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ABSTRACT

It is consistent that 7(w1) is the union of less than 281 parts such that if
Ao,...,An—1,Bo,...,Bmn—1 are distinct elements of the same part, then
[Ag N NMAp—1N (w1 —Bo)N--N (w1 — Bm—1)| = Ry.

It is a well known and easily proven statement that P(w) contains a chain of
cardinality continuum, i.e., a set H C P(w) such that if A, B € H, then either
A C Bor BC A. As it was shown in the seventies, the analogous case for
P(wy) is independent. Baumgartner ([1]) and Shelah ([4]) proved that there is
a chain in P(wy) of size 281, if either 2% = Ny, or 2% = 281 or 2% < cf(2M)
and 2% < R, . The simplest cases when a chain of size 2%t in P(w;) may not
exist are therefore 2% = R, < 2% =N, 41, and 2% =Ry < 2™ =R, In [3],
Mitchell proved that either of these are consistent with the nonexistence of a
chain as described. In fact, he showed that adding X, Cohen reals to a model
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of GCH gives a model with 2% = X, < 2% = R, 11 and with no chain of
cardinality 2™ in P(w1) (see also [1]).

In order to formulate the following results, we introduce the following ad hoc
term. A family H C P(w1) of sets is strongly independent if the following holds.
If Ag,...,Ar_1,By,...,B,_1 are distinct elements of #, then

[(AgN---NAg_1) — (BoU---UBp_1)| =Ny.

If we only have (AgN---NAg_1)— (BoU---UB,_1) # 0, we call H independent.

In [6] Shelah extended the above result to showing that in Mitchell’s model
every family % C P(w;) of cardinality 2% contains a strongly independent
subfamily H' C H of the same cardinality.

Here we give a model in which P(w;) is the union of less than 2%t strongly
independent families (Theorem 2). In particular, P(w1) is the union of less than
2% antichains, where H C P(w;) is an antichain, if A # B € H then A ¢ B
and B € A. In our model 2%t = X, 41 and P(w;) is the union of 2% = X,
strongly independent sets. For a larger gap between the number of sets and 2%
we have the following result: modulo the existence of a supercompact cardinal,
for every w1 < a < ws it is consistent that R — Ny41 and P(wq) is the union
of 2% = R, antichains (Theorem 3). An easy argument shows that this does
not extend to independent sets: if P(wq) is the union of p independent sets,
then p* > 2% (Theorem 4).

NOTATION AND DEFINITIONS. We use the notation and definitions of axiomatic
set theory. In particular, ordinals are von Neumann ordinals, and each cardinal
is identified with the least ordinal of that cardinality. If f is a function, A a
set, then f[A] = {f(z) : @ € A}; P(S) denotes the power set of S; otp(A)
denotes the order type of set A. If A, B are sets, then PA denotes the set
of functions from B to A. Notice that |[BA| = |A|lPl. In this usage, 22 is
the set of functions from ws to 2, while 282 is a cardinal and so an ordinal.
If S is a set, k a cardinal, then [S]" = {z C S : |2| = &k}, and similarly
[S]<F ={z CS:|z| <k}, [S]F ={x C S:|z| <k} If kis a cardinal, then
expy (k) = k, and then by recursion exp,, (k) = 2P+ (%) (r < w).

If (P, <) is a forcing notion, p,q € P, then p < ¢ denotes that p is stronger
than gq.
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If k > w is regular, p > k, then P = Add(k, p) is the Cohen notion of forcing
that adds p subsets to k: p € Add(k, i) iff p is a function with Dom(p) € [u]<*;
Ran(p) C {0,1}; p < ¢ iff p extends q.

If A C p, then P|[A = {q € P : Dom(q) C A}. It is a well known fact that
for each nonempty A C u, P|A is a regular subordering of P, and so, if G is
generic over P, then G|A is generic over P|A.

If # > Ny is a regular cardinal, then H(f) denotes the set of those sets with
hereditary cardinality less than 6. Notice that |H (k)| = 2.

LEMMA 1: There is a coloring of [283]S®t with 282 colors, such that if A, B
obtain the same color, then otp(A) = otp(B) and the elements of AN B occupy
the same positions in A and B, i.e., if ¢ € AN B, then otp(ANz) = otp(BNx).

Proof. Enumerate “32 as {r, : a < 2%} If A € [2%]=M then let
A= {:1:? : & < otp(A)} be its increasing enumeration.
Let §(A) < ws be minimal such that

rpal0(A) # raal(A) (€ F# ).

Define the coloring as
D(4) = (r,418(4) : € < otp(4))

One sees immediately that the range of ® has cardinality 2%2.

In order to show that ® is as required, assume that ®(A4) = ®(B). Clearly,
otp(A) = otp(B) and §(A4) = §(B) = §. Tt suffices to show that if & # n then
x? #* :C,?. Assume indirectly that x? = xff with £ # 7. Then

rppld =1epld = raa|0 # 110

a contradiction (the first equality holds by :vg‘ = xf, the second by ®(4) =
®(B), the last inequality follows from the definition of §(A)).

THEOREM 2: It is consistent that P(w;) is the union of less than 2%t strongly
independent systems.

Proof. Set y = V,,, A = pT. Start with a model V which satisfies 2% = Xy,
2R = Ny, 282 = N3, 2% = )\ and g0 = p. This can be arranged by forcing
over a model of GCH, with the poset Add(ws, p).

Fix, for each o < A, cf(a)) = w a sequence {75 : k < w} of successor ordinals
converging to a.
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Define xo = expd (A), x1 = expg ().

We next force with Q = Add(w, p). After forcing with @, we have 2% = 4
and 2™ = ). Let G be a V — Q-generic filter.

In V[G], define the equivalence relation ~ on P(w1) by A ~ Biff [AAB| < Xy,
i.e., the symmetric difference of A and B is countable. Let A be a system of
representatives from the equivalence classes.

As the truth of [AgN---NA,_1N(w;— Bo)N---N(wi — Bp—1)| = Ny will stay
unchanged if one (or all) of the sets Ag,..., An_1, Bo, ..., Bm-1 is replaced by
an equivalent one, it suffices to give an appropriate coloring F' : A — p.

Let A be a name for A such that 1 forces it to be a system of representatives
modulo ~.

Let F be a canonical set of names of elements of A. That is, F is a set of
names forced to be elements of A, if 7 # 7/ are in F, then 1|—7 # 7/, and 1
forces that {7¢ :7 ¢ F} = A.

In V, fix (M, :1 < a <)), a continuous, increasing sequence of elementary
submodels of (H(x1), €, <) such that if & > 0, then (u+1)UP (w1 )U{F} C M,,
|Mo| = py {Mo}U[Ma41]¥ € My4q1. Here and later <,, denotes a well ordering
of H(x1) or H(xo). For technical reasons we put My = (. Notice that if
u' Cu € M,, |u| =Ry, then v’ € M,.

Also, if 7 is a name for a subset of wy, 7 € M,, 7" € F, p|— 7 ~ 7’ for some
p € Q, then 7 € M,.

We define

]:a:{TEMoH_l : 1H—TEA,T/EMQ —>1H_T7é7'/}.
CrLam 1: If G is Q-generic, then

(tcA:TeEMun}—{7%cA:re M} ={7% 7€ F,}.

Proof. It suffices to notice that if p |— 7 € A—M,, then we can build a maximal
antichain {p; : i < w} and names {7; : ¢ < w} such that 1|—m € A— M,,
po = p, To = T by borrowing later elements (possible, as |My| < A).

Enumerate F, as Fo = {7a,5: 8 < p}.
For every a < A, B < u, choose an elementary submodel

w1 U {<avﬂ>v7-a,ﬁ} - Na,ﬁ < (H(XO)a €, <w>
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with [Ng gl = N1, No g € May1. The latter condition, i.e., that N, g be an
element of M,41, can be satisfied as H(xo) is an element of H(x1) and so
x < (H(x0), €, <w) is first order in (H(x1), €, <w)-

Set Aag = NapNp, Qap = Q|Au. -

CLAIM 2: Ifp € Qap, m <wi,u € My, u C Ay g, then there are £ > 1, qo,q1 €
Qa.8, Q0,91 < P, qolu = q1|u, such that qo [—& & 7a,p and q1 |F—& € Ta 6.

Proof. If the statement fails, then the following holds. If G is generic with p € G,
then 7, g|(w1 —n) can be calculated from Glu, that is, there is a canonical name

T over u with p|l—7agl(w1 — 1) = 7. As u € M, and |u] < Ny, we have
T € M,. By the above closure properties of M, thereis 7/ € M,, 1|—7" € A
such that 1 |—7 ~ 7’. Then, p|— 7" ~ 74 3, which is impossible as 7" € M,,
Ta,3 & M.

If a < X, B <, v <o, define the following set D, o5 C Qa,3-
D, o p is the set of all ¢ € Qg such that if
(a) n<w, (g :i<w) €2
(b) wij C Aa,g, uij € My (i # j < n)such that u; ; = u;,; and u; jNu; K C w4k,
(€) ¢ < q, @ € Qap (i <n),
(d) gifui; = gjlui g,
(e) n <wi,
then there exist n < & < wy and 7; € Qa,p (i < n) r; < ¢; such that
(£) rilui ;= rjluij,
(8) ril—€ €Tap ¢—ei=1

Cram 3: If cf(7y) # w, i.e., 7 is either successor or cf(y) > w, then D 4 is
dense in Qq,g-

Proof. Otherwise, there exists a p € Qa5 such that for each ¢ < p, ¢ € Qq 3,
there exist n < w, (g;:4<n) €72, (u;; 11 #j<n),n<wi, ¢ < qasin (ae)
of the definition above such that there are no n < ¢ < wi, 1; < ¢; satisfying
(f-g).

Pick a countable elementary submodel M* of (H(x{), €, <) such that p €
M*. Set u* = J(M* N M,), A* = M* N A, 3. Notice that A* C u*, |[A*| =w
but «* may be uncountable. As cf(y) # w, u*, A* € M,.

Apply Claim 2 to p, u*, n = w1 N M* < w; and obtain £ > 1, ¢, ¢~ < p such
that ¢*u* = ¢7|u*, ¢ =& & Tap, @7 =& € Tap. Set ¢ = ¢F|A*. As g s
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finite, ¢ € M*. By the construction of M*, there are n < w, (g; : i < n) € "2,
(wij 1 # 7), ¢ < q as described in the definition of D, . Notice that
gi € M* and so Dom(g;) C A*.

Define
ri =q; U q+ (Ei = 0)7
q (Ei = 1)

Observe that r; is a condition as ¢; < ¢ = ¢*¥|A* and Dom(g;) C A*. Further,
if ¢ # j, then r;|u; j = rj|u; ; as 4, r; only differ outside u*.

Asri <q | —&¢ 1ap (e, =0)and r; < ¢" [F—£& € 703 (6, = 1) we have
reached a contradiction.

Fix, in V, an isomorphism 74 g : No,g = Nq g to some structure N, g for
a < A, B < u,such that if Ny g, Nos g are isomorphic, then Ny g = Ny g
We define, in V[G], the following coloring of A.
F(Tgﬁ) = <E(7‘56) ;i < 5) where
Fo(1$5) = B,
( Ta ,6) = tp(Noz,B’ €, Aa,ﬁa (a, 6)) Ta,ﬂ)a
(15 5) = ®(Aap),
if cf(a) # Vg, then Fj3
if cf(a) =
if cf(a) # No, then Fy(75 ) is ma,5(p) for some p € G N Dqy .8,
if cf (o) = Ng, then Fy(7& To 5) 18 (Ta,8(pk) + k <w) where pp € G N Dyp a 6.
Here tp(M) denotes the isomorphism type of structure M.

s {Tap[X]: X C App, X € My},

(Top) =
= N, then Fg(TSB) ({ma,p[X]: X CAap, X € Myo} : k <w),
( g)

)

G

Notice that it is possible that a subset gets more than one color, in which
case an arbitrary choice is made for the value of F'.

The range of Fy is . The ranges of Fy and F have cardinality 2% = R, each.
The range of F3 has cardinality 22" — N3 and the range of Fy has cardinality
pXo as calculated in V[G], which is pu. Consequently, F is a coloring with p
colors, that is, it gives a decomposition of A into p parts.

In order to conclude the proof of the Theorem, assume that 2 < n < w,
(€0, En—1) € "2, N < w1, {0, Po);-- -, {(an_1, Bn—1) are distinct, p € G forces
that F'(Tag,8,) =+ = F(Ta,_1,8.-1): and (;,, 7% 5, € 1. By the definition of
Fy above, By = -+ - = B,_1; let the common value be denoted by . Necessarily
g, - . ., a1 are different and so we may assume without loss of generality that
op < -+ < ap—1. Let m; : No, g = Na, 4,
the common value of Fy. By the definition of Fy, either cf(a;) # w holds for

g be the isomorphism guaranteed by



Sh:1080

Vol. 218, 2017 CONSISTENTLY P(w;) 171

all i < n or cf(a;) = w holds for all i < n. In the former case let v; = a, in
the latter case pick k < w so large that a;—1 < ”y;” holds for 1 <i < n and set
Vi =V

Define Ui 5 = Uj; = Wi[Aai,ﬁ n Aaj,ﬁ] (’L < ])

CLAamM 4: w;; € M, |, (i<j<mn).

Proof. Set A = An, 5N Aa, 5 As AC Au, p € Mo, 11, we have A € My, 11 C
Mw as M, +1 is closed under subsets of elements of size N; and by the choice
of ;.

By FQ(TOC;,B) = F2(T§§7ﬂ) we have that the common elements of A,, g and
Aq,,p occupy the same positions and so m;[A] = 7;[A].

As A€ M,,, by Fg(TOC;;,B) = Fg(TOC;;”B) we have u; ; = 7;[A] € M, _,.

By the definition of Fy there are p; € G N D5, o, g such that m;(p;) = pp—1,
i.e., they are mapped onto each other by the isomorphisms between the N, g’s.

As p,p; € G, p and p; are compatible.

Set

i = i ((p|Aai,5) Upi) -
CLAIM 5: ¢;luij = gjlusj (i < j <n).
Proof. Define A = Ay, N Ay, . First,
i (plAa, ) luig = mi (plA) = 7; (plA) = 75 (Pl Aa, 5) |ui g

as m;, m; agree on A, by Fb.
Next, 7i(p:) = m;(p;), and so mi(ps|A) = m;(p;|A) by Fb.

We can therefore use the definition of D, | «,_, 3 and obtain n < & < w;
and r; € Qa,_1.8, T < ¢ (i < n), rijus; = rj|ui;, such that r; |—§& € 14, 8

< e =1. As 7 (r;) < plAa, s and 7 (r;), w7

; (r;) agree on Ay, 5N Aa; 8,

r=pUlJm;'(r;) is a condition and
rl—¢e (N7
<n
contradicting r < p.
THEOREM 3: If the existence of a supercompact cardinal is consistent and wy <

v < ws, then it is consistent that N1 — N, +1 and P(w1) is the union of 2% = N,
antichains.
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Proof. Set u = N,,. Start with a model V in which 2% = ¥;, 2% = Xy,
M2 — N3, 2 = g pNo = 4 4Nt = N, ;. This is possible, from a model
in which p is strong limit and ™ = N, (obtained from a supercompact in
Shelah [5]).

We force with @ = Add(w, u). Let G be a V — Q-generic filter. We prove
that in V]G], if A C P(w1), in which A # B implies |AAB| = Ny, then A is
the union of u antichains. This suffices, as each family is the union of u such
subfamilies.

We prove this by induction on 7 = |A|. Assume that |A| = 7 and we know
the statement for systems of size less than 7. Fix a name A for A. We con-
struct, in V, the sequence (M, : o < 7) of models, as in the proof of The-
orem 2. Define F, similarly, and set Fo = {708 : 8 < |Mgy41|}. Define
B, = {Tociﬁ : 8 < |May1|}. Then A = (J{Ba : @ < 7} is a disjoint decom-
position. Define FO(TOC:ﬁ) = <F1(T56) : 1 <4 < 4) (we cannot use Fy as its
range is not bounded by p). As in Theorem 2, we see that the range of F° has
cardinality . Let F' : A — p be such that if A # B are in the same B,, A C B
or B C A, then F'(A) # F'(B). This is possible by the inductive hypothesis.
Then F(A) = (F°(A), F*(A)) is as required.

THEOREM 4: If P(wi) is the union of j independent sets, then p* > 2%1.

Proof. Assume that F : P(w;) — p and 2%t > p++. By the latter condi-
tion we can choose distinct nonempty elements of P(w1), {aq : @ < uT} and
{bg : B < p™t} such that ao Nbg = 0 (o < pt, B < putt). Set f(a,B) =
F(aqUbg). Then f: ut x u™ — u, and thus by a lemma of Elekes, Erdés, and
Hajnal ([2]), there exist ag < aq, Bo < B, such that f(ag, Bo) = f(ag,B1) =
fla1,80) = f(or,B1). But then the sets Ay, U Bg,, Aoy U Bg,, Aa, U Bg,,
A, U Bg, get the same color, and

(Aao U Bﬁo) U (Aal U Bﬁl) = (A!lo U Bﬁl) U (A!ll U Bﬁo)'

The argument in the proof of Theorem 2 gives the following general form.

THEOREM 5: If k is regular, u = k%, X\ = u*, then it is consistent that
P (k™) is the union of pu < 25" = X classes with each class independent in the
sense that if the distinct sets Ag,...,Ap—1 (2 < n < w) are in the same class,
€0y +yEn—1 € {0,1}, then |[A° N---NA"'| = k where A} = A;, A? = k — A;.
Specifically, the sets are antichains.



Sh:1080

Vol. 218, 2017 CONSISTENTLY P(w1) 173

ACKNOWLEDGMENT. The authors are thankful for the referee’s suggestions

which greatly improved the exposition.

(1]

References

J. E. Baumgartner, Almost-disjoint sets, the dense set problem and the partition calculus,
Ann. Math. Logic 9 (1976), 401-439.

P. Erdés, Set-theoretic, measure-theoretic, combinatorial, and number-theoretic problems
concerning point sets in Euclidean space, Real Anal. Exchange 4 (1978/79), 113-138.

W. Mitchell, Aronszajn trees and the independence of the transfer property, Ann. Math.
Logic 5 (1972/73), 21-46.

S. Shelah, The number of non-isomorphic models of an unstable first-order theory., Israel
J. Math. 9 (1971), 473-487.

S. Shelah, The singular cardinals problem: independence results, in Surveys in set theory,
London Math. Soc. Lecture Note Ser., Vol. 87, Cambridge Univ. Press, Cambridge, 1983,
pp. 116-134.

S. Shelah, Special subsets of Cf(“),u, Boolean algebras and Maharam measure algebras,
Topology Appl. 99 (1999), 135-235, 8th Prague Topological Symposium on General Topol-
ogy and its Relations to Modern Analysis and Algebra, Part IT (1996).





