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ABSTRACT

We solve the classification problem and essentially the spectrum problem for
universal theories (see [6] for discussion of the meaning of this). We first solve it
for T such that if M,, M- elementarily extend M, and are independent over it,
then over M, U M, there is a prime model. This generalizes [2]. This was
subsequently used and generalized for countable first order theories. (This will
appear in {5].) But note that there the theory is countable and in the case of
structure the model is prime over a non-forking tree of models; here the model
is generated by the union (and the T not necessarily countable). The universal-
ity is used in

THEOREM. If T is stable.and complete then either (A) for every Mi <M
(1 =0,1,2) models of T, if Mo C MiM,, {M\, M3} is independent over M, (i.e.
tp(M,, M) is finitely satisfiable in M,), then the submodel of M which M, U M,
generates is an elementary submodel of M, or (B) there is an unstable theory
extending the universal part of T (we can replace universal by 3. and slightly
more).

Concrusion.  For any universal T: Either (2) for every model M of T there
is a tree I with = @ levels and submodels N, (n € I) of power =2'" (by [5],
just =|T|) such that (i) M is generated by U, e:N,, (ii) 7 <v = N, CN,,
(iii) if v is an immediate successor of n then tp(N,, U{N,:p €L vZp}) is
finitely satisfiable in N, (note that asking this just for quantifier-free formulas is
enough). Or (b) for every cardinal A >| T}, there are 2* non-isomorphic models
for power A.
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We use some convention and definitions freely; € is the

“monster” quite saturated model (of T). Cb(p) is the canonical base (see II

§7).

When referring to [1], we do not write {1] usually (no confusion arises as we
have to use a chapter number (latin numeral)).

In Sections 0-3, Th(€) is assumed to be stable. < is elementary submodel.

§0. Canonization

This section can be avoided, if you avoid 1.5A (but not 1.5), 1.8 and 2.3(1)
which are not used later.
Here we quote some facts from the new edition of the author’s book [5] using
the definition from there (see Definition V 4.5). So € is a quite saturated model
of a complete first-order stable T.

0.1. CLaM.

Then:

(&%) Suppose r is regular and stp(a, A) is not orthogonal to r.

(1) There is E € FE™ (acl A) (m = I(@)) such that stp (C/E, b) is cI*(r)-simple
but not orthogonal to r.
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(2) Moreover stp (¢/E, A) contains a formula 3(y, b) that is cF(r)-simple.
(3) Also, for every b’ realizing tp (b,D), &(y, b’) is cI’(r)-simple.

0.1A. Fact. There is @(x, €) which is cP’(r)-regular but has completions not
orthogonal to r.

Let ¢(x, €) be any formula which has completions not orthogonal to r, but has
no extension of smaller rank (R'(—, L,®)) with this property.

Clearly such ¢(x,¢) exists. Now any such ¢(x,¢) is cl’(r)-regular — this
follows by

& for every complete stationary p, e¢(x,l)€p: if R(p L,o)<
R(¢(x,¢), L,») then p is orthogonal to r; hence if p forks over ¢ then p is
orthogonal to r.

0.1B. Facr. Every complete stationary #-regular p not orthogonal to r € #
is regular.

0.1C. Fact. There is ¢(x, ¢) as in Fact 0.1A, such that for every ¢’ realizing
tp (€,D), ¢(x,¢’) is cP’(r)-regular.

0.2. CamM. (€%) If tp(a, A) is not orthogonal to some trivial regular type r
then for some b€Eact(AUa)—acl(A), tp(b,A) is clP’({r})-simple and
w,(b,A)= 1. If tp(a, A) is regular we can replace simple by regular, and if T is
superstable then some ¢ €tp (b, A) is cI’({r})-simple [regular].

§1. On Strong Elementary Submodels
HypotHesis. T is superstable.

1.1. DerFiNniTiON. (1) We say that M C,N if M C N and for every a €M,
b € N there is b’ € M realizing tp (b, @). We define M C. A, B C, A similarly.

(2) We say that M C, N if M C N, and for every @ € M, b € N thereis b'€ M
realizing stp (b, @). We define M C, A, BC, A similarly.

12. Ciam. () fACBCC AC,Cthen AC,B.

(2) Let AC.Biforl<n Ga€ A, b EB,E ¢[bo,...,b,1,a] and {B,: 1 <n}is
independent over A. Then there are bi,...,b...€A, such that:
Elbs,...,b.\,a] and b realizes tp(b,da) (and in fact it realizes
tp(b,aUU,.<,b.)and {bl,..., b, .} isindependent over somed',a C a' C A).

(3) I NCN.,CM, NC.A, Mis F,,-atomic over N, U A, {A, N\} is indepen-
dent over N. Then N, C. M (in fact N, C. M holds, M a set suffices).

@) If ACBCC,-A C.C then A C,B.



Sh:155

232 S. SHELAH Isr. J. Math.

S)If AC.B, (i<a) and {Bi:i<a} is independent over A, then
Ac.U..B.
(6) If A C.B then A C.B.

Proor. (1), (4), (5), (6) are easy.

(2) We can find a finite @', @ Ca’C A, such that tp(bo" - " b,-1;, A) does
not fork over @'. Now we define by induction on i < w, (bi: 1< n), such that
bi€ A. For a given i we define b; by induction on [:b; realizes
tp(b,a' UU,.,U,.<.bl,uUU,,b})and bi€ A. We can easily prove by induc-
tion on k < w that {b}: ni + I < k} is independent over @’. As in the proof of [1;
Ch. II, 2.17, p. 38, Ch. III, 2.13, pp. 98] we finish.

(3) Let @ € N,, b € M and we should find b’ € N, realizing stp (b, @). As M is
F.,-atomic over N, U A, there are b, € N,, b,€ A such that = ¢[b, by, b,] and
Y (%, bib,)Ftp (b, N;U A); w.lo.g. @ C b:. For some b, € N, tp (b, N) does not
fork over b, for I =1,2 and remember {b:, b,} is independent over N.

Now choose b)E€ N which realizes stp(b,, bo) (possible as N C,A). As
tp(b,, A) does not fork over b, b} realizes stp (b, boU b). So bo" b, " be,
bo" b, " b} realizes the same type, hence k= (3%)¢ (X, by, b3), and letting b’ realize
W(%, by, b3), bo" bi" b," b, by" bi" b3" b' realizes the same type. But we can
choose b' € N,. So there is b’ € N; realizing tp(b,a) (as @ C b,). In fact b’
realizes stp (b, @). For every E € FE (b,), E is a formula over N, (as it is almost
over b)) hence tp(b"b,, N)FE(%7;bb,). But for every O(%§)E
tp (b " b2, NY), tp(b, N, U b,)F O(%, b,), hence ¢(%, by, b)) F O(%, b;). We can con-
clude that (%, by, b3)F E(X, b}; b, b,) [as O(Z, ) = E(% 7; b, b,) is almost over b,
and b} realizes stp (bz, b, " by), clearly @/(%, by, b3)F O(%, b3) hence ¢(%, by, b+
E(%, b5; b, b,)], hence = E(b’, b5; b, b;). As this holds for every E € FE(b)
clearly b'" b} realizes stp (b " "b,, b)), hence b’ realizes stp (b, @).

1.3. LEMMA. Suppose N C A, NC.M, {M, A} is independent over N:

(1) If tp(a,A) is orthogonal to N or is Fy-isolated (for Fy.-isolation see
Definition 1V 2.7), then tp(a, A)+tp(a, A UM).

(2) If for each i < a, tp (d, A U U, a) is orthogonal to N or Fy-isolated (for
Fi.-isolation see Definition IV, 2.7) then

tp,({a@:i<a},A)rtp,({ai:<a}, MUA).
(3) In (1), (2) we can replace M by any B (if N C.B).

PrOOF. (1) Trivial (for the second case note dcl(MUA)Nacl(A)=
dcl(A)).
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(2) Follows from (1) by induction on a.
(3) The same proof.

14. Ctam. (1) (in €*) Let x.€{t, a}. If p is an m-type over A, r is a regular
type, stp (@, A) is not orthogonal to r, r extends p, p is an Fi-type, A =|N|, N is
F,.-compact, then stp,(B,A) is not orthogonal to r where B=
Cb(tp(a, A U p(€™))).

(2) Suppose b € M, a& M, tp(a, M) is not orthogonal to some type q to which
W(%, b) belongs. Then for every model N including M U a, ¥(N, b) # ¢(M, b).

ReMARK. The most interesting cases of (1) are F;, = Fy,,, p finite (so N is just a
model) and « = «,(T), |Dom p | < « (even for any stable T).

Proor. (1) We shall prove later:
1.4A. Facr. For every d

tp(a,d U A U p(€**)) does not fork over A UB
whenever tp(d, A U d) does not fork over A.

Let A>|T|+|A|+||M]| be regular, let N, be an Fi-saturated model,
A C Ny; and w.lo.g. ris a type over N, and tp,(No, A U @) does not fork over
A.

By 1.4A, tp (@, No U p(E*")) does not fork over N U B hence over N, U B. Let
p C ra € S™(Nu), ro regular not orthogonal to r (r, exists, of course). Let N, be
F;i-prime over N, U 4, hence it is Fi-atomic over N, U a hence over NoU a U B
(note that B C Ny, as B C acl(N U a)). As tp, (@, Ny U p(€°?)) does not fork over
Ny U B clearly tp,(a, NoU p(N,)) does not fork over N, U B hence (by 111, 0.1)
tp, (p(N:), NoU B U @) does not fork over N,U B. By IV, 4.3 it is easy to see
that p(N,} is a Fi-atomic over NoU B (B C N, as noted above). So if 1.4(1)’s
conclusion fails, as for every b € B, as tp (b, N,) is a stationarization of stp (b, A),
clearly it is orthogonal to r.

Note tp (b, N,) is orthogonal to r,.

So stp, (B, Ny) is orthogonal to r, and p(N,) is Fi-atomic over N;U B.

Hence if N, is Fi-prime over NyU B, r, is not realized in N, and for every
¢ € p(N)), tp(¢, Ny U B) is Fi-isolated hence is realized in N,. We can conclude
that (as p is over N,) N, does not realize r,. But as tp (4, Ny) is not orthogonal to
1y, To 18 realized in Ni, and p C r,, contradiction.

PROOF OF FACT 1.4A. Why does it hold? As we have assumed tp (@, A U d)
does not fork over A, also tp (d, A U a) does not fork over A, hence [as
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B Cacl(AUa)] tp(d,A Ua U B) does not fork over A, hence [as A is a
model] is finitely satisfiable in A. Suppose the conclusion of 1.4A fails, i.e., for
some EEAUdUpPE), and ¢, k¢[a, ], but ¢(x,&) forks over A UB.
W.lo.g. for some finite A, R(¢(%,€),A,R0)< R(tp(a, A), A, N,).

We know that for some large enough finite «, R[e¢(% €),4,«]=
Rl¢(%,&),A,8), R[tp(a,AUB),A k]=R[tp(d,AUB),AR]. Wlog.
for every &, R[e(%,é),A k]<Rle(tp(a,AUB)A,k]. Wlog &=
d a'e" --"é where a'CA, &€p@);so ke(adae,..., &) and p
w.lo.g. is a singleton or closed under conjunction. So d realizes the type

q= {(321,...,Zm)[<p(d,f,d’, @y Zn) A /31 @(z,)]: @(z')Ep} .

As q does not fork over A, q an F-type, some d' € A realizes g. So for some
e €p@)kEo[a d,a', e, ...]. But this is a contradiction as

R[tp(a, A U p(€™),A,Ro] = R[tp(d, A U B), A, Ny
= R[tp(@, A U B),A,k]> R[e(x,d',a',€},...),A,«].

Proor oF 1.4(2). By (1) with (p={¢(%,b)}, A=M). We know that
Cb(tp(a, MU ¢(€,b)) is not contained in M, but it is contained in
acl(M U (N, b)). Hence ¢(N,b)Z M.

1.5. LeMMA. Assume NC. M', NCM'CM and m < w. Suppose ¢ € M,
CEZM', I(¢)=m and R[tp(c, M'), L,»] is minimal (under this condition). If
tp(¢, M') is not orthogonal to N then there is ¢'EM, I(¢")=1(¢), &'E M/,
tp (€', M') does not fork over M and R[tp (¢’, M'), L,»] = R]tp (¢, M), L,»].

Proor. Let (% b)Etp(c,M'), R™[Y(% b),L,®]=R"[tp(;, M), L,x]
hence tp (¢, M") does not fork over b. We work in €. We can choose @ €N,
such that tp (b " ¢, N) does not fork over @ and stp (¢, b) is not orthogonal to a
(as tp (¢, M"), stp (¢, b) are parallel, stp (¢, b) is not orthogonal to some g €
U.S"(N) and w.l.o.g. q does not fork over a). Now as N C, M’ there is a
sequence b’ € N realizing stp (b, @) and for some &', b' " &' realizes stp (b * ¢, a).
By V, 3.5 stp(¢,bua), stp(¢,b'Ua) are not orthogonal (note that
stp (€, b U @), stp (G, b) and stp (¢, M') are parallel). So tp(¢, M) is not or-
thogonal to some type to which ¢ (%, b') belongs, hence by 1.4(2) there is " € M,
C"EM, Eye", b'). So

Ritp(&",M'), L,»] = R[¢(%, b"), L,®] = R[¢(%, b), L,] = R[tp (¢, M"), L, ).

By the hypothesis that R{tp (¢, M’), L,~] is minimal equality holds, hence
tp(¢”, M’) does not fork over N. So ¢" is as required.
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1.5A. LEMMA. Suppose NC,M and NCM' CM and m <w. Suppose
CEM,cEM, I(¢)= m, tp (¢, M) is not orthogonal to N and R™ [tp (¢, M), L, ]
is minimal (under the previous constraints).

Thenthereis¢' € M, &' &€ M', I(€) = I(C"), tp (¢’, M") does not fork over N and

R™[tp(¢', M"), L,»] = R™[tp (&, M"), L, ].

REMARK. We can wave this lemma if in the decomposition theorems we omit
2.3(1).

PROOF. Let @(% b)Etp(¢, M), R™[@(%, b), L,] = R™[tp (¢, M’), L,»]. We
work in €*. Let r* be a regular type not orthogonal to N and not orthogonal to
tp (&, M"), with R'[r*, L, ] minimal. By 0.1(1) (maybe replacing b by b’ C acl b)
there is a formula E = E(%, y, b) where b € M’, tp (¢, M") does not fork over b,
such that stp (é/E, b) is cI'(r*)-simple not orthogonal to r. Moreover (see 0.1(2),

G):

@ stp(E/E, b) contains a formula @(y, b) which is cl'(r*)-simple.
Moreover, tp (b, &) = tp (b', D) implies O(x, b") is cI'(r*)-simple.

Let oo(y, b)=(3%)[¢(%, b) A X/E =y A O(y, b)]. We shall prove

(*) there are b'E€ N realizing tp(h,QD), and ¢'EM - M', F ic’,b],
tp (c’, M') not orthogonal to N (in fact, to r*).

If (*) holds, there is "€ M such that ¢[¢",b']A &"/E =c' A O(c',b). Now
tp(€”, M') is not orthogonal to N as ¢'Eacl(NU{c"}), tp(c’,M’) is not
orthogonal to N.  Now R™[tp(é",M’),L,®]=R"[¢(%,b"),L,»]=
R"™[¢(%, b), L,»]. Equality holds by the hypothesis “R™[tp (¢, M"), L,®] is
minimal”. (¢" & M’ follows from: tp(¢”, M') is not orthogonal to N.) Hence
tp (¢”, M') does not fork over b’ C N, so we get our conclusion.

Now we shall prove (*). For notational simplicity let E be the equality, and
@(%,b)+ O(%, b). Choose d@ € N such that tp (b, N) does not fork over a. We
have assumed that r* (hence tp (¢, M')) is not orthogonal to N, hence it is not
orthogonal to some r € S*(N). Also, let d, realize r, tp(do, M) does not fork
over N. W.l.o.g. r does not fork over a.

Now there are b,, & (n < o) such that b," ¢, realizes stp (b " ¢, N),{b." ¢, :0<
n < w} is independent over (M U do, N), by" Go=b"¢ (so {b."C,:n < w} is
independent over N). Note that @(x, b,) is cI*(r)-simple.

For each n let {¢,, : i < } be a family of sequences realizing stp (,, b, U N),
independent over N U b,. Let {d':i <w} be a family of sequences realizing
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tp(Jo, N) independent over (N U U.b,uU..é. N). By V 2.7 for some k, !
tp(d®"---"d NUG,), tp(Cuo”" """ Cuts NUGE,) are not weakly orthogonal.
Now w.lo.g. [ =0.

Now by the proof of V 4.11 there is d,, d\ € acl(N U do)— N, tp (di, N) not
orthogonal to r* and some n < w, and there is a formula ¢(x, @) such that

(@) Fyldy, a);

(b) di€acl(@ U U ., b U<,y &) where &, realizes stp (G, by), i(l)<
(for I < n).

©) (€ a)Cacl(@UU,c,.bUU,...@(C" h)).

By 1.2(2) there are b€ N (I < n) realizing tp (b, @) such that

(d) ¥(€ a)Cacl(@UU,.,biU U, ..o €, 5Y).

This is not exactly a first order property, but if it holds then some first order
formula witnesses it, by compactness. Note that Q(x, b}) is cI'(r*)-simple (as
tp (b%, D) = tp (b,D)). Remember tp(d,, N) is not orthogonal to r*, ¥(x,a)€E
tp(d,, N). Easily tp (¢, M' U y(€**)) does not fork over b U N U ¢(€**) hence
Cb(tp (¢, M' U §:(€*)) = Cb(tp(¢, b U N U ¢(€**))) and the type of this set over
M’ U ¢(€°*%) does not fork over b U N U ¢(E).

Hence by 1.4(1) in Cb(tp(G,b UN U ¢(€)) there is an element
d, & acl (N U b) such that tp (d,, N U b) is not orthogonal to r*. As tp (¢, M’)
does not fork over b, clearly tp(d:, M') does not fork over b UN. So as
d,& acl(b U N) also d, & M' remembering that

Cb(tp(6,b U N U (€™, a)))Cacl(b UN U ¢(€, a)).

Clearly d, € M.

Now there are &),E M, d, € act(b U N U{¢',: 1,i}), E @[.b"] (this is by (d)).
Now by @, if tp (¢}, M) is orthogonal to r*, then tp (&, M' U {c;:k <I<ior
k=1j<i}) is also orthogonal to r*. If this holds for every I i then
tp, ({é.: : L i}, M') is orthogonal to r*. Hence tp(d,, M') is orthogonal to r*,
contradiction. Now if tp (¢}, M) is not orthogonal to r*, (*) holds, and we are
finished.

1.6. LemMa. Suppose NC .M and NCM'CM, and m < w. Suppose ¢ € M,
CEM', I(E)=m, tp(c,M’) is not orthogonal to N and R[tp(¢,M'),L,] is
minimal.

If tp (¢, M') does not fork over N then it is regular.

REMARK. We can omit 1.6 if in §2 we waive the regularity, i.e., omit 2.2(b)
and 2.4(3).
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PrOOF. Let b € N, tp (¢, M) does not fork over b. We can choose ¢ such that
¢l b, R[¥(%, b), L,*]) = R[tp(¢c, M), L,]. Let ¢, realize stp (¢, b) for n <
w, {¢, : < w} independent over (M, b). If stp (¢, b) is not regular then there are m
and &* (j < m) and n such that ¢* realizes stp (¢, b), tp(¢*, b U{¢; : i = n})forks
over b and tp(G,bU{c :i=n}U{c*:j<m}) forks over b. For each j<m
for some n; =n, tp(C,, b U{G:i<n}u{c*}) fork over b and remember
tp(¢, b U{c : 1 = n}U{c*: j < m})forks over b. By III 1.2(2), ITI 2.6(2), II 3.7 for
some finite A, k

R{tp(C,, b U{G : i < n}U{E3N, A, k]< R[tp(¢, b),A, k]
and

R[tp(c, b),A, k}=R[tp (¢, b),A,Ro] = R{stp (¢, b), A, Ro}
and

Ritp(, b UG i=n}u{ct:j<m}),A k]<R[tp(b),A, k.

These properties for fixed ¢, b are expressed by first-order formulas, i.e. there
are formulas which b, ¢, &, ¢* satisfy and imply this (see II 2.19). So by 1.2(2) we
can define ¢y,...,¢,€ N and then define ¢%* € M (j < m) such that

(@) é,...,c}h realizes tp (C, b).

(i) {¢,...,¢1} is independent over b.

(i) @(&**,b) for (j < m).

(iv) R™[tp(Cy, b U{E I = n}u{es*:j<m},A k]<R"[stp(¢, b), A, k].

(v) R™[tp(¢,bufci:i=n}uf{ct*:j<m},A k]<R™[stp(E b),A, k].

By (v), tp(Gbu{ei:I=n}u{c**:j<m})Ctp(c, M' U{c**:j < m}) forks
over b. But tp (¢, M’) does not fork over b, hence GiiZ M’ for some j(0). As
tp (¢, M), tp (i), M') are not orthogonal, and the first does not fork over N, the
second is not orthogonal to N. For notational simplicity assume n = n;q,.

By (iv) (and () tp (L, b U{c!: 1 < n}uU{c’e}) forks over b.

(Note that as ¢,, ¢ realizes the same type over b,

R™[ktp(ch, b),A, k]=R™[stp(c., b),A, k]=R™[tp (¢, b), A, k]).

Hence by (i) tp(¢h, b U{¢:: 1 < n}U{&a}) forks over b U{&}: 1< n}. Hence
tp (Gtoy b U{ct: 1 = n}) forks over b U{&}:1 < n} and hence over b. So
R[tp (&, M"), L] = R|tp (&igh, b U {€7: 1 = n}), L] < R™ [tp (&), B), L, ]
= R"[¢(X, b), L,].
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This contradicts the minimality of the rank of ¢(x, 5). Hence stp (¢, b)is regular,
and we are finished.

1.7. CLam. (1) For any A CM there is N C, M, such that ACN, |N|=
A +A(T).
(2) For any A C M there is N C,M such that aC N, |N||=|A |+|D(T)|.

Proor. Trivial.

REMARK. We can replace M by B. The next lemma will not be used in the
sequal.

1.8. LeMmA. (€%) Suppose NCACM, NC.M, aeM, agA, r=
stp(a, A) is regular and trivial, but not orthogonal to N. Then there isa a' € M
such that stp (@', A) is regular but not orthogonal to stp(a, A) and does not fork
over N.

Proor. W.lo.g. A =aclA. By 0.2 there is b €acl(A U a)—acl(A) (hence
b € M) such that: tp(b, A) is regular but not orthogonal to stp(a, A) (and
hence it is trivial, too) and some ¢(x, &)Etp(b, A) is cl’(r)-regular. W.l.o.g.
tp (b, A) does not fork over &. Choose d € N such that tp (&, " (b), N) does not
fork over d Now as NC.M we can choose &), and b'€ N such that
stp (¢o” (b"),dbar) =stp (Co " (b), d). By V. 3.4, stp(b, &), stp(b',&}) are not
orthogonal. By 2] 5.11 (or more elaborately {5] X 7.1) there is b" realizing
stp (b', &) such that tp (b, & U &5 U d U {b"}) forks over & U ¢y U d. Hence easily
there is b* € M satisfying ¢(x, &) such that tp (b, &, €6 U d U {b*}) forks over
&UE U .

Hence tp (b, A U{b*}) forks over A, and thus tp (b*, A) is not orthogonal to
tp(b, A) (and tp (a, A)). As ¢(x, &) is cI’(r)-regular, ¢ (x, o) is cI’(r)-regular also.
So as tp (b*, A) is not orthogonal to r, it is regular, also it does not fork over ¢,
hence over N.

§2. A prime atomic model over stable amalgamation is enough

Hyrothesis. T is superstable, and if {M,, M.} is independent over M,
MCM, (I=1,2) then there is a model N, Fy,-prime and F,,-atomic over
M1 U Mz.

2.1. LeMMA. Suppose {N, : 7 € I} is a non-forking tree (see III or [2] 3.2).
Then there is a model N, which is Fi,-prime and Fi-atomic over U, /N,

Proor. Let I={n,:a <|I|} be such that for every a and k <I(n.),
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M. | k €{ne : B < a}. We define by induction, on a >0, M, such that

(1) M, is Fu,-prime and F-atomic over U N,,

B<a

(*) and even over M, U U N,, for each y <a.

B<a

(2) M; (i = @) is increasing continuous.

For a =1, let M, = N,,; for a a limit take the union, and for « = 8 + 1 use the
hypothesis (M, M, M, N there correspond to N, [(I(n.)—1), N,, Ms;, M,
here). Why does this work? Note that (U,<.N,, U, N,,) satisfies the
Tarski-Vaught condition (see 3.2A below). Hence if M, is Fy,-prime and
Fy,-atomic over U ., N,,, then necessarily {M., U, N, } is independent over
Us<e N, and if U<y N,, C N, F an embedding of M, into N, F| U, N,, =
the identity, then F U G is an elementary embedding, where G is the identity
map of U,y N,,.

2.2. THe Atomic DEcomposITION LEMMA  (in €°Y). Suppose T is superstable
with the dop. Then for any pair of models N, C. M, there are elements a; € M
(i < a) and models M; such that:

(3) N.C.M C.M;

(b) tp(a, N,) is regular;

©) [Mi|=N,U{a}U{b.:a<a}, for every a, b.& A.. and one of the
following occurs (letting A,, = NyU{a;}U{b,:B < a}):

(cl) tp(bia, Aia) is Fy-isolated,
(c2) tp(bi., Ai) is orthogonal to Ny;

(d) for no b€ M — M, is tp (b, M,) orthogonal to Ni;

(¢) M is Fi,-prime and Fi,-atomic over U, M, (and Fi-minimal);

() {M.:i<a} is independent over N,.

PrOOF. LetI={a,:i < a*}be a maximal subset of M independent over N,
of elements realizing regular types of N, and for each i < a* define b,., M, a; as
required in (c), b\n € M — Ai. and «; is maximal. So (b), (c) hold trivially.

Why is | Ny jU {a:} U {b.. : @ < &} the universe of a submodel (elementary, of
course)? See IV 2.21. Now (d) follows from the choice of a.

Clearly (f) follows by 1.3(2) and (a) by 1.2(3) provided that (e) holds. Apply
2.1. Let M’ be F,,-prime Fi,-atomic model over U,., M. Sow.l.o.g. 3) M'C M.

The only missing point is M' = M.

If not, there is cE M~ M', R[tp(c, M’),L,»] is minimal. Then by 1.5:
tp (¢, M') is orthogonal to Ny, or tp (¢, M) does not fork over N, hence by 1.6
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tp (¢, N1) is regular. The latter case contradicts the maximality of I. In the former
case, we can find N*, M?* such that: N;C N*, M, C M* are Fy,-saturated,
tp (N1, Ui<aM) does not fork over Ny, tp (M*, U,»,qM’}‘ U Nt) does not fork
over N¥ U M. By 3.3 (next section) the pair (U,;-. M, U,.. M*) satisfies the
Tarski-Vaught condition.

Let tp (¢, M') not fork over some @ € M’, then tp (& U... M,) is Fi-isolated,
hence tp (a@, U, M%) is Fy-isolated. By [2] §2 (as T does not have the dop) for
some i, tp (¢, M') (equivalently, stp (c, @)) is not orthogonal to M*, hence (as
{M?*, a}is independent over M,), the type is not orthogonal to M. For notational
simplicity let i =0. As M, C. M’ (by 1.2(3), as mentioned above), we can apply
1.5 and find ¢'€ M — M’, tp(c', M") does not fork over M,. If tp(c’, My) is not
orthogonal to N,, we can get a contradiction to the maximality of 1. If tp (¢', Mo)
is orthogonal to N, we get a contradiction to the choice of M,.

2.2A. AsserTiON. We can add the demand: for each i, tp(bi., Aia) is
orthogonal to every trivial regular type not orthogonal to Ni.

Proor. The only problem is when A,,, is not the universe of an M, Let
a = a. If not there is a formula ¢(x,b), b € A,., =(3x)e(x,b) but for no
c € A, Fo(c, b). Choose such ¢(x, b) with minimal R{¢(x,b), L,], hence
every q, ¢(x,b) € q € S'(A..) is Fi-isolated. Let ¢ €M, k= ¢[c, b], so tp(c, Ai)
is Fx-isolated. So necessarily some trivial regular r is not orthogonal to
stp(c, A..) and not orthogonal to N;. We can find d €N, such that
tp (b " {c), N1) does not fork over d, and r is not orthogonal to d. As N,C, M
there are b, ¢’ € N, such that b’ " {c') realizes stp (b " (c), d). It is easy to see that
r is not orthogonal to stp (c, b"). So by [2] 5.11 or [5] X 7.1 there is ¢" realizing
stp(c,d U b U b")such that tp(c”,d U b U b" U{c'}) fork over d U b U b'. Hence
tp(c’,d Ub U B U{c") fork over d U b U b, so some c*EM, k= ¢(c*, b) and
tp(c’,dUbUBb U{c*}) fork over dUb U " hence tp(c*,dUbUb' U{c})
fork over dUbUB’. As d U b U b'U{c'} C A.., we get a contradiction to the
choice of ¢(x, b).

ReMARK. We have essentially used (and proved):

2.2B. Facr. Suppose A CBCM, and tp(a, A) has an extension over B
which forks over A. Then for every ¢(x,b)Etp(a, A) there is @' €| M | such
that = ¢[a’, b] and tp(a’, B) forks over A.

23. CLamm. In 2.2, 2.2A:
(1) If Nz,,‘ g M, N] U {a.~} Q Nz,.* then Nz,i <N, M
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(2) If pES™(M,) is orthogonal to N, and Dp(tp(a,N;)) is <o, then

Dp (p) <Dp (tp (a; N)).
3) Ifae M, Dp(tp(a, N)))<x, N, as in (1) then

Dp (tp (@, N2,)) < Dp (tp (a;, N1)).

Proor. (1) By 1.5, 1.6 and I's maximality.

(2) Let N% be Fi,-saturated, N, C N¥, {N%, M.} independent over N,. Now
for every @ < a; (see 2.2) tp (b..., A..) is orthogonal to every regular p € S™(N?})
with depth = 1. [If p is orthogonal to N, then it is orthogonal to any type over
Nt. Suppose p is not orthogonal to Ny, then by 2.2A, if tp (bi., Ai.) is not
orthogonal to p then p is not trivial. We finish remembering that by [2] 5.10,as T
does not have the dop, any regular type of depth>0 is trivial.] So clearly
tp«(M;, Ny U{a:}), is orthogonal to every regular complete type of N3 of
depth > 0. We can find Fy_-saturated M%, NT U M, C M with this property. We
can apply [2} 3.2; so the conclusion of 2.3(2), (3) follows.

(3) See the proof of (2).

2.4. THE DECOMPOSITION LEMMA. Suppose T is superstable without the dop.
Then for any model M there is a tree I(C*”|M|) and N, (n €1), a, (n €I)
such that:

(1) N, C.M (hence N, < M);

(2) N, C. U{N.;n = v}

(3) porwy=tp(a, @, N,) is regular;

@) tp(U{N,:n"(Ysv,veI}U{N,: not n"(i)=v,v €1}) does not fork
over N, ;

(5) {a, o :m " (iYE I} is a maximal subset of M independent of N, ;

©6) tps(U{N. : " ()= v €I}, N, ) is orthogonal to N,;

(7) if Dp(p,)<w», n "(i) E I then Dp (p, ;) <Dp (p.).

PrROOF. Just combine the proofs of [2] 3.2 and 2.2 (and 2.3(2), (3)).

Now it is no problem to compute the number of non-isomorphic models, as in
[2], [3] (using the same depth function).

§3. Universal Theories

3.1. DerINITION. (1) We call ¢l a closure operation if:
(i) forevery A, A CclA Cacl A, and for every function symbol F (of )
and d € A, F'(@)EclA;
(i) cl(cl{A))=clA, and A C B implies cl1 A CclB;
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(iti) the property “a €cl A” is preserved by an automorphism of €.
(2) We call a closure operation ¢! local if in addition
(iv) for every b Ecl A, there are a formula ¢(x, §) and a sequence a € A
such that k= ¢[b, a] and: ¢ (b, a,) implies b, € cl(a,).
(3) For a set of formulas ® (of the form ¢(%, §)) let acls be defined by:

acly(A)=U{b :forsome a € A, and ¢ (%, ) E D, = ¢ b, a),
and ¢(X, @) is an algebraic formula}U A,

aclh(A) = A,
acly"'(A) = acly(acls(A)),

acle(A)= | acls(A).

(4) We call cl a ®-closure operation if it is an operation and A Ccl A C acl,A.

3.1A. CLaM. (1) Every acls is a local closure operation and is acly for some
V.

(2) Every local closure operation is a ®-closure operation for some ®,
and in Definition 3.1(2) there is a ¢ satisfying in addition: for some n,
F (V7))@ E)e(%, 7) and (% a)+tp (b, a).

Proor. Easy.

3.2. DerINITION.  We call (M, : s € I) a stable system if M, C &, I a family of
finite subsets of U.c,s closed under subsets,

s<t=> MCM,
and for every s € I, tpo(M,, U, M,) does not fork over

A= U{M, : 1 Cs, t# s}

We implicitly assume Th(€) is stable.

33. Ctam. (D If I={s.:a<ao}, [5.Css >a=B]; M<C and
tps(M.., U;<. M,)) does not fork over A,,, then (M, : s €I) is a stable system of
models

(2) If (M, :s €1) is a stable system, JCIands €I rsC UJ = s€J, then
(U,es M, U, o, M) satisfies the Tarski-Vaught condition (i.e. if a € U e, M,
belU,aM, Gk ola, b] then for some b’ € U, e, M., €F ¢[a, b))

(3) If (M, : s € I) is a stable system, N, < M., tp (N, U c.uxs M) does not fork
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over U,c...N, [s<t=> N,CN,] then (N,:s€I) is a stable system and
(U.e/N,, U,/ M,) satisfies the Tarski— Vaught condition.

Proor. Essentially like [4] 3.5. Since we do not want to assume that the
reader is familiar with [4], we prove the claim completely:

33A. Facr. If (M, :s €I)is a stable system J,C I, J C I J is closed under
subsets then tp.( U.esM, U, M.) does not fork over U{M,:s€E€ J, and
@te st}

REMARK. If J is closed under subsets, the last set is U{M,:s € J,NJ}.

ProoF. W.lo.g. J is closed under subsets, and let J, =J N J,. We can find a
list {s,:a<a*} of I (and ;= a,=a;=a) such that [s, Css > a =B],
Jo={s,:a<ay}, FJ={s,:a <a), or a=a < as}. Clearly for a < a3, a Z a,,
tpe(M,.,, U, M.,) is included in tp,(M,,, U{M, : s, Z 1, t € I}) hence does not
fork over A,,but A, C U{M,, :B<a, or a:= B <a}. So tp.(M.,, Us..M,,)
does not fork over U{M,, :B<a, or a,=B <a}. By IV 3.2(1) we can
conclude that tp,(U{M, @& = a < as or @ < &}, U4-.. M,, ) does not fork over
Ugs<a M,,, but this is as required.

3.3B. Fact. If S=(M,:s€E€I)is a stable system @& € M., (I<n), tC UI
and E ¢[do,. .., d.—i] then we can find ;€ M,;)n, such that E ¢[ai,...,a.]
and s()Ct > ai=a.

Proor. W.l.o.g. s Cs(l) > s €{s(m): m <l}. We prove it by induction on
n. For n = 0 there is nothing to prove, and for n = 1 note M,;~, is an elementary
submodel M. . So suppose we have proved for n and we shall prove for n + 1,
i.e. for given & € M, I<n+1), tC UI and ¢. W.lo.g. the s(I) (I = n) are
distinct and s(n)Z s(l) for | <n. We concentrate on the case s(n)Zt As
tp (@uinyy Ui<a My,)) does not fork over A%, clearly ¢(dy, ..., d,-, £) does not
fork over A%, hence is realized in every model which includes A%, So
for some type p=p(%)c. over A%, (infinitely many variables)
p(%o,..., %.. ) Vica@(do,..., @u-1, %). So for some bC A%, and ¢ =
¢ (%o, X1y ..., %y b)

E (3)3(,,)6,, ey xk)¢(f(), ey .fk, b_),
¥ (%os- .., % b)F V ¢(@,..., 001, B).

As b CAS., (VsCs(n)) [s€{s(l):I<n}],wlo.g b=by"b"+"h, .\, b C
M., [s(I)Z s(n) = b empty]. Now apply the induction hypothesis to 4" b, €
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M, (for I < n) and the formula

(R, ..., B (Foy .o, Ty Boy ooy B YA (VFoy o )

[(/I(f(), ey .fk, E(), ceay E,,_l)—) V (P(ﬁ(), ey (j,,_l, f.)] .

i=k

- A

So there are a;" b€ M.iyn (I <n) satisfying the above formula (and as in
3.3B). Now clearly 54" 5" -+ " b._, C A%, hence there are &, ..., & € M
such that = ¢[Co, . . . ‘df—f"’ bi,...,b.\]. Soforsome i =k k elas,...,a.1, ). So
@oy--oy@pi,dn,dy = & are as required.

Proor of 3.3. (1) An exercise in non-forking.

(2) Follows from Fact 3.3B.

(3) First we prove that (N,:s€I) is a stable system. For every s,
tp«(M,, U{M, : M, € I, sZ t}) does not fork over U{M, :t C s, t# s}, hence (as
N, C M,) also tp«(N,, U{M, : t € I, sZ t}) does not fork over U{M, :t C s, t# s}.
But tp,(N,, U{M, : t C s, t# s}) does not fork over U{N, : ¢ C s, t# s}. So by III
0.1, tp(N,, U{M, : t € I sZ t}) does not fork over U{N,:tCs,t#s}. As N, C
M,, by monotonicity of non-forking we get the stability of the system (s Ct =
N; C N, was assumed, and we know [ is as required).

The Tarski-Vaught condition follows by Fact 3.3B and the following fact.

Let j¢ UL J=TU{sU{j}:s €I}, and N,u;;; = M.,.

3.3C. FAact. (N,;s €J) is a stable system (J, N, as above).

ProOF. Let s, (@ < ay) be as in 3.3(1), and define t. (a <2ay) by: t:n =
Sar bras1 = Sa U{j}. Clearly J={,:a <2a¢} and t,Ct; > a =p. Now use
3.3(1): For a even (=28) remember we have proved tp4(N, U{M,;s €
I, ssZ s}) does not fork over U{N, : s C sg, s# s¢} and this is what we need. For
a odd (=28 + 1) remember tp.(M,, U, s M.,) does not fork over U{M, :s C
Se, S7# 55}). As N, CM,, by III 0.1 this gives tp(N., U,<a N,)=1tps(M,,
U,<sM,, UN,,) does not fork over U{M,:sCsps# s} UN, = U{N,:sC
t., s# 1.}, and this is what we need.

3.3D. Fact. Suppose (M, :s€1I) is a stable system, and each M, is «-
compact, a;; € M, for i < a, j <ja., 2.J. <k, and p is a set of < « formulas, in
the variables x;; (i <a,j <j.) satisfied by the assignment x;; > a;; If tC UI
(not necessarily finite) then we can find a’;E€ Mo [s(i)C t = ai;= a;;] such
that p is satisfied by the assignment x;; » ai;

Proor. Use Fact 3.3B, and the observation: a set of formulas (not necessarily
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over M) of power < « finitely satisfiable in a k-compact model, is satisfiable in
it.
3.3E. Fact. Suppose (M, :s €I) is a stable system, tC U], each M, is

Fi-saturated and a,; € M, for i<a, j<J, Zicaji <k, then we can find
ali,ie Ms(i)ru, SllCh that

Stp*«aix;i i<a,j< ja)v {as.; : S(i)(; t}) = Stp*«aai i<, j< ja)y {ai.i :s(i)g t})
PrOOF. Left to the reader.

33F. Fact. If S=(M,:S€EI) is a stable system, then for any t €1,
tps(M,, U{M, : tZ s}) is definable over Al

This follows from 3.3(2).

3.4. THEMAIN THEOREM. Suppose T is stable and cl is a Z-closure operation
then at least one of the following holds:

(A) If My< My, M,, {M,, M} independent over M,, then cl(M,U M,)< (.

(B) There is a set A = cl A such that the theory of €| A is unstable (& A is the
model € restricted to the set A, which by Definition 3.1(1) is closed under
functions); moreover, the theory of S| A has the independence property (see [1] 11
§4). In fact, we can have A =cl(U,., M,), iy #0.

Remarks. (1) If cl is as above, by 3.5(2) we can assume that in a counter-
example to (A), M,, M, are isomorphic over M,, hence get rid of the predicate P
in the proof.

(2) Really we do not need the order < of L, but then we have to work a little
more. It is also quite reasonable that we can replace stable by “‘without the
independence property,” and then in (A) say “tp.(M-, M,) is finitely satisfiable
in M,,” but this was not checked.

(3) In conclusion 3.6(1) we shall show that when T is universal then (B)
implies that some completion of T is unstable.

PrOOF. Suppose M,, M,, M, form a counterexample to (A), and we shall
prove (B). Let A = | T|+| M,||+ | M. | and choose amodel L =(|L |, <, P,R), P
a one place predicate, < a (linear) order, R a symmetric and reflexive two-place
relation, L = (Vx,y)(P(x)= P(y)— xRy), which is a A-homogeneous and A-
universal (i.e. any isomorphism from one submodel of L onto another, both of
power <A, can be extended to an automorphism of L, and any model L’ of
power = A satisfying the other conditions can be embedded into L ; L may have
the power > A; see e.g. [1] I 1.8).
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We shall now define for every s €1 < {t:¢ a finite subset of L} a model
M, < ¢ and isomorphism F, for every i € PI (see below), Dom k = 5, such that:

(a) (M, :s €1I) is a stable system.
(b) Let

PI ={h :forsome s, t € I, h is an isomorphism form L [ s on L | t}.

Now for any h € PI there will be an isomorphism F, from M, onto M, (where
s =Dom h, t = Range (h)) such that:

(b,a) if fCh then F;CF,

(b, B) if h, = hyh, then F,, = F,F,,

(b, y)if h is the identity on s = Dom h, then F, is the identity mapping on M..

() Mz=M,, M,, is isomorphic to M, over M, if u€ P and My, is
isomorphic to M, over M, if u& P (note that & € I and we deal exactly with the
uel)

We denote Fr=F,| U{M,:s CDomh,|s|=n}. Now the definition is as
follows: we define by induction on n, M, (s € I,|s|=n) and F} (h € PI) such
that (a), (b), (c) hold in the relevant cases (restricting to Fi when appropriate). In
the end we shall let F, = U, Fi.

For n =0 use (c), for n =1 use (c) and the facts on forking (see III 0.1). For
n>1use33:let{t:i<i(*) bealistofall tEL |t|=n.

Now we define by induction on i < i(* ) the model M, If there is no j < i such
that L | =L [, choose M, as any M <G,

AZS UMcCM  |MI=|T+ A=A
=

and such that tp.(M,, U{M, :s € L|s|<n}U U,<:M,) does not fork over A,
(which is possible by the extension property of non-forking, see III 0.1). If there
is j<i such that L[t =Lt choose minimal j=j(i), and let hi be the
isomorphism from L | £ onto L [ £ (it is unique as < is a linear order of L and ¢
is finite). Now there is an elementary mapping H' extending F;, ' (see above)
and whose domain is M,, and tp,(Range(H}), U{M,:s€L]|s|<n}U
U..: M. ) does not fork over Range (F;’); but note Range (F;,”') = A,. Now let
M, = Range (H?).

So we have defined all the M, but still have to define F; for h € PI Let
a(0)<---<a(k—1)be alist of {i : s CDom h}, and let f5, be the range of
h | t.q). Now we can define Fas Fr' U U« Hao(Hoo) ™. It is easy to check
that this is a well-defined one-to-one function with the suitable range and
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domain. Fj,is an elementary mapping by 3.3F and if g extends h, both in PI then
F; extend Fi. So we have defined M, F, (s € I, h € PI) as required.
Now let

J={sEI:foreveryu# v €s,LF uRv}

and for any S C L, let B¢ =clU{M, :s C S, s € J}. By the hypothesis (that M,,
M,, M, exemplify the failure of 3.4(A)), if u€ P, v& P, u, v € L but not uRv
then €[ By,., is not an elementary submodel of €. By 3.3(2), the pair (By,.;, B.)
satisfies the Tarski-Vaught condition (inside ). Hence €[ B, is not an
elementary submodel of €. So there are @ € B,, and a first order formula ¢, such
that €k ¢[a], B. [€F —1¢[a], so for some n<w and finite tCL, ¢ is a
3.-formula or II,-formula and a C B. Among all possible d, ¢, n, t choose an
example with minimal n, and for the fixed n, a minimal | ¢ |, and for the minimal n
and |t|, maximal |{s:sCts€J}|. It is easy to prove that ¢ cannot be
quantifier-free, nor a Il,-formula, so n=1, ¢(X)=@@¥)¢¥ (¥ %), ¢ a II._.-
formula. It is also very easy to see that necessarily for some u, v € ¢, — uRv.
Hence B, = ¢l (B.—(.; U Bi_(,;). So w.l.o.g. there are b € B, ¢ EB, (450 that a
is algebraic over b * ¢, in fact for some 3,-formula @, = ©[a, b, ¢] and O(%, b, ¢) is
algebraic. Let k be the number of @’ satisfying O(%, b, ¢) A ¢ (%) (in €) and let
¢*(7, Z) be defined as
(I )(O(%, 7, 2) n @(X)).

Now for every set Y C A X A we can define in L elements w;, v; (i <A) such
that:

(@) In L, u, u, realize the same quantifier-free type over t—{u,v}; and
similarly v, v; realize the same quantifier-free type over ¢ —{u, v}.

(B) wRv; holds iff (i,j)E Y.

(y) If u <o thenforevery i, j <A, u; <v; (in L)and if v < u then for every i,
J<A v, <y (in L).

Let g be the function with domain ¢-—{v}, g(u)=u, g(u')=u' for
u' €t —{u,v}. Let h; be the function with domain ¢ — {u}, h(v) = v, k()= v/,
for o’ € t — {4, v}. It is easy to check that g, h; € PI and g U h; € PI iff = w,Ry,
(iff (i, ))& Y). Let b, = F,(b), & = F,,(¢).

Fact A. tp(b" &) =tp(b." D) (in ).

This is because F, UF, is an elementary mapping (by 3.3F), and
F,UF,(b"¢)=b"¢

Fact B. (€ B, )k ¢*[b, ] if uRv,



Sh:155

248 S. SHELAH Isr. J. Math,

We have chosen k such that €k (3=“%)[O(, b, &) X ¢(%)], i.e. €= ¢*[b, ¢],
hence by Fact A, €k ¢*[b, & ].

Now if CIB,E—1¢*[b,¢], then b"&, ¢* n, t*=tU{u,v}—{uv}
contradict the choice of 4, ¢, n, ¢, i.e. ¢* is a 3, -formula as © is a 3,-formula,
¢ a X,-formula and n>0,-also |t*|=|t|, however the maximality of
[{s :s Ct, s €J}| is contradicted.

Facr C. (€I B.)E—¢*[b, ] if - R,

If a'€ B, €I B, E=®[a’,b,c]r ¢[a'] then CFO[a’, b, ], €k p[a’] (by the
minimality of n, as ¢ is a 3,,-formula; for ® — trivially). Hence the set of @' € B,
for which (€| B.)=0[a’, b, €] » ¢[a'] is a subset of the set of @’ € B, for which
CE=0[a’, b, c] a p[a’] which is a proper subset of the set of @' € € for which
CEO[a',b,c]r p[a'] (as witnessed by a). So we have just proved
(€1 B.)E=—1¢*[b,¢]. So it is enough to find an automorphism of €[ B, taking
b ¢ to b" . Now, as we have noted before, g U h; € PI, and Fg,.u,.,.(E“ )=
b" ¢;. By choice of L, g U h; can be extended to an automorphism f of L. Now
{F;. : t € PI} is a directed family of elementary mapping, hence its union, F, is an
elementary mapping. We shall prove that F* = F| B, is as required.

(i) F*(b"&)=b"¢ : as F,,, belong to the family.

(i) F maps U,c;M, onto itself by the properties of the F;’s, and as
c(U,e;M.)CDom F, clearly by the properties of cl, F* has to map
cl(U,e,M,) onto itself, so it is an automorphism of €| B,.

So we have proved that

ClB. E¢*b,¢] fi(LHEY

where Y C A X A was arbitrary. So for some Y, we get that &[ B, has a theory
with the independence properties.
We can get some more relevant facts.

3.5. CramM. (1) In 3.4 we can replace “cl is a 3-closure operation” by *‘cl is

a ®-closure operation,” provided that:
(*)if A=c(UicuM), Ga€A, ¢(X)EP and ClAFo[a] then
Ck pla].

(2) If cl is local, then “(A, B) satisfies the Tarski-Vaught condition” implies
“(cl A, cl B) satisfies the Tarski-Vaught condition.”

(3) If 3.4(A) holds then for every such M,<M, M, cl(M,UM,)=
acl(M; U M,).
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Proor. (1) We replace in the proof %, II, by Z,, II, defined below by
induction on n, and then the proof of 3.4 proves the assertion.

3. i n=0, 2 is the set of quantifier-free formulas;
if n=1, 2,is the set ® of formulas satisfying (*) of 3.5(1);
if n>1, X, is the closure of II,_, by conjunctions, disjunctions and
existential quantifiers.

I, is the set of negations of 3, formulas.
(2) Trivial.
(3) Trivial.

3.6. ConcrusioN. (1) If T is a stable universal theory (i.e., every completion
of T is stable), then for every model € of T, 3.4(A) holds.

(2) We can replace “‘universal” by %, (i.e. every sentence of T is a 2, or even

3 (defined below).

3.7. DeriNiTION. (1) Let IT}' be the closure of the family of quantifier-free
formulas by: universal quantification, conjunctions, disjunctions, and (3"*x)...
which mean: there are at least one but no more than k %’s satisfying. ...

(2) Let 35 ={39)e (5. ¥): ¢(5, X)) EIN}, 37 ={—¢: ¢ ET}.

Proor. So Th(C€| B,) is unstable, so what? Here comes the main use of the
assumption that the theory T is universal (this is the only use of that fact).
Remember the definition of B, : it was obtained by applying cl on a subset of €.
By part (1) (i) of Definition 3.1 and part (1) (ii) the set B, is closed under the
functions of the model € hence it is a submodel of €. But since T has II,
axiomatization, really €[ B, = T. So we found a model of T which is unstable
(even has the independence property), namely a completion of T (= Th (€[ B,))
which is not stable.

(2) By adding constants, translating the 2, to II, axioms, i.e., when applying
3.5, the set B, such that Th(€ B, ) has the independence property, satisfies:
B, =cl B, and B, extend some elementary submodel of €. We can conclude
that € B, is a model of T.

The proof for 33' is similar.

§4. Examples

4.1. Unstable
Let the language have one two-place function, the theory: empty. This T is a
variety, not stable and I(R,, T)=2".
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4.2. Stable not Superstable
Let the language have w one-place function F,, and T be

{(VX)[F.(Fn(x))= Fu(F.(x)) = F,(x)]: n = m < w}.

Clearly T is a variety stable not superstable, I(R,, T) = 2"+ A “natural” model is
(mgA’E)»”-aFn"-')’ Fn(n)= n [n-

4.3. Superstable with the dop
Let us define a model M: let G be an abelian group of order 2, | M | = G X o,
with the functions:

¢ (0,0) (¢ an individual constant),

D D(a,n),(b,m),{c,k))=(a—b+c0) (D a three-place function),

F. F.((a,n))={a, k) (F. a one-place function for each
k <w).

Let T be the set of sentences (Vx,...)(r = o), (Vx,...)(t# o) for terms 7, o,
which M satisfies.
T is universal, superstable with the dop.

4.4. Superstable without the dop, but Deep
If L contains just one-place function F, T is empty, then T is a variety and as
required.

4.5. DerntTioN.  Call T suitable if I(8,, T)Z|a |+ 8, IR, T)S I8, T)
for a =B.

4.6. Cam. (1) For universal T, (i =a) there is a universal T, |T|=
Si<a | Ti | (the power of T; is | L(T,)|+ o) such that: if each T, is suitable then T is
too and

IAT)=2 I\ T).

(2) Similarly with I(A, T) =11, I(A, T}).

ReMARK. (1) The suitability hypothesis is just to simplify the computation,
and anyhow we here encounter only such T’s.

(2) E.g. in (2) we should of course write Min {2*,II,<. I(A, T;)}, but we shall
ignore this.

Proor. (1) W.lo.g. L(T}) (i < &) are pairwise disjoint. Let ¢; (i < a) be new
individual constants, P a monadic predicate and let T consist of the following
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sentences:
CHECa—C=Ca for i#j<a.
1 P(ci)
¢ = .~ (VX)R(X) R € L(T) a predicate.
€= Ca—>(Vxi,.. )F(x1,...)=x] F € L(T,) a function symbol.
a#E oy’ yeET.
R(xi,..., %)= A P(x) R € L(T)) a predicate.
i=1
F(xi,x2,...)# x> A P(x)) F € L(T;) a function symbol.
(=1

(2) Let {P.:i <a} be new monadic predicates. T will say: the P’s are
pairwise disjoint, P; is a model of T,, and the predicates and function symbols of
T, are trivial when applied to elements not all of which are in P.

4.7. CLAIM. For a universal T, there is a universal T, | T,| =| T.|, such that if
T, is suitable, T, is suitable too; and

I, T))=2"",

Proor. W.lo.g. T, has no individual constants (replace ¢ by F.(x), adding
(Vx,y) [F.(x)=F.(y)] to T,). T, “says”: E is an equivalence relation, each
equivalence class is a model of T,, and

n

P(x(,...,x.)— A xEx,

I=1
F(xi,...,x)# x,— ;\ xEx,
1=1

for every predicate P and function symbol F of T,.

4.8. CLAM. Claims 4.6 and 4.7 hold for “‘quasi-varieties and for ‘““totally
transcendental universal” and for ‘“total transcendental quasi-varieties” instead
of “‘universal” provided that for the quasi-variety cases the language has no
function symbols.

Proor. The problem is taking care of the ‘‘quasi-variety”.

Case I. 4.6(1) We assume w.l.o.g. L(T;) are pairwise disjoint and with no
individual constant. Let P; (i < «) be new monadic predicates. T will say:
(a) P(x)AP(y)— ¢ for i#j, ¢ an atomic formula,
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(b) P(x)— P(y) for i < e,
(©) R(xi,...,x,)— Pi{y) for R a predicate of L(T,),
) ¢ ¢ € T, for some i < a.

Of course L(T)=U...L(T)U{P,:i<a}. Let M be a model of T If
P! =@ for i < a by (c), (d) all the relations of M are empty so M is determined
up to isomorphism by its cardinality.

If Pliy#O, Pl # and i(0) # i(1) the model M is again determined up to
isomorphism by its cardinality: by (a).

Lastly suppose Plo,#J, P'=O for j#i(0). By (b) Pl,E|M]|, by (c)
R = for R € L(T)), j# i(0), and by (d) M | L(T.) is @a model of T As in
the cases with inclusion we can conclude:

IAT)=2+ 2 I(AT).

Case II. 4.6(2) Let T say:
(@) P(x) X Pi(x)—> ¢, i <j<a, ¢ any atomic formula,
(b) R(x,,...,x,)— P.(x;), R an n-place predicate is L(T;), l €{1,...,n},

(€) n A Pi(x,)A A U — i, A Yo — ¢ an axiom of T.
m i=1 i=1

Case III. 4.7 Similar.

REMARK. We can add to the definition of suitable

(i) I\, TU{c=c}))=I(AT) for ¢ a new individual constant.

Then also for quasi-varieties we can allow the languages to have individual
constants and get similar results.

4.9. CLaM. (1) There is a variety T, (k =8, a cardinal) |T.
IR, T)=(la|+N8)".

(2) Thereisavariety T, IR, T)is 1 fora >0 and R, fora =0,| T | = K,.

(3) There is a variety T, IR, T)=1, | T|=N..

(4) For any n < w, there is a variety T, I8, T)=13,(|a |+ 8,).

=K,

Proor. (1) Let the language have « one-place functions F; (i < k), and
T={(VX)F(F(x))=x:i <k}

(2) The axioms of T are those of a vector space over the rationals (i.e., for
each rational number there is a one-place function symbol for multiplication by
it and of course we have the addition function).

(3) T is empty.
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(4) When n>01let T be (Vx)F""'(x)=c. For n=01et T ={(Vx)F(F(x))=
x}. A model of T, M =(|M|,F") is determined up to isomorphism by the
following two cardinals: [{a € M : F(a)=a}| and |[{a € M : F(a) # a}|.

4.10. CLaM. (1) There is a countable variety T, IN., T)=13,.((| @ | + &.)2-0).
(2) There is a countable variety T, I(N., T)=3,.((] a [+ 8o)™).

Proor. (1) For m =0, let T consist of
(Vx)F.(F.(x))=x (for n < w).
For m >0 let T consist of (G, F, are unary functions):
G™(x) = G"™\(x),
F.(F.(x))=x,
F(G(x))= G(x),
G(F.(x))= G(x) for n < w.

(2) First let m =0, and T, will consist of (Vx)[F(F '(x))=x = F '(F(x))]
(i.e., essentially one unary one-to-one function). So a model M is characterized
by the cardinals

A.(M)=|{x €M :n =1is minimal such that F"(x) = x}/E |
where
xEy = (3n) (x =F'(y)Vy= F"(x)).
(E is an equivalence relation by our axioms, F" is the nth power of F.)
For m >0, T =T, will consist of (F, G, G™' are unary functions)
F™'(x)= F™(x),
G(F(x))= F(G(x)),
F(G(x))= F(x),
G(G™'(x))=x = GT(G(x)).

Note that if M = T, A, = Range (F'), then G is the identity on A,: for x EA,,
there is y, x = F(y) so x = F(y)= F(G(y))= G(F(y)) = G(x).

4.11. CoNiecTURE. For every variety T, either I(A, T)=2" for A >| T| or
IR, T)<a,(Ja|+|T]) for every a.
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§5. Counterexample

5.1. ExamprLE. For each n <  there is a universal theory T,, which has an
unstable completion, but if ¢ (X, ¥) is an unstable formula in such a completion,
then ¢ is not 3,,.

We first prove:

5.2. CLaM. We can define by induction on n a theory T, such that:

(A) T.is universal, countable No-stable, and in fact every completion of it has a
finite depth (see [2, §4]), in fact depth n, and I(R., T.)=12,(|a |+ R).

(B) T, is complete for U, (3. UIL,) sentences.

(C) T. is not complete for 3.,-sentences, but only sentences from 3., UH,, are
needed for completion, i.e. if T is a completion of T, then

T.Ule: ¢ €T, ¢a 3, orI1, sentence}
is complete.

(D) For every completion T of T,, there is a complete universal countable
No-stable theory S(T) of depth n (maybe in a larger language), T C S(T), S(T) as
in (A), such that IN,, S(T))=3,(] a |+ Ro).

(E) T =T, U{0®:0 a3,-sentence consistent with T,} is a consistent theory.

(F) L., the language of T,, as well as the languages of S(T) from (D), consists
of predicates and one-place functions only.

(G) The language of S(T) (for T a completion of T, ) is L, (the language does
not depend on the theory T, only on n), and for every sentence y € L(T,) thereisa
sentence O} E L, such that for every completion T of T, [y € T 0, € S(T)].

Proor. For n=1. We let L, contain the equality sign only, and To=
{(Vx)x = x}.

Clearly T* is (equivalent to) {(Ix,* - x) Aiq;x;# x; : k < w} (hence T7 is
consistent, i.e. (E) holds). Also any other 7completion of T, is the theory of a
finite model, i.e. it is

Te= {{(Bx. et A xi# x,} U {(Vxl cexm)Vox= x,-] for some L

i<j i<j

It is now easy to prove (D): e.g., for T=T;
S(T)={(Vx)(Vy)F,(x)= F.(y):n <k}

U {(Vxl, . ..,xm), \' X; = Xj}

i<j

U{(Vx)F.(x)#F.(x):n<m<k}.
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So L,=L,U{F,:n<wo}. (We use one place functions instead of individual
constants just for the convenience of the induction, formally — so that (F)
holds.) The other parts are very easy, too.

Forn+1.S0 T, L,, T% S(T), L; are defined and satisfy (A)-(F).

Let S’ (I < w) be each a copy of some theories S(T) such that every sentence
in L, consistent with T, appears in infinitely many S', their languages are
disjoint outside L., and F), E, € §' ({, m < »). Now L, consists of L, U{E,} U
{Fr:l<w}uU,.,L(S"), E, a two place relation, F7 a one place function
symbol (so it is still countable). T,., will consist of sentences saying the
following:

(i) E is an equivalence relation, and for any function symbol F of L,
(necessarily one place by (F)), and the choice of F

(Vx)[xE.F(x)].

(ii) Each E,-equivalence class is a model of T,, i.e. if Vx, - xx ;¢ ET, (¢
quantifier-free) then

(on et xk_l) ( A on,,x; i d lll) .
1<k

(iii) F, is really a hidden individual constant, i.e.
VxVy(F.(x)=F.y))
and those ‘“constants” are not E,-equivalent, i.e.
(Vx)[ Fi(x)E.Fix)] forl<k<w.

(iv) The E,-equivalence class of F(x)is a model of S". It is easy to check that
T.., is as required.

(v) Every function symbol of §' not in L, is the identity outside the
equivalence class which is a model of S' (and similarly for other non-logical
symbols).

REMARK. In 5.2(A) we could add that T, has only countably many comple-
tions.

Proor oF 5.1. Let P be a place predicate, F a two-place function, E a
two-place predicate, all not in T, from 5.2. Now T will say:
(a) F is a pairing function from P into — P:

(Vxy) | POV = PO)— Bl y) =1,



Sh:155

256 S. SHELAH Isr. J. Math.

(Vxy) [P A P> = PR YY)
(Vxixa1y:) [P(xo A P(y)AP(x) A P(y2)—

[F(xl, y1) = F(xs, y;) = (xl =x, Ay = yz>H .

(b) E is an equivalence relation on — P, and each equivalence class contains

at most one F(x,y).
(c) Each equivalence class is a model of T, and the unary functions of L(T,)

are the identity on — P.
(d) If =1 P(F(x,y)), then F(x,y) is Fu_.(F(x,y)), i.e. it is one of individual
constants of T, which we have hidden for technical reasons as one place

functions.
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