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PRESERVING PRESERVATION
JAKOB KELLNER AND SAHARON SHELAH

Abstract. We prove that the property “P doesn’t make the old reals Lebesgue null” is preserved under
countable support iterations of proper forcings, under the additional assumption that the forcings are nep
(a generalization of Suslin proper) in an absolute way. We also give some results for general Suslin ccc
ideals.

§1. Introduction. Let us consider the following

HYPOTHESIS 1. Let (Pg, Qp)p<. be a countable support iteration of proper forcings
(¢ a limit) such that each Py (f < &) forces that the set of old reals X =V N2
remains Lebesgue positive. Then P, forces this as well.

The main result of this paper (9.4) is that Hypothesis 1 is true under some
additional (relatively mild) requirements on the Py. It seems that such requirements
are needed (this is argued in section 4).

Preservation theorems of this kind have proven to be extremely useful in inde-
pendence proofs. Hypothesis 1 specifically is used in the proof of the following two
theorems of [9]:

1t cannot be decided in ZFC whether every superposition-measurable func-
tion is measurable. (A function f: R?> — R is superposition-measurable.
if for every measurable g: R — R the superposition function fz: R — R,
x — f{x,g{(x)) is measurable.)

and (von Weizsicker’s problem):

It cannot be decided in ZFC whether for every f: R — R there is a
continuous function g: R — R such that {x € R: f(x) = g(x)} is of
positive outer measure.

Forcing is a very general method for proving independence results, i.e., results
of the form “formula ¢ is neither provable nor refutable in ZFC”. Forcing gives a
method for modifying a given set-theoretical universe ¥ to a new universe ¥’ in
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which some formula y is guaranteed to hold. In a forcing argument (for example,
to violate CH) one typically has to

o change the universe (by adding generic objects, in the ~CH example X; many
reals), and

e preserve certain properties of the universe (e.g., we have to guarantee that w,
and w; remain cardinals).

In the —~CH example, preservation can be guaranteed by the countable chain con-
dition (ccc). If a forcing P is ccc, then it is very “well behaved” in the sense
that it preserves many properties of the universe. In particular all cardinalities are
preserved.

In a (transfinite) forcing iteration (e.g., to create a world without Suslin trees)
one typically has to

e change the universe in successor stages (pick a tree and kill it),

e preserve properties of the universe in successor stages (use a ccc forcing),
e make sure that preservation still works in limit stages, and

e use some bookkeeping (make sure that in stage w; all trees are dead).

In the Suslin tree example, preservation at limits is guaranteed by the following
iteration (or: preservation) theorem:

The finite support iteration of ccc forcings is ccc.

Historically [14] this was the first theorem of its kind, and it still is of central
importance in forcing applications.

However, in many cases finite support iterations are not the right tool. For
example, they always add Cohen reals at steps of countable cofinality. While Cohen
reals are “harmless” in some respects (Cohen forcing is ccc, and in this sense well
behaved), they do change the universe dramatically in some other respects. For
example, a Cohen real makes the set of old reals (i.e., 2 N V') Lebesgue null. So if
we want to preserve positivity of the old reals we cannot use finite support iterations.

The most popular alternative to finite support iterations of ccc forcings are count-
able support iterations of proper forcings. A forcing P is proper if (for some large
regular y) for all countable elementary submodels N of H(y)and all p € PN N
there is a condition ¢ < p forcing that Gp is N-generic.

(Gp is N-generic if for all dense P-subsets D € N, Gp N D N N is nonempty.)

Again, properness implies that P is well behaved in some respects (in particular.
wy is not collapsed). Also, we have the following central preservation theorem:

Properness is preserved under countable support iterations.

In addition to this basic theorem, there are numerous additional properties that are
preserved in limit steps as well. For example, countable support iterations of proper
forcings that are w®-bounding (or that satisfy the Laver or Sacks property) are w®-
bounding again (or satisfy the Laver or Sacks property, respectively). Actually, these
three properties are instances of a class which we call tools-preserving (see 7.1). All
these properties are preserved under countable support iterations of proper forcings
(see section 7 for details).
In this paper, we ask: Is the property

(P1) Forcing with P leaves the set of old reals Lebesgue positive
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preserved under countable support iterations of proper forcings? (L.e., is Hypothesis
1 true)? It seems that the answer is (consistently) no, but a full counterexample
is difficult. Instead we give in section 4 a counterexample to the following more
general (i.e., stronger) iteration theorem:

HyYPOTHESIS 2. Assume X has positive outer measure. Then the following property
is preserved by countable support iterations of proper forcings:

Forcing with P leaves the set X positive.

So P1 does not seem to be iterable. The Lebesgue version of tools-preserving
(9.2) is an iterable property that implies P1. In this paper we show (in sections 6
and 9) that the following property P2 implies Lebesgue-tools-preservation:

(P2) ZFC proves that P is nep and satisfies P1.

So the iteration of forcings satisfying P2 satisfies Lebesgue-tools-preservation and
therefore P1.

Non-elementary proper forcing (nep) has been introduced in [13]. It is a gener-
alization of Suslin™ (introduced in [2]), which in turn is a generalization of Suslin
proper. For example, Cohen, random, amoeba and Hechler forcing are Suslin ccc,
Mathias forcing is Suslin proper, Laver, Miller and Sacks forcing are Suslin™. An
introduction to transitive nep forcing and Suslin ccc ideals can be found in [7].

We will investigate not only the Lebesgue ideal, but general Suslin ccc ideals (such
as the meager ideal) as well. The case of the meager ideal has already been solved
by Goldstern and Shelah in [12, Lemma XVIIIL.3.11, p. 920].

Annotated contents.

Section 2, p. 917: Werecall the definition and basic properties of Suslin cccideals,
the corresponding notions of positivity and outer measure, and the Cohen
and random algebras on 2%,

Section 3, p. 921: We define preservation of positivity and of outer measure, and
list some basic properties.

Section 4, p. 924; We give a “partial counterexample” to Hypothesis 1. To be
more exact: We show that Hypothesis 2 is consistently false.

Section 5, p. 926: We introduce true preservation (of positivity and of outer mea-
sure), a notion using the stationary ideal on [k]*. We show that these
notions are related to (strong) preservation of generics. Apart from defini-
tion 5.9, this section is not required for the main result 9.4.

Section 6, p. 932: We prove that under certain assumptions, preservation of pos-
itivity implies strong preservation.

Section 7, p. 938: We recall the “Case A” or “tools” preservation theorem for
countable support iterations of proper forcings.

Section 8, p. 939: We review the case of the meager ideal.

Section 9, p. 941: We deal with the case of the Lebesgue ideal and show that
strong preservation is equivalent to Lebesgue-tools-preservation, and that
therefore strong preservation is preserved in countable support iterations.

Diagrams of implications (for the general case, as well as for meager and Lebesgue
null) can be found on page 944.
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§2. Notation and basic results. In this paper, the notion N < H () always means
that N is a countable elementary submodel.

Forcings are written downwards, i.e., ¢ < p means ¢ is a stronger condition than
p. Usually, the symbols for stronger conditions will be chosen lexicographically
bigger than those for weaker conditions.

Names for objects in the forcing extension are usually written with a tilde below,
such as 7. The standard name for an object x € V is denoted by X. The name of
the generic filter however (as well as a generic filter itself) will usually be called G
(or, e.g., Gp if we want to stress the forcing P).

ro(Q) denotes the complete Boolean algebra of regular open sets of Q.

We will fix a Suslin ccc ideal I (Suslin ccc ideals are defined in 2.2). We will use
the phrases “null”, “measure 1” or “outer measure 1” for every such I, even if I
is not related to a measure. This seems more intuitive than terminology such as
“having outer Borel approximation 2*”. Note that our notation does not mention
the ideal I as parameter: we will say “null” instead of e.g., “I-null” (although the
notion does of course depend on the ideal I used).

We will mainly be interested in the case that I is the set of Lebesgue null sets.

C denotes the Cohen algebra and B the random algebra.

Suslin ccc ideals. We assume that Q7 is a Suslin ccc forcing:

DEFINITION 2.1. A (definition for a) forcing Q is Suslin ccc, if Q C 29, “x € Q”
and “x <, y” are I! statements, “x and y are compatible” is Borel, and Q is ccc.

So Q is defined using a real parameter ro. A candidate is a countable transitive
model of some ZFC* C ZFC containing rg (see definition 6.3 for more details on
ZFC*).

In addition, we assume that #/ is a hereditarily countable name for a new real (i.e.,
IFgr 7' € @\ V) such that in all candidates {[#(n) = m].n.m € w} generates
ro(Q'). (Such a real is sometimes called “generic real”.) Note that, e.g., for Cohen
forcing the canonical name for the Cohen real has this property; analogously for
random forcing.

A Suslin ccc ideal I is an ideal defined from a pair (Q' ,;JI ) as above in the
following way:

DEFINITION 2.2.

e 4 € BC means A is a Borel code.
e For 4 € BC, A" denotes the evaluation of Ain V
(i.e., AV is the Borel set corresponding to the code A).
e A Borel code 4 is null, or: 4 € Ipc. if ko ;J’ ¢ AV
A is positive, or: 4 € I, if 4 is not null.
A has measure 1 if the code for 2® \ A4 is null.
A subset X of 2¢ isnull, or: X € I, if forsome 4 € Igc. X C 4".
X C 2% is positive, or: X € I'™, if it is not null.
X is of measure 1 if 2% \ X is null.
For an arbitrary set N and a real r € 2%, r is called 7 -generic over N,
or: r € Gen(N),ifr ¢ AV forall 4 € IscN N.
SoGen(N) =2w\U{AV tAe IBcﬂN}.
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For example, if Q7 is the random algebra B, then [ is the ideal of Lebesgue null
sets, and if Q7 is Cohen forcing C, then [ is the ideal of meager sets.

Note that the notation we use assumes that the ideal I is understood, e.g., we say
“positive” instead of “positive with respect to I”.

The following can be found, e.g., in [7]:

LeEMmA 2.3.

o [ is a a-complete ccc ideal containing all singletons, and ro(Q’) = Borel/[ (as
a complete Boolean algebra).

e For a Borel code A, the sentences “q Ik g n' € AV gnd “4 € Inc” are Al.
(So in particular they are absolute.) )

o If N is countable, then Gen(N ) is a Borel set of measure 1.

e If N is a countable elementary submodel of H (x) and M the transitive collapse
of N, thenr is I-generic over N if and only if r is I-generic over M.

o Let M be a candidate. r is I-generic over M if and only if there is (in V') a
Q!-generic filter G over M such that n'[G] = r.

o If M isacandidateandq € Q' N M, then there is a positive Borel code B; € M

such that M = “[n! € B;’I[G]]]m(gz) = q”. Such a B, satisfies
{nI[G] : G € V is Q-generic over M and contains q }

=\ J{4" :4eMqiry' ¢ 4}
:Gen(M)ﬂBqV.

For example, if we we chose Q7 to be Cohen forcing, then we get the following well
known facts: The meager ideal is a o-complete ccc ideal. ro(Q’) is Borel modulo
meager, for a Borel code A4 the statement “A4 is meager” is absolute, a real ¢ is
Q' -generic over a model M if and only if it is /-generic (i.e., if it avoids all meager
Borel sets of M), etc.

For any Sushin ccc ideal I there is a notion analogous to the Lebesgue outer
measure. Note however that this generalized outer measure will be a Borel set, not
a real number:

DEerINITION 2.4. Let X be a subset of 2¢.

e A Borel set B is (a representant of) the outer measure of X if B is (modulo
I') the smallest Borel superset of X. Le., B D X, and for every other Borel set
B' > X, B\ B isnull.

e X has outer measure 1, if 2% is outer measure of X'.

Instead of “B D X~ we could use “X \ B € I” in the definition of outer measure.!

Clearly, every X has an outer measure (unique modulo I); the outer measure of
a Borel set A4 is A itself; the outer measure of a countable union is the union of the
outer measures; etc.

If I is the Lebesgue ideal, then the outer measure of X (according to our
definition) is a Borel set B containing X such that Leb(B) = Leb*(X), where
Leb*(X) € R is the outer measure according to the usual definition.

If I is the ideal of meager sets, then the outer measure of a set X is 2 minus the
union of all clopen sets C such that C N X is meager. (This follows from the fact

1'That makes no difference modulo /, since every null set is contained in a Borel null set.
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that every positive Borel set contains (modulo /) a clopen set and that there are
only countable many clopen sets).

The random and Cohen algebras on 2%. We can add « many Cohen {or random)
reals “simultaneously” using the Cohen algebra C, (or random algebra B,;) on 2~
We will need these forcings only for the counterexamples 3.3 and 4.1. We briefly
recall some well known facts.

Let J beanyset. Fori € Janda € {0.1}define[i — a]:={x €2/ : x(i) = a }.
A basic clopen set is a finite intersection of such sets [/ — a]. These sets form a
basis of the topology, and the clopen subsets of 27 are exactly the finite unions of
basic clopen sets.

LEMMA 2.5. Let B be the o-algebra on 2’ generated by the (basic) clopen sets.

o Every A € B; depends only ona countable J' C J (i.e.. if x, y € 27 is such that
x(i)=y(i) foralli € J' thenx isin A if andonly if y is in A).

o (27. B, Leb’) is a measure space. where Leb” is the product measure.

o For A€ Byande > 0 thereisa B D A such that Leb’ (B) < Leb” (4) + ¢ and
B is a countable disjoint union of (basic) clopen sets.

Let B, (the random algebra on 27) be %, factorized by the Leb” -null sets. The
generic filter G on By is determined by the random sequence r € 2/ defined by
r(i)=0ifand only if [i — 0] € G.

LEMMA 2.6.

o B; is a complete ccc Boolean algebra.

o IfJ and K are disjoint, then Bk is equivalent to By * Bg.

e If J is infinite, then r codes a sequence of |J| many random reals.

e If J is uncountable, then B, forces that the set X of these random reals is a

nowhere Lebesgue-null Sierpinski set.”

o If X is not Lebesgue null then By forces that X remains positive, and if J is

infinite then By forces that V (0 2% is meager.

Note that B, is not equivalent to either the

product—countable support iteration—finite support iteration
of k many random forcings, since B,, does not
add an unbounded real-—make the continuum small-—add a Cohen real.

A set X in a topological space is called nowhere dense if X~ = (), and meager if
it is the countable union of nowhere dense sets. C; (the Cohen algebra on 27) is
defined as the Borel algebra on 2’ factorized by the ideal of meager sets. Again,
the generic filter G on C; is determined by the Cohen sequence ¢ € 27, defined by
¢(i)=0ifand only if [i — 0] € G.

LeEMMA 2.7.

e Every Borel set B is equivalent (modulo meager) to an open set (i.e., there is an
open set O such that BAO is meager).

o C; is a complete ccc Boolean algebra.

o [fJ and K are disjoint, then C_k is equivalent to C; x Cg and C; x Ckg.

o If'J is infinite, then ¢ codes a sequence of |J| many Cohen reals.

2A set of reals is nowhere Lebesgue-null if it has nonempty intersection with every Lebesgue-positive
Borel set. and it is a Sierpinski set if it is uncountable and has a countable intersection with any Borel
Lebesgue-null set (such a set cannot be measurable).
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o If J is uncountable, then the C; forces that the set X of these Cohen reals is a
nowhere meager Luzin set.>
e If X is non-meager, then C; forces that X remains non-meager, and if J is infinite
then Cj makes V N 2% Lebesgue null.
We can represent B, as well as C; in a very absolute way. To be able to refer to
this property in section 4, we introduce the following definition:

DErINITION 2.8. (The definition of ) a forcing Q is strongly absolute, if the follow-
ing formulas are upwards absolute between V' and every forcing extension of V:

“peQ”, “g<p” and “Aisamaximal antichain”.

The requirement that “A4 is a maximal antichain” is upwards absolute is very
strong and will usually only be satisfied by ccc forcings. For example every Suslin
cce forcing is strongly absolute, but Mathias forcing is not (although it is nicely
definable and in particular Suslin proper). Note that for strongly absolute forcings
“p and ¢ are compatible” is absolute.

LeMMA 2.9. For any J (suitable definitions of forcings equivalent to) By and C; are
strongly absolute.

Quotient forcings. The following is a basic fact of forcing theory: If f: P — Q
is a complete embedding, then

e (isequivalent to P x R, where R contains all ¢ € Q that are compatible with
f(p) forall p € Gp. So in particular

o for every Q-generic filter Gy over V there is a P-generic filter Gp over V and
an R[Gp]-generic filter Gg over V'[Gp] such that V[Gg] = V[Gp][Gr]. and

o for every P-generic filter Gp over V and every R[Gp]-generic filter Gi over
V' [Gp] there is a Q-generic filter Gp over V such that V[Gp] = V[Gpl[Gr].

Sometimes it is more convenient to use the following analogon that doesn’t men-
tion complete embeddings (which is folklore, but we do not have a reference):

LemMa 2.10. Let P and Q be arbitrary partial orders.

(1) If Gg is Q-generic over V , and if in V[Gg] there is a P-generic filter Gp over V.
then there is a forcing R € V[Gp] and an R-generic filter Gg over V[Gp] such
that V[Gg) = V[Gp][Gr]. R can be chosen to be a subset of t0(Q)" (and G
is essentially the same as Go).

(2) Assume that Q forces that for all p € P there is a P-generic filter over V
containing p. Then there is a P-name R for a subset of 1o(Q)" such that the
Jollowing holds: If Gp is P-generic over V and Gp is R[G p]-generic over V[Gp],
then G is 10(Q)-generic over V and V[Gpl[Grlgric,) = VIGr)w(0)-

(3) Qforces: If (2F)V is countable, then for all p € P there is a P-generic filter Gp
over V' containing p.

ProOF. (1) Assume towards a contradiction that ¢ € ro(Q) forces that G is P-
generic but there is no such R in ¥ [G]p. Thereis a py € P such thatg If (p ¢ G)
forall p < po. (Otherwise theset D:={p e P:q - {p ¢ G) }is dense, so g forces
that thereisa p € GND.) In particular the truth value go:=[py € G]Aq is positive.
There is a complete embedding f from P< ,, to ro(Q) <, (justset £ (p):=[p € G1).

3A set of reals is nowhere meager if it has nonempty intersection with every non-meager Borel set,
and it is Luzin if it is uncountable and has countable intersection with every meager Borel set.
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So ro(Q) <, can be factorized as P<,, * R, where R is the P-name for the set of
all ¢ € ro(Q)<,, such that [p € G] A ¢ # Oforall p € Gp. If Gp is P<p,-generic
over V and Gg is R[Gp]-generic over V[Gp], then Gg is ro(Q)<,,-generic over V',
and therefore V[Gr]p is a O-generic extension by a filter containing ¢.

In V[GR], G[Gr] = Gp:

Gr C R[Gpl.so[p € G]Ag #Oforevery g € Gg.

If p¢ G[Grlthen[[p € G] Ag =0forsome g € Gr.so p ¢ Gp.

If p € G[Gr] then p’ ¢ G{Ggrlforall p’ L p,sop’ ¢ Gpforall p’ L p,
and p € Gp.

So in V[G] there is an R as required after all and we get a contradiction.

(2) For p € P pick a ro(Q)-name G for a P-generic filter containing p. Then
there is a p’ < p such that ¥ (p” ¢ G) for all p” < p’ (as in the proof of (1)).
Choose a maximal antichain 4 C P of such p’ and call the associated names for
filters G*'. Fora € A set ¢“ := [a € G*]. So ¢“ I (p” ¢ G°) for all p” < a.

Let R be the following P-name: If Gp N A = {a} then let R consist of those
g € ro(Q)<, such that [p € G*J A g # Oforall p € Gp.

Assume that Gp is P-generic and that GpN 4 = {a}. Then V'[Gp]is an extension
by P<,. and R[Gp]is the quotient of the complete embedding f: P<, — 1o(Q)<ge.
So every R[Gp]-generic Gg over V[Gp] is ro(Q)<4e-generic (and therefore Q-
generic) over V.

(3) If only countably many subsets of P arein V', then we can start with any p and
can construct a decreasing sequence of length w meeting all these dense sets. -

§3. Preservation. Recall that we have fixed a Suslin ccc ideal I and the corre-
sponding notions of positivity.

DEeriNITION 3.1, Let X' C 2¢ be positive with outer measure B, and P a forcing.

P preserves positivity of X if l-p X e I't.

P preserves Borel positivity if P preserves the positivity of 4" for all positive

Borel codes A4 (i.e., Ikp 4¥ € IT).

e P preserves positivity if P preserves the positivity of X for all positive X.

e P preserves outer measure of X if I-p (BV[¢] is outer measure of X).

e P preserves Borel outer measure if P preserves the outer measure of 4" for
all Borel codes 4 (i.e., IFp AV is outer measure of 4V).

e P preserves outer measure if P preserves the outer measure of X for all X.

Of special interest is preservation of positivity (or outer measure) of 2% (we will
also say: “of V'), i.e., of the set of all old reals.

We have already mentioned the following: If I is the ideal of Lebesgue null sets,
then the random algebra B preserves positivity, and the Cohen algebra C does not
preserve positivity. Dually, if [ is the ideal of meager sets, then the Cohen algebra
C preserves positivity, and the random algebra B does not preserve positivity.

It is clear that preserving outer measure of X implies preserving positivity of X
(since being null is absolute for Borel codes, and the outer measure of X is a null
set if and only if X is null).

Preserving the outer measure of V' is equivalent to preserving Borel outer measure:
Let A be a Borel set in V. Then in V[G], the outer measure of X ;=2 N}V is
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the disjoint union of the outer measure of X N 4"[¢! = 4" and the outer measure
of X\ 4716l = (2@ \A)V. So if the outer measure of 4 decreases, then the outer

measure of V' decreases.
So another way to characterize Borel outer measure preserving is:

“No positive Borel set disjoint to V' is added”.

If in every forcing extension of V' the set of old reals 2 N V" has either outer
measure 0 or 1 then clearly preservation of positivity of V' implies preservation of
Borel outer measure. Note that this is the case (for any P) if I is either the Lebesgue
null or the meager ideal.

Other than for outer measure, positivity preservation of ¥ and of all Borel sets
is not equivalent. A trivial counterexample is the following:

SetBo ={xe2*:x(0) =0}, B _2‘”\30 Let Q' addan’ € 2‘” such that
either r7 € Bo and ;7 is random or 77 € By and ;7 is Cohen. IFQ, I ¢ Bif and
only 1fH—Q1 17 ¢ BNByandl-g n ¢ BN B.ie,ifand only if BN Bois Lebesgue
null and B N By is meager. In partlculdr By and B are positive Borel sets. So C
forces that B) is null and that B} remains positive. Therefore C preserves positivity
of V', but not of Borel sets.

However, preservation of positivity of V' does imply Borel positivity preservation
if additional requirements are satisfied, for example once again if we know that
the outer measure of V' in V[Gp] is either 0 or 1. Another sufficient condition is
the following (which also is satisfied in case that 7 is Lebesgue null or meager, for
any P):

LeMma 3.2. Assume that P preserves positivity of V , and that for every A. B € I
there is an A' € I~ and a Borel (definition of a) functzon f: A" — B such that
A’ C A and P forces that for all null sets X C B, f~'(X) is null. Then P preserves
positivity of Borel sets.

ProOF (from [13]). Assume that Gp is P-generic over V' and that in V{Gp],
BV isnull. In V., let X be a maximal family of positive Borel sets such that for
every A € X thereis a f4: A" — B as in the assumption and such that for
A # A" e X, A nA” € 1. X is countable and its union is 2 (modulo /). In
VIGpl. A0V C f;/(BnV)isnullforeach 4’ € X. So2°NV =y (4'0V)
is null. -

Borel positivity (or outer measure) preserving generally (consistently) does not
imply positivity preserving, not even for Cohen or random.

The standard counterexample is the following:

ExaMPLE 3.3. Assume I is the Lebesgue null ideal and R is B,,. (Or I is the
meager idealand R is C,,,.) Let Gg be R-genericover V. Thenin V[Gg], X:=V 2%
is positive and there is a cce forcing P that preserves Borel outer measure but destroys
the positivity of X

PrOOF. We assume that / is meager (the Lebesgue case is analog). Note that in
both cases, it is enough to show that P preserves positivity of (2¢) IOk (this implies
preservation of Borel outer measure).

Assume r is B-generic over V. and (c;);¢,,, is Col-generic over V[r]. Then
(ci)icw, 18 Culfl -generic over V' as well. So B « C,, can be factored as C,, * P.
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where P is a C,,-name for a ccc forcing. Set V' := V[(¢;);¢,,]- and let Gp be the
corresponding P-generic filter over V.

In V', X = ¥V N2 is not meager, but in V'[Gp] = V[r][(c;)
(cf. 2.6 and 2.7). Soin V', P does not preserve positivity.

On the other hand. in V'[Gp] = V[r][(ci);c,, 1 theset Y :={¢;:i € w1} C V'
is a Luzin set, in particular non-meager {cf. 2.7). Soin V', P preserves positivity of
(22)”". .

However, if P is (absolutely) Borel positivity preserving and nep (for example
Suslin proper). then positivity preserving does follow, see Theorem 6.1.

Note that in any case, preservation of positivity (or outer measure) is trivially pre-
served by composition of forcings (or equivalently: in successor steps of iterations).
In this paper we investigate what happens at limit stages.

We will restrict ourselves to countable support iterations. Note that for example
for finite support iterations, in all limit steps of countable cofinalities Cohen reals
are added, so preservation of Lebesgue positivity is never preserved in finite support
iterations.

Preservation of positivity is connected to preservation of generics (e.g., random
reals) over models:

icw ] 1t clearly is

Lemma 3.4. If P is proper and X is positive, then the following are equivalent:

(1) P preserves the positivity of X .

(2) forall N < H(y) and p € PN N thereisann € X and an N-genericqg < p
Sforcing that n is I-generic over N[G].

(3) for all p € P there are unbounded (in 2°) many N < H (x) containing p such
that there is ann € X and an N-generic ¢ < p forcing that n is I-generic over
NI[G].

Here, A C {N < H(y)} is called unbounded in 2%, if for every x € 2% there is
a N € A such that x € N (or equivalently, if for all y C 2% countable there is an
N € Asuchthat y C N).

ProoF. (1) — (2): Assumethat N < H(y), that gy < pis N-generic, and that Gp
is P-generic over V and contains qo. In V[Gp], Gen(N[Gp]) is a measure 1 set, and
X is positive, so Gen(N[Gp]) N X is nonempty. This is forced by some ¢ < goin Gp.

(2) — (3) is clear.

(3) — (1): Assume p forces that X is null, i.e., that X C 4"197] for some Borel
null code 4. According to (3), thereisan N < H () containing p and 4, and there
are 7 € X and an N-generic g < p forcing that 5 is I-generic over N[G].

If Gp is P-generic over V' and contains ¢, then Gp is P-generic over N as well,
and 4[Gp] is a Borel null code in N[Gp]. In V'[Gp], n is I-generic over N[Gp], so
n ¢ A[Gp]”1°"1 O X, a contradiction. =

LeEMMA 3.5. If P is proper, then the following are equivalent:

(1) P preserves positivity.

(2) Forall N < H(y), there is a set A of measure 1 such that for all p ¢ N and
n € A there is an N-generic ¢ < p forcing that n is I-generic over N[G].

(3) For all p there are unbounded (in 2°) many N < H (y) containing p such that
for some measure 1 set A and for all y € A there is an N-generic g < p forcing
that n is I-generic over N[G].
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Proor. (1) — (2): Since there are only countable many p’s in N, it is enough
to show that for all N < H(y) and all p € PN N there is a set A asin (2). Let
X be the set of exceptions, i.e., # € X if and only if every N-generic ¢ < p forces
that # is not I-generic over N[G]. We have to show that X is a null set. Otherwise
(according to Lemma 3.4) there is an # € X and an N-generic ¢ < p forcing that
n € Gen(N[G]), a contradiction.

(2) — (3) is clear, and (3) — (1) follows from Lemma 3.4. ~+

Why are we interested in preservation of I-generics over models instead of preser-
vation of positivity? It is not clear how the iterability of preservation of positivity
can be shown directly. On the other hand, in some important cases it turns out
that preservation of generics is iterable (e.g., if 7 is meager, see section 8, or if 7 is
Lebesgue null under additional assumptions, see section 9). However, to be able
to apply the according iteration theorems, we will generally need that all I-generics
are preserved, not just a measure 1 set of them (as in Lemma 3.5).

It seems that preservation of all 7-generics really is necessary, more specifically
that the statement

“preservation of Lebesgue positivity is preserved in proper countable
support iterations”

(and the analog statement for meager) is {consistently) false. A counterexample
seems to be difficult, but we can give a counterexample to the following (stronger)
statement: Let X be a positive set. Then

“preservation of positivity of X is preserved under proper countable
support iterations”.

§4. A counterexample.

ExamPLE 4.1. Assume that / is the Lebesgue null ideal and that R is B, . (Or [
is the meager ideal and R is C,,,.) Then R forces the following: There is a positive
set X and a forcing iteration (P,, Qp)n<s of ccc forcings such that P, forces that X
remains positive for each n € w, but P, makes X null (regardless of the kind of
timit we use for P,).*

So if I is the Lebesgue ideal, and we let (P,, Q,).<w be a countable support
iteration (i.e., P, is the full or inverse limit), then we get the counterexample to

“preservation of positivity of X is preserved under proper countable
support iterations”.

If we take the direct limit (i.e., if we interpret (P,, Qn)n<e as finite support iteration),
then we get nothing new, since we already know that P,, adds a Cohen real and
therefore destroys Lebesgue positivity.

If I is the meager ideal, then the counterexample is interesting for both finite and
countable support iteration.

The simplest idea for a counterexample of this kind is the following: Let P be the
countable support iteration By, * Cx B, *Cx---.

4This means that X will be null in any forcing extension ¥’ of V[Gg] that contains P,-generic filters
Gy, (over V[Gg]) for all n.
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So the set X of the w x w; many random reals added by P is null (since the first
n x w; many are made null by the nth Cohen).

Now factor P the following way: First add all the randoms, then the first (former)
Cohen, the second, the third, etc. (these reals are not Cohen anymore, of course).
One would expect that the first former Cohen will make only the first @w; many
randoms null, the second only the next «w; many, etc. So the set of all randoms will
become null only in the limit.

However, it is not clear how to show that this idea actually works, and we will
use a slightly different construction:

ProoF oF 4.1. Let I be the ideal of Lebesgue null sets, let J be a set of size Ny,
and let R = Py be B;, the random algebra on 27. (Again, the proof for the meager
case is analog.)

So we have to construct a directed system (P,),<, With commuting complete
embeddings f,n: P, — Pu satisfying the following:

e Py:= B, adds a set X of N; many random reals.
e P, is ccc and forces that X is Lebesgue positive (for any 7).
e Any limit P, makes X null.

Write J as the disjoint countable union of sets J, of size Xy, i.e., J = |, J,

ncw YN
|[Ju| = w1. Set J>,:= U Jm, and let r, € 27 be the random sequence added
by Py.

Py is the forcing that adds a Cohen real between the first @, random reals and
the rest, i.e.,

m>n

P =B, «C * By, .
Generally, we define
Ppi=BjxCx---xBy_ +CxBy,,.

We define the P,-name r, € 2’ to be the concatenation of the random sequences
for all the random algebras used in P,,.

LEMMA 4.2. There is a complete embedding [, .1 from P, to P, which leaves
the random sequence invariant.>

Assuming this lemma, the rest of the proof is straightforward:
As usual, we interpret r | J, as a sequence of (X; many) random reals. Let X,
be the set of these reals. Set X := |J,c, Xn: Xcw = X1 UXoU--- U X,1: and

X>n =X\ X<.. P, forces that X, is a Sierpinski set (in particular positive), and
that X, is null, and we are done. -

For the proof of Lemma 4.2, we will need the following fact:

LemMa 4.3, Assume that fo: P — Q is a complete embedding and that P forces
S to be strongly absolute. Then fo can be extended to a complete embedding

fi: PxSVI6 — 0« §V1C) defined by f1((p.1)) = (folp). f§1)-8

5This means the following: Let G, be P, -generic over V', and set G, = f !

nn+l (Gn+l) (WhiCh is

Py-generic over V', since f,, 41 is complete). Then r,[Gulp, =1, [Gur1le,,;-

6 S is the following mapping from P-names onto Q-names: fy: P — @ is complete. So if Gy is

-generic over V', then Gp = f 1[G ] is P-generic over V. So for every P-name 7 there is a @-name
0 [4 t

fizsuchthat f*7[Gplo = z[Gplp. (% can also be defined recursively over the rank of the names.)
ol oflbelo =1 0
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For the definition of strongly absolute, see 2.8. In particular .S is a forcing
definition using arbitrary P-names as parameters, and SV is its “evaluation” in the
universe . Note that B; and C; are strongly absolute (see 2.9).”

PrROOF OF LEMMA 4.3. Assume (p’,7') < (p,z). Then fo(p’) < fo(p). and
fo(p’) forces that p’ € Gp (by definition of Gp). So if Gy is Q-generic over V
and contains fo(p’), thenin V[Gp] we have t/[Gp] < 7[Gp] (since this is forced by
p'). Since “g € §” and “q’ < ¢” are upwards absolute between V' [Gp] and V[Gp].
in V[Go]

f31'[Gol = 7'[Gp] < 2[Gp] = f32[Gol.

This is forced by fo(p’), so (fo(p'). f51') < (folp). f57)-

A similar argument shows that f| preserves incompatibility.
Finally assume towards a contradiction that 4 C P x SV[?] is predense, and that
thereis a (¢,0) € Q * §71%! incompatible to all f1((p.7)) for (p.7) € 4. Let Go

be a Q-generic filter over ¥ containing ¢. Since Gp is P-generic, the set
A:={1[Gr]: (p.1) € A, peGp}

is (in V[Gp]) a predense subset of S¥I6?], Since S is strongly absolute, A4 is (in
V' [Gy]) a predense subset of SV1%]. So thereis a (p,7) € A with p € Gp such that
o[Gp] is compatible with 1[Gp] = f51[Gg]. Now pick a ¢’ < g € Q forcing that
a'[Gp] € SY1%is a witness for this compatibility. Then (¢’,¢”) < f1((p. 7)), (q.9),
and we get a contradiction. -

ProoF OF LEMMA 4.2. First note that B, is equivalent to B;, « By, . So we
have to find a complete embedding from -

P

Pn:BJO*C*"'*C*BJn_I*(C*BJ,,* ]BJZnH

to

Py =BspxCx---xCxB,; , +«CxBy, «xC *BJZ”H.

1

g

It is clear that the identity (lets call it fo) is a complete embedding between P
and Q (the two blocks marked above). (Generally, for all R, S the identity is a
complete embedding from R into R = S.) Therefore we can apply Lemma 4.3 to
get a complete embedding fi: P, — P,;,. It is clear that f leaves the random
J-sequence invariant. 4

§5. True preservation. Preservation of all generics (not just a measure-1-set of
them) is closely related to preserving “true positivity”, a notion using the stationary
ideal on [k]%.

"You should not be confused by the following fact: If fj is a complete embedding of P into Q and Gy
is a Q-generic filter over ¥ and Gp the corresponding P-generic filter, then in ¥'[Gp] the partial order
SVIGr] generally can not be completely embedded into 5¥1%}, For example B x B adds an unbounded
real. Soif P is the trivial partial order and Q and § are both B, then in V'[G] there cannot be a complete
embedding of §¥167] = BY into §¥1°]1 = B”I%!. However the f; defined in the lemma clearly is a
complete embedding from P  §719P) = BY into Q » 7190} = B + B"19¢] (since a random real over
V[Gg]is random over ¥ as well).
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From this section only Definition 5.9 is needed for the proof of main result 9.4.8

DEFINITION 5.1. Let .# be arbitrary and C C [_#]% a family of countable subsets
of 7.

e C is called unbounded, if for all 4 € [.7] thereisa B € C such that B D 4.

e C is a club set (or: club), if C is unbounded and closed under increasing
countable unions. '

o The club filter is the family of subsets of [_#]* containing a club set.

e Aset S C [#]% is stationary if every club set C meets S.i.e, CNS # 0. (Or
equivalently. if the complement of S. [.7]™ \ S, is not in the club filter.)

First we recall some basic facts:
LemMA 5.2. Let % and #\ C %, be arbitrary.

(1) (Jech) The club filter on [ ] is closed under countable intersections.
(2) (Menas) C C [F1% contains a club if and only if there is an [ : [F — [F]
such that C(f) C C, where

C(f)={xelrT:(vi#jex) f{ij}hCx})

(3) If C C [#1% is club, then C*2 :={ B € [ : BN #, € C }is club.
(4) If C C [#]% is club, then C* .= { BN #), : B € C} contains a club.
(5) If Co C [ZT is club and P an arbitrary forcing, then there is a Cy C Cy club
and a name C' such that P forces that C' C [ F1%0 is club and that C NV = C.
(6) (Shelah) A forcing P is proper if and only if for arbitrary % and S C [F]*
stationary, P forces that S remains stationary.
(7) The set of countable elementary submodels of H (y) contains a club of [H ().
(8) Assume [F]* € H(y). Then the following are equivalent:
o C C[71% contains a club.
e Forall N < H(y) containing ¥ and C, NN.Z € C.
o Forclubmany N < H(y), NN.# € C.
(9) Assume [N € H(x). Then the following are equivalent:
o S C [ZTN is stationary.
o Thereisan N < H(x) containing .% and S such that NN .7 € S.
o For stationary many N < H(y), NN .# € §.

Note thatif C is clubin V', then generally C will not be club any more in a forcing
extension V[Gp], even if P is proper.

ProOF. We refer to Kanamori’s Higher Infinite [6] or Jech’s Millennium Edition
[5]. The proof of (1) is straightforward (see 25.2 or 8.22). (2) is proven in [6, 25.3]
or [S. 8.26]. (3) is trivial. (4) and (5) follow from (2) (for the latter, set C; :=C(f)"
and C := C(f)"ier).

For (6) see, e.g., Proper and improper forcing [12].

For (7), consider the family of countable subsets of H{y) closed under some fixed
Skolem function.

8This proof only needs implication (3) — (1) of Lemma 9.3, i.e., the fact that a strongly preserving
forcing is tools-preserving. However we do use the notion of true preservation to show implication
(3) — (1) of 5.11, which in turn is used in the proof that Lebesgue-tools-preservation is equivalent to
strong preservation.
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(8): If C € N isclub, thenclearly # "N € C. If C C {N < H(yx)} C [H(y)™
is club, then C” = { N N.# : N € C } C [.#]™ contains a club according to (4).

(9) follows directly from (8), since S is stationary if and only if [7]% \ S does
not contain a club. -

Assume ¥ is an arbitrary index-set, S C [.# [ isstationaryand# = (7, : s € §)
is a sequence of reals. Pick any # O ¥ U 2® (think of # to be a H(y)). For
C C [#7%, we define’

S(C)={seS:INeC: NNSF =s5&n, € Gen(N)}, and
i(C):={ns:5€S(C)}.

So we get S(C) the following way: Take an N € C (which will be a countable
elementary submodel of H(y)), and let s be the intersection of N with .# (so s is a
countable subset of 7). If 5 is an element of S, and if %, is I-generic over N, then
put s into S(C).

DEFINITION 5.3. Assume 7 D .7 U 2%,

e 7 is truly positive, if 7(C) is positive for every club set C C [#]%.

e B is the true outer measure of 7, if it is the smallest Borel set containing any
of the 7#(C), i.e., if the following holds: B is Borel, thereisa C C [#]™ club
such that 7#(C) C B, and for no club C’ C [#]™ there is a Borel B’ such that
7(C"YC B and B\ B' ¢ 1.

LEMMA 5.4.

(1) The above notions do not depend on # (provided that # > 7 U2%).
(2) The true outer measure always exists.
(3) The following are equivalent:
o 7] is truly positive.
o 7(C) # 0 for every club set C C [#]™.
e forall x € H(y) thereisan N < H(y) containing x, %, S and# such that
NNSF =seSandn, € Gen(N).

PrROOF. (1) Assume that .7 U2% C #; C #, and that C C [#,]™ is club.

By definition s € S(C) if and only if forsome N € C,s = NN .7 € S and
ns € Gen(N). ‘

In particular s € S(C#) if and only if for some N’ € [, N :=N'N# isin
C,s=N'Nnsisin S and 5, € Gen{N’).

So since N and N’ contain the same elements of .# and 2%, S(C) = S(C#?).

The same argument works with C C [#5]% and C#.

For general #,, #,, apply the argument to the pairs #,, #) U#, and 7, #1U%;.

(2) The family {7(C) : C club } is semi-closed under countable intersections:

If (Ci)icw is a countable sequence of club sets, and C’ := (N C; its intersection,
then C’ is club, and 7(C’) € N7(C;).

Let X be the family of Borel sets B such that for some club set C, B D #{C). So
X is closed under countable intersections. Therefore X contains a minimal element
{modulo I), since [ is a ccc-ideal.

9Gen(N) was defined in 2.2.
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(3) Without loss of generality # = H(y). Assume 7 is not truly positive. Then
for some club set C and Borel null set B, 7(C) C B. Set

C':'={N<H():NcCBeN).

C’ is club. For any N € C’ and any I-generic # over N, # is not in B. So
7(C’') €29\ B. But#(C’) C7(C) C B, so#(C’) = ). The rest is similar. -

DEFINITION 5.5. Let P be a forcing.

e P preserves true positivity if for all # truly positive, P forces that # remains
truly positive.

o P preserves true outer measure, if for any 77 with true outer measure 47, P
forces that 4¥1¢?] remains the true outer measure of 7.

LeEmMA 5.6.

(1) If P is true outer measure preserving, then it is true positivity preserving.
(2) If P is true positivity preserving, then it is proper and positivity preserving.
(3) If P is true outer measure preserving, then it is outer measure preserving.

It seems that true positivity preserving generally does not imply true outer mea-
sure preserving. (But the equivalence holds if 7 is the ideal of meager sets, see
Lemma 8.1; or if 7 is the ideal of Lebesgue null sets and P is weakly homogeneous,
see Lemma 9.1).

Proor. (1) is clear since a sequence 7 is truly positive if and only if its true outer
measure is not 0.

True positivity preservation implies properness because of 5.2 (6).

So for (2) and (3} it is enough to show the following: If X is positive (or: has true
outer measure B) then there is a truly positive 7 (or: an 7 with true outer measure
B) such that {#, : s € S} C X. Let .# be 2%.

For (2), pick foreach N < H(y) ann € X N Gen(N). (Recall that Gen(N ) is a
measure 1 set.) Then 7 is truly nonempty (cf. 5.4 (3)).

For (3), set f:=2%". Ascited in Kanamori [6, 25.6 (a)] or Jech [5, 38.10 (i)], [#]™°
can be partitioned into 2% many stationary sets, i.e., [.F]% = Uace s Sa- Enumerate
all positive Borel subsets of B as (B, : a € ). Foreach N < H(y) let a be
such that N € S, and pick an # € B, N Gen(N ). Assume towards a contradiction
that the true outer measure of 7 is B” C B and that B, = B \ B’ is positive. Since
C is club and S, stationary, thereisan N € CNS,. Sonyy € B, N#F(C), a
contradiction. =

As announced, the “true” notions are closely related to preservation of generics:

DEFINITION 5.7. P preserves generics, if for al N < H(y), p € N and €
Gen(N) there is a ¢ < p N-generic forcing that 7 € Gen(N[Gp]).

NoOTES.

o Instead of “for all N”, we can equivalently say “for club many N”. (This
follows from the proof of Lemma 5.8.)

e Of course the notion does not depend on y, provided y is regular and large
enough (in relation to | P|).

e It is clear that preservation of generics is preserved under composition and
implies properness.
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LeMMA 5.8. P preserves generics if and only if P is true positivity preserving.

PrOOF. —: Assume otherwise, i.e., assume that # is truly positive, and p I+
7i(C) = 0 for some name C of a club set in H (y)"1¢1.

In V, the set
S*:={N<H(x):NNF =s€87n €Gen(N)}

is stationary. (Otherwise, the complement of S* would witness that 7 is truly
empty.) Pick some y’ > x. According to 5.2 (9), thereisan N’ < H (') containing
7, S*, x. p. P.C such that N := N'N H(x) € S* (and such that P preserves generics
for N’. if we assume preservation for club many N only). SoN'N.F = NN.F =
s € S, and there is an N’-generic ¢ < p forcing that 7, € Gen(N’'[G]) (since
N and N’ contain the same subsets of P). Let G be a P-generic filter over V
containing q. In V[G], N'[G] N F = N'[G]N .7 = s (since G is N'[G]-generic),
and N’ N #Z[G] € C[G] (since C € N'[G] is club). So 5, € 7(C), a contradiction.

«—: Assume towards a contradiction that N’ < H(x’), p. n is a counterexample.
Without loss of generality thereisa y € N’ such that |[P| < y < x’. Set

S:={N < H(x): N is counterexample for p and some 7 }.

This set is stationary, since S € N’ and N' N H(y) € S.

For each N € S, pick an ny witnessing the counterexample. Then 74 is truly
positive: If N € C N S, then ny € 7(C).

Let G be a P-generic filter over V' containing p. In V[G], set

Ceen :={N < H"(x) : G is N-generic }.

(Note that the elements of Cyen are generally not in ¥, only subsets of V)

Cyen contains a club:

N < H"(y) is guaranteed if N is closed under a Skolem functions of H" (x).

G is N-generic means that for every dense subset D C Pin N, GNNNDis
nonempty.

So Cyen contains the set of N closed under countably many operations.

Therefore (still in V[G])

Cri=CH" M0 — £ § ¢ HVI9)(y) countable : N NV € Cpen
gen &
contains a club as well, as does the set
C:={N=<H"CNy):GeNand N € C, }.

By the assumption 7(C) # 0, i.e., forsome N < H(y), weget: N:=NnV e S
(note that S C V), and ny € Gen(N), and G is N-generic and element of V.
Therefore N[G] C N, and #y € Gen(N[G]). G contains some g < p forcing this
all. But we assumed that # is a counterexample, therefore no N-genericg < p can
force that yy € Gen(N). =

For the analog equivalence to true outer measure preservation we need the notion
of interpretation:

DEFINITION 5.9. Let p be a condition in P.

e T is an interpretation of T’ with respect to p, if:
— T is a positive Borel set,
— T'" a P-name for a positive Borel set, and
— for all positive Borel sets 4 C T, p does not force that 41N T is null.
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e P strongly preserves generics if the following holds:
Forall N < H(y), p. T, T' € N and 5 € 2 such that T is an interpretation
of T’ with respect to p and n € T N Gen(N) there is an N-generic ¢ < p
forcing thaty € T/ N Gen(N[Gp)).

NOTES.

o If T is an interpretation of T’ with respectto p, pIb T”" D T’ and T* C T
is positive, then then T* is an interpretation of 7.

e Again, instead of “forall N, we can equivalently say “for club many N'”, and
the notion does not depend on y.

Lemma 5.10. For every p € P and every name T’ for a positive Borel set there is
an interpretation T of T' with respect to p.

Proor. Set
X:={Beljl.:pFB"INnT c1}.

Let Y be a maximal family of pairwise disjoint members of X. Then Y is countable
(since I is a ccc ideal) and | Y is not of measure 1 (since p forces that T is positive
and that J Y ICIN T’ € I). Set T :=w® \|J Y. Then T is an interpretation of 7'
with respect to p. -

LemMa 5.11. The following are equivalent:

(1) P preserves true outer measure.
(2) P strongly preserves generics.
(B3) Ifp - T' € I, then thereisa T € I and a p' < p such that:
T is an interpretation of T’ with respect to p’, and if N < H(y), p’. T.T' €
N, and n € T N Gen(N), then there is an N-generic ¢ < p’ forcing that
n € T’ N Gen(N[G]).
Proor. This is similar to the proof of 5.8.
(1) — (2) Assume that N’ < H(y'), p. T, T',  is a counterexample. Without
loss of generality thereis a y € N’ such that |P| < y < x'. Set

S:={N < H(y): N is counterexample for p, T, T’ and some 7 }.

This set is stationary, since S € N’ and N' N H(y) € S.
For each N € S, pick an 5 witnessing the counterexample. So in particular

ny € T N Gen{N).

Let B C T be a true outer measure of 7. B is positive (which just means that 7 is
truly positive). So there is a p’ < p forcing that B N T” is positive (since T is an
interpretation of T’ with respect to p).

Let G be a P-generic filter over V containing p’. In V[G], set

C:={N<H"I(y): G, p, T, T' € N and G is N N V-generic }.
C contains a club (as in the proof of 5.8). Assume 7x € 7(C). Then for some
NeC
N:=NnH"(y) € S, Gis N-generic, and ny is I-generic over N.
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T

FiGure 1. T is an interpretation of 7’ with respect to p’.

Note that N[G] C N (since G € N). So y is I-generic over N[G] as well. Since
N e Sand N, p, T, T', ny is a counterexample, we know that #y cannot be in
T'[G]. Therefore 7(C) C B\ T'[G]. i.e, the true outer measure of 77 decreases (p’
forces that B N T' is positive).

(2) — (3) This follows from fact 5.10 (for every p, T” there is an interpretation
T of T’ with respect to p).

(3) — (1) Assume that B O #(C) is an outer measure of 77, and p € P forces
that there is a Borel code B’ and a club set C’ of H(y)"[%) such that 7(C’) C #(C),
B'C B, T":=B\B el and B' S ii(C".

Without loss of generality, #, € B for every s € S. Now choose a p’ < p and an
interpretation T of T’ with respect to p’ according to (3). Without loss of generality
T C B (cf. Figure 1). In V, the set

S*={N<H(y):p,PT.T e NNNF =s5s€cSn €Gen(N)NT}

is stationary. (Otherwise, the complement of $* contains a club C*. If y € 7(C*),
thenn ¢ T. So#(C*) C B\ T, and B cannot be true outer measure of 77.)

Pick some y’ > y. There is an N’ < H(y’) containing 7, S*, p’. . T', C’ etc
such that N := N'NH(y) € S*. SON'N.# = s € S, and there is an N’-generic
g < p’ forcing that n, € Gen(N’[G]) N T’. Let G be a P-generic filter over V'
containing ¢. In V[G], N'[G]N.F = N' N .7 = s (since G is N’-generic), and
N' N H(x)"1¢ € C'[G] (since C'[G] € N'[G]is club). Son, € T'[G]N#(C[G)),
a contradiction to 7{C[G]) C B[G] and B[G]N T'[G] = 0. =

§6. Strong preservation of generics for nep forcings. We already know that preser-
vation of Borel outer measure generally does not imply preservation of positivity.
An example was presented in 3.3. Note that the P of this example is very “undefin-
able”. In this section we will show that under some additional assumptions on P,
we even get strong preservation:

THEOREM 6.1. If in all forcing extensions of V', P is nep and Borel outer measure
preserving then P strongly preserves generics.

In particular this requirement will be satisfied if there is a proof in ZFC that (a
definition of the forcing) P is nep and Borel outer measure preserving. We formulate
this as a corollary:



Sh:828

PRESERVING PRESERVATION 933

COROLLARY 6.2. If P is provably nep and provably Borel outer measure preserving
then P strongly preserves generics.

The notion of nep forcing (a generalization of Suslin proper) was introduced
in [13]. The most important instances of nep forcings are

(1) nicely definable, proper (but not necessarily Suslin proper) forcings P that are
coded as set of reals. We will call such forcings “transitive nep”.
(2) nicely definable (long) iterations of forcings as in (1).

Examples for transitive nep forcings are Sacks and Laver. Such forcings typically
are Suslin®. In this paper, we will not define the general notion of nep—which
would allow us to deal with (2)—since the definition requires technicalities such
as non-transitive candidates.!® Instead, in the following section we will recall the
definition of transitive nep.!!

About transitive nep forcing. In the definition of nep (or Suslin proper) we use
candidates, i.e., models of some fixed €-theory ZFC*. Intuitively, we would like to
use ZFC (just as we would like to use N < ¥V in the definition of proper forcing),
but for obvious technical reasons this is not possible. So we will restrict ourselves
to a reasonable choice of ZFC*:

DEFINITION 6.3. A recursive theory ZFC* C ZFC is called strongly normal, if
the following is provable in ZFC:

H(y) F ZFC* for all sufficiently large regular y.

You can think of ZFC* as ZFC minus the power set axiom plus something like
“7,, exists”.12

We assume that the forcing P is defined by formulas ¢ (x) and p<(x, y), using
a real parameter rp. Fixing a strongly normal ZFC*, we call M a candidate if it is
a countable transitive ZFC* model and » € M. So in any candidate (PM, <M) is
defined (but this forcing is generally not equal to P N M, since the definitions do not
have to be absolute). It is important that the transitive collapse of an N < H{y)
(containing rp) is a candidate (for sufficiently large regular y).

If M is a candidate, then G is P-generic over M if for all 4 € M such that

M E“A C Pis a maximal antichain”,

|G N 4| = 1. (Note that in this case it is not enough that G meets all dense sets,
since incompatibility is generally not absolute).
q is called M -generic is ¢ forces that G is P-generic over M.

0Note that including forcings of type (2) is not needed for the main result 9.4 of this paper: We will
show that forcings of type (1) satisfy a strong, iterable condition, therefore this condition is satisfied by
forcings of type (2) anyway.

HyUsually transitive nep forcings are in fact Suslin®. Nevertheless we define transitive nep here instead
of Suslin* since the definition is actually simpler and better isolates the property needed for the proof.
Also, there are examples of transitive nep forcings P that are not Suslin®, to be more exact: whose
natural definitions are not Suslin™, e.g., because “p € P” is 1:[% and not Z)}, (It is a different question
whether for these examples there are equivalent forcings P’ that do have (possibly less natural) Suslin™
definitions.)

2For the usual transitive nep forcings we could actually fix this ZFC*. Generally however we
should—for technical reasons—not do that, just as we should not fix, e.g., H(y) = H(3}) in the
definition of proper forcing.
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DEFINITION 6.4. A (definition of a) forcing P is transitive nep (with respect to
ZFC*), if
e “p e P”and “q < p” are upwards absolute between candidates and between
candidates and V as well.!3
e P C H(X;) (in ¥ and all candidates), and “p € P” and “q < p” are absolute
between the universe and H (y) (for large regular y).
e If M is a candidate and p € P then there is an M -generic g < p.

So transitive nep is a direct generalization of Suslin proper. Since (transitive
collapses of ) elementary submodels (containing rp) are candidates, every transitive
nep forcing is proper. There are popular forcings that are transitive nep and not
Suslin proper, for example Laver, Miller or Sacks (all these forcings are Suslint and
even satisfy an effective version of Axiom A, see [7] for a proof).

If P is nep and M a candidate, then M E“p I+ o(z)” iff M[G] F“p(z[G])” for
every filter G containing p which is P-generic over M and V .4

When we say “P is nep” we mean

(a suitable definition of) P is nep with respect to some strongly normal
ZFC*.
In practice the choice of ZFC* is immaterial (similar to the choice of y in the defi-
nition of proper forcing). If you believe this you can skip the following explanation,
continue at the proof of Theorem 6.1, let S{x) be some regular &’ >> « and ignore
the arguments why certain models are in fact candidates.
Why do we use strongly normal here, and not just normal, i.e.,

H(y) & ZFC* for large regular y?

Normal would definitely be enough to imply proper. The point in using strongly
normal is that we can assume without loss of generality that not only the candidate
M satisfies ZFC*, but also, e.g., all forcing extensions M[G] (for forcings that are
small in M). (This is of course not possible with a ZFC* that is just normal. For
example if ¥V = L then there is a normal ZFC* containing V' = L, but ZFC* fails
to be normal in any nontrivial forcing extension.)!?

Let’s explain that in more detail:

First note that we are dealing with two forcings, O/ and P. Q is Suslin ccc.
This implies that Q is Suslin proper (and therefore transitive nep) with respect to
any ZFC* that contains a certain strongly normal sentence ¢.'¢ Each two strongly
normal theories are compatible (i.e., the union is strongly normal as well), and a
forcing remains nep if we strengthen ZFC* (since then there are fewer candidates).

B e, if My, M; are candidates, M, E“M; is a candidate”, and M; E pEP thenM,F pe Pand
V F p € P, and the same for <.

4More formally this reads: p forces: If G is M-generic, then M{G] F“¢(z[G])”.

15We can still formulate the theorem for forcings that are nep with respect to not necessarily strongly
normal theories. but then we have to use two theories ZFC** and ZFC* and have to assume something
like the following:
A forcing extension of a ZFC**-candidate is a ZFC*-candidate; P is nep with respect to ZFC*; ZFC**
implies that every small forcing R forces that P is nep with respect to ZFC*.
So the formulation of the theorem gets messy, while there is no gain in practice, where ZFC* is strongly
normal anyway.

164 is the completeness theorem for Keisler logic. This follows from the proof that Suslin ccc implies
Suslin proper in {4]. see [7] for a discussion.
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So we can assume without loss of generality that Q and P are nep with respect to
the same ZFC~.

If 28 ¢ H(k) then I-g HY (k)[G] = H" (k) and r I (H"I%(k) F ) if and
onlyif H(k) F (r IF ).

So if P is nep (or Borel outer measure preserving) in ¥, then it is nep (or
preserving) in H (y) (for sufficiently large regular y).

Let R be any forcing notion. We assumed that R forces that P is nep and
preserving. Also ZFC* is strongly normal, so R forces that H VI#](y) satisfies

(x) ZFC” plus P is nep and Borel outer measure preserving

for every regular y > yg. Clearly we can find a y} such that R forces that yz < x%,

and we can do that for all R C H (k). So for all x there is a regular S(x) > & such
that

(x2)  H(y) thinks that R forces (x ) for all regular y > S(x) and R C H(x).

Proof of Theorem 6.1. The proof is very similar to the proof of “preserving a
little implies preserving much” in [13] (or its version in [7]). The point of the proof
is that we mix “internal” forcing extensions (i.e., by M -generic filters in V') for Qf
and R (a collapse) with external forcing extensions for P, and use absoluteness to
compare what P forces in the different internal models.

We will prove the theorem for the case that P is transitive nep. If you know the
general definition of nep, you will see that the same proof works for general nep as
well.!”

Recall that the Suslin ccc ideal 7 was defined by a Suslin ccc forcing Q7 and a
generic real ' (see 2.2).

We have to show the following: if T is an interpretation of 7" with respect to
p. then for all (or just: cofinally many) N < H(y) containing p, T, T" and for all
n* € Gen(N) N T the following holds:

(%) there is an N-generic ¢ < p forcing that#* € T N Gen(N[Gp]).

P is nep with respect to a strongly normal ZFC*. Set y{ := w1, x| = S(x{).
15 :=S(x{).and x3 = S(x}).

There are cofinally many such Ny < H (y3) containing P, p, T, T"”. We fix such an
No. So it is enough to show (x) for Ny. Let i: Ny — My be the transitive collapse.
For i € {1.2}, set y; :=i(y!), and set T' := i(T"). Note that i doesn’t change p,
T orn!, since these objects are hereditarily countable (7 is a Borel code, i.e., a real
number). Not surprisingly, () for Ny is equivalent to the following:

(x2) there is an My-generic ¢ < p forcing that n* € T’ N Gen(Mo[Gp)).

This is straightforward: A filter G is M,-generic if and only if it is No-generic (since
i doesn’t change the elements of P). Also, the evaluation of a name s of a real
number is absolute: If G is My-generic, then s[G] = i(s)[G]. To see this, pick in
Np maximal antichains 4, deciding s(n). Fix n. If G is Ny-generic, then G chooses

7You just have to use the ord-collapse instead of the transitive collapse, and keep in mind that the
evaluation of names 7[G] has to be redefined for non-transitive candidates. And you have to formulate
awkward requirements on ZFC* if you allow ZFC* to be a (€, xp)-theory.
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an element of p € 4, N Ny forcing that s[G](rn) = m. M, thinks that p, forces that
i($)(n) = m, s0i(5)[G)(n) = m.

So in particular T”[G] = T'[G], and Ny[G] and My[G] see the same Borel null
sets, i.e., Gen(Ng[G]) = Gen(MH[G]).

From now on for the rest of the proof we fix the above My, p, T, T'.
We formulate (x;) as a property of #*:

DEFINITION 6.5. Let M be a candidate containing p, T and T’. »* is absolutely
generic over M, or: n* € Gen®™(M), if n* € T and there is an M-generic ¢ <p p
forcing that n* € T’ N Gen(M[Gp]).

(Note that the definition of absolutely generic does not only depend on M, but
on p, T and T’ as well. However, these parameters are fixed.)
Using this notion, (*;) reads as follows:

Gen(Mo) N T = Gen®™ (My).

For any candidate M, Gen(M ) is a measure 1 set. So if Gen(M)NT = Gen*™™ (M)
then Gen (M) is a measure 1 set in 7. As the first step in our proof we show that
Gen™ (M) is at least nonempty:

LEMMA 6.6. Assume that P is Borel outer measure preserving, M is a candidate,
and M thinks that T is an interpretation of T' with respect to p, and A is a positive
Borel (code for a) subset of T. Then Gen®™(M)N A e I*.

ProoF. In M, A is an interpretation of T’ with respect to p, since A C T is
positive. So without loss of generality 4 = T, i.e., we just have to show that
Gen® (M) is positive.

Pick (in M) a p’ < p forcing that T N T” is positive. Let g < p’ be M -generic,
and G a P-generic filter over V containing g. So in M[G] (and therefore by
absoluteness in V[G]) TV N T'[G] is positive. TV16] is the outer measure of T
(since P preserves outer measure). So 7% N T'[G] is positive. Also, Gen(M[G]) is
of measure 1. Therefore

X = Gen(M[G))NT" NnT'[G]
is positive in V[G]. Clearly X C Gen™ (M)”. Soin ¥, Gen®™ (M) has to be
positive. -
Let (in My, for i € {1,2}) R; be the collapse of HM(y;) to Ry, i.e., the set of
finite partial functions from w to H*°(y;). Fix an n* € Gen(M,) N T. We have to
show that #* € Gen®™(My). n* € Gen(M,) means that there is (in V) a Q-generic
filter Gy over My such that n’[Gy] = 5*. Pick (again in V') an R,-generic filter

Gy, over Mo[Gp]. Set M’ :=~M0[GQ][GR2]. So we get (in V') the following forcing
extensions:

My — MO[GQ] —_ M = Mo[GQ][GRz]

M’ sees all relevant information about Hy := H (j;)™° (in particular M’ knows that
H, is a candidate). So it is enough to show that M’ thinks that * is absolutely
generic for H;:

LEMMA 6.7. M’ E n* € Gen®™ (H)).
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My u M, En® e GenabS(Hl) N Béw‘

R,

Mo[n®] M; E n® ¢ Gen™ (H;)

GI*GZ
FiGURe 2. The models used in the proof of Lemma 6.7.

If we assume this, Theorem 6.1 follows immediately: Q7 * Ry € HM(y,). My is
the transitive collapse of Ny < H(S(x3)). so according to (x2) M’ is a candidate
and P is transitive nep in M’. Clearly M’ knows that H; is a candidate. So
according to the Lemma there is a p’ € M’ such that

M'E“p’ < pis Hj-generic, and p’ Ibp n* € T' N Gen(H,[Gp))”.
Let (in V') ¢ <p p’ be M'-generic. We claim that g witnesses (x;), i.., that
q is My-generic and forces that #* € Gen(My[Gp]) N T'.

So let Gp be a P-generic filter over ¥ containing g. Then Gp is M'-generic.

M'[Gp] thinks that Gp (ie, Gp N PM') is Hj-generic, since this is forced by
p' € Gp. Being H)-generic is absolute (it just says that |Gp N 4] = 1 for all
maximal antichains in H,). So Gp really is H;-generic. Analogously #* is /-generic
over Hi[Gp].

Recall that H, = H (y;)°, the definition of P is absolute between the universe
and H(y) and y, is sufficiently large. Therefore PHt = PMo and H, contains exactly
the same subsets of P as M, does. So Gp is My-generic as well. Also, H,[Gp]
contains exactly the same reals (in particular Borel codes) as My[Gp]. (This can
again be seen by deciding r(n) by a maximal antichain.) Therefore #* is I-generic
over My[Gp]. This is all forced by some g < p, so we are finished.

PrROOF OF LEMMA 6.7. We already know that #* is /-generic over My. Using the
facts that H; and M, see the same subsets of P and that H; is countable in M’ we
get M'En* € Gen(H,)NT.

Assume towards a contradiction that M’ £ “p* ¢ Gen®™(H;)”. Since M’ =
Mo[Gol[Gr] this is forced by some ¢ € Gp and r € R;. However since R;
is homogeneous and the sentence #* ¢ Gen®(H,) only contains parameters in
My[Gp] we can assume that r = 1, i.e.,

(@) MyF“qlrg (5" € T, Ibg, n' € Gen(H1)\ Gen™ (H))”.
Fix a positive Borel code B, € My such that
{7'[G]: G € V is an My-generic filter containing ¢ } = Gen(M,) N B,
(see 2.3). Without loss of generality B, C T, since (in My) ¢ IF g’ eT.
Choosein V an R;-generic filter Gg, over My, and set M1 := My[Gg,]. M| knows
that H; is a candidate, and that B;” U C T is positive. M| knows that P preserves

Borel outer measure (because of (x,)), and H, thinks that T is an interpretation
of T’ with respect to p (since H, is the collapse of H" (x)). So we can apply
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Lemma 6.6 in M (i.e., M is the universe V" and H, the candidate M) and find a
7® € Gen™ (H, )NB}M . In particular 7% is I-generic over H, and therefore over M.
So in M, there is a Mo-generic filter G§ such that 7*[G§] = #® € B, . Therefore
g € Gp, and we can factorize Ry as Ry = Q x R;/Q such that Gg, = GS’ * G1. (See
Figure 2 for a diagram of the forcing extensions we are going to construct).

In MO[Gg] = Mo[n®] welook at the forcing Ry = R3™ (the finite partial functions
fromw to HM(y,) = Hy). y» > y1 and R;/Qisasubforcing of ro(R, ), where R| C
H;. So according to 2.10 (2) and (3), R, can be factorized as Ry = (R;/Q)* R’. We
already have the (R, /Q)-generic filter G (over MO[GS]), now choose (as always in
V') a R'-generic filter G, over M;. Set Gr, = Gy * Gy. So Gk, 1s Ry-generic over
Mo[G§]. Set My := My[n®][Gh,].

Now set Hy := H(y2)™. H, thinks that P is nep and that ® € Gen®>(H,) (by
absoluteness in M;). Also, H; is a candidate (by (x»). since Hy = HM[Gg,]). So
for some p; € Ha,

H, E “p; < pis Hy-generic, p; IF % € Gen(H,[Gp]) N T"”.

In M,;, there is an Hj-generic p» < p; (since M, thinks that P is nep and that H»
is a candidate.) Let Gp be a P-generic filter over M, containing p,. From now on,
we work in M3[Gp). Gp is Hz-generic and contains p;, so by absoluteness Gp is
H\-generic as well and #® € Gen(H;[Gp]) N T'. On the other hand, according to
(@), n® ¢ Gen(H,[Gp]) N T’, a contradiction. -

Note that if we set 7 = T’ = 2 this proof gives us “preserving a little implies
preserving much” of [13]:

THEOREM 6.8. If in all forcing extensions of V', P is nep and preserves Borel posi-
tivity, then P preserves generics.

In particular, if P is provably nep and provably preserves Borel positivity, then P
preserves generics.

§7. A general preservation theorem. For proving the main result 9.4 we will use
a general iteration theorem for countable support iterations of proper forcings. It
appeared as “Case A” in Proper and improper forcing [12, XVIIL§3]. The proof
there is not easily digestible, though. A simplified version appeared in Section 5
of Goldstern’s Tools [2]. This version uses the additional requirement that every
forcing of the iteration adds a new real. Note that this requirement is met in many
applications anyway (e.g., in the forcings of [9] cited in the introduction).

A proof of the iteration theorem without this additional requirement appeared
in [8] and was copied into Set Theory of the Reals [1] (as “first preservation theorem”
6.1.B), but Schlindwein pointed out a problem in this proof.'® Another proof
(building on the one in [2]) will appear in [3].

The general preservation theorem uses the following setting: Fix a sequence of
increasing arithmetical two-place relations R, on w®. Let R be the union of the

18See [10]. In this paper Schlindwein wrote a simple proof for the special case of w®-bounding,
however he later found a problem in his own proof [C. Schlindwein, personal communication, April
2005]. He is preparing a new version {11].



Sh:828

PRESERVING PRESERVATION 939

R,. Assume
o Z:={f€cw®: fRyforsomen € ®® }is closed,
e {few®: fR,yn}isclosed foralln € w,n € w*, and
e for every countable N there is an # such that f Ry forall f € N N& (in this
case we say “n covers N”),

DernNiTION 7.1. Let P be a forcing notion, p € P.

e f*:=f*... frisatools-interpretation of f =/1,.... frunder p,ifeach f ;18
a P-name for anelement of &, and thereisan decreasmg chain p=py> p1 >-
of conditions in P such that p; - (f1 Mi=fili&. .. &feli=f[1 [7).

» A forcing notion P is tools-preserving, if forall N < H (), “ncovering N, p, n;,
fr f € N such that f*is a tools-interpretation of f under pand ff R,,# there
is an N-generic ¢ < p, forcing that # covers N[Gp], and f; R, # foralli < k.

Note that if f is a tools-interpretation, then f [ EF.

Tools-interpretations differ from the interpretations of Definition 5.9. They
obviously deal with functions from w to w instead of Borel sets modulo 7. But
there is another technical difference: For tools-interpretations, we require that there
is an decreasing sequence of conditions p > p; > p2 > -- -, not just that for all n,
the truth value of (Vm < n) f{m) = f*(m) is positive.l

Now we can formulate the “first preservation theorem” [1, 6.1.B] already men-
tioned:

THEOREM 7.2. Assume (P;, Q;)i<q is a countable support iteration of proper, tools-
preserving forcings. Then P, is tools-preserving.20

§8. Preservation of non-meager. In this section 7 is the ideal of meager sets.

This is the easiest (and already well known) case: strong preservation is equivalent
to preservation of generics and is iterable.

We already know that preservation of Borel positivity is equivalent to preservation
of Borel outer measure. The same holds for the non-Borel notions as well:

LemmMa 8.1. Preservation of positivity implies preservation of outer measure, and
the same holds for the true version.

ProOOF. Assume towards a contradiction that A4 is outer measure of X, and that
p forces that B is outer measure of X and 4 \ B is positive. Then 4 \ B contains a
nonempty clopen set D € V. So p forces that DV 1N X = DY N X is null. By
positivity preservation D N X has to be null, a contradiction.

To show the lemma for the true notion, the same argument works: Assume
towards a contradiction that 4 is true outer measure of 77 and that p forces 7(C’)ND

9Given a forcing P and a tools-interpretation f* of a function f ¢ V under p, we can find a
dense subforcing P! C P such that for every condition p’ of P’ there is a n(p’) such that p' forces
that f*(n(p’)) # f(n(p’)). So with respect to P’, f* cannot be a tools-interpretation of f any more.
Definition 5.9 of interpretation on the other hand is invariant under equivalent forcings.

2Let us call P densely preserving if there is a dense subforcing O of P that is tools-preserving.
Since tools-interpretations are not absolute, densely preserving does not seem to imply tools-preserving.
When iterating forcings that do not necessarily add reals, it actually seems that densely preserving is the
property that is preserved and not tools-preserving, see [3]. In practice this distinction is of course not
important.
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is null for some clopen D C A. Then define

S*:={seS:y,eD}, and

=S
The usual argument shows that 7™ is truly positive: Otherwise, let C be club such
that #*(C) = (. Then C witnesses that 4 is not true outer measure of 7. On

the other hand, p forces that 7*(C’) is null, a contradiction to true positivity
preservation. -

It is well known that “preservation of Cohens” is iterable:
THEOREM 8.2. If (P;, Qi)i<a is a countable support iteration of proper forcings such
that i+p, (Q; preserves Cohens) for all i € a, then P, preserves Cohens.

Proor. This is proven as application 3 in [2] or as Theorem 6.3.20 of Set theory
of the reals [1]. It is an easy application of tools-preservation (7.2):
Let Q be the set of clopen sets of 2. Set

€={fecQ?:(VWUeQ) f(U)CU}.
We define f R, # by
f €% andy € 2”andforsomek < n, y € f(U).

Then for any N < H({y), n covers N if and only if  is Cohen over N. Also
{f :f R,n}isclopen, so f; R, n can be forced by determining f; | m for some
m. Therefore P preserves Cohens if and only if P is tools-preserving. This finishes
the proof of 8.2.

Note that in this simple case tools-preservation isn’t really needed. It is enough
to trivially modify the proof that a countable support iteration of proper forcings is
proper (see, e.g., [1, 6.1.3]). In the following we point out the changes that have to
be made to this specific proof:

The Lemma now reads:

Suppose (Pq, Qu)a<s is @ countable support iteration such that for all a < 4,
ko “Qq is propér and preserves Cohens”. Suppose that N < H(y) contains
(Pa. Qo). Thenforall f € NS, foralla € NN andforall p € PsNN, whenever
q <o p I Bis (N, P,)-generic and forces that* € Gen(N[G,]), thereisan (N, P, )-
generic condition r <, p I fsuch thatr | @ = g and r I+ n* € Gen(N[Gy]).

The successor step is trivial. In the limit step we enumerate (just like the the 7,,)
a list T, of the Pg-names in N of nowhere dense trees. Then we add the following
requirement: p,,; determines T, up to a level m, and #* ¢ T, | m.

Why can we do this? By induction we already know that there is a P, -generic
gn < pn over N that forces n* € Gen(N|[G,,]). Assume G,, is P, -generic over V
and contains g. In N[G,,]. construct T, and an decreasing sequence pi < p, such
that p;' IF T, = T, [ m and |J,,c,, T,, is a nowhere dense tree. So #* ¢ T for
some m. T, lives in V' (since it is finite). So thereis anm, 7,5 anda p!" < p, € N
such that #* ¢ T,:. Now choose p,. < pr.

So in this case the additional preservation property can be satisfied “locally” (we
can once and for all deal with M, in step n). -

Applying Theorem 6.1 gives the following result due to Goldstern and Shelah [12,
Lemma XVIIL.3.11]:
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COROLLARY 8.3. If (P;, Qi)i<a is a countable support iterationsuch that Q; is prov-
ably nep and provably doesn’t make V meager, then P, doesn’t make any old set meager.

§9. Preservation of Lebesgue-positive. In this section, I is the ideal of Lebesgue
null sets.

The outer measure of X as defined in this paper is equivalent to the outer measure
in the usual sense, called Leb*(X). In particular, preservation of outer measure
is equivalent to the preservation of the value of Leb” (X ), more formally: Assume
Leb*(X) = r. Then P preserves outer measure of X if and only if P forces that
Leb*(X) = 7.

Also the true outer measure is fully described by the true outer measure as a real,
defined by T-Leb*(#) := min{ Leb*(7(C)) : C club} (note that T-Leb* really is
a minimum). Then P is true outer measure preserving if and only if P preserves
T-Leb*. (This follows from the proof of the next lemma).

LEMMA 9.1. If P is weakly homogeneous*' and preserves (true) positivity then P
preserves (frue) outer measure.

Proof. For the “untrue” version, this is [1, Lemma 6.3.10]. The same proof
works for true outer measure as well: Assume that B is a true outer measure of
7i, that Leb(B) = r; and that p forces that B’ O %(C’) and Leb(B’) < ry < ry,
rp rational. We have to show that there is a truly positive #7* that fails to be truly
positive after forcing with P.

So p forces that there is a sequence I, of clopen sets such that |J 1, 2 #(C’) and
Y Leb(f,) < r2. Let p,, h(n), I} be such that for all m < h(n),

pn IF Leb( U In) < %&(Vk <m) I =I.
m>h(n)

SoLeb(lJIr) < rp,and B\ |J I} is not null. Therefore
S*:={seS:n.¢|JI;}

is is stationary (otherwise, the complement of S* would witness that B is not the
true outer measure or 7). Define #* :==# | S*. So #* is truly positive.

paFLeb( L\ < % and
pulri (€Y Ut \UlLn. e

1
pn IF Leb™ (7*(C")) < . So
1
pn IF T-Leb*(7*) < o
Since the last statement does not contain any names except standard-names, and
since P is weakly homogeneous, we get 1p |- T-Leb*(77*) < 1/n for all a, i,
IF T-Leb*(5*) = 0. So the truly positive #* becomes null after forcing with P.
Now we are going to show that strong preservation is equivalent to the Lebesgue
version of tools-preservation (see Definition 7.1).

2180 if ¢ only contains standard-names, then (p I+p @) implies (1p I-p ).
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We list the clopen subsets of 2% as (I;);c.,. and interpret a function f € w® as a
sequence of clopen sets. We set

& :={f:ViLeb(I;;y) <27'}, and
f Ryn ifandonlyif f €@ nc2” andforalll>n.n¢ly.

For f € &. the set #y 1= (.., Uisn {s(;) 1s @ null set. In fact, every null set is
contained in a /' for some f € & (see, e.g., [1, 2.3.10] or [2]). f R # just means
n¢ Ny

n is random over a model N if and only if # is not element of any null set coded
by arealin N. So # is random over N if and only if # covers N.

For reference we baptize this version of tools-preservation:

DEeFINITION 9.2. P is called Lebesgue-tools-preserving if it is tools-preserving for
the R, defined as above.

It is clear that Lebesgue-tools-preserving implies preservation of generics and
therefore preservation of positivity. Lebesgue-tools-preservation is preservation
of generics plus “side functions”. It turns out that this is equivalent to strong
preservation:

LeMMA 9.3. The following are equivalent:

(1) P is Lebesgue-tools-preserving.
(2) P is Lebesgue-tools-preserving for k = 1 andn, = 0.
(3) P strongly preserves randoms.

Proor. (2) — (1): Assume N < H(x), p. n. ff.....fF fi.....fr and
ni,...,n are as in the definition of Lebesgue-tools-preserving.

Set n* := max(k,ny,...,n). por < pforcesthat f} | n* = f,; | n*. Let g* € w®
be such that L., = U;_; If+(nnym). and g the name of a function in w® such
that p forces that Ig(m) =iz & I[,-(n*+m)- So for all m,

p Ik Leb(Iye(y) < k27074 < 27m,

Le, plFge@.

g* is a tools-interpretation of g under p,~ (this is clear if we assume that the list
I, contains no repetitions; otherwise we just have to choose g(m) accordingly).

1 ¢ Ly~ forall m; ie., g* Ro. )

Since we assume (2) we can find an N-generic ¢ < p,- forcing that z is random
over N[G] and that g Ry #.

This means that ¢ forces that 7 ¢ I r.omy for all i < k and m > n*. And for
n; < m < n*, p,- forces that I, = ~If,-*('") and therefore that # ¢ I;,(,,). So ¢
forces that f; Ry, 1. i i

(2) — (3): We show the equivalent property (3) of Lemma 5.11. So fix p and N
and assume p IF T’ € Ij.. We want to show that thereisa 7' and a p’ < p such
that 7 is an interpretation of T’ with respect to p’, and for every n* € T N N there
is an N-generic ¢ < p forcing that #* € Gen(N[G]) N T".

Since every positive set contains a positive closed set we can assume without loss
of generality that p forces that T’ is closed and that the measure of T is at least
some rational number r.
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Any measurable 4 C 2% can be approximated from the outside by countable
unions of clopen sets. If 4 is closed (i.e., compact), then any open cover of 4
has a finite sub-cover. So for any ¢ > 0 there is a clopen set C 2 A such that
Leb(C \ 4} < ¢. In particular there is a sequence of clopen sets

=4 2412---24

such that Leb(4, \ 4) = Leb(4,) — Leb(4) < 27" and 4 = () A4,. Set B, =
A, \ A,+1. Then the B, are a disjoint sequence of clopen sets, 4 = 2% \ | J B, and

Leb(B,) = Leb(A,) — Leb(A4,,) < Leb(4,) — Leb(4) < 27".

So the sequence (B, ) is coded by an /' € &. Also ZLeb(B,) = 1 — Leb(4).

Applying this to T we get that p forces that there is the according f for 7. Pick
an N’ < H(y') containing p and f. and let G € V be an N'-generic filter. Then
[ :=f[G]isa tools-interpretation of f, witnessed by a decreasing sequence p, of
elements of G. )

Let (B}),c. be the sequence of clopen sets corresponding to f*. B is disjoint
to B’ for m # n (since p forces this for B). Also p forces that ZLeb(B,) <
1 — Leb(7”) < 1 — r, and therefore ELeb(B;) < 1 —r. So T:=2%\|UB; is
positive. T is an interpretation of T’ with respect to p: Assume 4 C T has
measure s > 27", Then p, < p forces that Leb(7’ \ {J,,.,, B») =< 27" and that
Unen Bn = Upnep Bo- Alisdisjoint to |J,,,, By, s0 AN T has to be positive.

Assume N < H(y) contains p, P, T,T' and n € T N Gen(N). 5 € T means
n ¢ By foralln, ie, f* Ryn. So by (2) there is a ¢ < p N-generic forcing that
n € Gen(N[G]) and that 5 Ry /. That again means thaty € T’, and we are finished.

(3) — (2): Fixan N < H(y), a tools-approximation f* of f under p such that
f.f* and parein N, and an 7 € Gen(N) such that f* Ry7.”

" So the appropriate p, < p forces that £*(0) = £(0) and £*(1) = £(1).

Set T :=2% \ Um>1 If“(m) and T/ =2 \ Um>1 [{(m).

Then T is an interpretation of T’ with respect to p,:

Assume A C T is a positive Borel set. Pick N € w such thatZ,>y27" < Leb(4).
pn < paforcesthat £*(i) = f (i) foralli < N. So py forces that ANU,,, .y L7 (m) 18

empty, and that Leb(lJ,,.> y I/(m)) < Leb(4), and therefore that 4 N 7" is positive.

So by (3) we know that there is an N -generic ¢ < p; forcing that # is random
over N[G] and thaty € T'. # € T’ means that for all m > 1, # & I(,). Since
q < pa. q forces that 57 is not in gy = I7.(g) or 17y = Iy.(y either. So ¢ forces
that f Ro . =

Using this Lemma, Theorem 6.1 and the fact that strong preservation implies
preservation we get:??

COROLLARY 9.4. Assume that (P;, Ql) i<a is a countable support iteration such that
Jfor all i, Q; is provably nep and provably preserves Lebesgue positivity of V. Then P,
preserves Lebesgue positivity (of all old positive sets).

22Compare that to Zapletai [15. Cor 5.4.10]: Assume that there is a proper class of measurable
Woodin cardinals. If P is a forcing adding a single real which has a definition satisfying a (very general)
syntax and preserves Lebesgue positivity of ¥ (or in fact positivity with respect to similar ideals), then
the countable support iteration of P (or arbitrary length) preserves positivity as well.
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The diagram of implications. So in the cases of the Lebesgue null and the meager
ideal we have implications of preservation of the following notions:

I is the Lebesgue null ideal:

P weakl
Leb -tools Y
(f’tsgu;l ‘))o hom. (9.1) randoms
iterable e o
>

true positivity
true outer measure

~
\
l N\ P weakly
® hom. (9.1) o
outer measure = _ _ — 5 positivily
N
N

P nep.\6.1

~N
positivity of
Rad
Borel outer measure

For the definition of Lebesgue-tools-preserving, see 9.2.
For nep see section 6.

For general Suslin ccc ideals we get:

preserving true

I is the meager ideal:

Cohens
(iterable)
>
true outer measure

74
/

/ l

/

outer measure
! -

\ positivity
P nep: 6.1
\
\

positivity of V'
«—
Borel outer measure

preserving true

outer measure positivity
15.1 1 5.8
strongly preserving
preserving generics generics
7 AN
/ \
/ ) \
/ preserving many
P nep: 6.1 5.6 generics \
! P nep: 6.8
! 35 |
! I
\ preserving preserving /
\ outer measure positivity /
\ /
\ /
N /
preserving Borel preserving
outer measure Borel positivity

V has outer measure
preserving outer
measure of V'

llk P is Borel
| homogeneous: 3.2

preserving
positivity of V'
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Preservation of (Borel) positivity and outer measure is defined in 3.1, the true notions in 5.5,
and (strong) preservation of generics in 5.7 and 5.9. For “P nep” see section 6.
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