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ABSTRACT

We continue the investigations in the author’s book on cardinal arithmetic,
assuming some knowledge of it. We deal with the cofinality of (S<x, (), C)
for x real valued measurable (Section 3), densities of box products (Section
5,3), prove the equality cov(, A, 8%,2) = pp()) in more cases even when
cf(A) = Ro (Section 1), deal with bounds of pp(A) for A limit of inaccessible
(Section 4) and give proofs to various claims I was sure I had already
written but did not find (Section 6).
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[We show that if p > A > &, 8 = cov(g, At, A, k) and cov(), &, k,2) < u (or
< 6), then cov(u, A*, A, 2) = cov(8, &, , 2). This is used in [Sh-f, Appendix,§1]
to clarify the conditions for the holding of versions of the weak diamond.]
Cofinality of S<x,(x) for x real valued measurable and trees . . . . .
[Dealing with partition theorems on trees, Rubin-Shelah [RuSh117] arrive at the
statement: A > k > Ro are regular, ao € Scx(t), 4 < A; can we find unbounded
W C X such that ||, cw aal < k7 Of course, A, cov(a, &, k,2) < A suffice,
but is it necessary? By 3.1, yes. Then we answer a problem of Fremlin: e.g. if
k is a real valued measurable cardinal then the cofinality of (S<x,(k), C) is k.
Lastly we return to the problem of the existence of trees with many branches
(3.3, 3.4).]

Bounds for ppry,) for limits of inaccessibles . . . . . . . . . ... ..
[Unfortunately, our results need an assumption: pcf(a) does not have an in-
accessible accumulation point (Ja] < Mina, a C Reg, of course). Our main
conclusion (4.3) is that e.g. if (A¢: { < w4) is the list of the first R4 inaccessibles
then ppryx,) (UC <wy ,\() < U¢<w, A¢- This does not follow from the proof of
pp Ry < R, [Sh400,§2], nor do we make our life easier by assuming “{J, ., A¢ is
strong limit”. We indeed in the end quote a variant of [Sh400,§2] (= [Sh410,3.5]).
But the main point now is to arrive at the starting point there: show that for
6 < wy, cf6 = Ry, for some club C of §, sup pefy, _complete({A¢: ¢ € C}) is
< As. This is provided by 4.2.]

Densities of box products® . . . . . . . . . ... ... 0L,
[The behavior of the Tichonov product of topological spaces on densities is quite
well understood for #2 : it is Min{\: 2* > u}; but less so for the generalization to
box products. Let T ¢, be the space with set of points #8, and basis {[f]: f a
partial function from g to 6 of cardinality < x}, where [f] = {g €#6: f C g}.
If 6 < A= x<x, 2* > pu the situation is similar to the Tichonov product. Now
the characteristic unclear case is x strong limit singular of cofinality < &, § = 2,
2* > u*. We prove that the density is “usually” large (2"), i.e. the failure quite
limits the cardinal arithmetic involved (we can prove directly consistency results
but what we do seems more informative).]

Oddsandends . . . . . . . . . . . . ... ...
References . . . . . . . . . . .. L0000
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Notation: Let Ji[a] be {b C a: A ¢ pcf(b)}, equivalently J<x[a] + bx[a].

See more in [Sh513], [Sh589).

* There is a paper in preparation on independence results by Gitik and Shelah.
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1. Equivalence of Two Covering Properties

1.1 CLAM: IfppA = A%, A > cf(A) = & > Vg then cov(), A, &7,2) = A+,

Proof: Let x = 33(A\)*; choose (8B¢: ( < A1) increasing continuous, such
that B¢ < (H(x),€,<}), A+ 1 C B, [1B¢]l = A and (B: £ < () € By
Let B =: Urcp+ Be and P =1 Scua(A) N B. Let a € Sci(N); it suffices to
prove (3A € P)la C A]. Let f¢ be the <}-first f € [J(RegNA) such that
(Vg)[g € [I(RegNA)&g € B¢ = g < f mod J9], such f exists as [J(RegnNA)/J3¢
is At-directed.

By [Sh420, 1.5, 1.2] we can find (C,: @ < A*) such that: C, is a closed subset
of a, otpCy < kt, [B€naccCy = Cg = Co NP and S =: {§ < At: cf(6) = k*
and § = sup Cs} is stationary.

Without loss of generality C € 9By.

Now we define for every a < A* elementary submodels NO, N1 of 'B:

N2 is the Skolem Hull of { f: { € Co}U{i: i < k} and N} is the Skolem Hull of
aU{f¢: ( € Co}U{i:i< &}, bothin (H(x),€,<}).

Clearly:

(a) N2 C N] C B, C B [why? as f¢ € B4 because B; € Beyy),

(b) IN&)l < & +|ICall,

(c) Ng € %a+1~
[Why? As a € B, (you can prove it by induction on a) clearly a € B4,
but C € By C Bas1; hence C, € Bo+1, also (B,: v < a) € Bay1 hence
(fy: v < @) € Boy, hence (fy: v € Co) € Boy1. Now N2 C B, € Boyg and
the Skolem Hull can be computed in By41.]

(d) for each a with x* > otp(C,), for some v, < At, letting a, =:
N2 N RegNA\ktt clearly Ch, € [] a, where Cho(6) =: sup(§ N N1), and
we have: Ch, < f,, | aq mod J2¢.

[Why? aq € Bota as N € Boya, and [Jaa/J8? is A*-directed (trivially) and
has cofinality < max pef yua (ae) < pp(A) = At, so there is (fg=: B < At), <gsa-
increasing cofinal sequence in ] a4, so without loss of generality ( feriB<At)e
Ba41; also by the “cofinal” above, for some 8 € (a,A*), Chy < f3= mod J¥.
We can use the minimal 8, now obviously 8 € Bg,; so f;,'“ € Bs41, hence
f3* < fs+2 mod J3?. Together v, =: B+ 2 is as required.]
(d)* for each a with otp(C,) < k* for some 7, € (@, At), for any p € Reg NN,
letting Ng# =: Chsg, (N2 U ), Gau = NI# N RegNANpt and Ch,, €
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Ila,,, be
sup(§N N1) ifde N1,
Cha.(6) = {0 Pl 2 otherwisa:a,
we have: Ch, < f, [ 8a,, mod J2¢ .
[Why? Clearly Chyg_ (NQUp) € Bat1, 50 0q,u € Boy1, hence there are in Boyg
elements (bg[a,,,): 0 € pcf(aq,,)) and ({fo=n®. 0 < 6): 0 € pcf(aq,,)) as in {Sh
371, 2.6, §1]. So for some 7v,,, € (a,A") we have Ch, | by+[aq,u] < fy., s0 it is
enough to prove a, , ™ by+[aq,,]) is bounded below p but otherwise pp(A) = A+
will be contradicted. Let vo = sup{7a,u: p € N2}.]

() E*=:{6<At:a<8&|Csl]<K=>7.<6and é§ > A} is aclubof A

Now as S is stationary, there is §(*) € SN E*. Remember otp Cs(,) = «*.

Let Cs(y = {as(s),¢: ¢ < 67} (in increasing order).

Let (for any { < &™) Mg be the Skolem Hull of {fas(.>.e‘ §<(¢}ufi:i<k} and
let M} be the Skolem Hull of aU { fay(., ¢: € < (}U{i: i < k}. Note: for ¢ < x+
non-limit {fﬂe(-),e: E<(}={facte Cas(.),c}- Clearly (M?: ¢ < k1), (Mc1 (<
x*) are increasing continuous sequences of countable elementary submodels of
B and Mg - M<1 and for ¢ < k1 a successor ordinal, Nés(_),c = Mf.

Now for each successor ¢, for some €(¢) € ((,w1) we have Yo, . < @s(x)e(C)
(by the choice of 6(x)) hence f,, = < fayu . mod J3¢ hence Chy, . <
Fasuo mod J3*.

Let E =: {§ < w;: for every successor { < 6, €(¢) < 6}, clearly E is a club
of k¥. Let A = 3, . A, A < A singular increasing continuous with i, wlog
{Miii < £} C Chg({i: i < &k} U {A}). So for some p¢; < A, we have:

i<k, (=£+1<kt&0€RegNi\pc;&fe N2 NN,

™) X5(a)¢ E5(x)¢
1 0,)
= Sup (Nﬂs(-).c n 0) < f“ﬂ(:),-(o(o) €fn Naé(-).C+1'

So for some limit #(¢) < &+ we have A;(¢) = sup{p¢,;: § < i(¢)}. NowascfA < xt
for some i(¥) < A

W =: {¢ < k™: ( successor ordinal and i(¢) = i(x)}
is unbounded in x*. So

if € <k*, €€ E, € =sup(6NW) and § € M} RegNA 1 M ™\ A
then Mg"\" N @ is an unbound subset of Mf1 ne.
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Hence by [Sh400] 5.1A(1), remembering M{,; = NJ we have: M} C

@X5(x),¢+1]

Skolem Hull[U c¢ N&41 U Aice)| € Skolem Hull (N2, .. Ui(.)) whenever £ €

Q5(a),E+1

E is an accumulation point of W. But a C M€1 and the right side belongs to ‘B
(as we can take the Skolem Hull in Bj(,)). So we have finished. b,

Remark: Alternatively note: cov(A, A, k,2) < cov(, A, 0,2) when o = cf(}) <
K < A, 0 => Ro, 8 = pPr(x,0)(A); remember cf(A) < k < A & pp(A) < PRGN
PP (A) = Pp(A).

1.2 CramM: For A > p = cf(p) > 0 > R, we have A(0) < A(1) < A(2) = A(3)
and if cov(9,R1,R1,2) < u they are all equal, where:

X(0) =: is the minimal k such that: if a C RegNA*\y, |a| < @ then we
can find (ag: £ < w) such that a = U£<w a, and

(Vb) [b € S<ci,(an) = maxpcf(b) < «].

A1) =:Min {|P|: P C Scu(A), and for every A C A, |A| < 0 there
are A, CA(n<w), A= Un@ Ap, A, C A,y such
that: forn < w, every a € S<n,(A.) Is a subset

of some member of P} .

A(2) is defined similarly to A(1) as:

Min {l'P|: P C Scu(A) and for every A € S<y9()) for some Ap, C A(n < w)

A= U A, and for eachn < w for some P, C P, |P,| < u,

n<w

sup |B| < p and every a € S<x,(A».) is a subset of some
BeP, -

member of ’P,,}.

A(3) is the minimal k such that: if a C RegnAt\y, |a| < 6, then we can find
(ag: € < w), ae C agy1 € a =y, e such that: there is {bgi: i < i < p},
be; C ar such that max pef by < & and (Ve)[c C ar&|c] < Ro =V, ¢ C bys);

equivalently: S<u,(an) is included in the ideal generated by {b,[a,]: o € 0}
for some ® C k¥ N pef a,, of cardinality < p.
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1.2A Remark: (1) We can get similar results with more parameters: replacing
Ro and/or R; by higher cardinals.

(2) Of course, by assumptions as in [Sh410, §6] (e.g. |pcfa} < |a]) we get
A(0) = A(3). This (i.e. Claim 1.2) will be continued in {Sh513].

Proof:
A(l) £ A(2):  Trivial.

A(2) < A(3):  Let x = 33(A(3))* and for ¢ < pu* we choose B¢ < (H(x), €, <y),
{A, 1,6,(2),A(3)} € B, ||B¢|| = A(3) and A(3) C B¢, B¢ (¢ < pt) increasing
continuous and (Bg: € < () € B¢y and let B = B ,+. Lastly let P = BNS,(X).
Clearly
(¥)o a function a +— (bs[a]: 0 € pcfa) as in [Sh371, 2.6] is definable in
(H(x), €, <) hence B is closed under it.
It suffices to show that P satisfies the requirements in the definition of A(2).
Let A C A, |A} < 8. We choose by induction on n < w, N2, (for £ < w) and
N2, fn such that:
(a) N2, N} are elementary submodels of (H(x), €, <}) of cardinality 6,
(b) fn €[] a. where a, =: N2NRegNA*T\g, and f,(0) > sup(NENo) (for any
o€ ay),
(c) 8+1C N2 C Nb C B,
(d) N? is the Skolem Hull of |J{Rang fi: £ <n}UAU(6+1),
(e) N§ is the Skolem Hull of § + 1 in (H(x), €, <}),
(f) NS4, is the Skolem Hull of Nj U Rang fs,
(g) there are P, o C Scu(A+1) and A, C N7 (for [ < w) such that:
(&) [Pnel < pand pp e =: SUpgep, , |B| < p and Pp ¢ C Pret1,
(B) N =UgAnes Pn=Upco Pre CB and An ¢ C An g1,
(7) for every countable a C AN A, ¢ there is b € Py, ¢ satisfying a C b,
(6) Pne = S<p, (A +1)N(Skolem Hull of A, ¢ UPyr U (8 +1)).
As in previous proofs, if we succeed to carry out the definition, then
U, (N2 A) =, NinA, but the former is | J, , An ¢NA, hence A C U, U, Ane,
by (g)(a), (8) the P, , = {aN A: a € Py, ¢} are of the right form and so by (g)(7)
we finish.
Note that without loss of generality: if a € P, ¢ then aNRegN(A +1)\p €
Pre-
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For n = 0 we can define Ng, NS, Ap ¢ trivially. Suppose NZ,, N,’L, A e,
Pone are defined for m < n, { < w and f,, (m < n) are defined. Now a,, is well
defined and C RegNA*\p C B and |a,] < 6. So a, = J,an,e and a, ¢ C 6n o1
where a, ¢ =: a, N An ¢ and, of course, a, ¢, C RegNA*\p has cardinality < 6.
Note that a, ¢ is not necessarily in 9B but
(*); every countable subset of a,, ¢ is included in some subset of B which belongs

to Pp ¢ and is C Reg NAT\p.

By the definition of A(3) (see “equivalently” there), for each n,¢ we can
find an increase sequence (@, ¢k: k¥ < w) of subsets of a, ¢ with union a, ¢ and
On,ek C [, AB) N pef(n k), [On,e,6| < p such that:

()2 if b C @, ¢k is countable then b is included in a finite union of some members
of {bs[an,e]: 0 € 0 ek} (hence maxpef(b) < A(3)).

By the properties of pcf:

(*)s for each £,k < w and ¢ C RegNA*\u such that ¢ € P, we can find
e=¢t® CA@B)Y Npcfe, Je| < [0nek] < p such that for every o € 0,04 We
have: ¢Nbg[a, ¢ k] is included in a finite union of members of {b,[c]: 7 € ¢}

By [Sh371, 1.4] we can find f, € [] o such that:

(*)a (o) sup(Nz N o) < fu(o);

(B) if ¢ € Png, £,k < w, ¢ C RegNA*t\pz and o € e C pef(e) N [, A(3)]
(where e“* is from (*)3) then for some m < w, op € ot N pcf(c)
and a, < g, , (for p < m) the function f, [ (by[c]) is included in
Maxy,<m f3°¢ | bo, [¢] (the Max taken pointwise).

o€a,

Note

(*)s if b C an ¢k is countable (where £,k < w) then there is ¢ € Py, |¢| < p,
¢ C RegnA*\u such that b C .

By (*)4:

(¥)6 if £,k <w, ¢ € Ppe, ¢ C RegNAt\p, and o € 0, ¢k N A(3)* N pef ¢\u then
fn I'bo[c] € B.

You can check that (by (¥)2 — (¥)¢) :

(¥)7 if b C an ¢ is countable then there is f;"e’k € B, | Dom f;"e’kl < u such
that f, 1 bC f&oF.

Let 7;(i < w) list the Skolem function of (H(x), €, <}). Let

Antie = J{Rang (ri I (An;URang fo lan;i):i<t, j<& k<t},

Prire= | PamU{fald:d € |J Pum and fu [ d' € B},

m<¢ m<¢
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and Ppi1,e = S<u(A + 1) N (Skolem Hull of Apy1UP),, ,U(0+1)).
So fa, Pny1,e are as required.
Thus we have carried the induction.

A(3) € A(2): Let P exemplify the definition of A(2). Let a C RegnAt\p,

la| < 0(< u). Let J = J<x(g)[a], and let

J1 = {b: b C a and there is (b;: i < i*), satisfying: b; C b, #* < p, maxpcfb; <
A(2) and any countable subset of b is in the ideal which {b;: i < i*}
generates }.

Clearly J; is an ideal of subsets of a extending J. Let

Jo = {b: for some b, € J; (for n < w), b C Ub,,}.

Clearly J; is an Rj-complete ideal extending J; (and J). If a € J; we have that
a satisfies the requirement thus we have finished so we can assume a ¢ J2. As we
can force by Levy (A(2)+, 2*(?) (alternatively, replacing a by [Sh355, §1]) without
loss of generality A(2)* = maxpcfa and so tcf([Ja/Jz2) = tef([Ja/J) = A(2)*.
Let f = (fa: @ < A(2)*) be <,-increasing, fo € [ 9, cofinal in [Ja/J. Let
B < (H(x),€,<}) be of cardinality A(2), A(2)+1C B, a € B, f € B and
P € B. Let P/ =: BN Scu(A).

For B € P’ (so |B| < u) let gp € [] a be gg(o) =: sup(e N B), so for some

ap < A, gB <J fap- Let a(x) = sup{ag: B € P}, clearly a(x) < A(2)*. So
ABep 9B <J fa(s)- Note: P C P’ (as P € B, |P| < A(2), A(2) + 1 C B) and for
each B € P, cg =: {0 € a: g5(0) > fa(s)(0)} isin J and J C J; C Jo. Apply
the choice of P (i.e. it exemplifies A(2)) to A =: Rang fo(.), get (An,Pn: 2 < w)
as there. Let a, =: {0 € a: fu(s)(0) € An}, 50 a = |J, an, hence for some m,
am ¢ Jo (as a ¢ Jy, Jp is Ny-complete) hence a,, ¢ J;. Asa € B, P € B
clearly P,, C B. So {cp: B € Pp,,} is a family of < u subsets of a, each in J and
every countable b C a,, is included in at least one of them (as for some B € P,,,
Rang(fa(s) [ b) C B, hence b C ¢p). Easy contradiction.
A(3) < X(0) IF cov(f, Ry, R1,2) < u: Let a C RegNAt\p, |a| < &, let {ap: £ <
w) be as guaranteed by the definition of A(0), let P, C Scx,(ar) exemplify
cov(f, Ry, N1,2) < p, for each b € P, we can find a finite ey C (pcfae) N At\u
such that b C | J{bo[ae]: o € ¢} and {by;: i < i*} enumerates {ey: b € P,}.

A(0) < A(1): Similar to the proof of A(3) < A(2). LW
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1.3 CLAIM: Assume Ro < cfA <8 < A< A*, pp(A) < A* and
cov(A*, A%, 60%,2) < A%

Then cov(), A, 0%,2) < A*.

Proof: Easy.

1.3A Definition: Assume A >0 =cff > k =cfk > No.

(1) (C,P) € T®[9,x] if (C,P) € T*[9,) (see [Sh420, Def 2.1(1)]), and
6 € S(C) = § = sup(acc Cs) (note: accCs C Cs), and we do not allow (viii)~
(in [Sh420, Definition 2.1(1)]), or replace it by:

(viii)* for some list {a;: ¢ < 6) of Upeg(z) Pa» We have: § € S(C), a € acc Cjs

implies {aN B:a € Ps,f € ana} C {a;: i < a}.
(2) For (C,P) € T®[0, k] we define a filter D%,ﬁ)(/\) on [S<,(A)]<* (rather
than on Sc.(A) as in [Sh420, 2.4]) (let x = 3u41(A)) :
Y € 'D?c,,-,)(/\) iff Y C (Scu(A))<" and for some z € H(x) for every
(Nay N3: o < 0, a € | Jsc 5 Ps) satisfying condition ® from [Sh420, 2.4], and also
[aePs&be S&a<0=x€N:&zx € N, there is A € id*(C) such that
6 € S(CNA = (Ugep, N NANNy:a €ace Cs) €Y.

Remark: For 1.3B below, see Definition of 7¢(6, x) and compare with [Sh420,
Definition 2.1(2), (3)].

1.3B CLAmM:

(1) If (C,P) € T®[6, ] (so A > K are regular uncountable) then D%,p)(/\) is
a non-trivial ideal on [S¢,(A)]<".

(2) If C € T°6,x], [6 € S(C) = 6§ = supacc Cs], Ps = {Cs Na: a € Cs}
then (C,P) € T®[8,«). If C € T'[8,«}, [6 € S(C) = 6 = supacc Cjs] and
Ps = Scx, (Cs) then (C, ﬁ) € Te[e, K].

(3) If 6 is successor of regular, 0 = cfo < k, there is C € T°0,k] N T'[6, x]
with: for § € S(C), Cs is closed, cf § = o and otp C; divisible by w? (hence
6 =supacc Cj).

(4) Instead of “0 successor of regular”, it suffices to demand
(%) @ > k regular uncountable, and /\ V cov(a, k1, K,2) < 4.

a< x;€[x,8)

Replacing 2 by o, “Cs closed” is weakened to “{otp(a N Cs): a € Cs} is
stationary”.

Proof: Check.



Sh:430

70 S. SHELAH Isr. J. Math.

1.3C CLamM: Let A > k = cfx > Ry, 0 = k¥, (C,P) € T9[0,k] then the
following cardinals are equal:

I‘(O) =cf (S<lc(’\)1 g);
4(4) = Min {\Y\: Ye 'D?w)(x)} :

Proof: Included in the proof of [Sh420, 2.6].

1.3D CLAIM: Let Ay > Ao > k =cfk > g, § = k¥ and (C,P) € T®[4,x]. Let
B,, be a rich enough model with universe A1 and countable vocabulary which is
rich enough (e.g. all functions (from A; to A;) definable in (H(3J,(A1)%), €, <*)
with any finite number of places). Then the following cardinals are equal:

p*(0) = cov(h, At, k,2),

pt(4) = Min{lY/ z)q‘,"h |:Y€’D%’75)()\1)} where {(al: i € acc Cs) =~y

{a;: i € accCs) iff A .oc, Skolem Hull gkl(a; U ) =
Skolem Hull g, (a'; U Ao).

Proof: Like the proof of [Sh420], 2.6, but using [Sh400, 3.3A].
2. Equality Relevant to Weak Diamond
It is well known that:
k=cfk& 8> 2" = cov(h, k,k,2) = <" = cov(8, k, k, 2)<".

Now we have
2.1 Cram:
(1) If u > A > &, 0 = cov(p, A*, At k), cov(\, K, k,2) < p (or < 0) then
cov(p, AT, A1, 2) = cov(8, &, &, 2).
(2) If in addition A > 2<" (or just 6 > 2<*) then

cov(p, AY, AT, 2)<F = cov(u, AT, AT, 2).

2.1A Remark:
(1) A most interesting case is k = R;.
(2) This clarifies things in [Sh-f,AP1.17].

Proof: (1) Note that 8 > u (because u > A > k). First we prove “ < ”. Let
P be a family of 6 subsets of u each of cardinality < J, such that every subset
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of p of cardinality < A is included in the union of < « of them (exists by the
definition of 6 = cov(p, A*, A%, k)). Let Po = {A;: i < 6}. Let P; be a family of
cov(8, , &, 2) subsets of 8, each of cardinality < k such that any subset of § of
cardinality < k is included in one of them.

Let P =: {{;c, Ai: a € P1}; clearly P is a family of subsets of 4 each
of cardinality < A, |P| < |P:1]| = cov(,k,k,2), and every A C u, |A] < X is
included in some union of < & members of Py (by the choice of Py), say Uies 4i»
b C 6, |b] < k; by the choice of P,, for some a € P; we have b C a, hence
A C Uiep Ai € Uieq Ai € P. So P exemplify cov(p, A+, A%, 2) < cov(, &, &, 2).

Second we prove the inequality > . If k < Rg then cov(p, AT, A%,2) =
6 and cov(8,k,k,2) = 6 so > trivially holds; so assume k > Ry. Obviously
cov(g, At, A1, 2) > 6. Note, if x is singular then, as ¢f AT > A > & for some
K1 < &, we have 6§ = cov(p, At, A*, k) = cov(p, AT, A*, k') whenever ' € [x1, &]
is a successor (by [Sh355, 5.2(8)]); also cov(8, k, &, 2) < sup{cov(f, k,«’,2): k' €
[k1,&] is a successor cardinal} and cov(8, &, ', 2) < cov(6, x’,x’,2) when £’ < K,
so without loss of generality x is regular uncountable. Hence for any 8, < 6 we
have
(*)o, we can find a family P = {A4;: 1 < 61}, 4; C p, |4il < A, such that any

subfamily of cardinality < A* has a transversal. [Why? By [Sh355, 5.4],

(=7) and [Sh355,1.5A] even for < u.]

Hence if 6; < 6, cf6; < At (or even cf8; < p) then ()g,. Now we shall
prove below
(®1) (¥)o, => cov(f1, , k,2) < cov(u, A+, AT, 2)
and obviously
(®2) if cf6 > & then cov(€,«,«,2) = Z cov(a, &, k,2)
a<f
together; (as # < cov(f, At, A*,2) which holds as A < i < 6) we are done.

Proof of ®;: Let {A;: i < 61} exemplify (x)g, and P, exemplify the value
of cov(p, AT, A*,2). Now for every a C 6, |a] < k, let B, =: Uica Ai; s0
Ba C 1, |Bal < A hence there is A, € P, such that: B, C A,. Now for A € P2
define b{A] =: {i < 6;: A; C A}; it has cardinality < A (as any subfamily of
{Ai: Ai C A} of cardinality < A* has a transversal). Note a C b[Aq4] (just read
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the definitions of b[A] and A,; note a € S¢.(8,)). For A € P, let P4 be a family
of < cov(A, k, K, 2) subsets of b[A] each of cardinality < & such that any such set is
included in one of them (exists as |b[A]| < A by the definition of cov(A, , k,2)). So
for any a € Scx(6,) for some ¢ € P4, a C c. We can conclude that |J{P4: A €
P,} is a family exemplifying cov(8y, &, £, 2) < cov(p, At, AT, 2) + cov(A, &, &, 2)
but the last term is < u (by an assumption) whereas the first is > g (as g > A)
hence the second term is redundant.

(2) By the first part it is enough to prove cov(8, k, x, 2)<* = cov(6, «, k, 2),
which is easy and well known (as 8 > > X > 2<F). %,

2.1B Remark: So actually if u > A > &, 8 = cov(u,At,A* k) then (8 > u >
A > k and)

cov(p, AT, AT, 2) < cov(u, At, A, k) + cov(8, &, K, 2)
=0 + cov(0, k,&,2) = cov(8, k, k,2)

and
cov(8, k, k,2) < cov(p, AT, A%, 2) + cov(A, &, &, 2),

hence, cov(8, &, k, 2) = cov(pu, A*, A*,2) + cov(}, &, &, 2).

3. Cofinality of S<y,(x) for x Real Valued Measurable and Trees

In Rubin-Shelah [RuSh117] two covering properties were discussed concerning
partition theorems on trees, the stronger one was sufficient, the weaker one nec-
essary so it was asked whether they are equivalent. [Sh371, 6.1, 6.2] gave a partial
positive answer (for A successor of regular, but then it gives a stronger theorem);
here we prove the equivalence.

In Gitik-Shelah [GiSh412] cardinal arithmetic, e.g. near a real valued mea-
surable cardinal x, was investigated, e.g. {2°: ¢ < k} is finite (and more); this
section continues it. In particular we answer a problem of Fremlin: for & real
valued measurable, do we have cf(Scx,(k),C) = &7 Then we deal with trees
with many branches; on earlier theorems see [Sh355, §0], and later [Sh410, 4.3].

3.1 THEOREM: Assume A, 0, k are regular cardinals and A > 0 = k > Rg. Then
the following conditions are equivalent:
(A) for every p < X\ we have cov(y,8,5,2) < A,
(B) if u < A and aq € Scx(p) for a < A then for some W C X of cardinality A
we have |, cw aal < 6.
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3.1A Remark: (1) Note that (B) is equivalent to: if an € Scx(A) for a < A,
then for some unbounded S C {6 < A: cf(6) > x} and b € Scp(A), for @ # 3 in
S, ag Nag C b (we can start with any stationary So C {6 < A: ¢fé§ > «}, and
use Fodour Lemma).

(2) We can replace everywhere 8 by «, but want to prepare for a possible gener-
alization. By the proof we can strengthen “W C A of cardinality A” to “W C A
is stationary” (for ~(A) — —(B) this is trivial, for (A) — (B) real), so these two

versions of (B) are equivalent.
Proof:

(A)=>(B):

Trivial [for p < A let P, C Sce(p) exemplify cov(y,6,k,2) < A; suppose
p < Aand aq € Sci(p) for a < A are given, for each o for some A, € P, we
have aq C Aq; as |Py| < A =cf A for some A* we have W =: {a < A: A, = A*}
has cardinality A, so S is as required in (B)].

~(A) = ~(B):

FIRST CASE: For some p € [0,)), cf p < k < p and ppZ,.(p) > A\. Then we can
find a C RegNu\f, [a < «, supa = p and maxpef s a > A So by {Sh355, 2.3]
without loss of generality A = maxpcfa; let (fo: @ < A) be <;j_, [o-increasing
cofinal in [] a.

Let ao = Rang(f,), so for a < A, a, is a subset of p < A of cardinal-
ity < k. Suppose W C X has cardinality A, hence is unbounded, and we shall
show that u = |, cw @al; as 4 > 6 this is enough. Clearly a, = Rang f, C
supa = g, hence Uyew @a € i If |Upew @al < o define g € [Ta by: g(o)
is sup (0 N ew 8a) if 0 > |Uqew 8al and 0 otherwise. So g € J]a hence
for some 3 < A g < fs mod Jca[a]. As the fg's are <;_,[q-increasing and
W C X unbounded, without loss of generality 8 € W, hence by g¢’s choice
[ € A\[Uaew asl* = £5(0) < 9(0)] but {03 0 € 0,0 > |Upew aal*} ¢ Jerla)
(as p is a limit cardinal and max pcf jsa(a) > A), contradiction.

The main case is:

SECOND CASE: Forno p € [8,)) iscfp < & < g, ppte(p) > A\ Let x =
J2(A)*, B be the model with universe A and the relations and functions definable
in (H(x), €, <}) possibly with the parameters «,6,\. We know that A > 8+
(otherwise A = 8+ and (A) holds). Let S C {§ < A: ¢f§ = 6} be stationary and
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in I[\] (see [Sh420, 1.5]) and let S C S¥, C = (C,: @ € S*) be such that: C,
closed, otpC, < 8, [ € nacc Cy = Cg=CoNf}, [otp Cq = kK < a € S] and
for a € S limit, C,, is unbounded in a (see [Sh420, 1.2]).

Without loss of generality C is definable in (B,x,0,)). Let po € [6,))
be minimal such that cov(uo,8,k,2) > A, so po > 0, & > cf up. We choose by
induction on a < A, A,, a, such that:

(@) Ao < (H(x),E<}), %)l < X and YAy N XA is an ordinal and

{X 10,8,5,8,C} € A,

(8) Hala < A) is increasing continuous and (Ag: 8 < a) € Aat1-
(7) aa € S<k(p0) is such that for no A € Sce(po) N Ay is aq C A.
(6) {ap: B< a) € Aas1-

There is no problem to carry the definition and let A = | J, . Ha. Clearly
it is enough to show that @ = {a,: @ < A) contradict (B). Clearly o € (6, A) and
@a € Scrlpo). Solet W C A, [W| = X and we shall prove that |J,cw aal > 0.
Note:

(x) ifa C[8,X), o] < k, a € A, (and a C Reg, of course) then ([Ta) N A, is

cofinal in []a (as maxpcfa < A).

Let R = {(a, 8): B € an,a < A} and

E={§<X (A5, RI16WnNépo) < (AR W,u) and AsNA=6}.

Clearly E is a club of A, hence we can find §(x) € S Nacc(E). Let Cs,) =
{7: ¢ < 6} (in increasing order). We now define by induction on n < w, My,
(N (< 6), fn such that:

(a) M, is an elementary submodel of (A, R, W), || M,|| =0,

(b) (Ng: (< 6) is an increasing continuous sequence of elementary submodels

of B,

© Vgl <6,

(d) N7 € Hsas

(e) Uc<n INZ| C |Mal,

(f) fa € [1(RegNM,),

(8) fn(o) > sup(M, No) for o € Dom(f,)\87,

(h) for every ¢ < 8, fn [ (RegNNZ\6F) € As(s),

(i) N is the Skolem Hull in B of {y;,%: i < (},

() NZ*! is the Skolem Hull in 8B of N U {f.(0): o € RegN\NZ\67},

(k) M, is the Skolem Hull in (A, R, W) of |J,.,, Me UU o N
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There is no problem to carry the definition: for n = 0 define N by (i)
trivially (b) holds and also (c), as for (d), note that C € Ay < As(s) and
{rid < (} € Usay a8 C is definable in B hence {{a,7,(): a € S*,( < 6, and 7
is the {-th member of C,} is a relation of B hence each C,,, (¢ < 8) is in 5,
hence each {v;: i < ¢} is and we can compute the Skolem Hull in 2, for j < 6
large enough).

Next, choose M, by (k), it satisfies (e) + (a). If (N: ( < 6), M, are
defined, we can find f, satisfying (f) + (g) + (h) by [Sh371,1.4] (remember (x)).
For n + 1 define N by (j) and then My, by (k).

Next by [Sh400, 3.3A or 5.1A(1)] we have

(*) | Mané(x) = | J NZN6(x) hence | J NZNW is unbounded in §(x),
n<w n<w n<w
(€4 (<o

hence for some n
(*)n U NZNW is unbounded in §().
(<8

Remember N € As(s) = Uycss) Ba = Uico Uy So for some club e of §

we have:
(®) if(ce, &<( them: Ny €, and v € ENCyu

(remember §(x) € acc(E)).

Hence, for { € e, we have: %, N XA = v, and W N NZ\sup N} # @ for
every £ < (. Let e = {((e): ¢ < 6}, ¢(¢) strictly increasing continuous in .
Now for every e < 8, N7 € Ay,,, (and (ag: B < sup(AN N7} € Ay(y,))
hence Ay =: | [{ap: B € WN N[} C A2 = H{ap: B € Ni(y1)) Nko € Ay
and A, is a subset of pg of cardinality < @ hence (by the choice of the a,'s
above) a,,,, € A2 hence a,. .., € Ufag: Be WN N{(¢}; moreover, similarly
Vet ST <A=>a,Z Hag: BEWN N, }

But W 0 N7 )\ %¢(e+1) # 8, hence (U{ap: B € W N N[, }: € <6) is not
eventually constant, hence

U{ag:ﬁGWﬁU 2‘(5)}=U{ag:ﬂ€WﬂUNE‘

<o (€<}

has cardinality 8. Hence U;aew ag has cardinality > 0, as required. 8]
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3.2 Conclusion: (1) If A is real valued measurable then k = cf [Scx, (A), C]
(equivalently, cov(A, Ry, 81,2) = A).

(2) Suppose A is regular > k = cf k > Vg, I is a A-complete ideal on A extending
Jb and is s-saturated (i.e. we cannot partition A to x sets not in I). Then for
a < A, cf(Scx(a),C) < A, equivalently cov(a, k, k,2) < A.

3.2A Remark: (1) So for regular § € (k,\) (in the above situation) we have
Aoca cov(e, 0,6,2) < A; actually k < cf6 < 6 < A suffices by the proof.

Proof: (1) Follows by (2).

(2) The conclusion is (A) of Theorem 3.1, hence it suffices to prove (B). Let
i < Xand @y € Sci(p) for @ < X be given. As k < A = cf X without loss of
generality for some ¢ < k, A, <, |aa| = 0. Let fq be a function from o onto a,,
so Rang f, C p. Now for each i < o, ({a < A: fo(i) = y}: 4 < p) is a partition
of X to p sets; as I is x-saturated, b; =: {y < u: {a < A: fali) =7} ¢ I} has

cardinality < x, hence b =: |J,_, b; has cardinality < x + 6% < & (remember

i<o
o < k= cfk). For each i < g, v € p\b; the set {a < X: fo(i) =~} is in I; so as

I is A\-complete, A > p we have: {a < A: fo(i) € b;} is in I. Now let

W =:{a < X: for some i < a, fo(i) ¢ b;} C U{a < A fol(i) ¢ b;}.
i<o
This is the union of < ¢ < ) sets each in I, hence is in I, so |\\W| = A, and
clearly

U @a={fald): @ € \W;i <0} C {fa(i): @ <A, ~fal() ¢ biyi < 0} C b,
a€A\W

and [b] < & so A\W is as required in (B) of Theorem 3.1. [ )

3.3 LEMMA: For every \ there is 1, A < pu < 2 such that (A) or (B) or (C)
below holds (letting k = Min{6: 2° = 2*}):
(A) 1 = X and for every regular x < 2* there is a tree T of cardinality < A
with > x cf(k)-branches (hence there is a linear order of cardinality > x
and density < A).
(B) p > X is singular, and:
(@) pp(w) = 2* (even A = x = pp*(u) = (21)), of u < A, (VO)[cf6 <
A<O<p=ppyb <yl (and p < 2<%)
hence
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(a)' for every successor® xy < 2* there is a tree from [Sh355, 3.5]: cf u
levels, every level of cardinality < u and x (cf p)-branches,
(B) for every x € (A, ), there is a tree T of cardinality A with > x
branches of the same height,
(7) cfpu > cf k and even cf K > Ro = ppr(er ) (1) =1 2%
(C) Like (B) but we omit (c) and retain (a)'.

Proof:
FirsT CASE: k= Ro. Trivially (A) holds.

SECOND CASE: k is regular uncountable. Soxk < Aand2*=2"and [ <k =
2% < 2%] hence 2<% < 2~ (remember cf(2*) > x). Try to apply [Sh410, 4.3}, its
assumptions (i) + (ii) hold (with x here standing for A there) and if possibility
(A) here fails then the assumption (iii) there holds, too; so there is u as there; so
(a), (7) of (B) of 3.3 holds** and let us prove (3), so assume x € (A, ), without
loss of generality, is regular, and we shall prove the statement in (3) of 3.3(B).
Without loss of generality x is regular and p' € (A, x)&cfp' < A= pp,(p') < x;
i.e. x is (X, A*, 2)-inaccessible. [ Why? If x is not as required, we shall show how
to replace x by an appropriate regular x’ € [x, p).]

Let ' € (A, x) be minimal such that pp,(x') > x, (so cfu’ < A) now
pp(’) < p (by the choice of p) and x" =: pp(')*, by [Sh355, 2.3] is as required] .

Let § be minimal such that 2¢ > x. So trivially # < kK < A < x and
(2<%)" = 2" hence pu < 2<" hence y < 2<*; as y is regular < 2<* but > A > «,
clearly # < x < A; also trivially 2<% < y < 2% but x is regular > A > « > 0
and [0 < 8 = 29 < x], s0 2<% < x < 2°. Try to apply [Sh410, 4.3] with 6
here standing for A there; assumptions (i), (ii) there hold, and if assumption
(i} fails we get a tree with < # nodes and > x f-branches as required. So
assume (iii) holds and we get there u'; if 4’ < A we have a tree as required; if

* If A = K, just regular, and we can change A for this.

** Alternatively to quoting (Sh410, 4.3], we can get this directly, if
cov(2<, A%, (cf k) ¥, cf k) < 2* we can get (A); otherwise by [Sh355, 5.4] for
some po € (A,2<%), cf(po) = cf x and pp(uo) = (2*). Let p € (),2<*] be minimal
such that cf 4 < A & pp, (1) > 2<*. Necessarily ([Sh355, 2.3] and [Sh371, 1.6(2),
(3), (5)]) pPA(k) = PP # = PP(po) = (2*) and (again using [Sh355, 2.3]) we have
(VO)[cf8 < A < 8 < p = ppy(8) < p]; together (o) of (B) holds. Also p < 2%,
hence cf(p) < K = ppp < p<* < 2<%, contradiction, so (v) of (B) follows from
(). Note that if we replace A by x (changing the conclusion a little; or A = k)
then by [Sh355, 5.4(2)] if 2* is regular the conclusion holds for x = 2* too.
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p € (2,2<] C (A, x) we get contradiction to “x is (A, A*, 2)-inaccessible” which,
without loss of generality, we have assumed above.
THIRD CASE: & is singular (hence 2<* is singular, cf(2<*) = cf k). Let p =:2<"
and we shall prove (C); easily (B)(7) holds. Now *>2 is a tree with 2<% =
nodes and 2% = 2* k-branches, so (a)’ of (C) holds. As for (8) of (B), if  is
strong limit checking the conclusion is immediate, otherwise it follows from 3.4
part (3) below.

Clearly if cf k > Ry, also (B) holds. [T

3.4 CLAIM:
(1) Assume 6ny1 = Min{6:2° > 2%} for n < w and 3, 0. < 2% (s0
8,41 is regular, 6,4, > 6,). Then: for infinitely many n < w, for some
n € [0n,0n41) (5O 2#» = 29~) we have:
(%) 0. for every regular x < 2% there is a tree of cardinality p, with > x 0,-
branches; if pn > 0, then cf(u,) = 0y, pn is (6,67, 2)-inaccessible.
(2) Moreover

n<w

(a) for every n < w large enough for some u,, :
On < in< Y Om and (¥, and cf(pn)=06n,
mlw

(n > 8n = pn is [(6n, 67, 2)-inaccessible, pp(n) = 2°*].

(8) Moreover, for infinitely many m we can demand: for every n < m,
x = cf x < 2%~ the tree Ty (witnessing (%), 6, for x) has cardinality
< Oy (i€ pim < Opmy1).

(3) If k is singular, £ < 2<% < 2~ then for every regular x € (k,2<"), there
is a tree with < x nodes and > x branches (of same height). Also for
some 6* € (k,pp*(x)) N Reg, for every regular x < 2~ there is a tree T,
|T| < k°f*, with > x 6*-branches.

Proof: Clearly (2) implies (1) and (3) (for (3) second sentence use ultraproduct).
Let 0 =:) ., 0n Let So =: {n <w: (+)s, s, fails}. Let for n € w\So, pn = 0y,
and note that (a) of 3.4(2) holds and if S is co-infinite, also (3) of 3.4(2) holds.
We can assume that Sy is infinite (otherwise the conclusion of 3.4(2) holds). By
[Sh355, 5.11], fully [Sh410, 4.3] for n € Sy there is u, such that:

(@)n On = cf in < ptn < 2<%,

(B)n PPrs,)(Hn) > 2° (hence equality holds and really ppfy ,(sn) = (2°)7)

and
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(Mn On < W' < pn&eef ' < 0 = PPy, (') < pn hence ppy_ (1n) = PP ) (Kn)

= (2%).
Note that 2<~ = 20=-1 50 p,, < 29»-1. By [Sh355, 5.11] for n € S, part (a) (of
3.4(2)) holds except possibly p, < 6.

Remember cf(p,) = 0.

Let n < m be in Sy and p,, > 6y, so Max{cf p,, cf g} = Max{6,,,0,,} <
Min{ g, tm} s0 by (7)n (and [Sh355, 2.3(2)]) we have pp, > pm. Note cf p, = 0y,
cf ft = 0m (which holds by (a),,, (), ) hence p, > pm. As the class of cardinals
is well ordered we get S; =: {n < w: n € S, ftn > bp41} is co-infinite and
S =: {n: u, > 8} is finite (so (a) of 3.4(2)(b) holds).

So for some n(*) < w, S C n(x) hence for every n € [n(x),w) for some
m € (n,w), pn < Om. Note: n # m = p, # pm (as their cofinalities are distinct)
and [n € Sy = pn ¢ {0m: m < w}]. Assume n > n(*), if pu, > Op41, let
m = mp, = Min{m: pim41 > pn and m > n} (it is well defined as \/, pn < 6
and 0 < px <8 =1_J, <w 6¢) and we shall show p,,, < 0,,,1; assume not, hence
m € So; S0 fms1 < 2° = pprg, ) (m) < PP,,,, (m) but pm < o (by the
choice of m) 50 as cf(m) = Om # Om41, necessarily pm > 0y and if m+1 ¢ S
trivially and if m + 1 € Sp by one of the demands on g, (in its choice) and
[Sh355, 2.3] we have fy41 < fm; DUt fy, < i, SO fmy1 < in contradicting the
choice of m. So by the last sentence, n > n(x) = pm, < 0 +1. By [Sh355,
5.11] we get the desired conclusion (i.e. also part (3) of 3.4(2)). | '

Remark: It seemed that we cannot get more as we can get an appropriate prod-
uct of a forcing notion as in Gitik and Shelah [GiSh344].

4. Bounds for ppry,) for Limits of Inaccessibles*

4.1 Convention: For any cardinal g, u > cfp = R; we let J,, Eg, be as in
[Sh420, 3.1}, jz is a strictly increasing continuous sequence of singular cardinals

of cofinality Ro of length wy, =3, . mi.

So u stands here for x* in [Sh420, §3, 84, §5]. (Of course, X; can be replaced
by “regular uncountable”.)

* In previous versions these sections have been in [Sh410], [Sh420] hence we use ),
etc. (and not the context of [Sh386]): see 4.2B below.
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4.2 THEOREM (Hypothesis [Sh420, 6.1C]* ):
(1) Assume

(@) p>cfp="Ry, Y=Y, Eq, C Eq,,

(b) every D € FIL(Y) is nice (see [Sh420, 3.5]), E = FIL()) (or at least
there is a nice € (see [Sh420, 5.2-5], E = | J€ = Min &, £ is p-divisible
having weak p-sums, but we concentrate on the first case),

(c) & <A< ppk(p), A inaccessible.

Then there are e € Eq, and (\;: x € YV/e), a sequence of inaccessibles < p and
a D € Fll(e,Y) N E nice to u, D € FIL(e, V,.) such that:

(a) [lzey, /e A=/ D has true cofinality A,

(B) p=tlimp(Az: z € Yy,).

(2) We can weaken “()” to “E C FIL(Eq,Y) and for D € E, in the game
wG(p, D,e,Y) the second player wins choosing filters only from E.

(3) Moreover, for given ey, Dy, (X3: x € Y/eq), if [ecy/e, X0/ Dg is A-directed,
then without loss of generality eg < e, Dy < D and Ay < A e

4.2A Remark: (1) We could have separated the two roles of u (in the definition
of Y, etc. and in A € (g, ppE(p))) but the result is less useful; except for the
unique possible cardinal appearing later.

(2) Compare with a conclusion of [Sh386] (see in particular 5.8 there):

THEOREM: Suppose A > 2%, )\ (weakly) inaccessible.

(1) If ¥y < Xi = cfX; < A fori < wy, D is a normal filter on wy, [1;,, /D
is A-directed, then for some A}, R; < A, = c¢f A} < A; and normal filter D’
extending D, X = tcf ([T, Ai/D') and {i: X; inaccessible} € D'.

(2) If Ry =cfp < pp < A, PPr(r,) (1) > A then for some (Ai: i < wy), Ry < Ay =
cf A; < p, each A; inaccessible and A € pefr(y ) {Aii i <wi}.

Proof of 4.2: (1) By the definition of ppL() (and assumption (c), and [Sh355,
2.3 (1) + (3)]) there are D € E and f € Y+/°y such that:

(A)s 1> f(z) = cf[f(z)] > pu(a),

(B)1.p A= tef [[L,eye f(2)/D].
Let Ko =: {(f,D): D € E, f € Y»/*y and conditions (A); and (B)y,p hold}, so
Ky # 0. Now if (f, D) € Ky, for some v

(C)s,p,y in G7(D, f,e,Y) the second player wins (see [Sh420, 3.4(2)])

* Le.: if a C Reg, |a] < min(a), A inaccessible then A > sup(A N pcf a).
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hence K; # @ where Ky =: {(f, D,7) € Ko condition (C)y,p - holds}.
Choose (f, Dy,7y) € K, with vy minimal. By the definition of the game

(%) for every A # @ mod D; we have (fl,D1+A,'y())€K1.
Let €] = 6(1)1)
CASE A: {z: f(x) inaccessible} # § mod D;. We can get the desired conclu-

sion (by increasing D).

Case B: {z: fl(z) successor cardinal} # @ mod D;. By (*), without loss of
generality f1(z) = g(z)*, g(z) a cardinal (so > p,()) for every z € Y, /e. By
[Sh355, 1.3] for every regular & € (i, A) there is f, € ¥/¢) Ord satisfying:

(@) fe < f!, each fe(z) regular,

(b) tlimp, fi = p,

(¢) II, f<(z)/ Dy has true cofinality .
By (a) we get

(d fe<g
By (b) we get, by the normality of D;, that for the D;-majority of z € Y/e,
fu(x) > pi(z); as fe(x) is regular (by (a)) and p,(;) singular (see 4.1) we get

(e) for the D,-majority of z € V/e, we have f.(z) > p.(z)-

Let x be large enough, let N be an elementary submodel of (H(x), €, <}),

A € N, Dy € N, Nn X is the ordinal ||N]|| (singular for simplicity) and
{1, (f', 9, fx: k € RegN(1, X))} belongs to N. Choose x € RegNA\(sup A N N),
now in [, ¢y, f<(z)/D1, there is a cofinal sequence (fx¢: ¢ < k); as k >
sup{A N N), so for some ((*) < «:

® he Nn Y1 0rd = {z € V/er: frc)() < h(z) < fu(z)} = 0 mod D;.
{Why? For any such h define &’ € Y/¢10rd by: A'(z) is h(z) if h(z) < fo(z)
and zero otherwise, so for some (), < &k, ' < fc(, mod Dy. Let ((x) =
sup {Cu: h € NnY/®t N}; it is < & as ||N|| < &, and it is as required.]

Let fu = fx(s)- The continuation imitates [Sh371, §4], [Sh410, §5].

Let

Ky = {(D,B, (je:z€Y/er): Dy CDEE, player Il wins GI° (f1, D),
e1=¢e(D),B=(<B;;:j<j< Kyz) > :T € V/e1) €N,
1Bz ,j.| < g(z) and jz <39 < ey
{z € Y/er: f.(x) isin By} € D).
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Clearly K, # 0. For each (D, B, (j.: z € Y/e1)) € Ko :

(*¥)1 letting h € Y/*1 Ord, h(z) = |B, ;,|, for some h = (((), f1), ({0}, b)), for
some 7<o> < V<> and D player II wins in Gg"”‘“”(D, h,e1, V).

So choose (D, B, {j;: = € Y/e1),v0y) such that:

(*)2 (D, B, (jz: x € Y/e1)) € Ka, ()1 for () holds and (under those restric-
tions) 7y is minimal.

So (as player I can “move twice”), for every A € D*, if we replace D by D + A,

then () still holds.
So without loss of generality (for the first and third members use normality):

(*)s one of the following sets belongs to D:

Aoc ={z € Y/er: cf|B,;,| > pu(r) and 32 < p¢ }
(for some ¢ <w; such that |[V/e1| < p¢),
A= {:c € Y/er: cf |B: ;.| < puz) < |B,,]-z|},
Arc={zx€V/ei:|Bzj.l < and jo < pc} (for some { < wy).

If Ay¢ € D then (for z € V/e,)
B; =: U{B,,j: € Y/er,j<jland |B,; | < pcandj<pc}
is a set of < p¢ ordinals and
{zx€Y/er: fu(x) e B} e D

and (B2 z € Y/e;) belongs to N (as (D, B, (j.: = € Y/e1)) € K2 and the
definition of K), contradiction to the choice of f,. (see ®, remember Dy C D by
the definition of K3).

If Ay € D, we can find B € N, B! = ((Bl ;: j < ji < pyz)): © € V/en),
|B: ;| < g(z) and A; i [ef |BL;] > myzy V IBL ;| = 1] and each B, ; satisfying
of | B ;| < pi(z) is a union of cf | B, ;| sets of the form B} ;1 of smaller cardinality
and so for some jZ < ji, f.(z) € B:j, = fu(x) € Bz j2 & |B;j2| < |Bzj,l.
Now playing one move in Ggo"’(”)(D, h,e,Y) we get contradiction to choice
of Y(0)-

We are left with the case Ao¢ € D, so without loss of generality

/\x,j cf le,jI > P(z)- Let

a = {cf|Ba,;|: ¢f |Bz,;| > pu(zy, = € V/er,5 < jo,j < pc and o(z) > (},
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so a is a set of regular cardinals, and (remember |V/e1] < p¢) we have |a| < Mina,
so let b = (bg[a]: O € pcf a) be as in [Sh371, 2.6]. So as (by the Definition of K>),
{({Bz,j: j < j2):z € Y/e1) € N, clearly a € N hence without loss of generality
b € N. Let A* = sup[A N pcfa], so by Hypothesis [420,6.1(C)], A* < A, but
A*EN,s0 A" +1CN.

By the minimality of the rank we have for every 8§ € A* N pcfa,
{zx € y/e1: cf|B. ;.| € bg} = B mod D hence [], cf | B,,;.|/D is A-directed, hence
we get contradiction to the minimality of the rank of f;.

(2), (3) Proof left to the reader. .

4.2B Remark:
(1) The proof of 4.3 below shows that in [Sh386] the assumption of the existence
of nice filters is very weak, removing it will cost a little for at most one place.
(2) We could have used the framework of [Sh386] but not for 4.3 (or use forcing).

4.3 CLAIM (Hypothesis 6.1(C) of [Sh420] even in any K[A]): Assume p > cf p =
Ry, > 60 > Ny, PPreg,)(#) = A > p, A inaccessible. Then for some e € Eg,,
D € FIL(e, Y,) and sequence of inaccessibles (A;: x € Y, /e), we have tlimp A, =
g and A = tcf([T A=/ D) except perhaps for a unique A in V (not depending on
p) and then ppif(g,nl)(l‘) <At

Proof: By the Hyp. (see [Sh513, 6.12]) for some a C RegNy, |a] < Min(a),
A = maxpcf(a), and

(VA < A)(3b)[b C a & |b] < 6 >)&A > sup pcf . (b) > X,
1 —complete

J = Jcala). First assume “in K[A] there is a Ramsey cardinal > A° when
A C X%, Choose A C \° such that A C L[A] and for every a < A%, there is a one
to one function f, from |a] (i.e. |a|¥) onto a, fa € L|A], so Card“In (A+1)=
Card”, and apply 4.2 to the universe K[A] (its assumption holds by [Sh420, 5.6]).

Second assume (%)) “in K[A] there is a Ramsey cardinal > A when 4 C A*”
and assume our desired conclusion fails. Let S C A be stationary [§ € S = cf§ =
6%], (aa: a < A), exemplify S € I{A] (exist by [Sh420, §1]). We can find a, J as
described above. Let (f,: a < A) exemplify A = tcf(J[]a/J), now by [Sh355, 1.3]
without loss of generality A = maxpcf a. Let Ag C A be such that a, (fo: @ < A),
(bs[a): o € pcfa) are in L{Ao). Hence in L[Ao) for suitable J, (fo/J: @ < A) is
increasing, and without loss of generality for some ((¢}: a € as): § € S) € L[Ao),
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we have: for § € S, cf§ = |a|*, as a club of 6 and (f, | (a\c}): @ € as) is
<-increasing (see [Sh345b, 2.5) (“good point”)) and ¢} € J and S is stationary
in V, so the assumption of 4.3 holds in V! whenever L{4q] C V! C V; hence for
A C 2%, in K[Ag, A] the conclusion of 4.2 holds as we are assuming ().

Note: if A C A, in K[A], A<* = X hence if a < A*, A C «a then K[4] |
A < AV,

Choose by induction on a < A% a set A, C [Aa, A(a + 1)) such that: Ao
is as above and for o > 0: if (A\;: x € V/e), J exemplify the conclusion of 4.2
in K [Upcq Ag|, and (fisi < A) exemplify the X = tef (Tcy,. Ae /), without

loss of generality J canonical (all in K [Uﬂ <a AB], canonical means: the normal

ideal generated by {z: A; € bea[{Ay: y € Y/e}]}), then in K [UﬂSQ Aﬂ] we can
find f, Aqer f <5 (Az: x € Y/e), Ao f £s fa (as they cannot exemplify the
conclusion of 4.5 in V — otherwise we have finished).

Let A=U,ca+ 4a-

Now in K|[A] there are e, (A\;: A € Y/e), (fi: ¢ < A) (and J)
exemplifying the conclusion of 4.2 (by (*) and [Sh513, 6.12(3)]). By 4.5 below,
for some § < At, e, (Az: T € V/e), (bo[{As: T € V/e}]: 0 € pcf{Ae: € V/e}),
fo(a < A) all belongs to K [U
tion.

<5 Ay|, and in K [U'rSJ A,| we get a contradic-

If () holds for every A we are done. If not, let Ag be minimal such
that (x),, fails; so if A < A the conclusion holds, and if A > X then let A C
A¢ be such that in K[A] there is no Ramsey, hence ([DoJ]) for 4 > A in V,
cov(y,0,8,2) < pu, so the assumptions of 4.3 fail. Similarly p > 9, cf(p) = ¥y,
PPr(s,x,) (1) > A¢ bring a contradiction. L;

4.4 Conclusion: Hypothesis [Sh420, 6.1(C)] in any K[A]. (1) Assume yu > cfp =
Ri, po < g, o> [{\:pp <A< p, A inaccessible}| < 4. Then

ot > |{/\: p<A< pp (p)and X is inaccessible}|.
F(oinl)

(2) The parallel of [Sh400, 4.3].

Proof: See [Sh410, 3.5] and use 4.2(3). |

By [DoJe]
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4.5 THEOREM: If A is regular (> Ry) A C A\, Z € K[A] a bounded subset of A
then for some a < A, Z € | J,, K[ANa].

We shall return to this elsewhere.

5. Densities of Box Products

5.1 Definition: d<,(},8) is the density of the topological space *@ where the
topology is generated by the following family of clopen sets:

{[f): f € ?6 for some a C A, |a| < &}

where

[fl={ge *:gC f}.
So

dex(),0) =
Min {|F|: FC "0 and if a € S¢x()) and g € “f then (3f € F)g C f}.

If § = 2 we may omit it, if K = Ry we may omit it (i.e. d(},6) = den,(A,8)).
Always we assume A > Rg, & > Ro,0 > 1 and At > k. We write d.(),0) for
deer (A, 6).

5.1A Discussion: Note: for K = Ry this is the Tichonov product, for higher «
those are called box products and d has obvious monotonicity properties.

d (2%) = Ro by the classical Hewitt-Marczewski-Pondiczery theorem [H],
[Ma], [P]. This has been generalized by Engelking-Karlowicz [EK] and by Com-
fort-Negrepontis [CN1], [CN2] to show, for example, that d<.(2%,a) = « if and
only if & = a<* ([CN1] (Theorem 3.1)). Cater-Erdés—Galvin [CEG] show that
every non-degenerate space X satisfies cf(d<.(A, X)) > cf(x) when kK < AT,
and they note (in our notation) that “d<.(A) is usually (if not always) equal
to the well-known upper bound (log A)<*”. It is known (cf. [CEG], [CR]) that
SCH = den, (A) = (log A)*, but it is not known whether dy, (1) = (log A)®¢ is
a theorem of ZFC.

The point in those theorems is the upper bound, as, of course, d<. (1, 8) > x
if > 2x & 6 > 2 [why? because if F = {f;: i < x} exemplify dex(p,8) < x, the
number of possible sequences (Min{1, fi(¢)}: ¢ < x) (where ¢ < ) is < 2X, so
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for some ( # £ they are equal and we get contradiction by g, g(¢) =0, g(¢) =1,
Domg = {¢, ¢}

Also trivial is: for & limit, d<c(A, 0) = K +sup, ., d<s(A, 8), so we only use
k regular; d<.(,0) > o for o < k.

Also if cf()) < k, A strong limit then d<.(\) > A. The general case (say
2<K < X < 2¥, cf u < 9) is similar; we ignore it in order to make the discussion
simpler.

So the main problem is:

5.2 PROBLEM: Assume ) is strong limit singular, A > £ > cf(\), what is d<.(\)?
Is it always 2*? Is it always > At when 2* > \*?

In [Sh93] this question was raised (later and independently) for model the-
oretic reasons. I thank Comfort for asking me about it in the Fall of '90.

5.3 LEMMA: Suppose X is singular strong limit, cf(A) = cf(6*) < 6* < cf(k) <
K<A2<0<A A<y <2 and (Ao Bas Xar X5 : @ < %) is such that:
Xa = 0=, x5 = cov(Xa, Aas Aas 2),
a < B ps < pg,
A =Uycs o = tilacs Aa, 0 < fa,
derx(ar ) > Ao (this holds e.g. if (YN < Aq)[2 < o)),
Ao = [ﬂ'ml‘a + l‘a];
G = {g: g a partial function from some a € S¢(Aq) to 6},
for g € G,,
[9] = {f € Xa: g C f} where X, =: (A=B, 50 | Xa| = Xa»
he is a function from Scy,, ((4=)8) to G, such that h,(a) “exemplifies”
that a is not dense in (4«9, i.e. [f € a& g = ha(a) = gZf).
Then (F)=(E)=(D)<(C) = (B)<(A); and (E)° decrease with o and (E)° =(G)
when x}, = Xa; and if every A, is regular (G)=(F) and if in addition A, 5. X5 =
Xo then (G)&(F)&(E), and if {a < 6*: 0 < Ay} # @ modJ and o0 < A then
(E)(E)° (fixing J), where
(A) der(X0) > x;
(B) if z¢ € [[acse Xa for ¢ < x then there is. g € [],s5- Ga such that: for
every ( < x,{a < 8*: x¢(a) & [9¢]} # 0;
(C) if ¢ € [lacs Xa for { < x then for some w, € Sca,(Xa) (@ < §*) for
every ( < x,{a < §*: z¢(a) € wa} # 8;
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(D) for every ¢ € [] s Xa for ¢ < x there is w € [], 5. S<an (Xa) such that:
for each { < x, V,es- T¢(Q) € Wa;
(E)° for some ideal J on §* extending J§¢ for every z¢ € [], s+ Xa (for ¢ < x)
there are e(x) < o and ©¢ € [], 5. Scra(Xa) for € < e(x) such that for
each { we have \/ {a < 6*: z¢(a) ¢ we} =0 mod J.
If 0 = 2 we may omit it;

(F) for some non-trivial ideal J on 6* extending J:¢ we have

H (S<r.(Xa), ©) /J is x*-directed;
a<lé*

(G) for some non-trivial ideal J on 6* extending J2¢, for any (Pa: a < 6*), Pq
a A,-directed partial order of cardinality < x3,, we have: [], <5~ Pa/J is
x¥-directed.

5.3A Remark:
(1) Note that the desired conclusion is 5.2(A).

(2) The interesting case of 5.3 is when {u,: @ < §*} does not contain a club

of A.
(3) Note that with notational changes we can arrange “A is the disjoint union
of A,(a < 8*), hence Ap =[] Xa”-

agss ta

Proof: Check. Clearly (E)° decreases with o, i.e. if 0y < o2 then (E)** =
(B,

(E)=(D): Just for J varying on non-trivial ideals, we have monotonicity in J;
and for J = {8} we get (D).

(D)&(C): (C) is a translation of (D).

(C)=(B): Hx¢ €[], s Xa for { < x, let (wa: @ < 6*) be as in (C); for each
a we know that w, is not a dense subset of X, (as dec{ta,0) > Ao > |wal) so

there is go € G4 for which [ga] N ws = @, s0 § =: (ga: @ < §*) is as required in

(B).
(B)&(A): They say the same (see 5.3A(3)).

(F)=(E): Note that (E) just says that in [], 4. (S<a, (Xa), C), any subset of
{f: f € Macse S<ra(Xa), such that each f(a) is a singleton} has a <j-upper
bounded. In this form it is clearly a specific case of (F).
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(E)° =(G) WHEN xo = X5: where {a < §*: 0 < Aa} # 0 mod J: Easy too.

Next assume every A, is regular, J an ideal on 6*.

as A, is regular and Scy, (x«) can be replaced by any cofinal subset and there
is one of cardinality x}, by its definition.
The rest should be clear. 3

(G)=(F): (F)is a particular case of (G), because (Sca_{Xa) C) is Ap-directed

5.4 CLAIM: Assume X is strong limit, § < Ag, (Aa: @ < 8*), (x5: a < 6*) are
(strictly) increasing with limit A, 6* < x < cf(A\) < A, A < x < 2* and )\, < X3,
Aq regular for each a < §*. Then (G) of 5.3 holds (hence d<.(),8) > x) in any
of the following cases:
(a) for some p, strong limit, cf{pta) < K, 2#= = pt A, = p¥, x% = pt and
MMacse #d/J is x*-directed,
(b) k < w and for every a, x%, < A\}* and for some ideal J on 6*, for ¢ < k,
[12¢/J is xt-directed, and d<.(x%,8) > Ao,
(¢) for some 7 < cf()) for every a < §*, x5 < A} and for some ideal J on 6*
for every { <7, [1,cse> /\I(CH)/J is x*-directed, and d<.(x%,0) > Aa,
(d) for some ideal J on §* extending J§2 for every regular X, € [\, X2 satisfy-
ing tlimy(cf A,) = A, we have [], 5. A,/J is xt-directed and d<. (x5, 0) >
Ao

Proof: Clearly (a)={b)=-(c)=(d).
Now the statements follow from the following observations 5.4A-5.7.

5.4A Observation: Assume that for @ < §, P, is a (non-empty) A,-directed
partial order of cardinality Xa, [6|* < Aa = cf(Ma) < Xa, J an ideal on 6, §* =
Min{6: for some A and f: f = (fi: i < 6), fi € [[,<5Pa is <yia-increasing,
ACH,6\A¢ Jbut for no g € [[,c5Par Aico{® Pa [ fi(a) < g(a)} # 0 mod
(J + A)}. Then [],.sPa/J is 6*-directed.

Proof: Without loss of generality no P, has a maximal element. If the conclusion
of 5.4A fails, let F be a subset of [] <5 Pa with no <;-upper bound, of minimal
cardinality. Let 6 = |F|, so let F = {fi: ¢ < 8}; by the choice of F' without loss of
generality a < 8 = fo <J fs hence  is necessarily regular. If {a < §: A\, < 8} €
J we can find an upper bound: g(a) is a P,-upper bound of { fi(a): 1 < 8} when
Ao > 0, and arbitrarily otherwise. So without loss of generality A, Ax < 6. Now,
remember |§|* < A, and so |6t < 6. By [Sh420, §1] we can find C = (C;: i < 6),
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CiCi,j€C;=Cj=3inC;,otp(C;) < 16|t and § =: {i < A: cf(i) = |6]F,6 =
sup(C;)} stationary: so wlog j € C; = A, .sPa F fi(a) < fi(a). Now we
repeat the proof from [Sh282, 14]; better see [Sh345a, 2.6] or here 6.1.* 0544

5.5 Observation: In 5.4A, if A, f exemplify 6* = 6§ then

6* > min{pre(x,\): AC6and 6N A ¢ J}
J+A

where

5.6 Definition: For ideal I on 6 and ¥ = (xa: @ < 8), A = (Aa: a < 6),
Ao = cf(Aa) < Xo We let pre;(x,A) =: Min{|P|: P is a family of sequences of
the form (B,: a < 6), Ba C Xa, |Bal| < A such that for every g € [], s xa for

some BeP, {a <6 g(a) € By} #0modI}.
Proof: Check.
5.6A Remark: We use other parts of 5.3.

5.7 Observation: Let I be an ideal on 6*, xo > Ao > 6*.

(1) Define J[I]={I+ A: AC6\A¢I}.

(2) I Iy C I3, AL > A2, xb < X2 for a < & then pre; (%!, A1) < prey, (%2, A2%).

(3) If 6* is the disjoint union of Ay, Ag, Ay ¢ I and I, =: I + A, then
pre;(X, A) = Min {pre, (x, A), prep, (x,A)} -

(4) pre;(x*,A) < pre;(x, A) +sup{tef(IIxZ /T + A): AC §,6\A¢ I}.*
Moreover pre;(x*,A) < Min{prey, 5(x,A) + tef([T,cs xZ /(I + A)): A C
8,6~ A ¢ I (and the tcf is well defined)}.

(5) If each xo, is a limit cardinal, cf x, > &%, then SUpsesn pre (X, A)
SUPgr <5 SUP s 7(1) Pres (X's A) + sup e 7 tef (Mxa /1)

(6) 211 + sup je 7in sup{tef(TMacsxn/JT): Aa < X'a = cf(Xa) < Xo and the
true cofinality is well defined} < 21%°1 4 sup;c 7 pre;{x,A) < 2171 +
sup ye 7(7 SUP{tcf(llacsxa/J): 16*] < cf(x,) and Ao < X5 < Xal}-

(7) In part (6), if I is a precipitous ideal then the first inequality is equality.

Proof: Straightforward.

* In the main case here, A 2|6t| < Aq and then trying all the possible A’s, using
their g’s, the proof is very simple.
** Of course, Y* = (x}: a < 6).
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5.9 Observation: In several of the models of set theory in which we know “A
strong, singular, limit, 2* > A%” our sufficient conditions for dea(},2) = 2*
usually hold by the sufficient condition 5.4(a) (simplest: if GCH holds below A,
cf = No)

Remark: We could prove this consistency by looking more at the consistency
proofs, adding many Cohen subsets to A in preliminary forcing; but the present
way looks more informative.**

6. Odds and Ends

6.1 LEMMA: Suppose cf(§) > k*, I an ideal on &, f, € "Ord for a < § is
<-increasing. Then there are J,, 3, f!(a < 8) such that:

(A) §= (si:i < k), each s; a set of < K ordinals,

(B) Aicx Nacs Vipes, f(8) < B,

(C) fa € Ilicx 8i is defined by f[(i) = Min[s;\ fa(i)],

(D) cf[f.(3)] < & (e.g. f.(3) is a successor ordinal) implies f, (i) = fa(i),

such that:

(E) Ja is an ideal on k extending I (for a < \), decreasing with a (in fact for
some ao 3 C & (for a < B < K), aq,g/I decreases with 3, increases with
a and J, is the ideal generated by I U {aqg: a < f < A}) so possibly
Ja = P(r) and possibly J, =1,

(F) if D is an ultrafilter on « disjoint to J, then f,/D is a <p-lLu.b of
(fs/D: B < 6) and {i < : cf[f.(?))] > k} € D,

(G) if D is an ultrafilter on k disjoint to I but for every a not disjoint to J,
then 3 exemplifies {f,: a < &) is chaotic for D, i.e. for some club E of 6,
B<Y€E= fs<p fz<p fy

(H) if cf(6) > 2" then (fo: a < §) has a <;-lLu.b. and even <j-e.u.b,

(1) if by =: {i: f.(i) has cofinality < k (e.g. is a successor)} & J, then: for
every 3 € (a,8) we have filba= fs | by mod J,.
Moreover
(F)* if x ¢ J, then f, is an <;j_-e.u.b (= exact upper bound) of (fs: 8 < §).
Proof: Let S = {j: j < sup|J,sRang(fs) has cofinality < k}, & = (e;: j € S)
be such that [j =i+ 1 = ¢; = {i}], [/ limit &' € SNe; = e;» Cej], €; C j
[f limit = j = supe;] and |e;| < .

** See much more on independence in a paper of Gitik and Shelah.
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For aset a C sup|J, sRang (fo) let €la] = aUlJ;¢qns €; hence é[e[a]] = é[a]
and [a C b = é[a] C €[b]] and |e[a]| < |a|] + k. We try to choose by induction on
¢ < &t, the following: a¢, D¢, g¢, 5¢ = (S¢,i: @ < K), (f¢c,at @ < 6) such that:

(a) g¢c € *=0Ord,
(b) s¢,i = €[{ge(?): € < (} U {sup, s fa(i) + 1}] so it is a set of < x ordinals,

increasing with {, sup,s fa(i) + 1 € s¢ i,

(¢) fea € "Ord, f¢,a(i) = Min[s¢,:\ fa ()],
(d) D¢ is an ultrafilter on & disjoint to I,
(e) for a < §, fa <p( 9¢»

(f) a¢ is an ordinal < 6,

(8) a¢c Sa<A=g¢ <p, f¢,a-

If we succeed, let a(*) = sup, .+ a¢, so as cf(6) > k¥ clearly a(x) < é.
Now let i < k and look at (f¢ o(s)(8): ¢ < kT); by its definition (see (c)), f¢ a(s)(%)
is the minimal member of the set s¢;\fs(.)(). This set increases with (, so
Jc,a(s)(2) decreases with ¢ (though not necessarily strictly), hence is eventually
constant; so for some (; < k* we have ¢ € [(i, k1) = fc o) (1) = fe; a() (). Let
((*) = sup;<, G, s0 {(*) < k*, hence

(*)  Cell(x),rh)=> /\fc.a(.)(i) = fe@a0)(®) = fean) = fex),a00)-

We know that fos) <Dy 9¢(x) <D¢sy fe(s).a(s) hence for some i, fam(i) <
9¢(3)(8) < Fe(e),a(0)(8)s but gex)(2) € S¢(ay41,i hence feiyi1,a(e)(8) < ge(e)(3) <
Jc(x),a(+)(%), contradicting the choice of {(*).

So necessarily for some { < k* we are stuck, and clearly s¢i(i < k),
fe,ala < X) are well defined.

Let s; =: s¢; (for i < k) and f] = f¢ o (for a < A). Clearly s; is a set of
< k ordinals; now clearly:
(N fa < fo
(*)2 o < B= fo <1 fgs
(%)3 if b= {i: foa) < fa(i)} ¢ I, a < B < 6 then f, [b<y fg b

We let for a < 6

Ja={bgn:b€Iorb¢I and for some 8 we have: a < 3 < 6 and
fa T (s~0) =1 f 1 (530)}.

We let for a < 8 < 6, aa,p =: {i < &: fi(i) < f3(?)}. Then
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(#)4 Jq is an ideal on & extending I, in fact is the ideal generated by JU{aa5: 3 €

(a,6)}.

As (fl: a < 6) is <j-increasing (i.e. (¥)1):
(*)s Jo decreases with a, in fact a4 /I increases with 3, decreases with o,
()¢ if D is an ultrafilter on x disjoint to J,, then f./D is a <p-lub of

{fﬁ/D: B < 5}.

[Why? We know that 8 € (@,8) = aa,s = 0 mod D, so fg < f =p f for
B € (a,6), so f./D is an <p-upper bound. If it is not a least upper bound then
for some g € *Ord, A; fs <p 9 <D f, and we can get a contradiction to the
choice of ¢, 3, fj as: (D, g) could serve as D, g¢.]
(*)7 If D is an ultrafilter on & disjoint to I but not to J, (for every o < A)

then 5 exemplifies (f,: a < 8) is chaotic for D.

[Why? For every a < §é for some 3 € (a,6) we have a,p € D, ie.
{i < & fi(i) < f3(d)} € D, so (fo/D: a < §) is not eventually constant, so
if a < B, f}, <p fj then f}, <p fs (by (*)3) and f5 <p f5 (by (c)) as required.]
(*)s if k & J, then f, is an <;_-e.ub. of (fs: B < 8).

[Why? By (%)s, f4 is a <j_-upper bound of (fg: B < §); so assume that
it is not a <j_-e.u.b. of (fs: B < 6), hence there is a function g with domain «,
such that g(i) < Max{1, f/(7)}, but for no 8 < § do we have

Cp =: {i < k: g(i) < Max{1, f3(i)} = k mod J,.

Clearly (Cg: B < 6) is increasing modulo J, so there is an ultrafilter D on &
disjoint to Jo U {Cs: 8 < 8}. So fg <p g <p fi, so we get a contradiction to
(*)e except when g =p f, and then f, =p O, (as g(i) <1 V g(i) < fo(?)). If
we can demand b* = {i: /(i) = 0} ¢ D we are done, but easily b* ~ Cp € J, so
we finish.]
(¥)o TF ch[f4(3)] < & then F1(6) = fa(d)

[Why? By the definition of s; = €[...] and the choice of €, and f/(i).]
(*)10 Clause (I) of the conclusion holds.

[Why? As fo <J, fo <u. fo and fa Tb=y, fo [ Dby (¥)o.]

The reader can check the rest. k.

6.1A Example: We show that L.u.b and e.u.b are not the same. Let I be an
ideal on k, kt < A = cf(}), @ = {aq: @ < A) be a sequence of subsets of «,
(strictly) increasing modulo I, k\a, ¢ I but there is no b € P(k)\I such that
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A, dNaq € I. [Does this occur? E.g. for I = Scx,(w), the existence of such @ is
known to be consistent; e.g. MA &k = Rg & A = 280, Moreover, for any & and
kt < A =cf A < 2% we can find a, C & for a < X such that, e.g., any Boolean
combination of the a,’s has cardinality « (less needed). Let Iy be the ideal on &
generated by Sc.(k) U {an\ag: @ < 8 < A}, and let I be maximal in {J: J an
idealon k, Iy CJ and [a < B < A= ag\aq ¢ J]}. So if G.C.H. fails, we have
examples.| For a < A, we let f,: kK — Ord be:

N if a € K\ a;,
f"(l)_{)\-i-a if o € a;.

Now the constant function f € “Ord, f(i) = A+ X is a Lu.b of (fo: @ < A)
but not an e.u.b. (both mod J) (not e.u.b. is exemplified by g € *Ord which is
constantly A).

6.2 CLAIM: Supposep >k =cf pu, p=tlimy A;, 6 < p, A; = cf(X;) > 6 fori < 6,
J a a-complete ideal on § and X = tef ([, 5 Ai/J), and (fo: a < A) exemplifies
this.
Then we have
(%) if {(ug: B < X) is a sequence of pairwise disjoint non-empty subsets of ),
each of cardinality < o (not < o¢!) and o* < u, then we can find B C A
such that:
(a) otp(B) = o,
(b) if € B, v € B and 8 < «y then sup ug < minu.,
(c) we can find s¢ € J for ( € |J;cpui such that: if ¢ € Usepup,
§ € Upepus ¢ <& and i € 8\s¢\s¢, then fc(i) < fe(d).
Proof: For each regular 6,0% < p, there is a stationary S C {6 < X: cf(6) =
6 < 6} which is in I[A] (see [Sh420, 1.5]) which is equivalent (see [Sh420, 1.2(1)])
to:
(*) there is C?% = (C%: i < A),
(@) C? a subset of a, with no accumulation points (in C?),
(B) [a € nace(C§) = C§ = C§nal,
(7) for some club E of A,

[6 € SeNEJ=cf(8§) =8 < &6 =supCf & otp(CE) = 9).

Without loss of generality Sy C Eg, and A, s0tp(Cf) < 6. By [Sh365, 2.3,
Def. 1.3] for some club Ey of A, (g¢(C%, Eg): a € Sp) guess clubs (i.e. for every
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club E C Ey of A, for stationarily many ¢ € So, gf(C¢, Es) C E) (remember
gl(CY, Ep) = {sup(y N Eg): v € C%;v > Min(Eg)}). Let Co* = {y € C4: vy =
Min(C8\ sup(yN Ep)}, they have all the properties of the C®’s and guess clubs in
a weak sense: for every club E of A for some a € SyN E, if 41 < 7, are successive
members of E then |(71,72) N C%*| < 1; moreover, the function v — sup(E N +~)
is one to one on Cg".

Now we define by induction on ¢ < A, an ordinal a; and functions gg €
[T;cs i (for each 8 € © =: {#: 0 < p, O regular uncountable}).

For given ¢, let a¢ < A be minimal such that:

§<C¢a5<ac,
E<(&B€O=g5< fo mod J

Now a¢ exists as (fo: @ < A) is <j-increasing cofinal in [, ,, /J. Now for each
8 € © we define gg as follows:

for i < 6*, g$(i) is sup [{gf,(i) +1:€ € COIU {fu (i) + 1}] if this number

is < Ay, and fo (%) otherwise.

Having made the definition we prove the assertion. We are given
(ug: B < A), a sequence of pairwise disjoint non-empty subsets of A, each of
cardinality < o and a* < pu. We should find B as promised; let 8 =: (ja*| +6])*
s0 @ < p is regular > [6]. Let E = {§ € Eg : for every {: [( < § & supu¢ <
6 & uc C 64 ac < 8]} Choose a € Sp N acc(E) such that gb(C¢, Ee) C E;
hence letting C%* = {v;: i < 6} (increasing) we know A;(7i,7i+1) N E # 0. Now
B = {¥sit+3:1 < '} are as required. For a € Uc<ar Usc+3 let 8o = sq U 8k,
For a € uscy3, ¢ < @*, let 83 = {i < 8: g5 (4) < fa(i) < g5+4(4)}, for each
¢ < a*;let {ae: € < |uscya|) enumerate uscy3 and

s}x‘ = {i: for every £ < ¢, fa, (1) < fa.(?) ® ag < ae & fo, (i) < fa,()}- .2

6.2A Remark: In 6.2: (1) We can avoid guessing clubs.

(2) Assume o < 0y < 03 < p are regular and there is S C {§ < A: cf(6) =
6.} from I{)] such that for every { < A (or at least a club) of cofinality 65, SN ¢
is stationary and (f,: @ < A) obey suitable C? (see [Sh345a, §2]). Then for some
A C X unbounded, for every (ug: 3 < 62) sequence of pairwise disjoint non-empty
subsets of A, each of cardinality < ¢ with [minwug,sup ug] pairwise disjoint we
have: for every Bp C A of order type 62, for some B C By, |B| = 6, (c) of (x) of
6.2 holds.
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(3) In (x) of 6.2, “a* < u” can be replaced by “a* < ut” (prove by
induction on o*).

6.3 OBSERVATION: Assume A < A<* y = Min{u: 2* > A}. Then there are 6,
and T, satisfying the condition (x) below for x = 2* or at least arbitrarily large
regular x < 2¥.
(*) T a tree with 6 levels, (where 6§ < p) with a set X of > x é-branches, and
for a < 6, Upcn |78] < A

Proof of Observation: So let x < 2¥ be regular, y > A.

CasE 11 A,cp 2lel < X, ThenT = #>2, T, = >2are O.K. (the set of branches
#2 has cardinality 2#).

CASE 2: Not Case 1. So for some 8 < p, 2° > A, but by the choice of u, 28 <},
s02° =) 0<pandsod <a<p=2e =2 Note |#>2|=Xaspu< A

SUBCASE 2A: cf(X) # cf(p). Let #>2 =J,, Bj, B; increasing with j, | B;| <
A. For each n € #2, (as cf(A) # cf(u)) for some j, < A,

p=sup{{<pmnlCeBj}.
So as cf(x) > u, for some ordinal j* < A we have
{n € *2: j, <j*} has cardinality > x.

As cf(A) # cf(p) and p < A (by its definition) clearly 4 < A, hence |Bj.| x p < A.
Let

T={nlee<lgn) andne€ B;.}.
It is as required.

SuBCASE 2B: Not 24 so cf(\) = cf(p). As (Vo) <o <pu=>A2=2" =
cf(A) = cf(2%) > o}, clearly cf(A) > p so p is regular. If A = pu we get A = A<?
contradicting an assumption.

So A > p, so A singular. Soifa < g, p < 0; = cf(0;) < Afori < o then (see
[Sh-g, 345a, 1.3(10)]) maxpcf{o: i < a} < [[,o, 06 < Aol < (28)1 < 9<m = ),
but as A is singular and max pcf{o;: i < a} is regular (see [Sh345a, 1.9]), clearly
the inequality is strict, i.e. maxpcf{o;: i < a} < A. Solet -(a,ii i < p) be a strictly
increasing sequence of regulars in (x4, A) with limit A, and by [Sk355, 3.4] there
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is T C [Tic,0i Hv i v € TH < maxpef{);: j <4} < A, and number of y-
branches > A. In fact we can get any regular cardinal in (A, pp*())) in the same
way. Let A* = min{)\: p < X' < A, cf(N') = p and pp()') > A}, so (by [Sh355,
2.3]), also A* has those properties and pp(A*) > pp(A). So if pp*(A*) = (2#)*
or pp(A*) = 2* is singular, we are done. So assume this fails.

If 4 > Rg, then (as in 3.4) a < 2*¥ = cov(e,put,pt, 1) < 2# and we can
finish as in subcase 2A (as in 3.4; actually cov(2<#, u*, ut, p) < 2# suffices which
holds by the previous sentence and [Sh355, 5.4]). If u = Rp all is easy. i

6.4 CLAIM: Assume by C bxyy C -+ for k <w, a =, bx (and |a] < Mina)
and X € pef a\|J, ., pcf(be). B
(1) Then we can find finite d; C pcf(bi\bik—1) (stipulating b_; = @) such that
A € pef e, Ok
(2) Moreover, we can demand 9, C (pcf bi)\(pcf(br—1)).

Proof: We start to repeat the proof of [Sh371, 1.5] for « = w. But there we
apply [Sh371, 1.4] to (b¢: ¢ < ) and get ((¢ce: £ < n¢): ¢ < k) and let A¢p =
max pcf(ce¢). Here we apply the same claim ([Sh371, 1.4]) to (bx\br—1: k¥ < w)
to get part (1). As for part (2), in the proof of [Sh371, 1.5] we let § = |a|t* + X,
choose (N;: i < é), but now we have to adapt the proof of [Sh371, 1.4] (applied
to a, (bx: k < w), {N;: 1 < 8)); we have gotten there, toward the end, o < §
such that E, C E. Let E, = {ix: k < w}, ix < ix41. But now instead of
applying [Sh371, 1.3] to each b, separately, we try to choose (c¢¢: £ < n(()) by
induction on { < w. For ( = 0 we apply [Sh371, 1.3]. For ( > 0, we apply
[Sh371, 1.3] to b¢ but there defining by induction on £ ¢; = ¢¢¢ C a such that
max (pef(a\cc,o\ -+ - \ec,e—1) N pef be) is strictly decreasing with £. We use:

6.4A Observation: 1If |a;| < Min(a;) for i < i*, then ¢ = (), ;. pcf(a;) has a last
element or is empty.

Proof: Wlog (|a;}: i < ¢*( is nondecreasing. By [Sh345b, 1.12]
(*)1 9Cc& [3] < Mind = pcf(d) Cee.
By [Sh371, 2.6]

if X € pcf(d), ® C pef(c), [9] < Min(d) then
for some ¢ C ¥ we have |e¢| < Min|ag|, A € pef(e).
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Now choose by induction on ¢ < fag|t, 8, € ¢, satisfying 6, > maxpcf{f.: € < (}.
If we are stuck in ¢, maxpcf{f.: € < (} is the desired maximum by (x);. If we
succeed § = maxpcf{f: € < |ag|*} is in pef{fe: € < (} for some { < |ag|* by
(*)2; easy contradiction. | P

K4

6.5 Conclusion: Assume Ro = cf(u) < &k < po < p, [’ € (po, p) & cf(p') < k=
pp.(#') < A) and ppf(p) > A = cf{A) > g. Then we can find A, for n < w,
#o < An < Angr <ty = Upey, An and A = tef [, ., An/J for some ideal J on
w (extending Jb9).

n<w

Proof: Let a C (p,p) NReg, |a] < k, A € pcf(a). Without loss of gener-
ality A = maxpcfa, let p = U, #2, lto < ud < Wl <o let pl o=
po + sup{pp,(#'): po < p' < pp and cf(s) < «}, by [Sh355, 2.3] py < u,
ph = pd +sup{pp.(1'): po < u’ < p} and cf(p') < &} and obviously pl < pl;;
by replacing by a subsequence without loss of generality ul < pul +1- Now let
b, = anpl and apply the previous claim: to by =: a N (ul)*, note:

max pef(be) < pyp < Min(bey1\bi).  Bos

6.6 CLAIM:

(1) Assume Ro < cf(p) =k < po < p, 2° < pand [po < p' < p&cf(y') <
k= pp. i’ < p]. If g < A =cf(A) < pp*(u) then there is a tree T with k
levels, each level of cardinality < u, T has exactly A x-branches.

(2) Suppose (Ai: i < k) is a strictly increasing sequence of regular cardinals,
2% < Ag, a =: {Ait i < k}, A = maxpefa, A\; > maxpef{\;: i < j} for
each j < Kk (or at least ), A; > maxpcf{\;: i < j}) and a ¢ J where
J = {b C a: b is the union of countably many members of J¢y[a]} (so

J 2 J3, cf k> No). Then the conclusion of (1) holds with p =Y, X

Proof: (1) By (2) and [Sh371, §1] (or can use the conclusion of {Sh-g, AG 5.7]).
(2) For each b C a define the function gy: kK — Reg by

go(3) = maxpef[bn {A;: j < i}].

Clearly [b1 C by = gp, < gb,]- As cf(x) > R, J Nyj-complete, there is b C a,
b ¢ J such that:
cCb&cgd J=> =g <y gs-
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Let A} = maxpcf(bn {A;: j < i}). For each i let b; = bN {};: j < i} and
({f3 o @ < A): X € pef b) be as in [Sh371, §1]. Let

’];0 = {Mi}_x f;[lal [ bz A € pef(b;), ag < Ag, n < w} .

Let T; = {f € T?: for every j <1, f I b; € T, moreover for some f’ € [, };
for every j, f'1j€T%and fC f'},and T = Uicx T clearly it is a tree, T; its
ith level (or empty), |T;| < Af. By [Sh371, 1.3, 1.4] for every g € [] b for some
feTlb, Aic f T bi € T? hence A, f I b; € ;. So |T;| = Af, and T has
> X k-branches. By the observation below we can finish (apply it essentially to
F = {n: for some f € []b for i < x we have n(¢) = f | b; and for every i < k,
f 16, €TP}), then find A C &, s~ A € J and g* € [];.,.(Ai + 1) such that

=: {f € F: f | A< g*| A} has cardinality A and then the tree will be 7’
where T/ =: {f [ bi: f € Y'} and 7" = |J;. 7. (So actually this proves that
if we have such a tree with > 8 (cf(6) > 2*) k-branches then there is one with
exactly 8 x-branches.)

6.6A OBSERVATION: (1) If F C [];.,. Ai, J an R;-complete ideal on k, and
[f#9€ F=f+#;g9)and|F| >0, cf0 > 2%, then for some g* € [[,.,.(Ai +1)
we have:

(@) Y ={f € F: f <y g*} has cardinality 6,

(b) for f' <;g*, we have |[{f e F: f <; f'}| <6,

(c) there* are fo € Y fora < 0 such that: fo <y g*, [0 < B < 8= —~fp <s fal.

Proof: Let Z =: {g: g € [[;c(Ai +1) and Y, =: {f € F: f <; g} has cardinal-
ity > @ }. Clearly (\;: i < k) € Z so thereis g* € Z such that: [¢' € Z = ¢’ <,
g*); so (b) holds. Let Y = {f € F: f <5 g*}, easily Y C Y,- and |Yy. N Y| < 27
hence |Y| > 8, also clearly [fi # f € F& fi <5 f2 = f1 <y f2]; if (a) fails,
necessarily (by (b)) |Y| > 6. Foreach f € Y let Yy = {h € Y: h <p f}, so
|Yy| < 8 hence by the Hajnal free subset theorem for some Z' C Z, |Z'| = A%,
and fi # fa€ Z' = f1 ¢ Yy, so [fi # fo € Z' = ~f1 <y f2]. But there is no
such Z' of cardinality > 2* ([Sh111, 2.2, p. 264]) so (a) holds. As for (c): choose
fa € F by induction on o, such that fo € Y NUjs., Yy, it exists by cardinality
considerations and (f,: @ < 8) is as required (in (c)). Ksa

ks

* Or strightening clause (i) see the proof of 6.6B
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6.6B OBSERVATION: Let & < X be regular uncountable, 2* < p; < X (fori < k),
i increasing in i. The following are equivalent:
(A) there is F C "\ such that:
@) |[F| = A,
(i) {f i: f € F} < m,
(i) [f#g€F=f#ng);
(B) there be a sequence (A;: i < k) such that:
(l) <A = Cf(/\,) < i,
(if) maxpcf{A;:i < K} = A,
(iii) for j < K, pj > maxpcf{Ai:i < j};
(C) there is an increasing sequence (a;: @ < &) such that A € pcfJ;.,. @,
pefa; C pi (so Min(Ui<n ;) > |Ui<n al).

Proof:
(B)=(A): By [Sh355, 3.4].

(A)=(B): If (vV8)[f > 2* = 6" < 67] we can directly prove (B) if for a club
of i < K, pu; > Uj <i K4, and contradict (A) if this fails. Otherwise every normal
filter D on « is nice (see [Sh386, §1]). Let F exemplify (A).

Let K = {(D,g): D a normalfilteron x,g€ "A+1),A=|{feF: f<p
g} }. Clearly K is not empty (let g be constantly A) so by [Sh386] we can find
(D, g) € K such that:
(*)1 fACKk, A#0mod D, g <psagthen A>{f € F: f <pia g1 }-
Let F* = {f € F: f <p g}, so (as in the proof of 6.6) |F*| = A.

We claim:
(¥)2 if h € F* then {f € F*: ~h <p f} has cardinality < A.
[Why? Otherwise for some h € F*, F' =: {f € F*: -h <p f} has cardinality
MiorACklet Fy={feF* : fIA<hlA}so FF=J{F: ACK,A#D
mod D}, hence for some A C k, A # @ mod D and |F)| = A; now (D + A, h)
contradicts (*),].

By (x)2 we can choose by induction on a < A, a function f, € F* such
that Az, fs <D fa- By [Sh355, 1.2A(3)] (fo: @ < A) has an eub. f*. Let
Ai = cf(f*(3)), clearly {i < k: A; < 2*} = @ mod D, so without loss of generality
Aick SE(f*(2)) > 2% so \; is regular € (2%,}], and X = tef (J],, Ai/D). Let
Ji = {A Ci: maxpef{};: j < i} < p;}; so (remembering (ii) of (A)) we can find
hi € [1;<; f*(i) such that:
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(¥)3 if {j: j <i} ¢ J;, then for every f € F, f [ i <y, h;.

Let h € [];.. f*(i) be defined by: A(i) = sup {h;{(é): j € (4,x) and {j:j <
i} ¢ J; }. As A, cf[f*(3)] > 2%, clearly h < f* hence by the choice of f* for some
a(*) < A we have: h <p fa(s) and let A =: {i < &: h(i) < fo()}, 80 A€ D.
Define A/ as follows: X, is ); if i € A, and is (2%)* if i € k\A. Now (X1 i < k) is
as required in (B).

(B)=(C): Straightforward.
(C)=(B): By [Sh371, §1]. k.68

6.6C CramM: If F C "0Ord, 2 < 8 = cf(d) < |F| then we can find ¢* € "Ord
and a proper ideal I on x and A C &, A € I such that:
(a) Tl;<x 9*(3)/I has true cofinality 6, and for each i € kK~ A we have
cflg" ()] > 2%,
(b) forevery g € "Ord satisfyingg | A=g¢*[ A4, g | (k\A) < ¢g" [ (k\A) we can
find f e Fsuchthat: f]A=¢"T A, g (k\A4) < f [ {k\A) < g* | (k\A).

Proof: As in [Sh410, 3.7 proof of (A)=(B)]. (In short let f, € F for o < 6
be distinct, x large enough, (N;: i < (2%)%) as there, & =: sup(d N N;), ¢; €
Ord, ¢:(¢) =: Min [N nOrd\f5,(¢)], AC kand S C {i < (25)F: cf(s) = k*}
stationary, i€ S=>g;:=¢*],[(<a&i€ S=[f5(() =9"({) = ¢ € A} and for
some i(*) < (2%)*, g* € Ny, 50 [( € s~ A = cf g*(¢) > 27].) &kec

6.6D CLAIM: Suppose D is a filter on § = cf(8), o-complete, 8 > |a|* for a < o,
and for each a < 8, B = (B%: € < k) is a sequence of ordinals. Then for every
X C O, X # @ mod D there is (3%: € < k) (a sequence of ordinals) and w C &
such that:
(a) e € m\w = o < cf(d2) < 6,
(b) if B, < B and [e € w = B, = 3], then {a € X: for every ¢ < k we have
BL<B*<B:and[e€w=p>=0:]}#0modD.

Proof: Essentially by the same proof as 6.6C (replacing é; by Min{a € X: for
every Y € N; N D we have a € Y}). See more [Sh513, §6]. [ )

6.6E Remark: We can rephrase the conclusion as:
(a) B=:{a € X: if ¢ € w then ¢ = 7, and: if € € kN w then 8% is <
but > sup{: { <¢,8¢ < 3:}} is # O mod D.
(b) H 8. < B for ¢ € kN w then {a € B: if ¢ € K~ w then * > B} #
@ mod D.
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(c) e€e k~w=cf(B)is <6 but >o0.

6.6F Remark: (1) If |a] < min(a), F C Ha, |F| = 6 = cf6 ¢ pcf(a) and even
6 > o = sup(f#* N pcf(a)) then for some g € Ila, the set {f € F: f < g}
is unbounded in # (or use a o-complete D as in 6.6E). (This is as Ila/J<s[a)
is min(pcf(a)  6)-directed as the ideal J¢g[a] is generated by < o sets; this is
discussed in [Sh513, §6].)

6.6G Remark: It is useful to note that 6.6D is useful to use [Sh462, §4, 5.14]:
eg. forif n < w, 8o < 0 < --- < 8,, satisfying (x) below, for any 8. < 8¢
satisfying [¢ € w = B, < 7] we can find @ < 7 in X such that:

tew= (% =47,
{e. ¢} C > w & {cf(B7), cf(B7)} C (61, 0141)) & L even = BF < B,

{e,C} C o> w & {cf(B7),ct(B7)} C [01,0141) & Lodd = 57 < B

where
(*) (a) e e k~w = cf(B) € [6o,6n), and
(b) max pcf[{cf(8): € € £ Nw} N 6] < 6; (which holds if 6; = a}t, of =g
forl € {1,...,n}).

6.7 CLaM: For any q, |a| < Min(a), we can find b = (by: A € a) such that:
(a) b is a generating sequence, i.e.
A€a=> JS,\[a] = J<,\[a] + by,
(B) b is smooth, i.e. for 6 < X in a,

0 €by=byg Ch,,

(7) b is closed, i.e. for A € pcf(a) we have by = a N pcf(by).

Proof: Let (bgla]: 6 € pcfa) be as in [Sh371, 2.6]. For A € a, let f** =
(fo* a<a)bea<y, [s]-increasing cofinal sequence of members of [] a, satisfy-
ing:

(*)1 if 6§ < A, |a| < cf(6) < Mina and 6 € a then:

f52(6) = Min { |J 722(6): C a club of 5}

a€C
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[exists by [Sh345a, Def. 3.3(2)® + Fact 3.4(1)]).

Let x = J.(supa)*, |a] < K = cf x < Mina (without loss of generality
there is such x) and N = {N;: i < &) be an increasing continuous sequence of
elementary submodels of (H(x), €, <}), N; N« an ordinal, N | (i + 1) € Ny,
IN:|]| < k, and a, (f**: A € a) belong to Ny. Let N, = Uicx Ni- For every
A € g, for some club Ej of k,

a,A
( ) fea= fsup(N ﬂz\)(g) = UaGEx fsup(Nanz\)(e)'
Let E = (),cq Ex, 50 Eisaclub of . For any i < j < & let

637 = {6 € a: sup(N: 16) < £22 y 1) (B)}-

As in the proof of [Sh371, 1.3], possibly shrinking E, we have:
(*¥)2 for i < j from* E and X € g, we have:
(a) Jeala] = Jea[a] + bf\’j (hence bf\’j = by [a] mod J,[a]),
(8) B’ CAtna,
(7) (637: A€ @) € Ny,
(6) f:u§(N nxy 1837 = ((6,5up(N,c N 9)): 6 € b37),
(€) foup(N. Ay S < {(8,sup(N. N B)): 6 € a).
We now define by induction on € < |a|*, for A € a (and ¢ < j < &), the set b3 :

Sy
by = b}’
b7+ = i U J {0 € 67} U {0 € a0 € pef bt}
by = U by for € < |a|* limit.
(<e

Clearly for A € q, (6" € < |a|*) belongs to Njy, and is a non-decreasing
sequence of subsets of a, hence for some €(%, j, A) < |a|*,

[e € (el 30, ) = B = B3 63Y)

So letting €(3, j) = supy¢q €(%, 4, A) < |a|* we have:
()3 €(i,g) < € < lal* = Ayeq B30 = b

Which of the properties requxred from (bx: A € a) are satisfied by (b3 <),
X € a)? Note (8), (v) hold by the inductive definition of b}’ (and the choice of
€(1, 7)), as for property (a), one half, J<,[a] C Jcala] + b""(”’) hold by (*)2(a)
(and by = b7 C b}’ <43} 50 it is enough to prove (for A€ a):

* Actually for any i < j < & clauses (3), (v), (6) hold.
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(9)a 6;7C7 € Jes[a).

For this end we define by induction on € < |a|t functions f2*¢ with domain
bf\’j’e for every & < A € a, such that { < € = f;"\'< - f;')"é, so the domain
increases with e.

We let o0 = fo2 1 by7, o6 = (J . &< for € < |a|* limit, and
foretl is defined by defining each f3*¢+1(6) as follows:

CASE 1:  If 8 € by7* then f32<(8).

Case 2: If p € 637, 6 € b and not Case 1 and  minimal under those
conditions, then f3*(8) where we choose 8 = f3*¢(p).

Case 3: Iffean pcf(bf\’j’e) and not Case 1 or 2, then
Min {’y < 0: foM¢ | byla) <Jcola) ff,"o"} .

Now ((b}7: XA € a): € < |a|*) can be computed from a and (b37: A €
a). But the latter belong® to Nj4;, so the former belongs to N;4i, so as also
({(f3*: a < A): X € pef a) belongs to N;41 we clearly get that

({(f2re e < fal*):a < A): A€ a)
belongs to N;;i. Next we prove by induction on € that, for A € a, we have:

& B eby &€ a= fi 14(0) =sup(N.Nb).
For € = O this is by (*)3(6). For ¢ limit, by the induction hypothesis and

the definition of f&*¢. For € + 1, we check f:‘;;\,zi;,\)(% according to the case

in its definition; for Case 1 use the induction hypothesis applied to f:‘;:,'(‘N‘n RY
For Case 2 {with p), by the induction hypothesis applied to f:l;‘; (§v - Lastly,

for Case 3 (with 8) we should note:
(i) 6% N bg[a] ¢ J<o[a] (by the case’s assumption and ()z(c) above),
(ii) f:&gijv,‘m) (b3 Nby7 ) C f:&i’(eN,tno) (by the induction hypothesis for e,

used concerning A and 6) hence (by the definition in case 3 and (i) + (ii)),
(i) frinrr)(6) < sup(Ne N 6).

* As (bf\’j *“: X € a) : ela]*) is eventually constant, also each member of the sequence
belongs to Nj4i.
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Now if v < sup(N, N #) then for some ¥(1), ¥ < v(1) € N, N6, so letting
b =: b3 N bg[a) N b7, it belongs to J<p[a] ~ J<o[a], we have

,0 7016
£ 1B <spfa) £y 1B < foin.ne)

hence f:&:ijvtlm)(a) > 7; as this holds for every v < sup(N.N8) we have obtained
(iv) iy (6) = sup(N, N 6);
together we have finished proving the inductive step for € + 1, hence we have
proved ®;.
This is enough for proving b3 € Jea[a]: Why? If it fails, as b3 € Nj4,
and (f2€: o < A) belongs to N;.1, there is g € [ b7 s.t.

(%) a < A= 2N bHIE < g mod Jcy[a].

Wlog g € Nj41; by (), f:‘;;\,z';v‘m) < g mod J<a[a]. But g < (sup(N,N@): 6 €

b}7). Together this contradicts @;!
This ends the proof of 6.7. k.7

6.7A CLAIM: Assume |a| < & = cf(k) < Min(a), o an infinite ordinal, |o|* < &.
Let f, N = (N;: i < k), N, be as in the proof of 6.7. Then we can find
1= (ia: @ < 0), &= (0, @ < o) and ((b5[a]: A € ag): B < o) such that:
(a) 1 is a strictly increasing continuous sequence of ordinals < «,
(b) for B < o we have (ia: @ < B) € Ny,,, (hence* (N;,:a < f) € Ny,,,) and
(b3[a]: A € ay and v < B) € Nyy,,,
(c) ag = Ny, Npef(a), so ag is increasing continuous in B, a C ag C pcfa,
lag| < &,
(d) B3[a) C ag (for X € ap),
(e) Jea[as] = Jealag] + b5[a] (s0 A € by[a] and by[a] C AH),
(f) if p < A are in ag and p € b5[4) then bo[a) C b°[a] (i.e. smoothness),
(8) b2[8] = ag N pcf b2[d] (i.e. closedness),
(h) ifc¢ C ag, B < o, ¢ € Ny,,, then for some finite d C a4y Npcf(c), we have
¢ C Uyep 0o+ [a); more generally,*
(h)t if ¢ C ag, B < 0, ¢ € Niy,,, 8 = cf(8) € Ny,,,, then for some d €
Nig,,,0 C ag41 N Ppefy_complete(€) We have ¢ C |, b2+ [d] and Jo] < 6,

* We can get ¢ [ (8+ 1) € Nig41 if & succesor of regular and C a square later.
** If in (h)*, 8 = Ro, we get (h).
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(i) b2(a] increases with 3.
This will be proved below.

6.7B Cramv: In 6.7A we can also have:

(1) if we let baa) = b[a) = Us, b2(a), 0, = Ugs<o s then also for § = o we
have (b) (use Nij11), (c), (d), (f), (1)-

(2) If o = cf(o) > |a| then for 3 = o also (e), (g).

(3) If cf(o) > |a|, ¢ € N;,, ¢ C a, (hence |¢| < Min(¢) and ¢ C a,), then
for some finite ® C (pef¢) N a, we have ¢ C U;AEO bu(a]. Similarly for
f-complete, 8 < cf(o) (i.e. we have clauses (h), (h)* for 3 = o).

(4) We can have continuity in 6 < o when cf(6) > |a], i.e. b§ = Upc;s b5

6.7C Remark:
(1) If we want to use length k, use N as produced in [Sh420, 2.6] so 0 = «.
{(2) Concerning 6.7B, in 6.7C(1) for a club F of ¢ = x, we have a € E =
b%(a] = bafa] N a,.
(3) We can also use 6.7 (6.TA, 6.7B) to give an alternative proof of part of the
localization theorems similar to the one given in the Spring '89 lectures.
For example:
(3A) If |a) < 8 = cf# < Min(a), for no X; € pefa (i < 6) @ < 6, do we have
Nacolra > maxpef{d;: i < a}l.
(3B) if ja] < Min(a), |b] < Minb, b C pcf(a), A € pcf(a), then for some ¢ C b we
have |¢| < |a| and A € pef(c).

Proof of (3A) from 6.7C(3): Without loss of generality Mina > 613, let x = §+2,
let N, N, @, b (as a function), {i,: @ < ¢ =: |a|*) be as in 6.7A but also
(Airi < 0) € Ng. Sofor j <8, ¢; =:{A:i<j} € Ny (and ¢; C ag) hence
(by clause (h) of 6.7A), for some finite d; C a; N pcfc; = N;, NpefaNpefc; we
have ¢; C Uyeo, bA[A]. Assume j(1) < j(2) < 9. Now if 4 € an Uses,,, bala]
then for some pop € 0;(;) we have u € b},o[ﬁ]; now jo € 01y € pef(cjqy) C
pef(ej)) C pef (U»\ea,-(z) b}\[ﬁ]) = U,\@j(z) pcf(bl[a]) hence (by clause (g) of
6.7A as pp € Djio) S N1) for some ) € Dj(z), o € by, [d). So by clause (f)
of 6.7A we have b}, [d] C b, [d] so remembering p € b,, [a], we have p € b, [d].
Remembering p was any member of an{,¢o, ,, b3 [a], we have anlJ,¢p;¢1) b3 [8] C
aNUsevjz) b2[a] (holds without “an” but not used). So (aNU,,, b3(al: j < 6)
is a non-decreasing sequence of subsets of a, but cf(6) > [a]|, so the sequence is
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eventually constant, say for j > j(x). But

AED; A€ED;

max pef (aﬂ U b}\[ﬁ]) < max pef (U b}\[ﬁ])

= max (max pef (b} [a]))

= max A < maxpcf{Ai: i < j} < A

A€Q;
= maxpef { an U b3 [d)
AED; 41
(last equality as by, [a] C b}[a] mod J<a[a1]). Contradiction. k.7

Proof of 6.7C(3B) (like [Sh371, §3]): Included for completeness. If this fails
choose a counterexample (a,b,A) with |b| minimal, and among those with
max pcf(b) minimal and among those with J{u*: g € A N pcf(b)} minimal.
So maxpcf(b) = A, and g = sup[A N pcf(a)] is not in pef(b) or p = A. Try
to choose by induction on i < |a|t, A; € AN pef(b), A\; > maxpef{);: j < i},
by 6.7C(3A), we will be stuck at some i, and by the previous sentence (and
choice of (a,b,A), i is limit, so pcf({A;: 7 < }) € A but it is C pef(b) C A,
so A = maxpcf{\;: j < i}. For each j, by the minimality condition for some
b;j C b, we have |b;| < |af, A; € pef(b;). So A € pef{A;: j < i} C pef(U;; bj)

but |J; ., b; is a subset of b of cardinality < |i| x |a| = |a].

i<i
6.7D Proof of 6.7A: Let ((f%*: a < A): X € pcf a) be chosen as in the proof of 6.7.
For ( < & we define a° =: N; N pcfa; we also define ¢f as
((f;c"\: a < A): X € pcf a) where f;c”\ € [[ a¢ is defined as follows:

(a) if 6 € a, f2°2(6) = £22(6),

(b) if 6 € a¢\a and cf(a) ¢ (|a¢|,Mina), then

£2(6) = Min {v < 6: £2* 1 bpla) < oppofan F=° I bola]},

(c) if 8 € a*\a and cf(a) € (Ja¢|, Mina), define fgc"\(B) s0 as to satisfy (*); in
the proof of 6.7.
Now ¢f is legitimate except that we have only

B<y<Aepefas i < f2 mod Jeafof]
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(instead of strict inequality) and Ag.y V., <» [ f;c’)‘ < f,‘f(”\ mod J¢ ,\[aC]], but
this suffices. (The first statement is actually proved in [Sh371, 3.2A], the second
in [Sh371, 3.2B]; by it also ¢f is cofinal in the required sense.)

For every { < k we can apply 6.7 with (N Npcf a), ¢ f and (N¢y144: i < &)
here standing for a, f, N there. In the proof of 6.7 get a club E¢ of k (so any
i < j from E, are 0.K.). Now we can define for { < x and i < j in E¢, b3 and
(€637 € < |ab|t), (€5(i, 5, A): A € al), €$(4,5), as well as in the proof of 6.7. Let:

E={i<k:i isalimit ordinal (Vj < 4)(j+j < i&jxj <i) and \i€ E;}.
j<i

So by [Sh420, §1) we can find C = (Cs5: 6 € §), S C {§ < k: cf§ = cfo}
stationary, Cs a club of 6, otp C5 = w?c such that:

(1) for each a < A, {Cs N a: a € nacc(Cs)} has cardinality < k,* and

(2) for every club E’ of 9 for stationarily many 6§ € S, Cs C E'.
Without loss of generality C € Ny. For some 6*, C5. C E, and let {4c: ¢ < wio}
enumerate Cs- U {6*}. So (j¢: ( < w?o) is a strictly increasing continuous se-
quence of ordinals from E C x such that (j.: € < () € Nj.,,. Let j(¢) = jc,
i(¢) = i¢ = jura+¢y &% = Nic Npefa, and & =: (ac: ¢ < o), bg[ﬁ] =:
i(C)bi(w2<+l) FAADCGWIADIWHAD)  Most of the requirements follow
immediately, as

(%) for each ¢ < o, we have ac, (b$[d]: A € q¢) are as in 6.7 and belong to

Niy43 € Nyg,,-

We are left (for proving 6.7A) with proving (h)* and (i) (remember (h) is a
special case of (h)* choosing 6 = Np).

For proving clause (i) note that for ¢ < £ < r, f%°* C £5°* hence by C
¢b}’. Now we can prove by induction on € that b3 C %7 for every A € a¢
(check the definition after () in the proof of 6.7) and the conclusion follows.

Instead of proving (h)* we prove an apparently weaker version (h)’ below,
and then note that @' = (i,2¢: ( < 0), & = (aug: { < ), (Niwagy: ¢ < o),
(b‘,‘\’nc[&’ J: ¢ <0,A € a; = a,2¢) will exemplify the conclusion** where

(h) ifcCag, B<a,c€ Ny, 0 =cf(f) € Ny,,, then for somed € N;

d C 8540 N PCfa_complete (€) We have ¢ C |, ¢, b2+[d] and [2] < 6.

s+wtr+ly

* If k is successor of regular, then we can get [y € Ca NCyg = Ca Ny = Cg N4

2

** Assuming o > No hence, w?s = o for notational simplicity.
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Proof of (h)': So let 6, 8, ¢ be given; let (b,[a]: p € pcfe)(€ Ni,,,) be a
generating sequence. We define by induction on n < w, An, (¢4, Ay 7 € Ay) such
that:

(a) Ao ={()}, ¢y = ¢, Ay = maxpcfe,

(b) An C ™, |An| <6,

(c) if n € Any1 then n [ n € An, ¢ C Cyny Ay < Agtn and A, = max pef(cy),

(d) An, {cq, Aq: 7 € Ap) belongs to Ny, hence A, € Ny, ..,

(e)if n € An and A, € pcfg_comprete(n) and c,,@bfj”"[&] then
(V)[v € Ans1&n Cv & v =77(0)] and ¢, (o) = ¢, \b5 " [a] (s0 Ay-(0) =
max pcf ¢,- gy < Ay = maxpcf ¢,),

(£) if n € An and Ay € Pofo_complere(€s) then

Gy = U {b’\'r'(i) [t]’L < in < 0’77»<7'> € A"+1} *

and if v = (i) € Ap41 then ¢, = by, [c],
(g) ifn € Ay, and A, € pefy_complete(€n) but ¢, € bfjl'"[ﬁ], then =(3v)[nav €
Ant1)
There is no problem to carry the definition (we use 6.7F(1) below*, the point is
that ¢ € Niﬁ+1+n
6.7F(1), there is one in Ny, . ., 500 C apy14n41). Now let

implies (bx[c]: A € pcfglc]) € Nig,,,,,. and as there is d as in

O, =: {/\,,: n€ A, and A, € , pcf1 ) (¢n) and ¢, C bfj”’"[u]}
—complete

and 0 =: |J
The main point is ¢ C |Jy¢, b5 (a]; note that

cw On; We shall show that it is as required.

[ €0, A= 6836 € B3]

hence it suffices to show ¢ C U,cuUseo, 057 *"[a], so assume 6 €
N\ Uncw Usea,, bf“‘“‘[a], and we choose by induction on n, 5, € A, such that
Mo =<>, Mnt1 | 7 = 1, and 0 € c,; by clauses (e) + (f) above this is possible
and (maxpcf ¢,,: n < w) is strictly decreasing, contradiction.

The minor point is [9| < 8; if § > Rg note that A |A.| < 6 and 6 = cf(f)
so | <|U,An] <0 +R; =6.

* No vicious circle; 6.7F(1) does not depend on 6.7B.
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If 6 = Rg (i.e. clause (h)) we should have | J,, A, finite; the proof is as above
noting the clause (f) is vacuous now. So A, |An| =1 and V_ A, =0, so , 4.
is finite. Another minor point is ? € N;,,_,,; this holds as the construction is
unique from (N;: j < ig4.), (3: § < B+ w), ((a;(¢), (bf\: A€ aye)): ¢ < B+w)
no “outside” information is used so ((An,{(cy, Ag): 7 € An)): n < w) € Ny, _,,,

so (using a choice function) really 0 € Ny, . K.7a

6.7E Proof of 6.7B: Let b,[d] = bS = Uz, b7[ag] and a, = Uc<o 9. Part (1)
is straightforward. For part (2), for clause (g), for 3 = o, the inclusion “C” is
straightforward; so assume p € ag N pcf bf\i[ﬁ]. Then by 6.7A(c) for some (3 < 8,
we have p € ag,, and by 6.7C(3B) (which depends on 6.7A only) for some 3, < 3,
u € pcf bf‘ [a]; by monotonicity wlog Bo = B1, by clause (g) of 6.7A applied to
Bo, 1t € bf\i" [a]. Hence by clause (i) of 6.7A, u € bf [@], thus proving the other

inclusion.
The proof of clause (e) (for 6.7B(2)) is similar, and also 6.7B(3). For
6.7(B)(4) for 6 < o, cf(6) > |a| redefine b$[a] as Us<s bf“[a]. %.78

6.7F CLAIM: Let 8 be regular.

(0) Ifa< 07 pCfO—complete (Ui<a (1,') = Ui<a pCfG-—complete(al')'

(1) If (bg[a): & € pcfa) is a generating sequence for a, ¢ C a, then for some
? C pefg_complete(€) We have: [0] < 6 and ¢ C |y, bolal.

(2) If [au¢] < Mina, ¢ C pcfy_omplete(@); A € Pcfg_complete(€) then X €
pCfO—complete(a)'

(3) In (2) we can weaken JaU ¢/ < Mina to Ja] < Mina, |¢] < Mince.

(4) We cannot find Ay € pcfy_omprete(a) for a@ < |a|t such that A; >
sup pCfO—complete({/\j:j < l})

(5) Assume 6 < |a|, ¢ C pcfp_omplete 8 (and |c| < Min ¢; of course |a] <
Mina). If A € pcfg_omplete(¢) then for some d C ¢ we have [0| < |a| and
A€ pc{@—complete(b)'

Proof: (0) and (1): Check.

(2) See [Sh345b, 1.10-1.12).

(3) Similarly.

(4) If @ = Rq we already know it (e.g. 6.7C(3A}), so assume # > R¢ and, without
loss of generality,  is regular < |a]. We use 6.7A with {8, (\;: i < |a|*)} € N,
o = |a|*, & = |a|*3 where, without loss of generality, x < Min(a). For each a <
la[* by (h)* of 6.7A there is 95 € Ny, 8o C PCfg_comptete({Nit 1 < a}), [04] < 8
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such that {A;: i < a} C Upe,, bsld]; hence by clause (g) of 6.7A and 6.7F(0)
we have a; N pefy_comptete({Ai: © < @}) C© Upesp, B5(@]. So for & < 8 < [aft,
W% Can pCfB—complete{’\i: i< a} Can pCfO—compIete{’\f: i< :B} c erbp bé[ﬁ]
As the sequence is smooth (i.e. clause (f) of 6.7A) clearly & < 8 = | ¢, bLla] €
Uﬂeoﬂ bll‘ [a]

So (U,eo, Balal Na: & < |af*) is a non-decreasing sequence of subsets of a
of length |a|*, hence for some a(x)} < |aj* we have:
()1 a(x) Sa <o = Uue, bulllna=U,c,,., bLla]Na.

If 7 € a1 Npefy_compiete({Ait ¢ < a}) then 7 € pefo_complete(a) (by
6.7F(2),(3)), and 7 € b} _[d] for some p, € . so bi[a] C b, [a], also 7 €
PCfg_complete (P2 [8] N @) (by clause (e) of 6.7A), hence

TE pCfO—complete(bvl'[a] n a) c pCfO—complete(b;ll, [a] n a)

- pCfO—complete ( U b}t[a] n a) .

HED L

So ap N pCfG—complete({’\": i < a}) < pCfo—complete (Up.eo, b;lt[a] n (1). But for
each a < [a|t we have Ao > suppcfe_comprete({Ai © < @}), whereas 3, C
Pcf,_complete{Ait # < a}, hence A, > supd, hence
(¥)2 Aa > SUP, ¢, maxpef b [6] > sup pefy_compiete (U#ga bLla N a) .

On the other hand,
(*)3 Aa € pCfO—complete{’\": i<a+ 1} < pCfG—complete (U#GDa-H b‘l‘[a] n a) .
For a = a(*) we get contradiction by (¥); + (*)2 + (*)3.
(5) Assume a, ¢, A form a counterexample with A minimal. Without loss of
generality |a|*® < Min(a) and A = maxpcfa and A = maxpcfe (just let o' =:
bafa], ¢ =: ¢Npefgla’l; if A ¢ pefg_complete(¢’) then necessarily A € pef(c\c’)
(by 6.7F(0)) and similarly ¢\¢’ C pefg_comprete(a\a’) hence by 6.7F(2),(3) A €
pCfo—compIete(a\a,)a
contradiction).

Also without loss of generality A ¢ ¢. Let &, o, N, (ia = i(a): a < o),
a=(0;:i <o) beasin6.7A witha € Ny, c€ No, A€ Ny, 0 = |a|t, k = [a] T3 <
Mina. We choose by induction on € < |a|*, A, ?. such that:

(a) A € Oy2etw+3, Oe € Ni(w’e+w+l)s
(b} A €,
(C) % C Gurerwi1 N pCfO—oomplete({’\(: (< 6})1
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(d) 12l <6,

(6) {A¢: ¢ < €} € Uses, 0541,

(£) e ¢ Pefo_complete (era. b:2(+w+l[ﬁ]) .
For every € < |a|t we first choose . as the <}-first element satisfying (c)
+ (d) + (e) and then if possible A, as the <}-first element satisfying (b) +
(f). It is easy to check the requirements and in fact (A¢: { < €) € Nyzeyqq,
(0¢: ¢ < € € N,2¢41 (so clause (a) will hold). But why can we choose at
all? Now A ¢ pcfy_complete{A¢: ¢ < €} as @, ¢, A form a counterexample
with A minimal and € < |a|* (by 6.7F(3)). As A\ = maxpcfa necessarily
Pcfo_complete({A¢: ¢ < €}) € A hence 3 C A (by clause (c)). By part (0) of
the claim (and clause (a)) we know:

u)2€ (" = wz W -
pCfO—complete LU bu + +1[a]] = U pCfG—complete [by + +l[a]]

€?d, HED,

(note g = max pcf bﬂ[&]). So A ¢ pcfo_complete (Upev. b‘;"z‘+“’+1[&]) hence by
part (0) of the claim ¢Z | J,,. b;“;z‘“"“[ﬁ] S0 Ac exists. Now . exists by 6.7A
clause (h)*.

Now clearly <a NU,eo. b‘;jz”“’“[ﬁ]: €< |a|+> is non-decreasing (as in the
earlier proof) hence eventually constant, say for € > €(x) (where €(x) < |a|t).
But

(@) A 26 Useoosn b‘;"*“’“[&] [clause (e) in the choice of A, ?],

(8) b, **![a] € Ueo.,, b <t +1[a] [by clause (£) of 6.7A and (a) alone],

(7) e € Pefg_complete(a) [as Ac € ¢ and a hypothesis],

6) X € pcfo_complete(b‘;’f‘“’“[ﬁ]) [by () above and clause (e) of 6.7A],

(€) Ac € pef(a by tw+l),

2 —

(€) Ac € Pefo_compiere (811 Upuea,, B2 +1[al) [by (6) + (€) + (B)-
But for € = €(), the statement ({) contradicts the choice of ¢(x) and clause (f)
above. k.7r
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