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POINTWISE COMPACT AND STABLE SETS
OF MEASURABLE FUNCTIONS

S. SHELAH AND D. H. FREMLIN

Introduction. In a series of papers culminating in [9], M. Talagrand, the second
author, and others investigated at length the properties and structure of pointwise
compact sets of measurable functions. A number of problems, interesting in them-
selves and important for the theory of Pettis integration, were solved subject to
various special axioms. It was left unclear just how far the special axioms were
necessary. In particular, several results depended on the fact that it is consistent to
suppose that every countable relatively pointwise compact set of Lebesgue mea-
surable functions is ‘stable’ in Talagrand’s sense, the point being that stable sets
are known to have a variety of properties not shared by all pointwise compact sets.
In the present paper we present a model of set theory in which there is a countable
relatively pointwise compact set of Lebesgue measurable functions which is not
stable and discuss the significance of this model in relation to the original ques-
tions, A feature of our model which may be of independent interest is the following:
in it, there is a closed negligible set Q < [0, 1]* such that whenever D < [0, 1] has
outer measure 1, then

Q7'[D] = {x:3yeD,(x,y) e Q}

has inner measure 1 (see 2G below).

§1. The model. We embark immediately on the central ideas of this paper, setting
out a construction of a partially ordered set which forces a fairly technical propo-
sition in measure theory (1S below); the relevance of this proposition to pointwise
compact sets will be discussed in §2. The construction is complex, and rather than
give it in a single stretch we develop it cumulatively in 1E, 11, 1Q below; it is to be
understood that each notation introduced in these paragraphs, as well as those in
the definitions 1A, 1K, 1L, is to stand for the remainder of the section. After each
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part of the construction we give lemmas which can be dealt with in terms of the
construction so far, even if their motivation is unlikely to be immediately clear.
When we come to results involving forcing, we will try to follow the methods of
[4]; in particular, in a p.o. set, ‘p < ¢’ will always mean that p is a stronger condi-
tion than g.
1A. DerFiNiTION. If of is any family of sets not containing ¢J, set

dp() =min{#(I): In A # JVAe L}

Observe that dp(«/) = 0iff & = & and that dp(e/ U #) is at most the cardinal
sum of dp(«/) and dp(#). (Of course much more can be said.)

1B. LEMMA. Suppose that n,L k € N, with n,l not less than 2, and that ¢ is such
that 0 < & < 1/2 and le* > (k + 2)Inn. Then there is a set W < n x n (we identify n
with the set of its predecessors) such that #(W) < en? and whenever I € [n]* and
Jos---»Ji—1 € [n]=* are disjoint, there are i € I, j < I such that {i} x J, < W.

Proor. If k =0, this is trivial; suppose that k > 0. Set Q = 2(n x n). Give 2 a
probability for which the events (i, j) € W, as (i, j) runs over n x n, are independent
with probability &. If W & Q is a random set, then

Pr(#(W) <en?) > 1
because ¢ < 1/2 and #(W) has the binomial distribution B(n?,¢). On the other

hand, if Je[n]** and i < n, Pr({i} x J < W) > ¢* Soif I e [n}' and J,,...,J;-,
are disjoint members of [n]**,

Pr({i} x & WViel j<l)<(1—¢9"
< exp(—1%eh).

Accordingly the probability that there are I e [n]’, disjoint Jy,...,J;_, € [n]=*
such that {i} x J;& WViel, j <lis at most

#([n]")#([n1=*) exp(—1%e") < n'n" exp(—1%¢¥)
= exp((k + Dllnn — 12¢%) < 1/4

because
Pe¥ —(k + ilnn>Illnn>2In2.

There must, therefore, be some W € Q of the type required. O
ReMARK. Compare the discussion of cliques in random graphs in [8, pp. 18-20].
1C. LEMMA. Let m and | be strictly positive integers and </ a nonempty family

of nonempty sets. Let T be the family of nonempty sets I < ™. For 7 € T, write

T*={tlj ted, j<smyc{), ., For 7,7,€T we say that T <X, if

I < Iy and

dp({u: t~ue I*}) = dp({u: t~ue 7¢§})/21

Jor every te T\J. Fix 9,€ T and a cover (S >;.q of F,. Then there is a
T X Gy such that T < . for some i < 21.

Notation. In this context we use ordinary italic u for members of o/ and bold
t for finite sequences of members of <.
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Proor. For t e 7§\, set
o, =dp({u:tue 7 §})/21 > 0.

For i < 2l define (¥"y,_,, by setting ™ = £ 7,

SN ={ttednT¥ dp{u:t-ue FV* YY) > a,}

for j < m. An easy downward induction (using the fact that dp is subadditive) shows
that 7% not? = | ), ,, & for every j < m. In particular, there is some i < 2/ such
that & € #{°. Now define 7 by

T ={tted™tljeSIVj<mcIyn,

and see that 7 < 9, as required.
1D. COROLLARY. Let n,l,k, and W be as in Lemma 1B. Take r < k, let Z be the
cartesian product n', and set

W= {G,z2:i<nzeZ/(iz(j)eWVj<r.

Let m, o/, T, and < be as in Lemma 1C, and take I, € T, H: 95 — n any function.
Then

either there are i < n, 7 < g such that H(t) =i for every t € J or there
is a J € [n]=" such that for every z € (n\J)" there is a 7 < T, such that
(H(t),z) e W for everyte J.

Proor. Set
A={z:2€2,317 < T such that (H(t),z) e W¥te I},

If A2 (n\J) for some J € [n]=", we have the second alternative; suppose other-
wise. Then we can find z,,...,2,_, € Z\ 4 such that the sets J; = {z;(i): i < r} are
all disjoint. Each J; belongs to [n]=¥, so by the choice of W,

I={i:{i} x g WVj<l}

has cardinal less than . Now observe that if te J, then either H(t)eI or
(H(t),z;) € W for some j < I. So we have a cover of 7, by the sets

S ={tHt =i} foriel,
&= {t:(H(t),z) e W} forj<l.

By Lemma 1C, there is a J < 9, such that either < & for some i€l or
T < & for some j < l. But we cannot have 7 < &, because z;¢ 4,50 7 <
for some i, and we have the first alternative.

RemARK. 1C-1D are, of course, elementary, but their significance is bound to
be obscure; they will be used in 1R below. An essential feature of 1C is the fact that
the denominator 2/ in the definition of < is independent of the size of <.

1E. Construction: part 1. (a) Take a sequence {m,),.n Of integers increasing
so fast that

(i) no 2 4;

(i) n, > 2k*1;
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(ii1) writing ¢; = I1;.,2™, then
In2* 'n) > 2"k + 1)@+ In2+ & tnn_ ) for 1 <1< k;

(iv) Inn, > ¥ Y4k + 2);
(v) writing [«] for the least integer greater than or equal to «,

(k + 1)In@l(Inn)?) < 2 4@ 7% 'ny)1;

(vi) 2%k (Inm* WM< 2")* 1 < my;

(vii) In27* " n) > (k + 1)In(2¢%* ! + 2k)
for every k € N.

For each k e N, let ¥, be the cartesian product [[; ., n;.

(b) For each ke N, let T, be the set of those subsets ¢ of ¥V, expressible as
t = [I;<x Ci(t), where C;(t) € n; and #(C;(t)) = (1 — 27" Yn; for each i < k. Set
T = (xen Th» and for ¢ € T say that rank(t) = k if t € T,. For t,t’ € T, we say that
t <t if rank(f) < rank(t’) and C;(¢) = C;(¢t') for every i < rank(t). Then T is a
finitely branching tree of height w in which the T are the levels and ‘rank’ is the
rank function. For t € T write T® for the subtree {t: ¢’ <t or t < t'}, suc(t) for
{t':t < ¢, rank(¢') = rank(¢) + 1}.

(c) Forke N, set

7 = (k + 1)/In(127*" 'n,);
27%"1p, > 1 by (a)(ii) above. For t € T, define d,: T - R U {— o0} by writing
d(S) = Vranky INAP({C: t x C € §}))

for every S = T, allowing d,(S) = — oo if Snsuc(t) = . Observe that d(T) > k + 1
whenever rank(r) = k (because

dp((C: C Sy, #(O) = (1 — 274 M) 21274 1,1

(d) Let Q be the set of subtrees g = T such that
q # J;
ift<t eqthentegq;
if t € g then g N suc(t) # J;
writing d,(¢q) = min{d,(q): t e g~ T, } for k e N, lim, , , ,(q) = c0.
Observe that 6,(T) = k + 1 for each k € N, so that Te Q and Q # .

(e) Forgq,q' e Q@ say that g < ¢’ if g = q'. Then (Q, <, T) is a p.o. set (that is, a
preordered set with a top element, as in [4]). Observe that if tege Q then
gnTYPeQandgn TP < q.

(f) Forg,qg' e Qand ke N,wesaythatg <,q'ifg<q'andqn T, =¢ n T, and

d,(q) > min(k,d,(q")) — 27"

for every t € q. Note that <, is not transitive unless k = 0.

REMARKS. Of course, the point of the sequence {(n; ),y on which the rest of this
construction will depend is that it increases ‘as fast as we need it to’. The exact list
given in (a) above is of no significance and will be used only as a list of clues to the
(elementary) arguments below which depend on the rapidly increasing nature of
the sequence. This is why we have made no attempt to make the list as elegant or
as short as possible.
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Three elements may be distinguished within the construction of Q. First, it is a
p.o. set of rapidly branching trees; that is, if ¢ € g € Q, g n suc(¢) is large compared
with T, except for ¢ of small rank. This is the basis of most of the (laborious
but routine) work down to 1P below. Second, there is a natural Q-name for a subset
of X = [l,cnm of large measure; a generic filter in Q leads to a branch of T and
hence to the ¥ of 1Q(d). Third, the use of dp in the definition of ‘rapidly branching’
((0))—(d) above) is what makes possible the side-step in the last part of the proof
of 1R.

1F. LeMMaA. Q is proper.

Proor. This is a special case of Proposition 1.18 in [7]. (In fact, the arguments
of 1G-1H below show that Q satisfies Axiom A and is therefore proper; sce
[2,§2.4])

1G. LEMMA. Let k € N and let { be an ordinal. Suppose that A is a set with
#(A) < exp(2™"/y;) ~ 1 for every j = k and that © is a Q-name for a member of
A. Let A be a Q-name for a countable subset of {. Then for every q € Q there are a
q’ <44, a function H: T, » A, and a countable (ground-model) set D < { such that

gNnTOlqt=HOVteqg nT,
g g4 <D.

PROOF. (a) Set m = #(A). The point is that if j > k and t € T; and (§;);., is a
family of subsets of T, then

(U ) =u(o( U te:1xcesn))
< yj1n< Y dp({C:t x Ce Si})>

ism

< yjln<(m + Dmaxdp({C:t x Ce S,-})>

i<m

= y;In(m + 1) + maxy;In(dp({C: t x Ce §;}))

< 27F 4+ max d,(S,).
ism
(b) For each a € A, let S, be the set
{t:teg,rank(t) > k,Ipe Q, D e [{]*7,
P<,qnTY plbgt=a& 4 < D}.

If t € q\S, and rank(t) > k, then d,(S,) < min(k, d,(g)) — 27* For if S, nsuc(t) = &,
d(S,) = —oo. While if S, nsuc(t) # &, then for each s esuc(t)n S, we can find
a p,e Q and D, e [{]*® such that p, <, g " T, p;I-gt=a and p, g 4 < D,.

If we now set
r= U »p D= U D,
sesuc(t)nS, sesuc(t)nSa
then pc gn T and plgt=a and plg 4 = D. Because t ¢ S,, p £, gn T®
and there must be an s € p such that dy(p) < min(k,d(q ~ T?)) — 27%; evidently
s =tand
d,(S,) < min(k,d,(q)) — 275,
as claimed.
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(¢) Suppose, if possible, that thereisa t, e gn T](\U S . Set

aeA™a’

p= {t:teqm T ¢ | ) S,Vt' < t}.

acA

Then p is a subtree of T. For every t € p with t > ¢,
d(q) < max({d(p)} U {d/(S,):ae A}) +27F

because #(A) < m. But 4,(S,) < d,(q) — 27* for every a € A, by (b) above, so
d(p) = d,(q) — 27% (and p n suc(t) # ). This shows both that p has no maximal
elements and that §,(p) > J;(q) — 27* for every i > k, so that p € Q. Because Q is
proper, we can find a p’ < p and a countable D < { such that p’ = 4 = D [6, p. 81,
I11.1.16]. Next there are p” < p’, a € A such that p” =g 7 = a. Let je N be such
that 6;(p”') > k whenever i > j, and take t € p” such that rank(t) > max(k, j). Then
p’ N T witnesses that ¢ € S,, which is impossible.

(d) Accordingly we have for every t € g n T an H(t) € A, a countable set D, and
a p, € Q such that

plrot=HO&ASD, p<.gnTO

Set ¢' = UyeqnrPs D = Usegnr, Dis then g’ <, q, D is countable, ¢’y 4 = D
and ¢ " T® gt = H(t)foreverytegn T,.

1H. LEMMA. Let (g, x.n be a sequence in Q such that g, 45 <p+1 Gax+1 < 921
foreveryk e N. Then § = (), . 4, belongs to Q and is accordingly a lower bound for
{qe: ke N} inQ;also, gN Ty = qop41 0 Tixy foreach ke N

PrOOF. Because each g is a finitely branching subtree of T with no maximal
elements, so is ¢, and d,(§) = lim,_,, d,(q,) for every t € 4. Moreover, if t € § and
k<leN,

d(q2) = min(k, d(q5,)) — 3.27% + 327
(induce on [, using the definition of <;), so we have

0:(q) = llim 0;(q2;) = min(k, d;(q,4)) — 3.27%

for every i,k € N; consequently, lim;_,, 6,(7)} = o and §€ Q. Now if ke N and
2k +1<Lg+10hs1 =0Tt 1,800 Ty = gous1 N Tivye a

11. Construction: part 2. Let x be the cardinal ¢* (evaluated in the ground
model).

(@) Let ({Pyecr,{Q¢sD¢<x) be a countable-support iteration of p.o. sets, as in
[4, chapter 8], such that each Q, is a P,-name for a p.o. set with the same definition,
interpreted in V™%, as the p.o. set Q of 1E. (Note that T is absolute, and so, in effect,
is {d,),. r, because each d, is determined by its values on the finite set 2(suc(t)), so
that the difference between Q and Q, subsists in the power of P, to add new subsets
of T. Also each Q. is ‘full’ in Kunen’s sense.) Write P = P,.

(b) f{ <k, Ke[{]° keN,and p,p’ belong to P, say that p <g , p"if p < p’
and :

pleip, p(&) < p(E)VEEK,

taking <, here to be a P,-name for the relation on Q, corresponding to the relation
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<, on Q as defined in 1E(f). Of course <y, is not transitive unless K = ¢J or
k=0

1J. LeMMA. (a) [P is proper for every { < k.

(b) If & <k, { < K, then Py, may be identified with a dense subset of the iteration
P, * Py, where Py is a Pe-name with the same definition, interpreted in VP g
the definition of P in V.

(c) Forevery{ <k,

1p, Ip 2° < K.

(d) If { < K has uncountable cofinality, A is a (ground-model) set, f is a P,-name
Jfor a sequence in A and p € P, then we can find ¢ < {, p’ < p, and a P--name g such
that

Pl f =g

(e) If A is a (ground-model) set and f is a P-name for a sequence in A, then we
can find a £ < x and a Pr-name g such that

Iplp f = 4.

PRrOOF. (a) This is just because Q is praper, as noted in 1F; see [6, p. 90, The-
orem IIL3.2].

(b) This now follows by induction on {. The inductive step to a successor ordinal
is trivial, because if we can think of P, as dense in P, * P;, then we can identify
Qq 4, with Q;. As for the inductive step to limit {, any member of P, can be
regarded as (p, p’) where p € P; and p’ is a P--name for a member of P;. On the
other hand, given (p,p’) € P, * P, we have a P,-name J for the support of p’ which
in V%% is a countable subset of {. But because P is proper, there are a p; < p and
a countable ground-model set I < { such that p, Ip, J< 176, p. 81, NL1.16].
Now (p,,p’) can be reinterpreted as a member of P, stronger than (p,p’). Thus,
Py 4 is dense in P, * P, as claimed.

{c) [6, p. 96, 111.4.1].

(d) [6,p. 171, V.44].

(e) By [6, p. 96, I11.4.1], P satisfies the x-c.c.; because x is regular, (d) gives the
result. O

1K. DEFINITION. Let{ <x,peP,.

(a) Define U(p), <p™ Ducu(p as follows. A finite function u < { x T belongs to
U(p) if either

u = ¢, in which case p™ = p,
or
u =vu {(&1)}, where ve U(p), dom(v) = ¢ < {, and
P &I, te pM(E),
in which case p™ is defined by writing

P = pV)Vne\{&},
P = PV N TO.
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(b) Observe that if u e U(p), then p®@(&) = p(¢) for & e {\dom(u), p™(¢) =
p(&) N T if ¢ € dom(u); U(p) is just the set of finite functions u for which these
formulae define such a p™ e P,. Of course, p™ < p for every u e U(p).

(c) Note that if ¢ <{, pe P, ueU(p) then u} £eU(p|¢) and (p| &)®!® =

(w)
P

(d) If pe P, ueU(p), and v={ x T is a finite function such that dom(u) =
dom(v) and u(¢) < v(¢) in T for every ¢ € dom(u), then v € U(p) iff v € U(p™), and
in this case p™ = (p™)™ (induce on #(v)).

(e) We shall mostly be using not the whole of U(p) but the sets U(p; K, k) =
U(p)n TE for K € [{J°%, k € N, writing TX for the set of functions from K to T;.

1L. DEFINITION. For { <k, K€ [{]™%, ke N, and p € P, say that p is (K, k)-
fixed if for every n e K, ue U(p; K nn,k) there is a (ground-model) set A < T,
such that

PO nlp, p) N T = A
Equivalently, p is (K, k)-fixed if U(p; K, k) = U(p,; K, k) for every p, < p.

IM. LEMMA. Suppose { <k, Ke[{]7° k> 1 and that A is a finite set with
2"a™ " < exp(27%/y;) for every i > k, where ¢ = #(T,), m = #(K), a = #(A). Let
t be a P;-name for a member of A, and A a P-name for a countable subset of k. Then
for any p € P, there are p, <g, p, a function H: T{ — A, and a countable (ground-
model) set D < x such that

py is (K, k)-fixed,
p(l“) "‘_IP; T= H(u) Vu € U(p19 Ka k),
pilFp, 4 D.

Proor. Induce on m = #(K). If m = 0 we may take any a € 4, p] < p such that
P} p T = a, (again using [6, I1I1.1.16], this time based on 1J(a)) a countable D,
and a p, < p) such that p, I-p, 4 < D. Now set H(J) = a.

For the inductive step to #(K) = m > 1, let £ be max K. As explained in 1J(b),
P, may be regarded as a dense subset of I, , * P’; arguing momentarily in VP&,

we can find a P, ;-name 7, for a member of P’, a P, ,-name 7’ for a member of
A and a P, ,-name 4’ for a countable set such that

(Pré+1L7)<p inPey *xP,
(p1E+ L) p, p 1 =1,
(p1E+ L7 lFp,.pds 4.
Now let 4;, be a P, ;-name for a countable subset of {\(¢ + 1) such that

103’§+1 "_[P’§+1 Supp(fo) - AE)

cm-1

Because #(4) = a <2a < exp(27%/y;) for every i > k, we can use Lemma 1G
in V% to find H, §, A such that

H is a P;-name for a function from T; to 4,

4'is a P,-name for a countable subset of «, -

deQy  plEe d<,p@),
plere, @ TV g, v = AVt Gn T,),
plélp, (Glg, 4"V, € 4).
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Now consider the pair (H,4§~ T,). This can be regarded as a Pename for a
member of A4, = AT~ x 2T,,and a, = #(4,) = 2", so

27T = 22T < 29T < exp(2THy) Vi > k.
The inductive hypothesis, therefore, tells us that there are p;, <g.:ixP1¢,
H* TS o AT« F*. TX"¢ 5 2T, and a countable D < « such that

131 is (K n ¢, k)-fixed,
P e, H= H*u) & §n T, = F*u)
for everyue U(p,; K n & k), and
by e, 4 = D.
At this point we observe that

1 Imp, (§ g, supp(Fy) < D).

Now the only difference between P;,, * P’ and P, is that, for members of the
former, their supports have to be regarded as P ;-names for countable subsets of
{, and these are not always reducible to countable ground-model sets. But in the
present case this difficulty does not arise, and we have a p; € P, defined by saying

that p, [ & =Py, pi [ Elp, pi($) =G, and p, [l pi(n) = Fon) for & <n<{;
then supp(p;) € supp(p,) v {&} U (D N {) is countable.

Consequently, p; € P, is well defined, and now, setting H(u™t) = H*(u)(t) for
ue TEY te T,,

D1 =k P pilFp 4 <D,
U(p,; K. K) = {umt:u e Up; K N & k), t e FHu),
P e, 1 = HW)Vv e U(py; K, k),
and finally, '
PP’ 1 & lp pi(&) N T = F*w)Vue U(py; K n &, k),

so that p, is (K, k)-fixed, and the induction proceeds.
IN. LEMMA. Suppose { < k, (K rcn is an increasing sequence of finite subsets
of {, {Pxoren is a sequence in P; suppose that
Pak+2 Sgik+1 Pak+1 Sk k P2k

for every k € N and that | J,_supp(p,) = Uren Ky Then there is a p € P, such that
P < p, for every k e N, supp(p) < | ), .n K, and

fﬁ”"pgp(é)f\Tk Pu+1 0 TiVkeN, (e K,
ﬁfﬁ”_pgp(f)ﬁ Livi =Pu+20 T VhkeN, Le Ky,
so that
U(p; Ky k) 2 U(pay+15 Ki, k) and  U(p; Kiyk + 1) 2 U(Py+2; Kisk + 1)

for every k € N.
Proor. For each & < { choose p(&) such that

lpg ”_Pg p¢) = ﬂ pl&)
keN
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An easy induction on ¢ shows that p | ¢ € P, for every £ < (;forif £ e C\U,‘EN K,
then

ll}]’g ”_Pg ﬁ(é) = T = 1@;7
while if k e N and ¢ € K|, then

Pl Eép, pasal) <iv1 Pare () < pu(O)VIZ K,

so that by Lemma 1H,

Isff”—pgﬁ(f)e@:&ﬁ(é)ﬁ Tes1 = Pak+1 D Tov1 = Paks2 N Tiig
& &) Ti = po+1 0 Tk

It follows at once that U(p; K., k) 2U(py+1; Kink), U(p; K,k + 1) 2
U(paxs2; Ky k + 1) for every ke N. [

10. LEMMA. Suppose that 0 < { < k, ¢ is a P-name for a member of [licn M
and p € P,. Then we can find a p and sequences {K,>ycn, CHy ke Such that

ﬁ € P{a is S p9
(K ren is an increasing sequence of subsets of {, #(K,) < k + 1 for every k,
supp(p) € Uy on Kis
pis (K, k)-fixed and (K, , k + 1)-fixed for every k;
H, is a function from T | to my for every k;
p" p, o(k) = Hy(u) whenever k € N and u € U(p; Ky, k + 1).
Proor. Using Lemma 1M, we can find sequences <pi rcn> {KiDken, and
{Hyyen Such that
P = po, Ko = {0};
#(Kir)) <k +2, Ky 2 K
Pak+1 Zkik P2i> Paic+1 18 (Ky, k)-fixed;
H,: T¥ —n, is a function;
Pak+2 Skik+1 Pak+ 1> Pak+2 18 (K, k + 1)-fixed,
PS5+ 2 g, (k) = H(w)Vue U(pyys2; K, k+1)

for every k € N. Furthermore, we may do this in such a way that { J, _ K, includes
UkeNsupp( p,)- We need, of course, to know that the n, are rapidly increasing;
specifically, that

29 < expQ ¥y Vi >k
(when choosing p,, . ;) and that
2Ktk < expQ7* Ty Viz k + 1
(when choosing p,, . ,), where we write ¢, = #(T,). But as ¢, < [];<, 2", thisis a
consequence of 1E(a)(i) and (iii).
Armed with the sequences {p; ren> {KyDren W€ may now use Lemma IN to
find a p as described there. Because p,,., is (Ky,k)-fixed and U(p; K, k) =

U(Paw+1; Ky, k) we must have equality here, and p is (K, k)-fixed for every k € N.
Similarly, p is (K, k + 1)-fixed for every k. Moreover, if ue U(p; K,k + 1) =
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)

U(Pars2; Kio k + 1) we have p™ < p%), 5, so that

P Ip, o(k) = Hi(u)
as required. O
IP. LEMMA. Suppose that { < k,pe P, ke N,Ke[{]°® and V is a nonempty
subset of U(p; K, k). Then we have a p, =\/,_, p" defined (up to <-equivalence in
P,) by saying

if ¢ € {\K, then p($) = p(&);
if £eK,then

(py [ &)W I, py(&) = U{p@E)NTP3veVsuchthatvl &+ 1 =u"t}
forue{v|&veV}. Nowp, <p andif & <(, tep &), rank(t) > k, we shall have
P1 [ & g, suc(t) N py(S) = suc(t) n p(S);

soif ¢ <, i>k, then we have

pil¢ "“11»,; 8i(p1(&)) = :(p(E))-

If p, < p,,thereis somev € V such that p, is compatible with p’ = p™. If k < le N,
K = Le[{]°°, then

U(py; L1y = {w:weU(p; L,1),3v eV such that v(¢) < w({)V ¢ € K},

and p" = p™ for every w e U(p,; L,1); consequently, p, is (L,1)-fixed if p is.
ProoF. The proof requires only a careful reading of the definitions. O

REMARK. Note that 1G—1P are based just on the fact that @ is a p.o. set of
rapidly branching trees; the exact definition of ‘rapidly branching’ in 1E(c) is rele-
vant only to some of the detailed calculations. Similar ideas may be found in [1]
and [7]. ,

1Q. Construction: part 3. (a) Set X = [],.nn.. Then X, with its product topol-
ogy, is a compact metric space. Let u be the natural Radon probability on X, the
product of the uniform probabilities on the factors.

(b) For each ke N, set I, =[(Inn,)?*]. Take W) < n, x n, such that #(W;) <
27%"1nZ and whenever I € [n,]* and Jy,...,J;, —, are disjoint members of [n,]5%
there are i e I and j < [, such that {i} x J; = W,.(This is possible by Lemma 1B
and 1E(a)(iv).) Set W, = W, U {(i,i): i < n,}.

Write R for

{(x,9): x,y € X, (x(k), y(k)) € Wy Vk e N, {k: x(k) = y(k)} is finite};
then R is negligible for the product measure of X x X. For re N, write R, for
the set
{(x, {¥Di<r):xe X, (x,y)eRVi<r}c X x X".

We shall frequently wish to interpret the formulae for the sets X, R, in V¥; when
doing so we will write "X, "R,
(c) Write

keN

¥ = {(Lk>,‘eN: LyenVkeN, [T #(L)/n > 0}.



Sh:406

446 S. SHELAH AND D. H. FREMLIN

Again we shall wish to distinguish between the ground-model set £ and a corre-
sponding P-name "
(d) For each k € N, let @, be the P-name for a subset of n, defined (up to equiv-

‘alence) by saying that

plp @, = Cil1)

whenever rank(t) > k and p(0) © T®. (Here C,(t) is the kth factor of ¢, as described
in 1E(b).) Let ¥, ¥ be P-names for the subsets of "X ™ given by

Iplp ¥ ={0:6e" X 0(i)e ®,Vi= k}, Y= %
keN
Then we have
Iplp #(®) = (1 —27* " Hn, VkeN,
so that
Ip T (W)= 1.
IR. MAIN LEMMA. If reN and D < X" is a (ground-model) set such that

Dn(Jlien L) # & for every (ground-model) sequence {L; ), .n € &, then for every
(ground-model) sequence {L;>y.n € &,

e P[] LS "R,“'{Dm(]—[ Lk>].

keN keN

PROOF. (a) Let {L,Dyen € Z, let o be a P-name such that
Ltpoe¥n ] L,

keN
and let peP. Write D’ for DN ([I,cn L) Let kg =7, p; <p be such that
pyIFpoe ¥, . By Lemma 10, we have a p, < p;, an increasing sequence (K, >y
of finite subsets of x, and a sequence {(H, ).y Of functions such that
P, is (Ky, k)-fixed and (K, , k + 1)-fixed for every k € N;
P I+ (k) = H,(u) whenever u € U(p,; K;, k + 1), ke N;

UkeNKk = supp(p;);
0e Ky, #(K,) <k + 1forevery ke N.

(b) For k > ko, let Z, be the cartesian product set nj, and take W, to be
{Gzzi<n,zeZ,(,z(j)e W Vj<r}

Set o, = Pn\{J} and T, = P(ZF)\{D}; define <, on T, as in Lemma 1C,
taking [, and K, (with the order induced by that of k) in place of / and m there.
For each u € U(p,; K, k) set

T, ={cu'ceU(p,; K,k + 1)} eT,,
where for u € TX, ¢ € (?n,)* we write
uc = () x e(&)rek-

By Corollary 1D, we may find for each such wa w, < n, and a set J, < n, such that
#(J,) < rl and

either there is a I < J, such that H,(u"c) = w, for everyce I
or for every z € (n,\J,)" there is a 7 <, J, such that (H,(u"c),z) e W,
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that is,
(Hk(uAc)a Z(J)) € I/Vk v] < r,

forevery c e .
Set

L= {weueUpy K, b)),  Jo={Ja:ueUlp,; K, b)),
so that

k+1
#(0) < #(U(p; Ky, ) < #(TH9 < (n 2) ,

i<k
- k+1
#(J) < klk<[] 2'“) < 27*n,,
i<k
by 1E(a)(vi).
(c) Let k; = max(k,, 1) be such that

S(p0) 22, S 2L

for every k > k,. Take any v* € U(p,; K,, _,k,), and set p; = py"”. Then p; is
(K, k)-fixed and (K,, k + 1)-fixed for every k > k,, and

= {c:u"c e U(p;; K, k + 1)}

whenever k > k,,ue U(p;; K, k).
(d) We have

p3lFpo(i) = H(Y¥)Vi < k,,
where v} is that member of T"'1 such that v¥(n) < v¥(y) for every n e K,. Set
{Hk(v,f)} fork <k, L; = Lk\Jk for k > ky; then [ [, .y #(L3)/n > 0, because

erN #(Ly)/m, >0 and ¥, . #(J,)/n, < 0. So there is a & D N ([l,en Ly) S D',
Writing z, = <Z(j)(k));<, for k e N, we have z, € (m\J,) for k > k,, and

ps g (0(k),z) € Wi

for k < k., because (i,i) e W, for i < n,.
(e) Foreach k > k;,ue U(p;; Ky, k) choose 7, <, 7, € T, such that

either Hy(u"c) = w, € I, for every c € 7~
or (H(u"c),z,) e W, foreveryce I

Define (S)iz k. (Prdezi, bY

pk1 = p3’

'y;( = {u ¢ uEU(5k7 Kk,k),CGg.

B = VP VGS/’} ,
for every k > k,, as in Lemma [P. An easy induction on k shows that

= {eu'ce U(Pys s Kk + 1)}

whenever u € U(B,; K, k), k > k,, that p, is (K;, [)-fixed and (K,,! + 1)-fixed when-
ever k, <k <1 and that p‘v’ = pY’ whenever k, <k <! and ve U(p,; K;,})u
U(p,; K,,1 + 1). Also supp(p,) < |, K, for every k > k.
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(f) It is likewise easy to see that, for k > k,
ék+l < ﬁka
Pk+1[f”“p P 1&) N T =P )N TVE <k, _
Prr1 € "'_lpg P+ 1(&) nsuc(t) = p(&) Nsuc(t) Ve € Py11(£) n T; unless i = k and
¢ekKy, N
Pi+1 I o(k) € I or (a(k), z,) € Wi
(g) On the other hand, if k > k, and £ € K,

Pesi [ Elp, dp({C:t x C € P+ 1(&)}) = dp({C: t x C € pi(&)})/21,
Ve pesr(&)n T
To see this, take any g < P, | £ and ¢ such that
q ”_Pg tepre1(&)n T = pu(§) N Th.

We may suppose that v, € % is such that g < pi [ & = pio | € = q;. Now Py is
(K., k + 1)-fixed, so there mustbea t' >t such that

g1 e 1€ Tiwy O Pt 1)

There is accordingly a v, € & such that v, [ £ = v, [ £ and v{({) = t'. Express v, as
n'c; where u € U(B,; K, k) and ¢, € 7. Of course, u(é) = t.
Now

gy e {C:t x Cefi (O 2{c(€):ce T, el ¢ =¢, 1},
41 e, {C:t x Cefi(d)} = {e(§):ce Ty, el {=e &},

because p, and j, ., are both (K, k + 1)-fixed, while v, [ & = (u] £)*(e, | £). But
because I, <, Ty,

dp({e(é):ee Ty, e[ & =¢ [ &}) = dp{e(€): ce Ty, el & = [ £})/2,.
So we get
g < ¢ Fp, dp({C: t x C € Py 1(8)}) = dp({C: t x C € fi(&)})/ 2.

Since g and t are arbitrary, we have the result.
(h) Because y, In(2l,) < 27% (by 1E(a)(v)),

Pi+1 S,k Dx

for every k = k,. Also, supp(p,) = U,EN K, for every k > k,. By Lemma 1N, there
is a p, € P such that p, < p, for every k > k,. Moreover, we may take it that

p4(0) = ﬂ P(0)
k2 kg
(as in Lemma 1H), so that
3i(p4(0)) = 8:(p3(0) — y:In(2) > 1
whenever i > k,. Note that for k = k,,
palpokiel, or (o(k)z)e W

while for k < k,,
P4 l-p (0(k), 2,) € W
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(i) Now define ps e P by setting
Ii=LU{Z(j)G): j<r}VieN,
ps(0) = {t:t € p,(0), C;(t) n I, = & whenever k, < i < rank(t)},

ps(&) = pa(8) if 0 < ¢ < k.
Of course, we must check that p5(0), as so defined, belongs to Q, = Q, but because

0,(p4(0)) = 1 for k > k, we have
k+1
dp({C: t x C € p,0)}) = exp(1/y;) = 2<1_[ 2"") + 2k > 2#(T})
i<k

for every k > ky, t € p,(0) n T, using 1E(a)(vii). Of course ps(0) N Ty, -1 = p.(0)
Ti, -1 = {v¥(0)}, so every element of ps(0) has a successor in ps(0), and also

0:(ps(0)) = 6;(p4(0)) — 7;In2

for i > k,. (Here at last is the key step which depends on using dp in our measure
of ‘rapidly branching’ given in 1E(d).) Thus, ps(0) € Q and p, € P. But also

pslep @ 1= BVk >k,
so that
pslpol) ¢k, olk) #Z(NWVj<r, (akhz)eW,
for k > k. Finally,
pslp(0,2)e ™R, ge™R,IDY;
as ps < p and p, ¢ are arbitrary,
Iplp ¥ [] L= "RUDY,

keN

as claimed. O
1S. THEOREM. For eachr e N,

lplhpif D;< X7 and D;r [] Ly # @Y<L wene LT i<,
keN

thenV<{L,Den €L Dicr € ] (D,. A ] Lk>
i KeN

i<r
such that (x;,x;)e "RWVi< j<r

PrOOF. Induce on r. If r = 0 the result is trivial. For the inductive step tor + 1,
take P-names 4, for subsets of "X 7 such that

Iplp 4,0 [] L # BY<Lidren €™ i<
keN

Take a P-name £ for a member of ".Z 7. Because members of £ can be coded by
simple sequences, we may suppose that £ is a P,-name for some o < x (1J(e)). The
inductive hypothesis tells us that

IplFp V<L Dyen € "L I D i<, €[] <A,~m I1 Lk>
keN

i<r

such that (x;,x;)e"R7T ifi<j<r.
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Next using 1J(c)—(e), we can find a f € k\« and a Py-name 4 for a subset of "X
such that
Iplp d <[] 4,

i<r

Ip, IFp, (x;

%) € TRTP  whenever (x>, €4,i<j<r,

4n ( H Lk) # BV ren € ree
keN

where we write ™. 7® to indicate that we are interpreting some formula in V%%,

Now we remark that, by 1J(b), P can be regarded, for forcing purposes, as an
iteration P * P’, where P’ is a Pg-name for a p.o. set with the same definition,
interpreted in V™, as P was in the ground model. So we may use Lemma IR in
VP to say that

Ip, g, (Ip e PP AT < TR AA([]2)])
using the notation ¥® to indicate which version of the P-name ¥ we are trying
to use. Moving to V?® for a moment, we have " %® = [ and " ([12) > 0, so
IpFp 31N, T (PP AT > 0.

Also, of course, every P¥¥) n[] £ can be regarded (in V%) as the product of a se-
quence belonging to "% ™. By the original hypothesis on 4,,

1|p”_|pArm W(B)mnﬁgﬁ@.

We can, therefore, find a P-name o, for a member of 4, " ¥*® ~[] L, and now
further Pg-names o;, for i < r, such that

IUJ’ ”_[P’ <O-i>i<r € A N (I_I Q)r’ (ars <0i>i<r) € '—Rr—l'
But, of course, we now have
Ip bp (6., € [[(AN]] ) (0j,0)e™RIVi<j<r.

As {4;);.,, £ are arbitrary, this shows that the induction proceeds. d

§2. Pointwise compact sets of measurable functions. We turn now to the ques-
tions in analysis which the construction in §1 is designed to solve. We begin with
some definitions and results taken from [9].

2A. DEFINITIONS. (a) Let (X, Z, ) be a probability space. Write £° = #°%(Z)= R¥
for the set of XZ-measurable real-valued functions on X. Let T, be the topology of
pointwise convergence, the usual product topology, on R*. Let T, be the (non-
Hausdorff, non-locally convex) topology of convergence in measure on .#°, de-
fined by the pseudometric

o(f.9) = f min(L/(9) — g0l 1) u(dx)

for f,ge £°.
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(b) A set A < R* is stable if whenever o < fin R, E € ~ and yE > 0 there are
k,! > 1 such that

pod{xy):xeEXye EL3fe 4, f(x(i) <« & f(y())) =
BYi<k j<l}
< (UE)**,

where we write X, , for the usual product outer measure on X* x X*. (See [9,9-1-1].)

2B. Stable sets. Suppose that (X, Z, u) is a probability space and that 4 = R¥
is a stable set.

(a) If (X, Z, u) is complete, then 4 = £°Z). ([9, §9.11)

(b) The ¥ ,-closure of A in R* is stable.

(c) If A is bounded above and below by members of #°, then its convex hull
is stable ([9, 11-2-17).

(d) If A < 2£° (asin (a)), then I, | A, the subspace topology on A4 induced by
I, is coarser than T, | 4. ([9, 9-5-21)

For more about stable sets, see {9] and [10].

2C. Pettis integration. Let (X, 2, u) be a probability space and B a (real) Banach
space.

(a) A function ¢: X — B is scalarly measurable if g¢: X —» R is X-measurable
for every g € B*, the continuous dual of B.

(b) In this case, ¢ is Pettis integrable if there is a function §: X — B such that

J go duexists = g(E)VE € Z, g € B*.
E

(c) If ¢: X — B is bounded and scalarly measurable, then
A={gp:geB* gl <1} c2°

is ¥ ,-compact. In this case ¢ is Pettis integrable iff
[ J ffA-R
E

is T, ! A-continuous for every E € X ([9, 4-2-3]). In particular (by 2B(d)), ¢ is Pettis
integrable if 4 is stable.
2D. The rivals. Write u; for Lebesgue measure on [0, 1], and Z; for its domain.
Consider the following two propositions:
() [0, 1] is not the union of fewer than ¢ closed negligible sets;
(1) there are sequences {mDxens <WiDken such that

=2 W.en xn, #W)<2™mIVkeN;
taking X = [1, .n 7, ¢ the usual Radon probability on X,
R ={(x,y): x,y € X, (x(k), y(k)) € W,V k e N, {k: x(k) = y(k)} is finite},

then whenever D < X, u*D =1 and r € N there are x,,..., X, € D such that
(x;,x;) € R whenever i < j <r.
Evidently () is a consequence of CH, while in the language of §1, 1 I (1), since
this is a slightly weaker version of Theorem 18S.
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Thus, both (x) and (1) are relatively consistent with ZFC. Consequences of (*)
are explored in [9], where it is called Axiom L. We list a few of them in 2E below.
Our purpose in this paper is to show that (1) leads to a somewhat different world.

2E. THEOREM. Assume (x). Write £° for #°(,).

(@) If A < £°is separable and compact for I, it is stable.

(b) If A< £° is separable and compact for T,, its closed convex hull in RI*"
lies within £°.

(c) If A = £°is separable and compact for X, then I,, | A is coarser than X, ! A.

(d) If (Y, S, T,v)isaseparable compact Radon measure space and f:[0,1] x Y->R
is measurable in the first variable and continuous in the second, then it is measurable
for the (completed) product measure p; x v.

(€) If {E,>.cn is a stochastically independent sequence of measurable subsets of
[0,1], with lim,_,, uE, = 0 but Y, n(1E,)* = o0 for every k € N, then there is an
ultrafilter # on N such that

lim,,z E,={x:{n:xeE,} € ¥}

is nonmeasurable.

PROOF. (a) See [9, 9-3-1(b)]. (b) Use (a) and 2B(c). (c) Use (a) and 2B(d). (d) Use
(a) and [9, 10-2-1]. (e) Observe that, writing yE, for the characteristic function of
E,, the set {yE,: n € N} is not stable, and use (a). O

2F. THEOREM. Assume (7).

(a) There is a bounded Pettis integrable function ¢:[0,1] - I® such that
{gd: g € (™), ligll < 1} is not stable in L°(Z).

(b) There is a separable convex X ,-compact subset of £ °(Z}) which is not stable.

Proor. (We write [ for the Banach space of bounded real sequences.) Take
M drens {Widkens X, i, R from the statement of (). Because ([0, 1], ) is isomor-
phic, as measure space, to (X, u), we may work with X rather than with [0, 1]. Write
2 for the domain of pu, #° = £%2).

(a) For k € N write

So={I:1<n, #(I) <k, (i,j) ¢ W, for all distinct i, j € I}.
Forke N, I < n,set
Hy={x:xeX,x(k)el}.
Let A be
{xHy: ke N, e 4},

writing yH: X — {0, 1} for the characteristic function of H < X; let Z be the T,-
closure of 4 in R*. Because 4 is uniformly bounded, Z is T ,-compact. For E € X,
define f;: Z — R by setting fp(h) = {gh(x) u(dx) for he A, fg(u) =0 for ue Z\A.
Enumerate 4 as {h,,>mcn, and define ¢: X - 1%, 6: £ — [* by setting

d(x)m) = h,(x)Vme N, xe X,
O(E)m) = J hm(x)u(dx)r\fm eN,EeX
E

We aim to show
(i) that A is not stable;
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(i) that if v is a Radon probability on A" = Z\ A then §u(x)v(du) = 0 for u-
almost every x;
(iii) fg: Z > Ris continuous for every E € 2;
(iv) 8 is the indefinite Pettis integral of ¢, so that ¢ is Pettis integrable;
(v) K = {g¢: g e C(Z)* |lgll < 1} includes A and so is not stable.
ad (i) Suppose that k,I > 1. Take any m > I. Set

G={yyeX,3le s, y(j)e H,Vj<l}
o {y:y e X', (y(i)(m), y(j)(m)) ¢ W,, for distinct i, j < I}.

Because #(W,)<2™™n2, ;;G=>(1—2""". If ye G, set I ={y(j)m): j<l} e .%,;
then

wix:x e X, x(i)m) ¢ IVi <k} = (1 —n, D~
So we conclude that

per{xy):xe X5 ye X, 3fed, f(x(i)) =0Vi<k fly(j)=1Vj<l}
2 (1 =271 = ny D)

(by Fubini’s theorem). Because k, [, and m are arbitrary, 4 cannot be stable.
ad (ii) Because each .#, is finite, any member of A’ must be of the form yE, where
E < X and

xe E, x" € X, {k: x(k) # x'(k)} is finite = x’eE.

Note also that if x,y € E, then (x, y) ¢ R; because either x(k) = y(k) for infinitely
many k, or there are k, I such that x(k) # y(k), I € 4 and x,y both belong to H,,,
in which case (x(k), y(k)) ¢ W,. '

Now let v be a Radon probability on A’, and set w(x) = | u(x)v(du)for each x € X,
so that w belongs to the closed convex hull of A4’ in RX. If x, x’ are two members of
X differing on only finitely many coordinates, then u(x) = u(x’) for every ue A’;
consequently w(x) = w(x’). Also 0 < w(x) < 1 for every x € X. ’

Take § > 0, and set D = {x: w(x) > J}. By the zero-one law, u*D must be either
0 or 1. Suppose, if possible, that u*D = 1. Let r € N be such that ré > 1. By (}), there
are Xxo,..., X, € D such that (x;,x;) € R for i < j < r. But in this case ¥, ., u(x;) < 1
for every u e A, while }; ., w(x;) = (r + 1)0 > 1, and w cannot belong to the closed
convex hull of 4",

Accordingly u*D must be 0. As J is arbitrary, w = 0 a.e.

ad (ili) Because fp(xH,;) < kn; ' for every I € %, lim,, ., fp(h,) =0 and f; is
continuous.

ad (iv) We need to show that

J‘ g{P(x)) p(dx) exists = g(B(E)) Vg e (I°)*, Ee X.
E

It is enough to consider positive linear functionals g of norm 1. For any such g, we
have a Radon probability v on Z such that

IS ) men) = L f(wv(du) for every f e C(Z),
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using the Riesz representation of positive linear functionals on C(Z). Set ¢, = v{h,,},
e=1-3,.nEx=vA. Then we can find a Radon probability v on A’ such that

IS rp)dmen) = ";N Emf (hy) + SL,f (u)v'(du)
for every f e C(Z). Now an easy calculation (using (ii)) shows that g(6(E)) =
9 Sehm)omen) = Zmen em g hn(x) p1(dx) = [ g(d(x)) pu(dx) for every E € Z.
ad (v) If me N, then h,, = ¢,¢ € K, where e, € (I*)* is defined by setting
e,.(2) = z(m) for every z e I®. This completes the proof of (a).
(b) The unit ball of (I®)* is w*-separable, and its continuous image K = % is
separable, so K witnesses the truth of (b). [l
2G. Further properties of the model. Returning to 1R/1S, we see that the model
of §1 has some further striking characteristics closely allied to, but not obviously
derivable from, (1). Consider for instance
(1) there is a closed negligible set Q < [0, 1]2 such that whenever D < [0, 1]
and u¥D = 1, then u; Q" [D] = 1;
(1) there is a negligible set Q' = [0, 1]2 such that whenever C,D < [0,1] and
(C x D)n Q' = &, then one of C, D is negligible.
Then 1y -5 (1). For start by taking Q, to be

{(x,y): x,y € X, (x(k), y(k)) € WYk e N},
the closure of Rin X x X. Then the argument for 1S shows that
Ippif D=T™X7 and Dn J] Ly # @Y {LOren €7L7,

keN
then 3 8 < x such that ¥ < 7Q, 7 ![D].

Consequently
lplbpif DETX7 and "u™D =1, then p("Q,"'[D])= 1.

Accordingly we have in V'® the version of (}) in which ([0, 1], »,) is replaced by
(X, 1). However, there is now a continuous inverse-measure-preserving function
[ X = [0,1], and taking

Q = {(f(x), f(y): (x,y) € Qu},
we obtain (1) itself. Evidently (1) implies (1), taking Q' to be

{x+¢qy+q)(x,y)eQ,q,q are ratiional} n [0, 1]>

Of course, (*) and () are mutually incompatible (the argument for 2E(a) from
(*), greatly simplified, demolishes () also). The weaker form (f) is incompatible
with CH or MA, but not with (), both (1) and () being true in Cohen’s original
model of not-CH (see [3]).

2H. Problems. The remarkable results quoted in 2E depend on the identifica-
tion of separable relatively pointwise compact sets with stable sets (‘Axiom F’ of
[91). In models satisfying (1), this identification breaks down. But our analysis does
not seem to touch any of 2E(b)-(e). We therefore spell out the obvious problems
still outstanding. Write #° for £°(Z,).
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(a) Is it relatively consistent with ZFC to suppose that there is a separable
T ,-compact set A = £ such that the closed convex hull of A4 in R%!! does not
lie within #°?

(b) Is it relatively consistent with ZFC to suppose that there is a separable
T,-compact set 4 < £° such that T, [ 4 is not coarser than T, A? Does it
make a difference if A4 is assumed to be convex? (This question seems first to have
been raised by J. Bourgain and F. Delbaen.)

(c) Is it relatively consistent with ZFC to suppose that there are a separable
compact Radon measure space (Y, S, T, v) and a function f: [0,1] x Y - R which
is measurable in the first variable, continuous in the second variable, but not jointly
measurable for y; x v?

(d) Is it relatively consistent with ZFC to suppose that there is a stochastically
independent sequence {E,>,.n in X, such that ¥, (u.E,)* = o for every ke N,
but g, (lim,_ g E,) = 0 for every nonprincipal ultrafilter # on N? (This question
is essentially due to W. Moran; see also [9, 9-1-4] for another version.)

Here we note only that a positive answer to (a) would imply the same answer to
(c) and that the word ‘separable’ in (a)—(c) is necessary, as is shown by examples
3-2-3 and 10-1-1in [9].
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