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ABSTRACT

It is consistent that P(ω1) is the union of less than 2ℵ1 parts such that if

A0, . . . , An−1, B0, . . . , Bm−1 are distinct elements of the same part, then

|A0 ∩ · · · ∩An−1 ∩ (ω1 − B0) ∩ · · · ∩ (ω1 −Bm−1)| = ℵ1.

It is a well known and easily proven statement that P(ω) contains a chain of

cardinality continuum, i.e., a set H ⊆ P(ω) such that if A,B ∈ H, then either

A ⊆ B or B ⊆ A. As it was shown in the seventies, the analogous case for

P(ω1) is independent. Baumgartner ([1]) and Shelah ([4]) proved that there is

a chain in P(ω1) of size 2ℵ1 , if either 2ℵ0 = ℵ1, or 2ℵ0 = 2ℵ1 , or 2ℵ0 < cf(2ℵ1)

and 2ℵ0 < ℵω1 . The simplest cases when a chain of size 2ℵ1 in P(ω1) may not

exist are therefore 2ℵ0 = ℵω1 < 2ℵ1 = ℵω1+1, and 2ℵ0 = ℵ2 < 2ℵ1 = ℵω2 . In [3],

Mitchell proved that either of these are consistent with the nonexistence of a

chain as described. In fact, he showed that adding ℵω1 Cohen reals to a model
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of GCH gives a model with 2ℵ0 = ℵω1 < 2ℵ1 = ℵω1+1 and with no chain of

cardinality 2ℵ1 in P(ω1) (see also [1]).

In order to formulate the following results, we introduce the following ad hoc

term. A family H ⊆ P(ω1) of sets is strongly independent if the following holds.

If A0, . . . , Ak−1, B0, . . . , Bn−1 are distinct elements of H, then

|(A0 ∩ · · · ∩Ak−1)− (B0 ∪ · · · ∪Bn−1)| = ℵ1.

If we only have (A0∩· · ·∩Ak−1)−(B0∪· · ·∪Bn−1) �= ∅, we call H independent.

In [6] Shelah extended the above result to showing that in Mitchell’s model

every family H ⊆ P(ω1) of cardinality 2ℵ1 contains a strongly independent

subfamily H′ ⊆ H of the same cardinality.

Here we give a model in which P(ω1) is the union of less than 2ℵ1 strongly

independent families (Theorem 2). In particular, P(ω1) is the union of less than

2ℵ1 antichains, where H ⊆ P(ω1) is an antichain, if A �= B ∈ H then A �⊆ B

and B �⊆ A. In our model 2ℵ1 = ℵω1+1 and P(ω1) is the union of 2ℵ0 = ℵω1

strongly independent sets. For a larger gap between the number of sets and 2ℵ1

we have the following result: modulo the existence of a supercompact cardinal,

for every ω1 ≤ α < ω2 it is consistent that 2ℵ1 = ℵα+1 and P(ω1) is the union

of 2ℵ0 = ℵω1 antichains (Theorem 3). An easy argument shows that this does

not extend to independent sets: if P(ω1) is the union of μ independent sets,

then μ+ ≥ 2ℵ1 (Theorem 4).

Notation and Definitions. We use the notation and definitions of axiomatic

set theory. In particular, ordinals are von Neumann ordinals, and each cardinal

is identified with the least ordinal of that cardinality. If f is a function, A a

set, then f [A] = {f(x) : x ∈ A}; P(S) denotes the power set of S; otp(A)

denotes the order type of set A. If A, B are sets, then BA denotes the set

of functions from B to A. Notice that |BA| = |A||B|. In this usage, ω22 is

the set of functions from ω2 to 2, while 2ℵ2 is a cardinal and so an ordinal.

If S is a set, κ a cardinal, then [S]κ = {x ⊆ S : |x| = κ}, and similarly

[S]<κ = {x ⊆ S : |x| < κ}, [S]≤κ = {x ⊆ S : |x| ≤ κ}. If κ is a cardinal, then

exp0(κ) = κ, and then by recursion expr+1(κ) = 2expr(κ) (r < ω).

If (P,≤) is a forcing notion, p, q ∈ P , then p ≤ q denotes that p is stronger

than q.
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If κ ≥ ω is regular, μ ≥ κ, then P = Add(κ, μ) is the Cohen notion of forcing

that adds μ subsets to κ: p ∈ Add(κ, μ) iff p is a function with Dom(p) ∈ [μ]<κ;

Ran(p) ⊆ {0, 1}; p ≤ q iff p extends q.

If A ⊆ μ, then P |A = {q ∈ P : Dom(q) ⊆ A}. It is a well known fact that

for each nonempty A ⊆ μ, P |A is a regular subordering of P , and so, if G is

generic over P , then G|A is generic over P |A.
If θ > ℵ0 is a regular cardinal, then H(θ) denotes the set of those sets with

hereditary cardinality less than θ. Notice that |H(κ+)| = 2κ.

Lemma 1: There is a coloring of [2ℵ3 ]≤ℵ1 with 2ℵ2 colors, such that if A, B

obtain the same color, then otp(A) = otp(B) and the elements of A∩B occupy

the same positions in A and B, i.e., if x ∈ A∩B, then otp(A∩x) = otp(B ∩x).
Proof. Enumerate ω32 as {rα : α < 2ℵ3}. If A ∈ [2ℵ3 ]≤ℵ1 , then let

A = {xA
ξ : ξ < otp(A)} be its increasing enumeration.

Let δ(A) < ω3 be minimal such that

rxA
ξ
|δ(A) �= rxA

η
|δ(A) (ξ �= η).

Define the coloring as

Φ(A) =
〈
rxA

ξ
|δ(A) : ξ < otp(A)

〉
.

One sees immediately that the range of Φ has cardinality 2ℵ2 .

In order to show that Φ is as required, assume that Φ(A) = Φ(B). Clearly,

otp(A) = otp(B) and δ(A) = δ(B) = δ. It suffices to show that if ξ �= η then

xA
ξ �= xB

η . Assume indirectly that xA
ξ = xB

η with ξ �= η. Then

rxA
ξ
|δ = rxB

η
|δ = rxA

η
|δ �= rxA

ξ
|δ

a contradiction (the first equality holds by xA
ξ = xB

η , the second by Φ(A) =

Φ(B), the last inequality follows from the definition of δ(A)).

Theorem 2: It is consistent that P(ω1) is the union of less than 2ℵ1 strongly

independent systems.

Proof. Set μ = ℵω1 , λ = μ+. Start with a model V which satisfies 2ℵ0 = ℵ1,
2ℵ1 = ℵ2, 2ℵ2 = ℵ3, 2ℵ3 = λ, and μℵ0 = μ. This can be arranged by forcing

over a model of GCH, with the poset Add(ω3, μ).

Fix, for each α < λ, cf(α) = ω a sequence {γα
k : k < ω} of successor ordinals

converging to α.
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Define χ0 = exp+7 (λ), χ1 = exp+9 (λ).

We next force with Q = Add(ω, μ). After forcing with Q, we have 2ℵ0 = μ

and 2ℵ1 = λ. Let G be a V −Q-generic filter.

In V [G], define the equivalence relation∼ on P(ω1) by A ∼ B iff |A�B| ≤ ℵ0,
i.e., the symmetric difference of A and B is countable. Let A be a system of

representatives from the equivalence classes.

As the truth of |A0∩· · ·∩An−1∩ (ω1−B0)∩· · ·∩ (ω1−Bm−1)| = ℵ1 will stay

unchanged if one (or all) of the sets A0, . . . , An−1, B0, . . . , Bm−1 is replaced by

an equivalent one, it suffices to give an appropriate coloring F : A → μ.

Let A be a name for A such that 1 forces it to be a system of representatives

modulo ∼.
Let F be a canonical set of names of elements of A. That is, F is a set of

names forced to be elements of A, if τ �= τ ′ are in F , then 1 ‖−− τ �= τ ′, and 1

forces that {τG : τ ∈ F} = A.
In V , fix 〈Mα : 1 ≤ α < λ〉, a continuous, increasing sequence of elementary

submodels of (H(χ1),∈, <w) such that if α > 0, then (μ+1)∪P(ω1)∪{F} ⊆Mα,

|Mα| = μ, {Mα}∪ [Mα+1]
ω ⊆Mα+1. Here and later <w denotes a well ordering

of H(χ1) or H(χ0). For technical reasons we put M0 = ∅. Notice that if

u′ ⊆ u ∈Mα, |u| = ℵ1, then u′ ∈Mα.

Also, if τ is a name for a subset of ω1, τ ∈Mα, τ
′ ∈ F , p ‖−− τ ∼ τ ′ for some

p ∈ Q, then τ ′ ∈Mα.

We define

Fα = {τ ∈Mα+1 : 1 ‖−− τ ∈ A, τ ′ ∈Mα −→ 1 ‖−− τ �= τ ′} .
Claim 1: If G is Q-generic, then

{τG ∈ A : τ ∈Mα+1} − {τG ∈ A : τ ∈Mα} = {τG : τ ∈ Fα}.
Proof. It suffices to notice that if p ‖−− τ ∈ A−Mα, then we can build a maximal

antichain {pi : i < ω} and names {τi : i < ω} such that 1 ‖−− τi ∈ A −Mα,

p0 = p, τ0 = τ by borrowing later elements (possible, as |Mα| < λ).

Enumerate Fα as Fα = {τα,β : β < μ}.
For every α < λ, β < μ, choose an elementary submodel

ω1 ∪ {〈α, β〉, τα,β} ⊆ Nα,β ≺ (H(χ0),∈, <w)
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with |Nα,β| = ℵ1, Nα,β ∈ Mα+1. The latter condition, i.e., that Nα,β be an

element of Mα+1, can be satisfied as H(χ0) is an element of H(χ1) and so

x ≺ (H(χ0),∈, <w) is first order in (H(χ1),∈, <w).

Set Aα,β = Nα,β ∩ μ, Qα,β = Q|Aα,β .

Claim 2: If p ∈ Qα,β, η < ω1, u ∈Mα, u ⊆ Aα,β , then there are ξ ≥ η, q0, q1 ∈
Qα,β , q0, q1 ≤ p, q0|u = q1|u, such that q0 ‖−− ξ /∈ τα,β and q1 ‖−− ξ ∈ τα,β .

Proof. If the statement fails, then the following holds. IfG is generic with p ∈ G,

then τα,β |(ω1−η) can be calculated from G|u, that is, there is a canonical name

τ over u with p ‖−− τα,β |(ω1 − η) = τ . As u ∈ Mα and |u| ≤ ℵ1, we have

τ ∈Mα. By the above closure properties of Mα, there is τ
′ ∈Mα, 1 ‖−− τ ′ ∈ A

such that 1 ‖−− τ ∼ τ ′. Then, p ‖−− τ ′ ∼ τα,β , which is impossible as τ ′ ∈Mα,

τα,β /∈Mα.

If α < λ, β < μ, γ ≤ α, define the following set Dγ,αβ ⊆ Qα,β.

Dγ,α,β is the set of all q ∈ Qα,β such that if

(a) n < ω, 〈εi : i < ω〉 ∈ n2,

(b) ui,j ⊆ Aα,β , ui,j ∈Mγ (i �= j < n) such that ui,j = uj,i and ui,j∩uj,k ⊆ ui,k,

(c) qi ≤ q, qi ∈ Qα,β (i < n),

(d) qi|ui,j = qj |ui,j ,

(e) η < ω1,

then there exist η ≤ ξ < ω1 and ri ∈ Qα,β (i < n) ri ≤ qi such that

(f) ri|ui,j = rj |ui,j ,

(g) ri ‖−− ξ ∈ τα,β ←→ εi = 1.

Claim 3: If cf(γ) �= ω, i.e., γ is either successor or cf(γ) > ω, then Dγ,α,β is

dense in Qα,β.

Proof. Otherwise, there exists a p ∈ Qα,β such that for each q ≤ p, q ∈ Qα,β,

there exist n < ω, 〈εi : i < n〉 ∈ n2, 〈ui,j : i �= j < n〉, η < ω1, qi ≤ q as in (a–e)

of the definition above such that there are no η ≤ ξ < ω1, ri ≤ qi satisfying

(f–g).

Pick a countable elementary submodel M∗ of 〈H(χ+
1 ),∈, <w〉 such that p ∈

M∗. Set u∗ =
⋃
(M∗ ∩Mγ), A

∗ = M∗ ∩ Aα,β. Notice that A∗ ⊆ u∗, |A∗| = ω

but u∗ may be uncountable. As cf(γ) �= ω, u∗, A∗ ∈Mγ .

Apply Claim 2 to p, u∗, η = ω1∩M∗ < ω1 and obtain ξ ≥ η, q+, q− ≤ p such

that q+|u∗ = q−|u∗, q− ‖−− ξ /∈ τα,β , q
+ ‖−− ξ ∈ τα,β . Set q = q+|A∗. As q is

Sh:1080
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finite, q ∈ M∗. By the construction of M∗, there are n < ω, 〈εi : i < n〉 ∈ n2,

〈ui,j : i �= j〉, qi ≤ q as described in the definition of Dγ,α,β. Notice that

qi ∈M∗ and so Dom(qi) ⊆ A∗.
Define

ri = qi ∪
{

q− (εi = 0),

q+ (εi = 1).

Observe that ri is a condition as qi ≤ q = q±|A∗ and Dom(qi) ⊆ A∗. Further,

if i �= j, then ri|ui,j = rj |ui,j as ri, rj only differ outside u∗.
As ri ≤ q− ‖−− ξ /∈ τα,β (εi = 0) and ri ≤ q+ ‖−− ξ ∈ τα,β (εi = 1) we have

reached a contradiction.

Fix, in V , an isomorphism πα,β : Nα,β → Nα,β to some structure Nα,β for

α < λ, β < μ, such that if Nα,β, Nα′,β′ are isomorphic, then Nα,β = Nα′,β′ .

We define, in V [G], the following coloring of A.
F (τGα,β) = 〈Fi(τ

G
α,β) : i < 5〉 where

F0(τ
G
α,β) = β,

F1(τ
G
α,β) = tp(Nα,β,∈, Aα,β , 〈α, β〉, τα,β),

F2(τ
G
α,β) = Φ(Aα,β),

if cf(α) �= ℵ0, then F3(τ
G
α,β) = {πα,β [X ] : X ⊆ Aα,β , X ∈Mα},

if cf(α) = ℵ0, then F3(τ
G
α,β) =

〈{πα,β[X ] : X ⊆ Aα,β , X ∈Mγα
k
} : k < ω

〉
,

if cf(α) �= ℵ0, then F4(τ
G
α,β) is πα,β(p) for some p ∈ G ∩Dα,α,β,

if cf(α) = ℵ0, then F4(τ
G
α,β) is 〈πα,β(pk) : k < ω〉 where pk ∈ G ∩Dγα

k
,α,β.

Here tp(M) denotes the isomorphism type of structure M .

Notice that it is possible that a subset gets more than one color, in which

case an arbitrary choice is made for the value of F .

The range of F0 is μ. The ranges of F1 and F2 have cardinality 2ℵ1 = ℵ2 each.
The range of F3 has cardinality 22

ℵ1
= ℵ3 and the range of F4 has cardinality

μℵ0 as calculated in V [G], which is μ. Consequently, F is a coloring with μ

colors, that is, it gives a decomposition of A into μ parts.

In order to conclude the proof of the Theorem, assume that 2 ≤ n < ω,

〈ε0, . . . εn−1〉 ∈ n2, η < ω1, 〈α0, β0〉, . . . , 〈αn−1, βn−1〉 are distinct, p ∈ G forces

that F (τα0,β0) = · · · = F (ταn−1,βn−1), and
⋂

i<n τεiαi,βi
⊆ η. By the definition of

F0 above, β0 = · · · = βn−1; let the common value be denoted by β. Necessarily

α0, . . . , αn−1 are different and so we may assume without loss of generality that

α0 < · · · < αn−1. Let πi : Nαi,β → Nαn−1,β be the isomorphism guaranteed by

the common value of F1. By the definition of F4, either cf(αi) �= ω holds for
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all i < n or cf(αi) = ω holds for all i < n. In the former case let γi = αi, in

the latter case pick k < ω so large that αi−1 < γαi

k holds for 1 ≤ i < n and set

γi = γαi

k .

Define ui,j = uj,i = πi[Aαi,β ∩ Aαj ,β] (i < j).

Claim 4: ui,j ∈Mγn−1 (i < j < n).

Proof. Set A = Aαi,β ∩ Aαj ,β. As A ⊆ Aαi,β ∈ Mαi+1, we have A ∈ Mαi+1 ⊆
Mγj as Mαi+1 is closed under subsets of elements of size ℵ1 and by the choice

of γj .

By F2(τ
G
αi,β

) = F2(τ
G
αj ,β

) we have that the common elements of Aαi,β and

Aαj ,β occupy the same positions and so πi[A] = πj [A].

As A ∈Mγj , by F3(τ
G
αi,β

) = F3(τ
G
αj ,β

) we have ui,j = πj [A] ∈Mγn−1.

By the definition of F4 there are pi ∈ G ∩Dγi,αi,β such that πi(pi) = pn−1,

i.e., they are mapped onto each other by the isomorphisms between the Nαi,β’s.

As p, pi ∈ G, p and pi are compatible.

Set

qi = πi ((p|Aαi,β) ∪ pi) .

Claim 5: qi|ui,j = qj |ui,j (i < j < n).

Proof. Define A = Aαi,β ∩ Aαj ,β. First,

πi (p|Aαi,β) |ui,j = πi (p|A) = πj (p|A) = πj

(
p|Aαj ,β

) |ui,j

as πi, πj agree on A, by F2.

Next, πi(pi) = πj(pj), and so πi(pi|A) = πj(pj |A) by F2.

We can therefore use the definition of Dγn−1,αn−1,β and obtain η ≤ ξ < ω1

and ri ∈ Qαn−1,β , ri ≤ qi (i < n), ri|ui,j = rj |ui,j , such that ri ‖−− ξ ∈ ταn,β

↔ εi = 1. As π−1
i (ri) ≤ p|Aαi,β and π−1

i (ri), π
−1
j (rj) agree on Aαi,β ∩ Aαj ,β,

r = p ∪⋃
π−1
i (ri) is a condition and

r ‖−− ξ ∈
⋂
i<n

τεiαi,β

contradicting r ≤ p.

Theorem 3: If the existence of a supercompact cardinal is consistent and ω1 ≤
ν < ω2, then it is consistent that 2ℵ1 = ℵν+1 and P(ω1) is the union of 2ℵ0 = ℵω1

antichains.
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Proof. Set μ = ℵω1 . Start with a model V in which 2ℵ0 = ℵ1, 2ℵ1 = ℵ2,
2ℵ2 = ℵ3, 2ℵ3 = μ, μℵ0 = μ, μℵ1 = ℵν+1. This is possible, from a model

in which μ is strong limit and μℵ1 = ℵν+1 (obtained from a supercompact in

Shelah [5]).

We force with Q = Add(ω, μ). Let G be a V − Q-generic filter. We prove

that in V [G], if A ⊆ P(ω1), in which A �= B implies |A�B| = ℵ1, then A is

the union of μ antichains. This suffices, as each family is the union of μ such

subfamilies.

We prove this by induction on τ = |A|. Assume that |A| = τ and we know

the statement for systems of size less than τ . Fix a name A for A. We con-

struct, in V , the sequence 〈Mα : α < τ〉 of models, as in the proof of The-

orem 2. Define Fα similarly, and set Fα = {τα,β : β < |Mα+1|}. Define

Bα = {τGα,β : β < |Mα+1|}. Then A =
⋃{Bα : α < τ} is a disjoint decom-

position. Define F 0(τGα,β) = 〈Fi(τ
G
α,β) : 1 ≤ i ≤ 4〉 (we cannot use F0 as its

range is not bounded by μ). As in Theorem 2, we see that the range of F 0 has

cardinality μ. Let F 1 : A → μ be such that if A �= B are in the same Bα, A ⊆ B

or B ⊆ A, then F 1(A) �= F 1(B). This is possible by the inductive hypothesis.

Then F (A) = 〈F 0(A), F 1(A)〉 is as required.
Theorem 4: If P(ω1) is the union of μ independent sets, then μ+ ≥ 2ℵ1 .

Proof. Assume that F : P(ω1) → μ and 2ℵ1 ≥ μ++. By the latter condi-

tion we can choose distinct nonempty elements of P(ω1), {aα : α < μ+} and

{bβ : β < μ++} such that aα ∩ bβ = ∅ (α < μ+, β < μ++). Set f(α, β) =

F (aα∪bβ). Then f : μ+×μ++ → μ, and thus by a lemma of Elekes, Erdős, and

Hajnal ([2]), there exist α0 < α1, β0 < β1, such that f(α0, β0) = f(α0, β1) =

f(α1, β0) = f(α1, β1). But then the sets Aα0 ∪ Bβ0 , Aα0 ∪ Bβ1 , Aα1 ∪ Bβ0 ,

Aα1 ∪Bβ1 get the same color, and

(Aα0 ∪Bβ0) ∪ (Aα1 ∪Bβ1) = (Aα0 ∪Bβ1) ∪ (Aα1 ∪Bβ0).

The argument in the proof of Theorem 2 gives the following general form.

Theorem 5: If κ is regular, μ = κ+κ+

, λ = μ+, then it is consistent that

P(κ+) is the union of μ < 2κ
+

= λ classes with each class independent in the

sense that if the distinct sets A0, . . . , An−1 (2 ≤ n < ω) are in the same class,

ε0, . . . , εn−1 ∈ {0, 1}, then |Aε0
0 ∩ · · · ∩Aεn−1

n−1 | = κ where A1
i = Ai, A

0
i = κ−Ai.

Specifically, the sets are antichains.
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