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A B S T R A C T

We prove that for a stable theory T, if M is a saturated model of T cardinality k where A > |r | , then
Aut (M) has a dense free subgroup on 2X generators. This affirms a conjecture of Hodges.

1. Introduction

A subgroup G of the automorphism group of a model M is said to be dense if
every finite restriction of an automorphism of Mean be extended to an automorphism
in G. In this paper we present Shelah's proof of a conjecture of Hodges that for a
cardinal X with X > \T\, if Mis a saturated model of T of size X then the automorphism
group of M, Aut(M), has a dense free subgroup of cardinality 2A. Wilfrid Hodges had
noted that the theorem was true for X such that X^\T\ and X<x = X. Peter Neumann
then pointed out to him that de Bruijn had shown that, independently of any set
theoretic assumptions on X, Sym(/l), the group of permutations of X, has a free
subgroup on 2X generators. On checking the proof, Hodges found one could also
make the subgroup dense, so the natural conjecture was that for any cardinal X > \T\,
if there is a saturated model M of cardinality X, then Aut(M) has a dense free
subgroup on 2X generators. As Shelah likes questions, Hodges asked him about the
conjecture when Shelah went to work with Hodges in the Summer of 1989. The proof
presented in this paper is simpler than the one from 1989, thought of by Shelah while
he was helping Melles with his earlier proof. While the proof is not complicated,
Melles thinks it is a nice application of the non-forking relation for stable theories.
By the following theorem of Shelah, the only open case was for T stable, although for
completeness, we also include here a proof for the case that \M\ = X = X<x.

THEOREM 1. T has a saturated model in X if and only if one or both of the following
hold.

1. X = X<X + \D(T)\.

2. T is stable in X.

Proof See [4, VIII 4.7].

DEFINITION 2. A subgroup G of Aut(M) is <X dense if every elementary
permutation of a subset A of M such that \A\ < X has an extension in G.
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340 GARVIN MELLES AND SAHARON SHELAH

Melles asked Shelah about the natural strengthening of Hodges' question: can one
find a subgroup G of Aut(M) for M a saturated model of cardinality X, such that G
is < X dense and of cardinality 2A? Shelah quickly found a proof affirming this
stronger conjecture.

Throughout this paper we work in (£eq and follow the notation from [4]. See there
for the definitions of any notions left undefined here. We denote the identity map
by id.

2. \M\ = X = X<"

LEMMA 3. Let I be an infinite order, and let <a( | iel} be a sequence indiscernible
over A,f an elementary map with domain A U |J {at\ iel}, and B a set. Then there is
a sequence <cJ /e /> which realizes Vp((j{a^\ieiy/j{A)) such that <c( | /e/> is
indiscernible over B \Jf[A).

Proof. By compactness and Ramsey's theorem.

LEMMA 4. Let x = fE
r?---f\? be a term (intended to represent a composition of

functions withf1 meaningf andf~l meaning the inverse off) such that ef e {— 1,1} and
ft =fi+i implies Et = ei+v Let M, N be models such that M is saturated of cardinality X,
andM -< N with N being X+ saturated and X+ homogeneous. Let { / , . . . , / } be a finite set
of automorphisms of M with /,. =fv if and only if f = / + 1 in x. Then there are
automorphisms of N, {Rv,... ,FV }, such that each Rv extends f. and F\n ...FE»^ id^.

Proof. If £0 = 1, let Ao = {a*}] i < co) ^ N be an infinite indiscernible sequence
over M. Let Fbe an extension of/ to an automorphism of N, and let Ax cJV realize
tp (F[A0]/F[M]) such that Ax is indiscernible over Ao U M. Let RQ

V be the elementary
map extending/ such that Ao is sent to Av If e0 = — 1, then let Ao = {a\ \i <co] £ N
be an infinite indiscernible sequence over M. Let P be an extension of ( / )~x to an
automorphism of N, and let Al^N realize tp(F[A0]/F[M]) such that Ax is
indiscernible over Ao U M. Let (F°v y

1 be the elementary map extending ( / )"x such
that (F^y1 sends Ao to Av Now, by induction on 0<i^n, we define infinite
sequences Ai+l indiscernible over MU \Jj^iAj and elementary maps F\ such that

1. F\ extends/.,
2. if j < i and vi = vt, then F{ ^ F\,

Now suppose that 0 < / ^ n and that the R{ have been defined for all j < i.
Suppose that e( = 1 and that there is ay < / such that vy = v(. Lety* be the largest such

j . Let F be an extension of F\\ to an automorphism of TV. By the construction, A{ is
indiscernible over the domain of F\\. So we can find Ai+1 realizing tp(P[Ai]/domFi

v\)
such that Ai+1 is indiscernible over M\j [ J ^ ( ^ r Let F\ be the elementary map
extending F[\ taking A{ to Ai+V If £ = — 1 or if j * does not exist, the induction
step is similar. Now let F be an automorphism of JV extending F*Vt where / is the
largest index such that vt = v}. Fe

v
n...FE

v
a # id^ since F£

v
n ...Fe

v°(A0) = An+1 and

Ao n An+1 = 0 since An+1 is indiscernible over Ao U M.

THEOREM 5. Let T be a complete theory, and M a saturated model of T of

cardinality X with \T\^X = X<X. Then A u t ( M ) has a dense free subgroup on 2X

generators.
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Proof. Let TR = <XX. For a < X, let TRa =
 <aX and let 0a be the function with

domain a and range {0}. We define by induction on a < X a model Ma of T and
fn€ Aut(MJ for rj€ TRa such that

1. Ma\=T,
2. \Ma\ = X,
3. < M J a < Xy is increasing continuous,
4. if a is a successor, then Ma is saturated,
5. voz/^/c/^
6. if a = yS + 1, then <fn\rje TRa\{0p — /1 * < X}} is free.
For a = fi+ 1, we let </5 _ J / < A> be a sequence of automorphisms of Ma such

that each finite partial automorphism of Mp has an extension in

If we succeed in doing the induction, then for rj e XX, if

then the/7 and the \Jtx<xMa are as required by the theorem. The only problem in the
induction is at successor steps, so let a = /?+ 1. Let

F = {T | T is a term of the form/*".. ./*«}
such that

1. Vi<« + 1, e ,e{- l , l} ,
2. V/ < n+ 1, v ^ r ^ - i l i < A},
3. Vi < n + 1, vt = vi+1 => et = ei+1.
Let <T< | / < A> be a well ordering of F. Let iV be a A+ saturated, A+ homogeneous

model of T containing Mp. By induction on y < X we define elementary submodels
Mpy of AT, and for every ve TRa\{0p^i\ i < X},fvy such that

1. MpO = Mp,

3. if y = ( + 1 , M ^ is saturated of cardinality X,

4. C<y=>/VlC£/,',,.
5. if y = C+1 and T? = / J : . . ./>Q, thcn/J;, , . ..y>o , y # idM/(/

If we succeed in the induction then we can let Ma = \Ja<xMpy and/v = [ja<xfv,r
The only non-trivial step in the induction is for successor steps, so let y = ( + 1 . By
Lemma 4 we can find automorphisms Fv Y,...,FV yof N extending/, c , . . . , / c such
that if TC = / £ . . . / ! - , then

For ve 7 7 ^ ( 0 ^ /| / < X}, but not in {v0,..., vn}, let Fvy be an arbitrary extension
o f / { t o JV. Let Mp -< N be a saturated model of size X such that

l'. M^<Mp<y, '
2. Mo v contains witnesses toF£;v...Fs

v
a
 v # idw,

3. Mpy is closed under the Fvy.
For each v e TRa\{% ^ i \ i < X), let /w> y be Fv> ? t M^ y.

3. |M| = A</l< A

Throughout this section, by Theorem 1 in the Introduction, we can assume that
T is stable. Although the proofs in this section are simple, there is an element of
complexity hidden by Theorem 1.
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342 GARVIN MELLES AND SAHARON SHELAH

THEOREM 6. Let (Mt\i < S) be an increasing elementary chain of models of T that
are X saturated with cfS ̂  Kr{T). Then \Ji<sMi is a X saturated model of T.

Proof. See [4, III 3.11].

LEMMA 7. Let {Ci \iel} be independent over A and let {Dt \ iel} be independent over
B. Suppose that for each iel, tp(CJA) is stationary. Let f be an elementary map from
A onto B, and for each iel, letf be an elementary map extending f which maps Ct onto
Dt. Then

is an elementary map from Uie/Q onto U<e/ A-

Proof. Left to the reader.

THEOREM 8. Let T be a complete stable theory and let M be a saturated model of
T of cardinality X > \T\. Then

1. Aut(M) has a dense free subgroup G of cardinality 2k\
2. in fact, ifa^X is regular, then there is a free subgroup G ofAut(M) such that

any partial automorphism f of M with |dom/| < a can be extended to an element
ofG.

Proof. Let a + Kr(T) < K = CJ{K) ^ X. We define by induction on / ̂  K an in-
creasing continuous elementary chain of models Mi of T, ordinals a( of cardinality 2k

and families {gl \ a < a j of automorphisms of Mi such that
1. «0 = 2\
2. \Mt\ = X,
3. <ajy ^ /> is increasing continuous,
4. V g e A u t ( M t ) , \ / a < a / ^ ^
5. for a fixed a, the gl

a form an elementary chain,
6. <^+ 1 |a<am>isfree ,
7. if / =j+ 1, or / = 0, then Mx is saturated.
If we succeed in doing the induction, then by Theorem 6 MK = \Ji<KMi is a

saturated model of cardinality X. If, for a < \Ji<K<xi, we let

then {ga | a < (Jf <Kai} is free by item 6 in the construction and is dense (in the strong
sense of 2 of the theorem) by item 5.

The only difficulty in the induction is for / =j+\. Let {pc\( < (*} list S^acl0).
(So C* < X.) Let {a^\ ( < (*, y < X) be a set of elements independent over Mi such that
tp(<^/Af;) is a non-forking extension of /?f. For every gekvX{M^), let Z1^ be the
permutation of £* such that

ListAut(M,)\{^|a<a,}as
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Let
^1 = MjumC<C*,y<4

and let
{/ja|a<aj

be a set of free permutations of Sym(>l). Define for a < <xt a permutation g£* of At

by letting g£ • f M, = g£ and

By Lemma 7, each g£* is an elementary map. The <g£*|oc<a<> are free;
otherwise, suppose not. Then for some {al5..., ara, an+1} c a, we would have

pj,* gj ,* _ pi,*

so for every £ < £*,

and for every y < A,

V - V r ) = *.,„(><),
a contradiction to the freeness of the h^. Let Mt be a model such that

1. ^sM^r,
2. (Af,, a)o6i4< is saturated,
3. |MJ = X.

This is possible as the theory of (de<l,a)aeA is stable in X. As (Mi,a)aeA is saturated,
we can, for each a < a<5 let g\ be an extension of g1; * to an automorphism of Mt.

4. < X denseness

THEOREM 9. Le/ M be a saturated model of cardinality X > \ T\. Then Aut (M) has
a free < X dense free subgroup on 2X generators.

Proof. If X<x = X, the proof given gives a < X dense free subgroup. So we can
assume that T is stable in X. We work in (£eq. Let </?J i < i* < X} list all types over
a c l 0 . Let {aiJ:ii\i < /*,{ < X,^ < X} be independent over 0 , with aiJ:<i realizing pt

and
(M, Qi^^J^^fiefxXxX

is saturated. Let {/a | a < 2A} be a free subgroup of Sym (X). Let {ga | a < 2A} be a list
of permutations of subsets of M of cardinality < X such that for every a < 2X,
a c l 0 c dom^a. Let Ca = domga (= r ang j .

For some subset ua of /* x A x X such that |«J ^ \Ca\ + Kr(T),

Ca UJ {fl i t U |(i ,C,06/*xAxA}.

We can find a Da 2 Ca and va 2 «a such that \Da\ = |CJ, |uj ^ \Ca\ + Kr(T), and for
some extension g'a of fa, g^ is an automorphism of £>a with Da 2 {at^^ \ (/, (, Q e y j
and

{o<((,|«,C,Oewa}

Since
{fl< i U | ( / ,C,Oe/*xAxA-

we have
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For each a < 2X, let

Let ha be the map taking at f i to a^^j^ for (eG* if ga(pt) = /v- Since

and #„ and ha agree on acl 0 , g'a U /ja is an elementary map. Let gl be an extension of
g'a U ha to an automorphism of M. (This is possible as

is saturated.) If {a0,..., an} c 2;, then

so the gl are free, and by construction, g"^ extends ga, so the g"a are < X dense.
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