has a winning strategy in our game, starting from position p,
then {I,, A,} has a model.

Proof. Like the proof of Lemma 5.5 by letting Black pick (X, | n <) such that

U X.2U Te(@,) U X,2 U T¥,),

n<<w n<<w n<w n<<w
n even n odd

Black can do it since R(Tc({e}U{¢}), Y) holds, and by the definition of the Y, ’s.
It follows that U,<o®.UU.<o¥, is a Hinttika set containing
{©,—w}. ] Lemma 9.2

Since it is logically valid that I,—¢ and A,— "¢ we get that {I,, 4,} has no
model. Hence White has no winning strategy from any position in the game.
Recall from Section 5, the function D on the positions in the game in which
Blacks wins, into ordinals. Since every position is a winning position for Black, D
is defined on all positions in the game.

By recursion on D(p) we define a formula in L., x, such that 7(x,)<
7(I',)N7(4,) and such that

FI,—x, and Fx,— 4,

As one can see from the definition below if p is a position in Py(Pg), then x, is a
primitive recursive function of

{Xa la€ Ow(p), D(@)<D(p)} (x4 |g< Ox(p), D(q)<D(p)}).

Hence since Ow and Og are &-r.e. the function p—x, is #-r.e. and we get
X, € A.

Assume first that p € Pw. Hence D(p) > D(q) for every q € Ow{p). Hence x, is
defined for every qe Oyw(p). Without loss of generality assume that p=
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{ay, by, ay, by, ..., a,, b,) where n is even. The treatment of the other case is
completely analogous. For each q € Ow(p) white introduced some new witnessing
constant for existential formulas in E, ;. Let ¢ be a sequence enumerating those
constants. (Note that the cardinality of the new witnessing constants is less than
k.) Note that ¢ does not appear in 4,. Hence by induction assumption

FI ()= Xxq(c),  Fxoa(e)— 4,
Hence we get
1)) FVx [T, (x)— x,(x)], Fax x(x)— 4,

where x is a vector of new variables replacing one by one the elements of ¢. Note
that since n is even, we have A, = A, for every q € Oywl(p).
By an argument similar to the proof of Lemma 6.2

(In FOL,— V  3xIL(x)
aeOwl(p)

We define x, as Vi, coup 3XX,(X). X, is as required since by (I) and (ID),
FI,—x, and by (I), +x,— 14,. (Note that this case includes the case D{(p)=0.
In that case p € Py and Oy(p)= 0. It means that any answer by White to Black’s
challenge will yield an atomic sentence and its negation in @, ., U W, ;. It follows
that if 5 is the set of all atomic sentences or their negation appearing in ¥,, and
which are in 7(®,)N7(¥,) we have I} V..z ¢ hence we can take x, =
Veez 1€ x, clearly satisfies the requirements.

If p € Py, then x, is defined for all q € Og(p), D(q) < D(p). Note the set of all q
such that qe Ogx(p), D(q)<D(p) is in A, Since D is X;(A), and for every
qe Ogxg(p), D is defined, hence by I,-reflection we get Xe€ A and Vqe
Og(p)3a e X (XED(qg, @)). Now we can use Ag-separation to get that {gqe
Ox(p), D(p)<D(q)}c A. Denote this set by E(p). In the case pe Py, I, =1,
A, =A, for every qe Og(p), hence if we define x, =V ce@ Xo» then FI,—x,
and Fx, = A4,. (Actually any x, for q€ E(p) would have done, but we do not
want any choice involved so that p—y, will be «-r.e.)

We can now conclude the proof of Theorem 9.1. x4 where @ is the first position
in the game is of type 7(@)N7(Y) and Fe—X, F Xy— . xp is clearly the
required interpolant. [ Theorem 9.1

PART I

In this part we study the problem whether Theorem 2.2 is the best possible. In
this part we shall concentrate on the problem of validity admissibility and ordinals
pinning. (¥;-compactness will be handled in the third part). We shall assume
V=L and treat just admissible structures of the form (L, <),.... We feel that a
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theorem yielding validity admissibility results for all structures of the form (L, €)
for which such a result can be obtained is rather comprehensive.

10. A fine structure detour

In this section we prove a technical fact emerging from the fine structure theory
of the constructible universe [14] which will be our main technical tool. This fact
is probably implicit in some of the proofs in the fine structure theory (e.g., the
existence of morasses, see [6]) but we were not able to find a direct reference to it.

Lemma 10.1 (V=L). Let k be a singular cardinal. Let k <o <x*. Then there
exists a subset of L,, D,, |D,|<«k such that every element of L, is first order
definable in (L, €) from « UD,.

Proof. We prove it by induction on a. The case a =« is obvious by taking
D, =@. So assume that the lemma holds for all y<e, i.c., for all y <« there
exists D, |D,|<« such that all members of (L,, €) are first-order definable in
(L,, €) from D, U«.

If « =8+1, then one can take D, = Ds; U{a}. (Remember that every member
of L, is a subset of Lg, definable with parameters from L;.) So we treat the case «
limit. « is not a cardinal so let o« <@ be the first ordinal such that there is a
3, (Lg)-map of a subset of some y <« onto «. Let n be the minimal such n. Fix v,
and a function f which is %, (Lg), such that f maps a subset of y onto a. Since k is
singular fix B< a, |B|<k, B cofinal in a.

Let p be the %, ,-projectum of B. (See [14] for definition though all the
relevant facts about p will be stated below.) It follows from [14] that

(I) a=p=B (a<p by definition of n). p is a limit ordinal, unless n =1 and
p =B is a successor ordinal.

(II) AA c L, (A is usually known as a 3, _; master code) such that (L, €, A) is
amenable (i.e., ANL;eL, for all §<p), A is 3, ;(Lg) and a subset of L, is 3,
over (L, €, A) iff it is 3, (Lg).

We distinguish two cases:

Case I: p is a limit ordinal. Again using the fact that « is singular and p<<«™,
we get Ecp, |E|<k, E cofinal in p.

fis 2,(Lg). Hence it is X,((L,, €, A)). Let p be a finite set of parameters in L,
such that f is 3, definable in (L, €,A) from p, by the X,-definition
Ax P(x, y, z, A, p) where @ is 3,. For § € E, n e B define

fom=1y. D) y<yv,z<m3AxeL, P(x.y. 2, A, p)}

(Recall that 8 € E implies 8 <p, ne B implies n<a.) Since ANLs;eL, and p is
limit, f5,€L,. Note that f5, <+ Xm. By standard arguments f5, € L,. (Otherwise
the minimal ordinal w such that f;, €L, satisfies L, F|n|=<max(y,n) and
a<u<p. Hence L, F|a|=max(y, n). Contradicting u <<p=pg and the defini-
tion of B.)
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Note that
f = U f 8n*
8ecE
neB

We now define D, by
D, =D, U{y}U{fs,| 8€E, neB}.

Every member x of L, is first-order definable in (L,, €) from some ¢ <a. £ is in
the range of f, hence for some 8, n, (€ E,n€B) and p <y, £€=f5 (). p is
first-order definable in (L,, €) from « U D,. Hence it is definable in (L,, €) from
{y}Uk UD,. We conclude that x is first-order definable in {L,, €). We verified
that D, satisfies the requirements.

Case II: m=1,p=8 and B is a successor ordinal B8 =8+ 1. Remember that
every member of Lg is a subset of L;, definable from parameters in {Ls, €). f is
3,(Lg) in this case, so let 3x @(x, y, z, p) be the 3;-definition of f (p is a finite set
of parameters), where @ is %,. Define for f, (n<w,nmeB), f,, by

fom={(v,2){y€ey, zen,Ix (x is a 3,-definable subset of
{Ls, €) such that ®(x, y, x, p)}.

It can be easily verified that f, ., € Lg since it is a subset of L, definable in (L;, €).
(One should replace the parameters p by their definitions over (Ls, €).) By
arguments as above in Case I, we can show that f, , € L,. Hence if we note again
that f=U,<w nen fun and we define

D,=D,U{y}U{f,, | n<w, meBj},

we get a D, satisfying the requirements of the lemma. [ Lemma 10.1

Recall from Section 4 that if of is an admissible structure, having (DP1) then
the smallness predicate can be assumed to be S(x) <> sfFx has cardinality <k, for
some strong limit cardinal . Note that if « € &, then cf(x) = w. So for (L,, €) to
have (DP1) we must have either « is a limit cardinal, or for some k, cf(x)=w
|| = k. In the latter case we must have that for each B, 8 is a countable union of
members of L, having cardinality <. This observation motivates the following
definition:

Definition 10.1 (V=L). Let « be a cardinal in L such that cf(k)=w. Let
k=B <k". d(B)- the decomposition ordinal of 8 —is the minimal ordinal v, such
that in (L,, €) one can define sets A, =B, |A.|<k, B=U,<o An (Note that we
are not assuming that (A, | n <w) is definable in (L,, €), just that each A, is
definable.) d(B) exists since once we get y such L F|B|=«. Then in L, we can
find such A,’s. It follows that a necessary condition for (L,, €) to have (DP1) is
that d(B)=<a for all 8 <a. Note that if (L, €) has (DP2), then we must have
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d(B)<a for all B<a since if Y satisfies R(B, Y), YeL,. Then Ye L, for some
v <a and clearly d(B)<+.

The connection to Lemma 10.1 is

Lemma 10.2. d(B) is the minimal ordinal vy such that B<+vy and the minimal
cardinality of D, satisfying Lemma 10.1 is <ow.

Proof. Let y be the minimal such that B <y and |D,| < w. We first show d(B) <.
Let (k, | @) be a cofinal sequence in k, and D, ={(a, | n <w). Define

A, ={a|a<B, ais 3, -definable from «, U{ay, ..., a,}}.

Since every member of L, hence of B, is first order-definable from «U
{ag, as,...} we get B=J),<, A,. Note that A, is definable in L, and its
cardinality is «,. Hence by definition of d(B), d(B)=<14.

We now prove y <d(B). By definition of d(B) one can define in L, subsets of
B, A, for n<w, |A,|<k and B =U,, A,. Each A, is defined using a finite
sequence of parameters p,. Let p be the d(B) cardinality of B, i.e., the minimal
ordinal such that some L, definable map maps p onto 8. (Note that d(B) =8
and p = B are possible.) Let p be a finite set of parameters from which one can
define such a map. Let D =pU{p}U U, <, pn- If p=d(B)=B we omit it.)

Let M be the Skolem hull in L4, of DUk (i.e., all elements definable from
D U«k). Since M < L), M is isomorphic to a structure of the form L; for some
8 =d(B) by the well known collapsing map h.

Claim. B M.

Assume the claim for a while. Hence h is the identity on 8. Hence if we apply
in Ly the definition of A,, using h(p,) as the sequence of parameters rather than
P, We get A, again. Hence each A, is Ls-definable, and since 8 =J, .., A, we
get d(B)=<8. Therefore &=d(B). Let D=h"D. Since every member of M is
definable in M from D U k, every member of h"M = L ;, is definable from D Uk,
and we get that D can be taken as a set D,y satisfying the requirements of
Lemma 10.1. Since |D|<w, we proved y=<d(B). So we just have to verify the
Claim.

Since p =B p =Un<. (A, Np). Note that p, being an L 4,-cardinal, is admissi-
ble. Also by standard facts about the constructible hierarchy, A,NéeL, for
3<p.

It follows that the unique function mapping A, Np order preservingly onto
some ordinal <k is definable in L,,, from p,. (For 8 <p the function mapping
A, N8 onto its order type is in L, by admissibility. Since this function is unique
for each & <p, and the function for different 8’s are mutually coherent, one can
define their union which is the required function for A,.} We conclude that every
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ordinal less than p is definable from some p, U« U{p}. (This ordinal is a member
of some A,. The function mapping A, onto some 8 <k is definable from p,.
Hence this ordinal is definable from some p, and some ordinal <«.)

Using the fact that from p one can define a map from p onto 3, we get that
every member of 8 is definable in Ly, from DU«. Hence Bc M. [0 Lemma
10.2

Corollary 10.3. For all B <«™, d(d(B)) = d(B).

Proof. By Lemma 10.2, d(d(B)) is the minimal ordinal y = d(8) such that there
exists a set D, satisfying Lemma 10.1 for y such that |D,|<w. But y=d(B)
clearly has all the required properties. {1 Corollary 10.3

Corollary 10.3 is a special case of the next lemma.

Lemma 10.4. Let v be the minimal admissible ordinal >d(B). Then for every
d(B)<8 <y d(8)=8.

Proof. We have to show that for every d(B)=8<+y we can find a set D; < L;
such that all members of Ly are first-order definable in (Ls, €) from Ds Uk, and
|Ds]<w. The proof is by induction on 8. The case 8§ =d(B) is covered by
Corollary 10.3. If §=p+1 use the induction hypothesis by defining Dj =
D, U{p}. For limit p, since p <Y, p is not admissible. Since it is limit X-collection
fails for it. Hence for some B < p, the minimal 3;-substructure of L, containing Ly
is isomorphic to L,.

It follows that every member of L, is 3;-definable from members of L, hence
we can take D, = Dg U{B}. (Dy exists by induction assumption.) [ Lemma 10.4

It was remarked by the referee that there is a close connection between our
decomposition function d(B8) and the critical projecta of B, defined in [9]. There
it is defined for each ordinal 8 a finite sequence {(B8;, m,) | i <I}, {p; | i<} {pi| i1}
where p; is the 3, -projectum of B;, p! is the %, _;-projectum of §;, p; decreasing,
Bo=B, no=0, and (B;.1, mi.1) is picked to be minimal in the lexicographic order
so as to make p;,, <p;, and the sequence is as long as possible. Note that p, = «.
One can show that the proof of Lemma 10.1 yields that the minimal cardinality of
the set D, is exactly the maximal cofinality of {p; ,,pj,...,pi}U{p}...,p1}
where j, is the minimal such that 8; > B. Hence one can verify that d(B8) is exactly
B; where j is the minimal such that for j<i, cf(p;) = cf(p}) = w.

We have noted before that being closed under the function d is a necessary
condition for (L., €) to have (DP2).

Is it sufficient? It is almost sufficient as claimed by the next two lemmas:

Lemma 10.5. Let ={(L_, ,...) be an admissible structure such that k <a <«~,
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cf(x) = w, a is closed under d, and let L k. There exists a last cardinal. Then o has
(DP2).

Proof. Let 5 be the last cardinal in the sense of L. Note that d(8) < a. Note that
for a set of ordinals in L, of cardinality less than «, the function mapping it to its
powerset is &f-r.e. for

x =P(2) < 3g (g is one-to-one, g maps z onto some ordinal
less than k Ax={g '(t)| teL.}).

Note also that since « is admissible, there exists d(8)<p <a such that for every
set of ordinals in L )., there exists a one-to-one function in L, mapping it onto
some ordinal. hence the set B of all subsets of & belonging to L1, having
cardinality less than « is in L,,,, hence in L,. Since every member of B has
cardinality less than «, and the function mapping it to its powerset is of-r.e. we get
B'eL,, BB’ and for ze B, #(z)c B'.

Define R(X, Y) by

R(X, Y) «>3f (f is one-to-one, f maps X onto a subset of §
AY={f1Uz)|zeB"Y).

R(X,Y) is 3,(«) and for every X, 3Y R(X, Y) since & is a maximal cardinal in
L. Note that by definition of d(8), & is a countable union of members of B, hence
if R(X, Y) holds, X is a countable union of members of Y whose powerset is a
subset of y. Hence we verified (DP2). [ Lemma 10.5

We shall see later that Lemma 10.5 gives a necessary and sufficient condition
for a structure of the form (L, €) to have (DP2), i.e., we shall see later that if
{L,, €) has (DP2), then L_F ‘“‘there exists a maximal cardinal. In case L, has no
maximal element, then (L, €) does not have (DP2), but it can always be
expanded to an admissible structure satisfying (DP2).

Lemma 10.6. Let o be admissible k <a <k, cf(k)=w, such L ¥. There is no
largest cardinal, and « is closed under d. Then (L., €) can be expanded by an
additional predicate to an admissible structure satisfying (DP2).

(We shall later see that Lemma 10.6 cannot be improved to an admissible
structure of the form (L,, €,...).)
Lemma 10.6 was proved independently by S. Friedman. See [10].

Proof. The additional predicate we introduce is the function x — P2(x) where
P2(x) is the set of all subsets of x, whose L, cardinality is less than «. Note that
since L, has no largest cardinal P2(x)e L, for every xe L,. (Since if xe L, let y
be the next L,-cardinal after 3, then Pi(x)= L, and as can be easily verified
Pix)eL,.;.)
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We shall verify that (L., €, P2) is an admissible structure. The first fact to note
is that if v is a successor of a successor cardinal in L, then L, is closed under Py.
We claim that for such v, (L, €, P2 | L,) is a X,-elementary substructure of
(Lo, €,P). Let xeL,, (say x€Lg where B<y) and assume that some yeL,
satisfies @ (x, y, P?) where @ is 3. Let 8 be an L, successor, of a successor
cardinal such that ye L. In L, we can define an increasing sequence of elemen-
tary submodels of (L, €, P, | L,),{M, | @ <k), where k is the successor L, cardinal
of kK, PX(M, )= M, ., L EIM,|<vy, LgU{y}=M,. Let M=J,<cM,. Clearly
L, E|M| <+, hence M is isomorphic in L, to some structure of the form (L, €,
Q) where p <+v. (Note that ¥ as a successor cardinal is supposed to be regular in
L,.) Note also that PZ(M)<= M. (Remember that the length of the sequence
(M, |- -)is k.) Hence Q is really P | L,. Since Ly < M,, x€ L, hence if ¥ is the
isomorphic image of v,(L,, €, Py | L)F®(x,¥,P2 | L,). Since p<y, we get
(L,,€,PZ} L)ED(x,5,Ps | L,) and we proved that (L,,€,Py | L,)<5(L,,€,PY)
and thus the admissibility of (L,, €, Pg).

The fact that (L., €, P%) has (DP2) is now very easily verified. Take R(x, y)
simply to be y=P2(x). Since « is closed under d, every xe L, is a countable
union of sets of cardinality less than k, hence sets in PZ(x). Note that if z has
cardinality less than « in L, its power set is in L,. Hence if z € Pg(x), P(z)<
P(x). O Lemma 10.6

11. Pinning down ordinals - revisited

In this section we show (assuming V =L) that L, is closed under ordinals
pinned down by sentences in L., NL, iff either « is a limit cardinal or cf(ja|) = ®
and « is closed under d. (Hence in the latter case, Lemmas 10.5 and 10.6
guarantee that an appropriate expansion of (L, €) satisfies (DP), hence Theorem
2.1(c) is the best possible for this class of structures.)

Theorem 11.1 (V =L). Let £ be an admissible structure of the form (L, €,...).
Then

(a) h() = « iff either « is a limit cardinal or k < a < k" where cf(k) =w and a is
closed under d.

(b) hs(f) = iff o is 3,-compact and either o is a limit cardinal or |a|=«
where cf(k)=w and « is closed under d.

Proof. The first fact to note is that (a) implies (b). Since if we assume that (a) is
given, then a necessary condition for hy () = a is h(sf) = a. Moreover, & must be
3,-compact, otherwise one can easily pindown « itself by a 3,-theory. (Using a
particular counterexample to compactness.) On the other hand by Proposition
3.3(iv) of Barwise [1, V II] if o is 3,-compact, then hs () = h(sf), hence by (a) if
either « is a limit cardinal or « is closed under d, then h(sf) = ca. (Note that if
a=«", then & is not 3;-compact.)
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In proving (a) we prove first the ‘if’ part. If « is a limit cardinal, then by
Barwise-Kunen [2], h(L,)=<supg_, (2°)", but since GCH holds in L and « is a
limit cardinal we get h(L,)<a.

Now assume k <a <k", cf(k) =w and « is closed under d. Let ¢ be a sentence
in L., NL, pinning down ordinals (i.c., all the models of ¢ are well-ordered).
¢ € Lg for some B<a. Since « is closed under d, d(B)<a. Let y be the next
admissible after d(B). Since a is admissible, vy <a. By Lemma 10.4, v is closed
under d. (Note that if §=<p, d(8)=d(B)). In (L,, €) there exists a maximal
cardinal, since every ordinal in L, can be mapped into d(B). Hence |d(B)|™ is the
largest cardinal. By Lemma 10.5, (L, €) satisfies (DP2) (hence (DP)). By
Theorem 2.1(c) the ordinals which are models of ¢ are bounded below v,
therefore they are bounded below «, and the ‘if’ part of (a) is established.

Now we prove the ‘only if’ part of (a). So assume h({L,, €))=a. If a 1s a
non-limit cardinal, say a =«", then if c¢f(x)>w®, @ can be pinned down by a
sentence in L., N L,. The construction of this sentence is by Chang’s trick, which
is writing a sentence ¢ expressing

(a) < is a linear order of the universe of the model.

(b) U is a unary predicate such that < | U orders it in order type «.

(c) f is a binary function, such that for fixed x, f(x, y) is a one-to-one function
{y|y<x} onto U.

(d) g is a ternary function such that for fixed x, z € U g(x, y, z) maps {y | y <x,
f(x, y)<z} order preservingly into a proper initial segment of U.

(k*, <) can be easily expanded to a model of ¢ (noting that « is a cardinal),
and any model of ¢ is well-ordered by < since cf(k)>w, hence a decreasing
sequence -+ - <y, <y, must satisfy f(yo, y;) <z for some z € U and all 0<<i (note
that U has order type «). Hence g(x,y;, z) gives a decreasing sequence of
members of k. Hence if « =« ™, then c¢f(k) = w, but then « is clearly closed under
d. Hence we handled the case “«a is a cardinal”.

If « is not a cardinal, say k <a <«k", then Chang’s trick again yields that
cf(k) = w. We have to verify that « is closed under d. We shall establish this by
showing that for all x <3 <«™ one can construct a sentence in L., @g, such that
¢p is a primitive recursive function of 8 and «, (hence if B<ea, g€ L, if a is
admissible) and ¢ pins down d(B). In fact ¢z will characterize the order type of
d(B) up to isomorphism. For the construction we need:

Lemma 11.2. For every 8 <vy <d(B), (L,, €) can be represented as the direct limit
of structures of the form (Ls, €) where 8 <3, where the directed system is indexed
by P, (A) where A<k, (P, () is the set of all countable subsets of A partially
ordered by inclusion).

Proof. Let B=vy=<d(B), and let D, = L, be a set of minimal cardinality satisfying
Lemma 10.1. Let A =|D,|. Note that A <«. By Lemma 10.2, since y<d(B) we
have |D,|>w. Let G be a one-to-one function mapping A onto D,. For P€ P, (\)
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let M, be the Skolem hull (in (L, €)) of G"PU«. {M,, €) is isomorphic to a
structure of the form (L, €) where §<+vy. We claim that § <. Let h be the
collapsing isomorphism of M, onto Ls;. Note that every member of Lj is
first-order definable in (L;, €) from h"G"PUk. Hence D; can be taken to be
countable. If B <8 we get d(B) = §, which is clearly a contradiction. Hence § <.

(L,, €) is the unjon of structures M, where PeP, (A). Hence the directed
system induced by P, (A), where for P we take the transitive isomorphic of M,
has (L,, €) for its limit. [J Lemma 11.2

Lemma 11.3. There exists an L..,, sentence ¢ (primitive recursive in 3 and k) such
that all models of ¢ have the form (Ls, €,...) for some 8 and for every
B=vy<d(B), <L,, €) can be expanded to a model of ¢g.

Proof. ¢, describes the directed system given by Lemma 11.2. More specifically
it expresses the following statements.

(a) E is an extensional binary relation which satisfies the first-order sentence @,
where @ is the first-order sentence, whose existence was proved by Boulos [3],
which guarantees that our model, if it is well-founded is isomorphic to a structure
of the form L.

(b) ¢g, ¢, ¢ are individual constants which are ordinals (in the sense of E) such
that ¢g is isomorphic to B, ¢, to k and cEc,. (¢ plays the role of A if Lemma 11.2.)

(c}) R is a binary relation such that if R(x, y) holds, then “y is a countable
subset of ¢” such that Vyy' “R(x,y)Ay<Sy Ay’ is a countable subset of ¢ —
R(x, y')” and such that Vx 3y (y is a countable subset of ¢ A R(x, y)).

(d) F is a binary function such that if y is a fixed countable subset of ¢, F(x, y)
maps the x satisfying R(x, y) into L., preserving E.

By Lemma 11.2 for every B <y <d(f), (L,, €) can be expanded to a model of
¢a. On the other hand we claim that every model of ¢z is well-founded. This
claim is proved as follows. Given a model of @z M, (LI, EM) is clearly
isomorphic to (Lg, €). Hence we assume without loss of generality that (Lg, €)<
(M, EM). Hence c, is realized as k and c as some ordinal less than k, A. Since « is
a cardinal every subset of A is in L., hence in M, and it is countable in M iff it is
really countable. If - - - x,E™x; E™x,, then we can pick y; €A, y; countable such
that R(x;, y;) holds, but then y = |J;.,, y; € M and it is a countable subset of A. By
(b) we must have R(x;, y) for i <w. But F maps {x | R(x, )} into L, preserving E.
We get a contradiction to L being well-founded. Hence every model of ¢ is well
founded. By (a) it is isomorphic to (L, €) for some y. [0 Lemma 11.3

Lemma 11.3 is sufficient for the proof of Theorem 11.1 but for future
application we need.

Lemma 11.4. For all k < <« there exists a sentence of L.z primitive recursive
in B and « such that every model of iz has the form (L, €, .. ).
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Proof. y; expresses the following statements:
(a) E is an extensional binary relation satisfying @, (@ is as in Lemma 11.3).
(b) R is a ternary relation, F is a ternary function ¢, ¢, constants and ¢ a
unary function such that if y is an ‘ordinal’

<Ly’ E5 Ry; Fy’ cB’ Cy» C()’))':‘PB

where R, ={(z, w)| R(y, z, w)} and F,(z, w)=F(y, z, w) and ¢4 is the sentence
constructed in Lemma 11.3. ,

(¢) ¢y,¢5,C3,...,Cpn, ... are constants such that every element is first-order
definable from finitely many of the ¢, and finitely many ‘members’ of ¢,. (This is a
sentence in L, ,,.)

Obviously by definition of d{(8) a model of y;; must have the form (L), €
,...). OLemma 11.4

The proof of Theorem 11.1 is now concluded. Since for all B <a, (L, €)
contains a sentence pinning down d(8) (as the set of ordinals in a model of s,
constructed by Lemma 11.4), we must have by h ({(L,, €))=«, d(B) <« and « is
closed under d. [ Theorem 11.1

Note that the proof of Theorem 11.1 was yielding some bounds on the ordinals
which can be pinned down by sentences in B-logic, where B-logic is first-order
logic such that the similarity type contains distinguished constants {c, | y <) and a
binary relation < with the semantics < well-orders its domain in order type B,
and c, is the member of the domain of < determining an initial segment of order
type v.

Let h(B8) be the minimal ordinal not pinned down in B-logic. Then

Corollary 11.5 (V=L). If k <B <k, cf(x) = w, then d(B) <h(B)<d(B)" (where
d(B)" is the minimal admissible ordinal above d(B)).

Proof. Note that ;3 constructed in the proof of Lemma 11.5 is really a sentence
in B-logic, hence d(B)<h(B). Since d(B)" is closed under d we get h(B)=<
d(B)*. [ Corollary 11.5

A natural guess is that h(8)=d(B)" however we have examples in which
h(B)=d(B)" as well as examples in which h(8)<d(B)". In fact:

Lemma 11.6. For B as above h(B)<d(B)" iff every subset of B which has a
3 -definition in Ly from {k, B, d(B)} is a member of Ly--

Proof. Note that L, is closed under d and it has a last cardinal. Hence it has
(DP). Therefore by Theorem 2.1 the set of validities in L., N L4 is 21(Lag+)s
where the parameters appearing in the X;-definition are those appearing in the
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relations S and R witnessing {DP1) and (DP2) respectively. A simple observation
(consider the proof of Lemma 10.5) will show that as parameters for a ;-
definition of S one can take k, and for R «, 8, d(B8). Hence the set of validities of
L., NLyey- is X in {x, B, d(B)}.

Note that if ¢ is a sentence in B-logic which pins down ordinals, then
e*=@ — ~[Nicw cii1<c ] is a logical validity where {¢; | i <w} is a sequence of
new constants. (We are not distinguishing between ¢ and an equivalent statement
in L.,) ¢F is clearly in any admissible set containing B and it is primitive
recursive in ¢, and B. Since the logical validities of L., N L4y are 3,(x, B, d(B)),
we get that the set of all sentence in B-logic which pin down ordinals is
3 ,-definable in L, from {x, B, d(B)}. This last set can easily be coded as a
subset of 8. Now assume that every X,(B, «, d(B))-subset of 8 is a member L ;-
In particular the set of sentences in B-logic which pin down ordinals. Denote this
set by A. For ¢ in A one can define by a X,(k, 3, d{B))-definition the supremum
of all ordinals pinned down by ¢. (Denote this sup by h(¢).) An ordinal y is =
the sup of the ordinals pinned down by ¢ iff the sentence expressing "¢ A *“‘c is in
the domain of <” A@,(c) (where @, is the canonical sentence of L,
characterizing order type v) is logically valid. Hence the minimal such vy is
3. (o, k, B, d(B))-definable.

By admissibility, since A € Ly,

sup{h(e) | ¢ € A}<d(B)",

but clearly h(@)=sup{h(¢)| ¢ € A}, and the ‘if’ part of the lemma is verified.

For the ‘only if’ part assume that h(8) <d(B8)" and let y ¢(x, y, &, B, d(B)) be a
3,-formula defining in L)+ a subset of 8 which is not in Ly s)- (¢ is 3,). Denote
this subset of B by B. For each 8 € B consider the sentence @; of 8-logic expres-
sing the following statements:

(a) E is a binary relation for which KP holds. (KP is really an infinite theory,
but using B-logic, in particular 8 = w, one can guarantee, possibly with additional
predicates that E gives a model of KP.)

(b) c is a constant denoting ordinal for which ¢z holds where i) is the sentence
of B-logic, guaranteed to exist by Lemma 11.4, pinning down exactly d(B).

(c) d is a constant, the minimal ordinal such that in L, there exists y satisfying

¢(cs, ¥, €, €, €) Where ¢, ¢g are the canonical constants of B-logic denoting «
and B respectively.
Clearly a model of @5 must contain an ordinal isomorphic to d{(B), hence since it
is a model of KP its well-founded part contains an initial segment isomorphic to
L 4+ Since 8 € B in L)~ one can find y satisfying ¢ (8, y, B, «, d(8)), hence d in
our model has order type which is exactly the order type of the minimal ordinal
p(8) such that in L, there exists such a y. Hence @5 can be used to pin down
ordinals.

Recall that B¢ L, gy, hence sup,.g p(8) = d(B)". (Otherwise we would easily
have B € L ;,-.) Since p(8) for 8 € B can be pinned down by a sentence in B-logic
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we get that h(B)=d(B8)" and we get a contradiction, proving the ‘only if’ part of
our lemma. [ Lemma 11.6

Using Lemma 11.6 one can easily get examples both for h(B) = d(8)" and for
h(B)<d(B)". For instance if B=d(B) (recall that d(d(B))=pB), then every
member of L, is 3;-definable from members of B, hence one can easily find a
X,-subset of B (no parameters are necessary) which is not in L,g)+, hence
h(B)=8B".

For another example take the minimal model of ZFC (actually large enough
finite part is sufficient) containg x + 1. Let this model have the form L;. d(8)=8
since every member of Ly is first-order definable from . Let p be the w;-th
cardinal after k in L; and let w be its successor in Ls;. We claim that d(p)= u.
d(p)=p since every subset of p definable in L is already in L, (recall that Ly is a
model of ZFC), since d(8) =8 once can find w-many members of L, of cardinal-
ity <<k whose union is p. On the other hand we cannot have d(p) < u because by
applying Chang’s tricks inside Ly (using cf(p)>w) we can pin down w. Hence if
d(p)<pu, also d(p)" <u, contradicting Theorem 11.1. Since, if u* is the next
admissible after p, then u™ <8, hence every subset of p definable in L,- is already
in Lg, hence in L,. Thus by Lemma 11.6 h(p)<p ™.

12. Completeness revisited

Corollary 2.1 asserted in particular that every admissible structure satisfying
(DP) is validity admissible. In this section we show that this is the best possible for
structures of the form (L, €). Namely if such a structure is validity admissible,
then it has (DP). Of course we cannot extend this result for structures of the form
(L., €,...)because (L, €)can be admissible for the validity predicate, even if L,
does not have (DP). (For instance a = k* where cf(x) > w.) A similar question for
3,-completeness will be handled in the next part.

Our first observation connects pinning down of ordinals and validity
admissibility.

Lemma 12.1. If I, contains a sentence ¢ such that ¢ pins down some ordinal =a,
then (L., €) is not validity admissible.

Proof. We show that if (L, €) is validity admissible then every II,-predicate in
L, is ¥,, which is clearly a contradiction. Let x € L, and ¢ a 3;-formula such that
L, E¢@(x) but for some & > a, Ly F @(x) if such exists. Without loss of generality
fix x and ¢ such that 8 is minimal. Let ¥ be a sentence in L., N L, which pins
down some B=a. Let x be a sentence expressing the following statements:

(a) E is a binary relation for which the sentence @ characterizing L,’s holds.

(b) c¢ is an individual constant, ““c is an ordinal”, ¥ holds for c¢. (which means
that ¢ holds for the order type of ¢).
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{c) d is an individual constant, “d is an ordinal”. “d=<¢”.
(d) e is an individual constant for which @&, holds where @, is the canonical
sentence characterizing x. (@, is defined by induction as

@, (2) >y (yEz o> V 0,(9)).

(e) eeL,, LyFp(e). (In case no x an ¢ exists we drop (e) altogether.)
Let p(z) be a I1,-formula.

Claim. L, = p(z) holds for z iff the following sentence is a logical validity:

p. =x = Vi (D,()Ate Ly —"Lakp(t)).

Proof of the Claim. Let (M, E) be a model of x. By (a), (LY, E) is well-founded,
hence isomorphic to some (L, €) (remember that ¥ pins down ordinals). Pick
t € M, for which @,(t) holds and te€ L,. Since d <c¢, (L4, E) is isomorphic to some
(L,, €) and by our assumptions x, z€L,.

Since L, F—e(x) (remember L, F¢(e)) we have y <8 where 6 is the minimal
for which LsFe@(x). By choice of x and ¢, there is no 3;-sentence A such that
L, E—A(z) but L EA(z). Hence we cannot have L, F—p(z), but L, Fp(z), hence if
L, Fp(z) we must have L, Fp(z). Therefore in our original model M we had
LiFp(1).

For the other direction if L, F—p(z), then one can easily construct a model of x
which includes L, such that d = «, and (recall that ¥ pins down some ordinal =a)
hence if we take t=2z we get t such that @, (¢) holds, te L; but “L;F—p(t)”.
Hence the sentence in the claim is not a logical validity. [ Claim.

Now if LVNL, was X,(L,) every II,-formula p would be equivalent over L,
to a 3,-formula, namely p(z) <> u, € LVNL,_ (Note that u, is 3;-definable in L,
from z.) [ Lemma 12.1

Lemma 12.2 (V=L). Let o be an admissible structure of the form {L,, €,...)
such that k <a=«k". where cf(x)=w. Assume further that « is closed under the
function d. Then A is validity admissible iff the function d is 3,(sf).

Proof. Assume that d is 3,(sf), then clearly o has (DP). (DP1) because « is
closed under d. (DP2) because one can take as R(X, Y) the sentence

FyIS (xe L AS=d(y)AY =Ls, ).

Hence by Theorem 2.1, « is validity admissible.

For the other direction assume that & is validity admissible. Recall the sentence
W, defined in Lemma 11.4 which characterizes the order type d(B8). Also for
v<a let @, be the canonical sentence of L., characterizing order type y. (Note
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that if B <e, then ¥, Pz € L,.) Then

v =d(B) <> “W¥z — the ordinals of the model satisfy
&, is a logical validity.

v

Since ¥, and @, are 3,-definable from ¥, and @,, and since the set of logical
validities is 3(sf) we get that d is ¥ (sf). [0 Lemma 12.1

Our goal is

Theorem 12.3 (V =L). The following are equivalent (o > w, a admissible):

(a) (L., €) is validity admissible.

(b) (L., &) satisfies (DP).

(¢) k<a=«" where cf(x)=w, and « is closed under the decomposition d and d
is 3, (L,).

(d) k<a<=k" where cf(k)=w, a is closed under d, L, Fthere exists a last
cardinal or k = w.

Proof. By Lemma 10.5, if k <a <" where cf(k) =, « is closed under d and L_
has a last cardinal, then (L., €) has (DP2) (hence DP). (Similarly if x = w.) By
Theorem 2.1, (L, €) is validity admissible. Hence by Lemma 12.1, d is X,(L,).
So we proved (d) — (c).

(c) — (b) should be obvious by now. (Actually it was proved in the proof of
Lemma 12.2.)

(b) — (a) is a consequence of Theorem 2.1.

Hence we just have to verify (a)— (d). So assume that (L., €) is validity
admissible. Now use Lemma 12.1. It follows that no sentence in L, pins down an
ordinal =aq, i.e. h({L,, €)=a. By Theorem 11.1 either « is a limit cardinal or
k<a=k" where cf(k)=w and a is closed under d. Our first step in proving
(a) = (d) is to rule out the possibility “« is a limit cardinal”. So assume that
heading for contradiction that « is a limit cardinal and (L, €) is validity
admissible.

Lemma 12.4. Let o be a limit cardinal, then the set of cardinals <a is not 3,(L,).
Proof. Suppose that the set of cardinals <« (denote it by Card) was 2,(L,). Then
every II,(L,) would be 3,(L,) because for ¢, a II;-formula,
e(x) > 3p (BeCardaxe Ly ALgFe(x))
which is a clear contradiction. []Lemma 12.4
Now use the fact that the « is validity admissible. We claim that Card is 3(L,),

because let ¥ be the sentence expressing: “‘F is a one-to-one function of the
domain of <, where < is a linear ordering onto a proper initial segment of
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itself”’. Then:
BeCard < “®; —1¥” is a logical validity.

(®, is the canonical sentence characterizing ordering of order type B.)
If LVvNL, is 3,(L,) we get Carde 3,(L,), which contradicts Lemma 12.4.
Hence we conclude that if (L, €) is validity admissible we must have k <a =<
x* where cf(k)=w and a is closed under d. By Lemma 12.2 we get that d is
3.(L,). The proof of (a)— (d), hence of our theorem, will be concluded by
showing

Lemma 12.5. Let k <a <x* where cf(x) = w, and k > o, a is closed under d, then
if d is 3,(L,), then L,k “there exists a last cardinal”.

Proof. Assume that (L, € )E“there is no last cardinal”. Let 3z ¢(x, y, z, p) be a
3 ,-formula defining x = d(y), where ¢ is X, and p is the parameter. Let pe L,
where B>« and let 8”7 be the L,-cardinal which is the successor of |B|*=. By
assumption

L.F3z¢(B,d(B"), z, p).

Assume z witnesses the above statement, z € L, where y>d(B"). Consider the
structure M =(L,, B,d(B)", z, p). In L, one can find an elementary substructure
of M, N, such that |N|* =|8|, Ly = N, and such that NN 8" is an ordinal having
cofinality w,. (Here we used k > .)

(Note that if B is regular in L,, then every subset of B of cardinality |B|™, is
bounded in Lg.. N is constructed by defining in L, an increasing sequence of
elementary submodels of M, (N, |p<w;), where each of them has cardinality
|B|%=, and such that sup(N,NB" )= N, ;. N is U,<o, N,-)

N is the isomorphic to the structure of the form N ={(Ls, m, u, Z, p) by the usual
collapsing isomorphism. Note that n = NNB" and that p=p since pe Ly & N.

Since N can be elementary embedded into M we have

NEo(n, i, 2, p),
hence, since ¢ is 3,
L,F3z ¢(n, u, z, p).

By definition of ¢, w = d(n). In particular d(n)<é.

By definition of the decomposition function d, in L; there are subsets of 1, A,
for n <w, such that |A,|<k and U,, A, =n.

Recall that cf(n) = w,, hence for some n<w, A, is cofine in 7, its order type
<k <. Therefore

Ls Emn is singular.

But since m is mapped to 87 in the elementary embedding of N into M, we have
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L,EB™ is singular which is a clear contradiction. [J Lemma 12.5 [ Theorem
12.3

It follows from Theorem 12.3 combined with Lemma 10.6 that we have a
structure of the form & =(L,, €,...) which has (DP) but (L_, €) does not have
(DP). (We can find « closed under d such that in L, there is no last cardinal. For
instance the minimal « >N, : satisfying that there are @ cardinals is such an a.)
On the other hand the proof of Theorem 12.3 can show that if of=(A, €,...)
satisfies (DP), then (assuming V=L) a=0(A) is either a limit cardinal or
k<a<k' and a closed under d. Hence (L, €y=L" can be expanded to an
admissible structure having (DP).

The analysis we have done in this section allows us to give (in V=L) an
equivalent definition of (DP) and countably decomposability for admissible struc-
tures of the form (L., €,...).

Theorem 12.6 (V=L). (a) An admissible structure of the form A ={L,, €,...)
has (DP) iff either (I) « is a limit cardinal and the function x — P(x) (note that in
this case L, is closed under the function P) is %,(sf), or (II) xk <a<«™ where
cf(k) = w, a is closed under the function d and d is 3,,(s4).

(b) o as above is countably decomposable iff one of (I) and (II) above holds and
cfla) = o.

Proof. (b) follows easily from (a), because if L, is a countable union of its
members iff cf(a) = w. Clearly if (I) or (IT} holds, then & has (DP) ((I) is handled
in Example 2.4, (II) is handled by the proof of Lemma 12.2) and the ‘if’ direction
of (a) is verified.

Assume that o¢=<(L,, €,...) has (DP). By Corollary 2.2, h(A)=o0(A). By
Theorem 11.1 either « is a limit cardinal or k <a < k"' where cf(k) = and «a is
closed under d. By Corollary 2.2 again & is validity admissible, hence by Lemma
12.2 if k <a <«k* where cf(k) = @ we must have that d is 3,(&f). Hence if « is not
a limit cardinal case (II) holds. If « is a limit cardinal we shall use

Lemma 12.7 (V =L). Let o be a structure of the form (L, €,...) such that o is a
limit cardinal, then o is validity admissible iff @ | L, is 3(sf).

Proof. If # | L, is 3,(s), then « has (DP), hence by Theorem 2.2 it is validity
admissible. If & is validity admissible, then given y, x, one can (in 3,(L,) way)
find a sentence ¢, in L., NL, such that y=2(x) iff ¢,, is valid. (¢,, has a
binary relation E, and expresses the fact that if E is extensional such that
{(dom(E), E) is isomorphic to {Tc(x), €) and P is a unary predicate on dom(E),
then P ‘appears’ in y.)

Hence y = P(x) iff ., € LV, therefore y=2(x) is A-r.e. []Lemma 12.7

Our theorem is established since A is validity admissible (having
DP) [ Theorem 12.6
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13. Characterizing a(X) where X c k

In Section 8 we got as an application for Theorem 8.1 the fact that if « is o(sf)
for some countably decomposable structure of where k <a <k', then a =a(X)
for some Xc<«k. In this section we prove the opposite implication. (As we
mentioned in Section 8 the results of this section were independently obtained by
Sy Friedman.)

Lemma 13.1 (V=L). Let cf(k) = w and let X < k. Then (L, x\(X), €) is counta-
bly decomposable.

Proof. of =(L,x,(X), €) satisfies the requirements of Lemma 2.6 where for D
one takes L. Recall that since we assume V=L, xeL —»>®(x)eL,. Also
L.=Un<oL., if (k,|n<w) is a cofinal sequence in k. Also L, is a c-max
element of o, and & is projectable onto L,. [0 Lemma 13.1

It follows from Lemma 13.1 that cf(a(X))=w. Remember that L,x,<
L,x)(X), hence by Theorem 2.1(c) no ordinal =a(X) is pinned down by a
sentence in L, x,. Therefore, by Theorem 11.3, a(X) is closed under d.

Theorem 13.2 (V=1L). If k<a<«k", a admissible cf(k) = w, then the following
are equivalent:

() a=a(X) for some X c k.

(b) cf(a) =w and « is closed under d.

(c) (L,, €, P) is countably decomposable for appropriate predicate P.

(d) (L., €) satisfies the Barwise compactness theorem with ordinal omitting.

Proof. In Lemma 13.1 and the remarks following it we actually proved (a) — (b),
(b) = (c) follows from Lemma 10.6, (c)— (d) follows from Corollary 2.2 and
Theorem 8.1. (d) — (a) was essentially proved when we made the application of
Theorem 8.1 in Section 8. [ Theorem 13.2

Sy Friedman in [10] gave additional equivalent definitions of the ordinals
described by Theorem 13.2, in terms of the sequence of ‘critical’ projecta of a.
Also in that paper he characterizes ordinals k <a <k, a = a(X), X <« where
cf(k)> w. (The case x regular was handled in the first part of his paper.) We did
not attend this problem (cf(«) # w) at all.

PART III

14. Stable Compactness

As we described in the introduction, there is no hope of getting that an
admissible structure & is 3;-compact just if it is countably decomposable.
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Because in view of Stavi’s result [25] many L_’s are 3;-compact even though they
definitely do not have (DP). Our feeling that this compactness is accidental and
not an intrinsic property of the admissible structure studied, motivated the
following definition.

Definition 14.1. An admissible structure f=(A, R,,...,R,) is stably 3;-
compact if every admissible expansion of & (i.e., an admissible structure of the
form (A, Ry,...,R,, Q4,...,Q,)) is X;-compact. Note that we just consider
expansions of &/ (not extensions!), i.e., adding more relations, which must be of
course amenable, i.e., if R is a relation introduced, then RNx e« for every
xed.

Clearly every countably decomposable admissible structure is stably X,-
compact, because every expansion of such a structure is countably decomposable
and hence by Corollary 2.2 it is 3;-compact.

There is another noteworthy class of stably X;-compact structures. Namely let
be a weakly compact cardinal (see [15] for definition) and let s¢ be an admissible
structure, A ={A, ,Q,,...,Q,), AcH(x), |A|=«, and every subset of & of
cardinality less than k included in an A-finite set. Then & is stably 3;-compact.
In fact the conditions imposed on & guarantee that any admissible expansion of &
satisfies X;-separation. (Let & be such an expansion, x€ A, @(y, z) a Ay(B)-
formula. Since |x| <k there exists a transitive set t & A such that || <« andif ze x
and Ay A BEo(y, z), then Ay et BFo(y, z). By our assumption we can assume
without loss of generality that t¢ A (if necessary we pass to a super set). Hence
{zlzex, BEIy o(z, v)}={z | ex BFIy ct ¢(z, y)} which by A,-separation lies in
A) Let Tc ANL,, be 3,(B) where B is an admissible expansion of «. By
definition of weak compactness, if T does not have a model, some b< T, |b] <k,
does not have a model. Note L.,NA<L,_), but for some ac A, b<a. By
3 ,-separation for B, TN a € A. Hence some A -finite subset of T does not have a
model and & was verified to be ¥,-compact.

The main theorem of this part is that these two cases exhaust all possibilities of
stably 3;-compact admissible structures of the form (L., €, Ry,..., R,,...) if
one assumes V=1L,

Theorem 14.1 (V=L). Let of be an admissible structure of the form (L, €,
Ry, ..., R,). Then o is stably 3,-compact if and only if either:
(I) a is a weakly compact cardinal, or
(I « is a limit cardinal, cf(a) =w and P | L, is 3,(A).
(1) k<a<k* where cf(c)=cf(a)=w, a is closed under the function d and
d L, is 3,(A).

Using Theorem 12.6 we get
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Corollary 14.2 (V=1). Let o be an admissible structure of the form (L, €,
R,,...,R,). Then A is stably 3,-compact if and only if either o is a weakly
compact cardinal or o is countably decomposible.

Proof of Theorem 14.1. The ‘if’ part of Theorem 14.1 follows from the remarks
before the theorem (for the weak compact case) and Theorem 12.4 and Corollary
2.2. Hence we just have to prove the ‘only if’ part. So assume that o is stably
3 -compact.

Case I: « is regular. If « is not weakly compact, then some T< L, ,NL,
witnesses that « is not weakly compact. Namely T does not have a model, but
every subset of T of cardinality less than « has a model. But since a is regular,
every L,-finite subset of T is of cardinality <a. Hence {L,, €, R,, ..., T) is not
3 ,-compact, but it is clearly admissible, since « is regular and by well known
facts, (we assume V=L), TNLzeL, for B <a.

Case II: « is singular. In this case we show that either a is not stably
3,-compact or (I) or (I) holds.

We shall use a variant of the combinatorial principle [} introduced by Jensen
[14] and proved by him to hold in L. See also [24].

Theorem 14.3 (Jensen [14]) (V =L). One can assign to each singular limit ordinal
a a set C, <« such that:

(a) C, is a closed unbounded subset of a.

(b) The order type of C, is less then a.

(c) If B is a limit point of C, then L, kB is singular and Cg = C, N B.

(d) C, is uniformly definable from « in Lg(y.1 where B(a) is the first ordinal
such that Lg, Fa is singular.

Note. The way Theorem 14.3 is phrased in [14] or [24] does not yield that if 8 is
a limit point of C,, then L, F B is singular, and that C, is uniformly definable from
o in Lg,).; but easy checking of Jensen’s proof show that it holds for the C,’s
defined by Jensen.

For the rest of this paper we fix an assignment (C, | a singular) satisfying
Theorem 14.3, and for a singular we define vy, =the order type of C,. The
following theorem is the main fact we need to conclude the proof. We shall delay
its proof to the next section.

Theorem 14.4 (V =L). Let o be an admissible structure of the form (L, €,...).
Assume that a is singular. (Hence C, and v, are defined.) We can expand s to an
admissible structure B =(L,, €, ..., G) such that G a and

(@) G is a closed unbounded subset of a.

(b) If B is a limit point of G, then either f | Lg=(Lg, €,R, | Lg,...) is not
admissible or L, EB is singular and vyg # v,-
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Theorem 14.1 will be proved by using an appropriate forcing notion, and
getting G from a sufficiently generic filter over &. For our given & assume that we
picked G satisfying the conditions in Theorem 14.4 and % is the admissible
structure (L, €, Ry, ..., G). The treatment of Case II will be divided into four
subcases which are not mutually exclusive.

Subcase Ila: h(L,)>«. l.e., some ordinal bigger than « is pinned down by a
sentence in L, V. In this case we claim that 9 is not X,-compact. Hence « is not
stably 3,-compact. We shall construct a theory T witnessing the fact that 9 is not
3 -compact.

We first construct a theory Ty expressing the fact that a model of it is an end
extension of @. (This construction applies generally to any admissible structure
and we shall use Ty for other admissible structures as well.) Ty has a binary
relation symbol E (representing €) as well as a relation symbol R for every
relation appearing in 9. We have also a constant ¢, for every x € L, and another
constant ¢. Tg will express the following facts:

(D) E is an extensional relation such that KP holds for E with all other
predicates.

(In v=1L.

(III) For each xe L, we have a sentence Vz (z Ec,<> V,, z =¢,) and if R(x)
holds, then R(c, )€ Tg. If ~R(x) holds, then -1R(c,) € Tg.

(IV) ¢, Ec for every xeL,. Ty is clearly 3,(%). Our theory T will be Ty
together with

(V) ¥ (recall that ¥ pins some ordinals =«). We assume that all the ¥
relation symbols of ¥ including ‘<’ do not appear in %.

(VI) fis an order preserving function from the E ordinals into the field of <.

(VII) G is a closed unbounded class of ordinals and if x is a limit point of G,
then either (L, R, | L, ...)is not admissible or x is a singular ordinal such that
if we define C, (using the uniform definition of the C,’s) we get a closed
unbounded subset of x having order type #c, .

T is clearly 3,(8). Every L_-finite subset of T has a model because if te L,
t = T, we can expand B to a model of ¢ by interpreting ¢, as x, ¢ as L; where 6 is
large enough such that if ¢, appears in t x € Ls, and we interpret the relations
appearing in ¥ such that we get a model of ¥ with the order type of < bigger
than a. We let f be any order preserving function from « into the domain of <.

The handling of this subcase is concluded by:

Lemma 14.5. T has no model.

Proof. A model of T must be well-founded because ¥ pins down ordinals, Hence
it is isomorphic to a structure of the form (Lg, €, Ry, R,, ..., G). Clearly, by
II-1V), R,NL, =R, GNa=G. Since G is unbounded in a, « is a limit point of
G. Since (I, €, R,NL,R,NL,, ...) is admissible, we must have by (VII) that
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LgFa is singular. Hence if B(«) is the minimal ordinal such that Ly, Fa is
singular we have B(a)<p. Hence C, defined in L; is the same as the real C,.
Therefore it has order type vy,. We have found a limit point of G, contradicting
the conditions imposed on G by (VIII). [ Lemma 14.5 [ Subcase Ila.

Subcase IIb: cf(a)>w (a singular). Also in this case we claim that of is never
stably X,-compact. We form B as before by expanding & as before using G
satisfying Theorem 14.4. We again claim that B is not 3,-compact, hence & is not
stably 3,-compact. The theory which will witness this is a small variant of T,
defined above in Subcase ITa. Namely we take Ty together with (VII) of T. Like
the previous case, every L, -finite subset of T has a model. Again we finish this
case by showing

Lemma 14.6. T has no models.

Proof. Suppose T has a model of the form (M, E, R,, ..., R,, G). This proof is
different from the proof of Lemma 14.5 because {M, E) cannot be assumed now
to be well-founded. But we know that the ordinals of M have a maximal initial
segment which is well-founded. Without loss of generality we can assume that this
initial segment is some ordinal B and that Lz = M. By definition of T (recall
Te<sT), B=ahenceL,cMandE | L,=< | L, ... Weshall, in what follows,
misuse the language by pretending that (M, E, . . .) is a standard model of KP. For
instance we shall systematically confuse xeM and {y|yEx}. We shall use
superscript M for relativizing different set-theoretic notions to M. Thus L is the
element of M considered by M to be ‘L’ of the M ordinal z.

We distinguish two cases:

Case A: a <B. Hence a € M. Since G=GNL, and G is unbounded in a, we
get as in Lemma 14.5 that acG. Since RNL,=R, for i=1,...,n,
(L., e,RiNL,,...,R, | L,)is admissible. Hence MFE« is singular A the order
type of CM#+,.

We shall use the following fact which was called Lemma 8 in [21].

Fact. Let (M, E) be a model of KP+V =L. Let a be an ordinal in the well-
founded part of (M, E), with cf(a)>w. If (M, E)ka« is singular, then BM(a) is in
the well-founded part of M. Hence ™ (a) = B(a). (Recall that S(a) is the minimal
ordinal such that Lg,Fa is singular.)

(The proof uses [14] to represent, in M, L{,, as a directed limit of structures of
the form (L, €), y <a, where the direct limit is indexed by & <a, ordered by
their natural order. Since cf(a) > w every countable set of elements of the directed
limit is already in one of the members of the directed system. Hence L§(,, is
well-founded.)

Since the real B(a) is in M, we get by the uniform definability of C,’s that
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CM=C,, and we immediately get a contradiction to our assumption that the order
type of CM# v,.

Case B: a = . In this case we follow an argument we have used in [20]. (See
also Section 1 in [21]. Since G is unbounded in M, we let y be a non-standard
limit point of G. Note that since M is a model of KP, hence ‘amenable’, we get
that GN(y+1) as well as R, Ny for 1=<<i=<n are ‘in’ M. (What we really mean is
that for some zeM, Yie M, tEx< te GAtEy. Similarly for R..) Since every
limit point of G N(y+1) is singular in M and MEKP, there is z € M such that
GN(y+1), RiNy,...,R,Ny belongs to LY and LY E‘“every limit point of
GN(y+1) is singular’. Let H be the set of all elements of L% first-order
definable in (LM, E) from y, G Ny, R, Ny, and from members of «. By Lemma 2
in [20] we get that (H, E) is well-founded. Hence it is isomorphic to a structure of
the form (L,, €). Let h:(H, E) —(L.,, €) be the collapsing homomorphism. Note
that for 8§ <a, h(8)=38. Hence a <h(y) and that h(G Ny) Na = G. Therefore,

(L,, €)Fa is a limit point of h(G N(y+1)).

(Recall that G is unbounded in «.)

Similarly h(R,Ny)NL, =R, for 1<i<n.

By construction of z and M we get (L, €)F“every limit point & of
h(G N(y+1)) is either such that {Ls, €, h(R,Ny)NLs, h(R,Ny)NS,...) is not
admissible or 8 is singular and the order type of Cs# v,”.

Hence we get

(L,, €)Fa is singular and the order type of C,# ..

But C, in the sense of L, is the real C, and we get a contradiction. [ Lemma
14.6 [0 Subcase IIb.

Subcase IIc: Case 11 holds, i.e., a is singular, but Subcases I1a and IIb fail. Hence
in this case h(L,)=a and cf(a)=w. By Theorem 11.1 we know that since
h(L,) = a we have that either « is a limit cardinal or k <a <«" where cf(«x) = o,
and « is closed under the function d. For each of these two possibilities we shall
need one of the following two lemmas.

Lemma 14.7 (V=L). Let a be a limit cardinal. Let #=(L,, €,R;,..., R,) bean
admissible structure which is 3 ;-compact. (Note that o is closed under the power set
operation x — P(x)). Then the expansion of o by the power set operation is
admissible.

Proof. Since « is a limit cardinal, the structure & expanded by the power set
operation namely B=(L,, €, Ry, ..., R,, %) is amenable. So we just have to
verify the 3;-bounding axiom. Let ¢(z, y) be a Ay-formula in the language of &,
and let ae L, be such that £EVzeca 3y ¢(z, y). We have to show that there
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exists a t such that
FEVzeadyeto(z,y).
Consider the theory

T,U{“P is the power set operation” (namely:
VxVyy=P(x)Vz(zEy<Vt(tEz —>tEx))}
U{“—3tVzEc,3y Eto(z, y)"}.

(Recall that ¢, is the constant mean to denote a.) (T, was defined for any
admissible structure & above in Case Ila.)

T is clearly 3,(sf). Any of-finite subset of it, T', has a model, namely %
expanded by an interpretation of the constant ¢ as some L (§ <a) containing all
x’s such that ¢, appears in T'. We assumed that & is 3;-compact, hence T has a
model. €=(M,E,R,,..., R, P,..., c). Without loss of generality L, = M. Since
« is a limit cardinal, the interpretation of P, restricted to L,, must be the real
power set operation. Since L, is closed under the real power set. Let ¢ be the
interpretation of the constant c¢. Note that x E ¢ for xeL,. Also R,=L,NR,
Hence it follows by assumption that

€kEVYz Ea3dyEc¢(x, z),
which clearly contradicts €FT. [0 Lemma 14.7

The next lemma is similar in character.

Lemma 14.8. Let k <a <k* where cf(k) = w. Assume that « is closed under the
function d. Let of be an admissible structure of the form (L, €, R4, ..., R,), which
is 3i-compact. Then the expansion of o by the function d, namely RB=
(L,, €,R,,...,R,, d) is admissible.

Proof. We first show that 9 is amenable. We have to show that for v<aq,
d } yeL,. I there exists a last cardinal in L_, then by Lemma 10.5, (L, ) has
(DP). If not then by Lemma 10.6, (L, €) can be expanded to a structure having
(DP). Over such a possibly expanded structure d must be 3, (by Lemma 12.2).
Since d is a total function (« is closed under d!), it is A, hence it follows that for
y<a, d } yeL, Now we have to show 3-reflection for @&. Let ¢(z,y) be
Agp-formula in the language of d such that for some ael,, LEVzecadyop(z,y)
but (heading for contradiction)

LEAtVzeadycto(z,y).

Recall that by Lemma 11.4 for all «k <f3<«™ there exists a sentence of L., {s,
which is primitive recursive in B, and ¢y is consistent, all of its models have the
form (L4, €,...) and it has a finite similarity type. Expand the language of T
by introducing an extra symbol for every symbol appearing in the language of
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Y;’s, but with arity which is larger by one from the original arity. Thus if R is a
ternary relation R introduced is quadruple relation etc. For 8 <« let ®g(x) be the
formula expressing “ys; holds in (L,, E,R,,, . .. ) where R, etc. is the ¢z section of
R, namely if r is n+ 1-ary it is the set of n-tuples x such that {(cg, x) R, where R
is the relation corresponding to R.

Consider the following theory

T=TuU{Vx (x=d(B) — Pu(x) | B<a}
U{*“=3tVzEc, 3y Eto(z, y)}.

(Recall that ¢, is the constant of T, mean to denote a.)

T is f-r.e. because the function 8 — )z is &f-r.e. Hence B — &P, is A-1.€.

Like in the previous lemma every «f-finite subset of T has a model. By
3 ,-compactness of &, T has a model. Again if ¢=(M,E,...,¢,d,R,...)is such
a model we can assume I, =M and hence x E ¢ for all xeL,.

If €Ex =d(B) for some B<a, then {(L¥ E) can be easily expanded to a model
of . Hence by the construction of i, in Lemma 11.4, (LY, E) must be
isomorphic to (L, €). Since Ly is in €, we must have x=d(B). Thus
d | L,=d | L, Therefore the interpretation of the constant ¢, ¢, is easily verified
to satisfy ¥EVz Ec, 3y Ec ¢(z, y) which clearly contradicts €FT. [0 Lemma
14.8

To conclude the proof we need to use a Theorem by L. Harrington [13] which
very elegantly replaced the previous arguments we had for the case we are
handling. In order to state Harrington’s theorem we need

Definition 14.2. An ordinag « is called amenably admissible iff there is no
function f:k — a (k« <a) whose range is cofinal in «, and such that for all p <k,
htpelL,

Note. If « is singular in L, then « is not amenably admissible, since a function
enumerating C, monotonically is a witness to a not being amenably admissible.

Theorem 14.9 (Harrington [13]). Let of be an admissible structure of the form
(L, €, R,,...,R,) such that a is not amenably admissible. Let Q be a relation on
L which is not sf-r.e. Then for some relation T,{L,, €, Ry, ..., R,, T) is admissi-
ble, but (L., €,R,,...,R,, T, Q) is not admissible. (In [13] Theorem 14.9 was
formulated for the case of =(L,, €), but the proof applies as well for expanded
structures.)

Lemma 1410 (V=L). Let o be singular s an admissible structure of the form
(L, €,Ry...,R,)

(a) If a is a limit cardinal, then if 2 | L, is not sf-r.e., then o is not stably
3,-compact.
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() If k<a<k", cf(k) =w and a closed under d, then if d is not A-r.e., then
is not stably 3,-compact.

Proof. (a) If # | L, is not of-r.e. we can use Theorem 14.9 (since « is singular in
L, it is not amenably admissible) and get T such that B=(L,, €, R;,...,R,, T)is
admissible, but {L,, €, R;, ..., R,, T,? | L,) is not admissible. By Lemma 14.7,
B is not X,-compact. Hence some admissible expansion of & yields a structure
which is not 3;-compact. Hence & is not stably 3;-compact.

(b) The proof is like in (a), replace 2 | L,, by d | L, and Lemma 14.7 by
Lemma 14.8. [ Lemma 14.10

So we conclude from Lemma 14.10 that the only way &#=(L,, €,R,,..., R,)
can be stably ¥,-compact (a singular) is that cf(e) =@ and either a is a limit
cardinal and @ | L, is of-r.e. or k <a <" and «a is closed under the function d,
which is #f-r.e. We conclude that in our case either (IT) or (IIT) holds. [0 Case
IIc [ Case II [ Theorem 14.1 (modulo Theorem 14.4)

15. Proof of 14.4 by forcing*

We start proving Theorem 14.4. So let the admissible structure o=
(L,, €,R,,...,R,) be given, such that « is singular in L.

Recall (see [14]) that p,, the X;-projectum of & is the minimal ordinal <« such
that there exists an 3,(#) one-to-one map of L, into p,. p, can also be
characterized as the minimal ordinal such that some 3,(sf)-subset of p, A, is not
in L,. (Hence for B<a, every X,(sof)-subset of B is in L,.) Note also that
cf(p,) = cf(a) and that if p; <a, then p, is the last L -cardinal.

Let C = C, be the canonical closed unbounded subset of «, having order type
<, and such that if v is a limit point of C,, CNyeL,. Let y =1, be the order
type of C. We have to introduce a closed unbounded subset of «, G, such that
(L, R4,...,R,, G) is admissible, and for every limit point of G, 8, either
(Ls, €, RN L, ..., R, NL,) is not admissible or § is singular in L, and the order
type of the canonical Cj is different from .

G will be introduced by forcing over &. Our forcing notion will be the obvious:
approximations to G which lie in L, namely:

Definition 15.1. Let (2, <) be the set of all closed bounded subsets of a, g, such
hat g has a last element which is not a limit point of g, i, and such that for every
limit point of g, &, either (Ls, €, R,NL;, ..., R, NLs) is not admissible or & is
singular in L, and the order type of C;# v, P is partially ordered by g=h if g is
an initial segment of h. (P, <) is clearly A,().)

4 We acknowledge with thanks simplificiations in the proof suggested by the referee.
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Our objective is to find a generic enough filter ¥ in (®?,=<) such that if
G =Ugeq g we have that (L, €, Ry, ..., R,, G) is admissible. The fact that G
will be unbounded in a will follow from the genericity of ¥ because for any
condition in 2, g, and for any 8 <, g can be extended to a condition containing
some ordinal >é.

Let us introduce some notations. If ¥ is a filter in P, we denote by G(%) the
corresponding closed subset of a, i.e., Jzcq g We say that 9§ is unbounded if
G (%) is unbounded. (%) is the structure & expanded by G(¥%),and (%) | 6 is
(Ls, e, RiNL;,...,R,NL;, G(9)NL;). It also is clear that if G(%) is un-
bounded, then for all § there is g€ % such that § N G(%9) =g N 4. The following
lemma should be now obvious.

Lemma 15.1. Let 4 be an unbounded filter over (®,<). Let xe L, and ¢(x) a
3,-formula in the language of 4(%4). Then A (9G)Ee(x) iff for some &§<a,
A(4) } dE@(x), hence for some ge 4§,

<L8’ G’Rl r LS’--'5Rn r L89gnL8>I:(P(x)

Definition 15.2. An unbounded filter 4 over (?, <) is called generic if for every
Ay-formula ¢(y, z) (with parameters) in the language of #(9) and for every xe L,
for some ge G either

(a) for some yex, for no extension h of g, no § <<a, and z € L; we have

(L, €, R, | Ls, ..., h)F3z (y, 2z),
or (b) for some 8 <a we have

(Ls, €,R; | Ls, ..., g)EVyex 3z o(y, 2).

Remark. In the definition above one could replace ‘“for every xeL,” by the
seemingly weaker assumption “for every L -regular ordinal x”. The reason is that
every element of L is the image of some ordinal under a function that lies in L.
Hence we can restrict the definition to “x’s which are ordinals”. The reason we
can restrict it to “an L -regular ordinal’ is because if 9 is not generic, we let p be
the minimal ordinal for which Definition 15.2 fails. We let ¢(y, z) be the
Ay-formula witnessing it. We claim that p must be regular in L,. Otherwise let
h:x — p be a function, he L, range(h) cofinal in p. Consider the A,-formula
(which uses h as parameter)

Y, y) > “heL, A(L,R, | L,...,R, I L,GN¥)
EVy<h(t)3z ¢o(y, 2)”.

By minimality of p, Vte « 3y y(t, v). But since k <p we get that there exists &
such that

<L8’€’R1 r LS""’G06>I=VtEKa’Y¢I(t, Y):
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but since h is cofinal in p we get
<L83 €, RlnLﬁa L) G 06>}:VZ € pay (P(y, Z),

which is a contradiction. [0 Remark.
So when constructing our generic filter we have to fulfil several assignments.

Definition 15.3. (a) An assignment is a pair {u, ¢) where p <a and ¢(y, z) is 4,
in the language containing symbols for €, Ry, ..., R,, G (¢ may contain parame-
ters from L,.)

(b) g e fulfills the assignment {u, ¢} if (a) or (b) of Definition 15.2 holds for g
(where in case (b) we can take 8 =sup g). (Note that if one § works for g, any
larger & works. Note also that fulfilling on a given assignment is a IT,-statement
about g.)

By the remark above it is enough to fulfil those assignments for which u is L,
regular.

Our basic lemma is the following which uses arguments due to Harrington [13].
They replaced much more complicated arguments we had originally used.

Lemma 15.2. Let « be an L -regular cardinal or an L -cardinal which is smaller
than p, (the 3 -projectum of ). Let H={{p,, 0,)| p<mn} be a sequence of
assignments, H € L, where n <k and each p,<«k for p<m. Let g€ P. Then some
extension of g, h, fulfills all the assignments in H.

Proof. We define by recursion in L, (hence by a 3, way) a sequence {gs | 8 <x)
(where x is some ordinal <«. We shall later use that x =), g5 P, for 8§ <8’
gs<gs and a function fs:m — «+1 such that for § <& and for p<m, f5(p)
=fz(p). To get started we let g, be any extension of g containing an element
bigger than k. We let fo(p)=0 for all p<nm.

For & limit we try to define a common extension of all gz (B <8) namely we
consider h =\Jg5 gg, and we try to set gs = h U{sup(h)} U{some ordinal p such
that sup(h) is singular in L,}. The problem may be that gs¢ 2. (The only reason
for that is that either sup h is regular in L, or that the order type of Cy,pim)="
and (Lgpmyy Ri 1 Laupnys - - - i admissible.) If this happens we stop the construc-
tion, i.e., we let x =8. If g5 € we define f;(p) =supgsfs(p), for p<m.

For 6 = B+ 1, we consider the following two questions.

(a) Is gg € Lg and LgFevery limit point of gg is singular?

(b) Does there exist p <<m such that fg(p)<u, and z € L, gz <h € Lg such that

<L89 €, Rl nLBy s Rn mLB’ h)':(PB(fB(p), Z).

If the answer is “No” to either of these questions, then we let gz, = gg, fa+1=
fa. If the answer is “Yes” to both (a) and (b) we pick the minimal p, witnessing a
“Yes” answer to (b). For p, we pick the minimal he Lg, witnessing a “Yes”
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answer for (b). We define gz,,=hU{B}. (Note that ggz,,€P.) We define
fa+1(po) = fa(po)+ 1 and fs.((p) = fa(p) for p# p,.

This definition clearly gives a 3,(sf)-function on some ordinal <a. Note that
since f;(B) is increased by 1 at most at each step, we get that for fixed
{fs(p) | 8 <x} is an initial segment of w,.

Note also that since we increased gg just in case we already knew in L that
every limit point of g, is singular, hence if for some limit & (g | B8 <8) is not
eventually fixed, then the inductive definition of (g | B <8), (fz | B<8), can be
done inside (Ls, €, R,NLs,...) and sup(Ug -5 gs) = 8.

We claim that the (gg | B < x) are defined for all 8 <a (namely x = «) and that
they are eventually constant. This follows from:

Lemma 15.3. Let <o be such that 4} §={(Ls,e, RiNLs,...,R,NLy) is
admissible 8> «. Then (g | B <8) (if they are defined) are eventually constant.

Our claim follows from Lemma 15.3 because if x <a, then (g | B <x) are not
eventually constant but then x =sup(Ug gB), hence by the lemma & | x is not
admissible, hence Ug—q gs U{x}U{x+1}€P and our inductive definition goes
behind y.

Proof of Lemma 15.3. Assume that (gg | 8 < 8) are not eventually constant. (Note
that this implies that g; € L5 for 3 <<§.) Let

A ={{p, u)| for some B <8, fz(p) = n}.

Acnx(k+1), A is clearly 3;(f | 8). (Recall that the sequence (f; | B <8) is
3, (o | 8).) Note also that for fixed p, {u|{p, u)e A} is an initial segment of
k+1.

Claim. AcL,.

Assume the claim, and use the admissibility of of | 8 to get 8,<< 8 such that for
(p, w)€ A, 3B < B, such that fz(p) = u. It follows that for all B<§, p<m, falp)=<
fa.(p). Since for fixed p, fz(p) are increasing as B increases, fz = fa, for B> B,, but
then by construction gg=gg for B>B, which is clearly a
contradiction. [0 Lemma 15.3 modulo the Claim

Proof of the Claim. Since A is 3,(# | L;) the Claim is clear for the case « <p,,
In case k is L, regular note that:

B={plp<miplxcc=A}is (A | Ls)aswellas C={p|(p, k)€ A}.
We claim that B and C are in L;. This follows from

Lemma 15.4. Let « be a regular Ls-cardinal, D a 3,(s4 | 8)-subset of n X k where
n <k. Then either D € Ls or for some p<m, {u | {p, u)€ D} is unbounded in «.
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Proof. In L; one can enumerate monotonically the 8’s such that in L one
‘generates’ a new member of D (i.e., in Ly one finds for the first time evidence for
the ¥, fact that some element is a member of D). If the 8’s thus enumerated are
bounded in §, then D is Ao(A | 8), hence D e L;. Otherwise one can enumerate
at least x + 1 such B’s (B, | u <«). Hence D contains a subset, D', of cardinality
which is A(sf | 8). Hence D’'e L. Since m <k, and « is regular in Ly we must
have some p e Lg such that {u | {p, u)e D’} has order type «. The same p works
for D. JLemma 15.4

It follows from Lemma 15.4 that any subset of n, (consider it as a subset of
nx{1}=mn x k) which is 3,(«4 | 8)isin Ls (we cannot have k-many values with a
given p). In particular C and B are in L;. Consider D=A-Cx{k}—-Bx«k. D is
3.(sg | 8). Forevery p<m,{un |{p, )€ D}is bounded in k (it is an initial segment
of k+1 and it is neither « nor k +1 since otherwise we have peC or pe B
respectively).

Hence by Lemma 154, Del;, but A=DUCX{k}UBX«k. Hence Ae
L;. 0O Claim.

We resume the proof of Lemma 15.2. We have proved that the sequence
(gs | B<a) must be eventually constant. Let h be this constant, say h =gg. h is
the required extension of g, because let (i, ¢,) be one of the assignments in H.
We claim that h fulfills this assignment. If fz(p) = p,, then it means that for every
£ <, we had some gz and z such that

(LBg ea Rl nLﬂta ey gB€>h‘Pp(§, Z)'
Hence since 8 =sup(h)= g, and h=g,, we have
<L83 €, Rl nLBEy R h>kcpp(€) Z)

and the assignment is fulfilled.
If on the other hand fz(p) < p,, then no extension of h, h’', no 8§ <« and no z
satisfy

(Ls, €, Ry | Ls, .. ., R)Fo@(fa(p), 2).

Because if such h’, z, § exist, then z belongs to L;. We can assume that 8 >3 and
§ is large enough so that every limit point of h = gg is singular in Ls;. Hence when
we arrived to 8 + 1 in our definition of {g; | 8 <a), we get answer “Yes” 10 both
our questions, hence we must have that g5 . # gs, (we added at least § to gg).
Hence we got a contradiction to the assumption that h is the eventually constant
value of (gz | B<a). [OLemma 15.2

For proving Theorem 14.4 we need one more fact, which follows from [J (the
version in Theorem 14.3). This fact, or actually much more than it, is essentially
proved in [24] but we shall include a proof for completeness.
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Lemma 15.5 (V=L). Let 1 be a regular cardinal. To each a having cofinality m
one can assign a closed unbounded subset D, of order type n such that for all B <a,
D, NBeL,. In particular in our proof we get also D, < C,.

Proof. The proof is by induction on «.

For a =7 (which is the minimal ordinal of cofinality ) we take D, = n. For
general o consider C,. The order type of C, is vy, where y <a. Clearly cf(y) =
cf() = m. Hence D, is already defined. We let

D,={B|BeC,, the order type of C,NB isin D,}.

D, is easily verified to satisfy the requirement. (Note that for e C,, C,NBeL,,
hence if C,NB has order type u<vy, D,Nuel, <L, But then D,NB=
{6186eC,NB, the order type of C,NBN&ecD,Nu}. Hence D,NBe
L,) [OLemma 15.5

Another fact we shall need is definition by 3¥,-recursion, provided we want a
sequence of length less than the cofinality of «.

Lemma 15.6. Let of be as above, where cf(a) =n. Let H be a 3,(sf)-function. Let
B <m. Then there exists in L, a sequence {(as|8&<B) such that for all 5, a5 =
H(5,(a, | u<8)).

Proof. We prove the lemma by induction on 8. Non-limit 8 is easy. For limit 8,
{as | 8 <) exists for u < B. Hence the sequence {a;s | < B) is defined. The only
problem is showing that (as | 8<<B)eL,. Let H be defined by 3z ¢(z, x, y, t)
where ¢ is IT,.

By induction we define x, for p<fXw. x, be large enough so that for all
p<pB, (as|8<w)eL,, and in L, we can find z, such that

ﬂ*:(P(Z, a‘p,’ [22) <a8 I 8<IJ‘>)~

Xo exists because cf(a)>B.

For p limit we let x, be sup, -, x.. (Note x, <a because cf(a)>BXw.)

For p=B8xn+8+1 (where d<fB) we pick x, as an ordinal bigger than x, ;
such that & | x, satisfies the following II,-sentence

YEVYX (x# a; — — 3z 0(z2, x, §,{a, | p<8)).

X, exists by II,-reflection since clearly Fy. Let x =Sup,gx., Xo- Again x <a.
If we try to use in & | x the inductive definition like in o we get the same
sequence (a, | p <B). Hence the sequence (q, | p<B) isin L, [JLemma 15.6

Proof of Theorem 14.4. We shall prove Theorem 14.4 by proving the existence
of a generic filter in @. Recall cf(a)= 7.
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Fix f:L, — p; which is injective and ¥,(sf). By Lemma 15.5, fix D <« such
that D is closed unbounded in «, the order type of D is n and for B<a,
DNBelL, Similarly since cf(p,)=cf(a)=mn and p;<a fix Ecp,, E closed
unbounded in p;, the order type of E is n and for B<p,, ENBel, cL,. Let
{va | B<m} be an increasing enumeration of the elements of E. We define by
induction an increasing sequence (g, | p <m) of elements of ?. go={n+1}. If g5 is
defined, we pick & >sup{gg}, 6 D. Let hy =gz U{8}. Let Hp be the set of all
assignments of the form (., ¢) where, if a is the set of parameters appearing in ¢,
then f(a) <v, and either u <vg or in case p, is L,-regular, u = p,. Clearly, since
{x | flx)<vg} is 3,(sf) and vz <py, {x|f(x)<vyg}eL,, hence it is easily verified
that He L,. Note that the L -cardinality of H is at most yz. Hence by Lemma
15.2, there exists g which extends h, and which fulfills all the assignments in H. We
let gs.; be the minimal such g, (in the canonical well-ordering of L). At limit
stage we take gg =|Js<p & U{n, x} where p=sup(Us<pgs) and x is the first
ordinal in which wp is singular. (Note that since w is a limit point of D, w is
singular in L, because u <a, since B8 <m and cf(u) =cf(8) while cf(a)=mn.)

The sequence (gs | §<<B) is in L,, because it can be defined by X,-recursion
from DN p and E Ny, (We use lemma 15.6.) The following observations explain
why the recursive definition of (g; |8 <B) is a X,-definition: from DNy and
EN~yg

(A) The condition h; described above is Aq in gg and D Np.

(B) The set Hj, as a set, is X, in 8 and EN yg.

(C) gs., is the minimal condition which extends h and which satisfies all
assignments in Hs. The statement gz, , is an extension of h is 4,, and to say that it
satisfies all assignment in Hj, is IT, in 6 and E N B (since H; is 3,). To express the
fact that for every element of L, smaller than g, it is either not a condition or
does not satisfy all assignments in Hy is ¥, in the above parameters. Hence g5, is
3,-definable from g;, 8, and DN, EN,.

(D) For limit 8, g; is clearly ¥;-definable from (g, | u <8).

Hence our recursive definition is 3, and (gs | 8 <)< L,,. Therefore gz € L, and
clearly gz €.

We let 9 be the filter in P generated by (g5 | 8 <m). 4 is unbounded (G(¥%)
contains m points of D) and every assignment of the form {u, ¢) where u is
L -regular is fulfilled by %, because u <p, and E is cofinal in p,, hence for some
B<m if a is the set of parameters of ¢, f(a)<<ys and either p <vyg or p; is
regular and p =p,. Hence {(u,¢)ec Hz and therefore (u,¢) is fulfilled by
%. 0O Theorem 14.4

16. Miscellaneous

The problem of characterizing structures having 3;-completeness is similar to
characterizing X,-compactness. They are of course connected.



Sh:144

356 M. Magidor, S. Shelah, J. Stavi

Lemma 16.1. If a structure of the form =(L,, €, R, - - R,) is 3,-complete then
it is 3,-compact.

(The converse does not hold because we have many a’s, ®; <a < w,, such that
(L,, €) is X,-compact, but by Theorem 12.3, (L., €) is not validity admissible,
hence not 3 -complete.)

Proof. Assume that & is not 3,-compact. Let H be a 3,(&f)-theory witnessing it.
Let ¢(x) define it. Consider the following theory T. T has a constant for each
xe L, ¢, and a relation symbols E (for €), R; for R; (1 <i=<n) also have enough
extra relations so that one can define (uniformally in T) for every x ordinal a
model of

H,={y|weL, L Fe()}
T also expresses KP+V =L and “Vz(zEc, < V,.,z=¢,)” for xeL,.
R;(c,)e T if Ri(x) holds,
Ri(c,)e T if ~R;(x) holds.
Any model of T must have the form
(L,e,Ry,..., R, ... )

(It can not be an end extension of (L _,<,R,,...,R,,...) otherwise we get a
model for H.)

T is clearly X,. If the consequences of T are 3,(sf), we get that the truth of
sentences in & are X,(s&f) which is clearly a contradiction. O Lemma 16.1

Note that like the problem of compactness, we cannot expect 3 ;-completeness
to imply any kind of decomposability, since if k >w is regular and (L, €)<
(L., ), then if P is the predicate of being logically valid, then (L, €, PNL, )<
(L., e,P), but {L,,e,PNL,)is 3 ,-compact (as an elementary substructure of
(L., €, P) and it is validity admissible, hence by [22] it is ¥,-complete.) Definitely
we can pick such a’s such that (L,, €, PN L, ) satisfy no reasonable decomposabil-
ity condition.

Similarly to Definition 14.1 we can define that  is stably 3,-complete if any
expansion of & into admissible structure is 3;-complete.

Like Theorem 14.1 we have:

Theorem 16.2 (V=L). An admissible structure of the form o=
(L., €,Ry,...,R,) is stably 3,-complete iff either

(a) « is weakly compact and the power set function is 3,(), or

(b) o is countably decomposable.

Proof. If « is weakly compact and P(x) is 3,(sf), then s has (DP), hence it is
validity admissible, and it is stably 3;-compact (because « is weakly compact). By
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Nyberg [22] every admissible expansion of & is 3;-complete. If & is countably
decomposable, then every admissible expansion of it is countably decomposable.
Hence by Corollary 2.2 it is 3;-complete.

For the other direction, by Lemma 16.1, if & is stably X,-complete it is stably
3,-compact. Now the theorem follows from Theorem 14.1 and the proof of
Theorem 12.4 which shows that for a limit cardinal « if (L., €, R;,...,R,) is
validity admissible we must have that ? | L, is 3,(sf). 0 Theorem 16.2

We conclude this section by providing the example (promised after Proposition
4.12) of a structure satisfying (DP2), without satisfying (DP1). We shall construct
our example in L.

Let vy be a limit cardinal such that (L, €) is a model of large enough finite
subset of ZFC. We shall force over (L., €) and expand it by introducing a function
f, defined on +, such that for every a <v, f(a) is either a™ or k <a < k' where k
is cardinal, cf(x) = @ and d(«) =< f(a). The set of forcing conditions will be the set
of all functions defined on initial segment of v satisfying the requirements on f.

Using the fact that (L., €) is a model of enough axioms of set theory, one can
prove using arguments like in Section 15 (though simpler because one has more
axioms available) that there exists a ‘generic’ F such that (L., €, F) is admissible.
(L,, €, F) clearly satisfies (DP2) because one can define

R(X,Y): 3o 3f(f maps a onto XAY ={f"Z|Ze Lgy,}-

R(X,Y) is clearly 3,({(L,, €, F)) and it is a decomposition predicate for this
structure.

Claim. The power set function X — P(X) is not 3,({L,, €, F)).

Once the claim is verified it is clear that (L, €, F) does not satisfy (DP1) in
view of Lemma 12.7, because if it satisfies (DP1), it is validity admissible.

Proof of the Claim. Assume that ¢(x, y, a, F) gives a Y ;-definition of the func-
tion. We shall prove that for every condition g there exists an extension h and
some x, y in L., such that hke(x, y, @, F) but y# P(x). By genericity of F, such an
h can be assumed to be an initial segment of F, hence we get a contradiction to
our assumption.

Given a condition g, a, and ¢ where o(x,y,a, F)=3Zy(x,y,qa, F, Z). By
assumption about ¢, let n be a limit cardinal of cofinality w such that n<<é and g,
a € L,. By assumption there exists an extension of g, h whose domain is p>n
such that

(Lp, €, hYFAZ §s(n, P(n), a, h, Z).

Fix Z. Let w be a limit cardinal less than 0 such that p<p and h eL,. Let u be
the set of elements definable in {L,, €) from (n +1)U{a, g, k, p, z} and let (L,,€)
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be the transitive isomorph of M where h is collapsed to h. Let j be the inverse of
the collapsing isomorphism. We shall show that h is a condition. Granted that,
since g is collapsed to itself, h extends g (recall that k was an extension of g) and
if p is the collapse of p and y the collapse of P(n) we get

<Lﬁ5 ea h>|=32 ‘1[’(77, yy a, h’ Z)

But |y|=m, and therefore y+# P(n), hence we got the required extension of g. So
we just have to verify that h is a condition. h is clearly a function from p into g.
Since h | n="h | m, h | n satisfies the requirements.

We have to verify that for n <a <p, d(a)=<h(a). We first prove that for every
o such that L, Fa is a cardinal, a > 7, then d(a)=<(a™) (where a™ is taken in the
sense of L ).

This follows from the fact that since w is a limit cardinal every definable subset
of j(a) definable over L, is an element of j(a™). Every element of « is definable
in L, from 7 and finitely many parameters, hence in L,- one can find a countable
family A, such that |A,|<m and | A, 2 «. (Recall that cf(n) = w.) Now let a <p,
in L, we have either h(a)=a" and in that case d(a)<h(a) or L Fx<a<k™
where « is a cardinal of cofinality w and d{(a)=< h(a).

In the last case one can define sets B, in L, such that L F|B,|<« and
a =J,<, B,. For each n, let B, =|B,| in the sense of L,. Where f,:8, — B, is
onto, and definable in L, ;. By previous arguments, since d(,) = 8}, <k we can
define in L, A7 such that L _F|A|<m and B, =UJ,, A%. One can now easily
show that f” A} is definable in L, and a =J,,. . f" A, hence d(a)=<h(a).

Appendix. Admissable ordinals are not immortal (by Leo Harrington)

For X < a let M, [X] be the structure (L, €, X).

Call « amenably admissible if: for all X c o, if X is L,-amenable, then M, [X]
is admissible.

Notice: (« a limit) « is not amenably admissible iff Ik <a Ih:xk — a s.t. h is
unbounded in a« to Vp<k (h | peL,).

Notice: if cof « = w, or if « is a singular ordinal in L, then « is not amenably
admissible.

Theorem. Suppose « is not amenably admissible. Let R<a be s.t. M,[R] is
admissible and R is not A, over L,. Then: There is Q < a s.t. M, [Q] is admissible
and M,[R, Q] is not admissible.

Proof. (1) Let k =least ord <a which demonstrates that « is not amenably
admissible.
(2) Notice: k=<(A, in M,[R])—cof of a.
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Notation: by a set of ords x we mean that x:8—2 for some ord S
(B =dom x). We say that x is a subset of .

Let F={F|feL,, fis a func, dom f is an ord, and V& <dom f (f(¢) is a subset
of &)}

(3) For f,geF:f<gif f=¢g | domf.

For a, a set of ords, f<,g if f<g and

Vé(domf<s¢é<domg= g(é)  doma=a | £&).

Let R be as in the statement of the Theorem.
(4) For feF and for £ <dom f let:

olf, )=max{8<¢|f(&) 1 6=R I 8}, &(f, §)=lim<séup a(f,v).

Let A(f)={¢<domf|o(f, &)<&(f, &)}.

(5) Notice (for f, ge F):

() If g=rf then A(g)=A(f).

(ii) If doma>domf, a | domf=R } domf, and a¥R } doma (a in L,),
and if g=,f, then A(g)=A(f).

Let P={{c f)|feF,ceL,c is a set, dom c<dom f}. For pe P, let p={c,, f,)-
Order P by: p=q iff ¢,<c, (ie., ¢,=¢,domgc,), and f,=<_f,. Let F=
{fe F| A(f) has order type <«}. Let P={peP| ¢, <R andf, e F}. For G a filter
on P, let Qs = U{f, | pe G}.

Claim. There is a filter G on P s.t. Qg has domain a, M,[Qg] is admissible, and
A(Qg) has order type exactly k. [Notice, since A(Qg) is A, in M,[R, Qg], the
claim yields the Theorem.]

Proof of the Claim. For d a set, w an ord, and for Y= d X, Y is called initial in
dxp if Vied (Y; is an initial segment of w) [where Y;={j<p |G e Y}l

(6) FordeL,, uw<a, dxu is called small if every initial subset of d x u, which
is X, in M_[R], is actually in L.

(7) Notice d X w is small if either:

(i) p is a regular card of I, and (a-card of d)< .

(ii) (a-card of d)=u and every 3, in M,[R] subset of w is actually in L.

Let ¢ be the universal 3;-formula.

Fact 1. Let {c, f)e P; d x u small. Then there is g=.fs.t. A(g)= A(f) and s.t. for
all i e d either (letting v=dom g):

(@) M,[g]EVj<p e, ),

(b) Fj < s.t. M [glEVk <je(i, k), but for all g' =g | ,8 Mem L8 1F 0, J).

Proof. In a 3, over M,[R] way, build a sequence g5, Z° (6§ <8, some =<<a) as
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follows:

g0:f’ ZO:Q-
e =U{g|d<A), Z*=Us.Z® for A limit.

Given g5 and Z?; if:
(8) There are g*, i*, j*s.t.:

g5 =8, A@EH=A(g), i*ed, jr<p, (% H¢EZ0,
Vk<]* (l*s k)ezsa and M(dom g*)[g*:“:‘\o(i*, ]*)-

Then: pick such g*, i*, j* and let g5, = g*, Z*' = Z2 U{(i*, j")}.

Let Z=Js<¢ Z® Clearly Z is an initial subset of d X u, and Z is 3, in M,[R];
so Z is in L,. Thus 6<a, and so 6 =8 + 1 for some §. Let g =gs Let y=dom §.
We have:

gz A@=AP.

Let W={ied|Vj<u (i,j)eZ}. Let V=d\ W. For i€V, let j(i) be the first
j<wps.t (i, )¢ Z. We have:

(9) VieWM,[E]EV]<p (i, ).

(10) Yie VM [8]EVKk <j(i) ¢(i, k).

(11) For all f=_g if A(f)=A(g), then 0(f) holds [where 8(f)=VieV
M gom plFIF 70 G, j(D)].

For a set in L, st. doma=g&a | y=R | v, let f, be the unique f s.t.
f'=,8& domf =doma. Notice: by (5), A(f,)=A(g); also notice: if
a#R | doma, then for all f, f=.f,> A(f)=A(g) [use 5(i)]. Thus: if
a# R | dom q, then y(a) holds [where y(a)=VYf (f=,f, = 6(F)]. But R is not A,
over L,, and ¢ is I, over L,. Thus there is 8=y s.t. ¢(R | B) holds.

Let g =fr s g is as desired by Fact 1 [i.e. for i € w, (a) holds because of (9);
for i € V, (b) holds because of (10), and (R | 8)]. O Fact 1

Fact 2. There is a sequence (bs), 8 <k, s.t.
(1) <bs), 8<p, is in L, (all p<k).
(2) bs =ds > s is small (all 8).
(3) For all i<a, all regular a-cards v, there is 8 s.t. ic ds & v<p,.

Proof. Let h:k — o demonstrate that « is not amenably admissible.

Case 1: There is no last a-card. Then let by = h(8)x h(8) (this is small by
(2)(iD)).

Case 2: There is a last «-card, B.

Subcase 1: Every 3,; over M, [R] subset of 8 is in L,. Then let by = h(§) X3
(this is small again by (2)(ii)).

Subcase 2: There is a A; over M,[R] 1-1 function p:a — 8. Then let
ds ={i<a|p()<p(h(i)}, and let ys =B (f B is regular in L_); otherwise let ps
be the first regular a-card > p(h(8)) (ds X s is small by (2)(i)).

These cases are exhaustive. [ Fact 2
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Now, build a sequence ps, 8 <<k, of conditions in P so that:

Po=6, p=U ps;

S<A

given p; ={c, f), let g be as in Fact 1 for ds X us (Where ds X us are as in Fact 2).
Pick ps.,;=(R |} dom g, g) s.t. A(f(ps~1)) 2 A(g). The filter generated in P by
{ps | 8 < k) is easily seen to be a witness to the proof of the claim.
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