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THE JOURNAL oF SymBoLIC LoGic
Volume 50, Number 2, June 1985

ON THE STRUCTURE OF Ext(4,Z) IN ZFC*
G. SAGEEV AND S. SHELAH

Introduction. A fundamental problem in the theory of abelian groups is to
determine the structure of Ext(4, Z) for arbitrary abelian groups A. This problem
was raised by L. Fuchs in 1958, and since then has been the center of considerable
activity and progress.

We briefly summarize the present state of this problem. It is a well-known fact
that

Ext(4,Z) = Ext(t4,Z) @ Ext(A4/tA, Z),

where t4 denotes the torsion subgroup of A. Thus the structure problem for
Ext(4, Z) breaks down to the two distinct cases, torsion and torsion free groups. For
a torsion group T,

Ext(T,Z) = Hom(T,R/Z),

which is compact and reduced, and its structure is known explicitly [12].
For torsion free 4, Ext(A4, Z) is divisible; hence it has a unique representation

Ext(4,Z) =~ ®Q x @(@Z(p“’))-

Thus Ext(4, Z) is characterized by countably many cardinal numbers, which we
denote as follows: v,(A4) is the rank of the torsion free part of Ext(4,Z),and v,(4) are
the ranks of the p-primary parts of Ext(4,Z), Ext,(4, Z).

If A is free it is an elementary fact that Ext(4,Z) = 0. The second named author
has shown [16] that in the presence of ¥V = L the converse is also true. For
countable torsion free, nonfree A, C. Jensen [13] has shown that v,(A) is either finite
or 2% and v,(A) < v(A). Therefore, the case for uncountable, nonfree, torsion free
groups A remains to be studied. Hulanicki [11] has shown that divisible abelian
groups which admit a compact topology are characterized by the following
conditions:

(i) vo(A) is of the form 2* for some infinite A.
(ii) v,(A4) < vo(A) for every prime p.

(iii) v,(A) is finite or of the form 2%7, 4, infinite.

A recent result of H. Hiller, M. Huber and S. Shelah [8] is that if A4 is a torsion free
abelian group such that Hom(4, Z) = 0, then for every prime p, v,(A) is finite or of
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the form 2%», 1 infinite. They have also shown, under the assumption of V = L, that
for A as above, Ext(4, Z) admits a compact topology, whence conditions (i), (ii) and
(i1i) hold. A major result of their paper [8] is the following:

(1) THEOREM (V = L). If A is a nonfree, torsion free abelian group, then conditions
(i) and (ii) above hold.

The question remains whether also condition (iii) holds. We shall show that this is
not the case, moreover that in general there are no further restrictions other than (i)
and (ii). More specifically,

(2) THEOREM (CH). For any function x of the primes to cardinals p < R, or p = 2%
there exists a nonfree torsion free abelian group A of cardinality R, such that
vo(4) = 2%, and v,(4) = x(p) for all primes p.

We had previously conjectured [14] that in L, for any successor cardinal 1, and
cardinals 4, < 4, V, prime, there exists a group 4 such that v (4) =1, and
vo(A) = 4. However we so far have only been able to establish the following
theorems and their corollaries.

(2.1) THEOREM (ZFC + GCH). For any infinite successor cardinal k < X, car-
dinal 2 < a™, and prime p, there exists an almost free abelian group A of cardinality x
such that vo(A) = k™, v,(A) = X and v,(A) = O for all primes q # p.

(2.2) THEOREM (V = L) For any infinite regular cardinal k less than the first weakly
compact cardinal, there exists an almost free abelian group A of cardinality k such that
vo(A) = k¥ and v,(A) = 0, for all prime numbers p.

(2.3) Notation. The term “group” will always mean “abelian group”, and “almost
free group” will mean a group such that all subgroups of cardinality less than that of
the group are free.

In order to extend the above via sums we resort to the following basic fact which is
also essential to our method of construction.

(3) DEeFINITION. Let H: Hom(A,Z) - Hom(A4,Z/pZ) be the natural homomor-
phism defined by:

[H(h)](x) = h(x)/pZ, heHom(A4,Z), xe A, paprime.
(4) THEOREM. For abelian torsion free A
Ext,(4,Z) = Hom(4,Z/pZ)/H[Hom A,Z].
ProoF. The exact sequence
0-p2Z—52-L,7/p7 >0,
o the identity embedding, § natural, induces the long exact sequence
0 - Hom(A4, pZ) -» Hom(4,Z) - Hom(4, Z/pZ)
—£5 Ext(A4, pZ) -2 Ext(4, Z) -2 Ext(4,Z/pZ) - 0
(see Fuchs [6]). Since the sequence is exact,
J =Hom(4,Z/pZ)/H[Hom(4,Z)] = Ker(a, ) = Im(E,).

Z and pZ are isomorphic; hence so are Ext(4,Z) and Ext(4,pZ); in particular
elements of order p of Ext(4,Z) are represented by elements of order p in
Ext(A4,pZ). All elements of J are of order p. Hence it suffices to show that all
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extensions E € Ext(4, pZ) of order p are mapped to 0 by a,,. Let E € Ext(4, pZ),
PE =0, be represented by a factor set f: A x 4 — pZ. Thus, for some function
g: A — pZ with g(0) = 0,

pf(x, y) = g(x) + g(y) — g(x + y) € Trans(4,Z)  Vx,ye A.

Since a is an injection, o, (E) can be represented by the same f. Now since 4, Z are
torsion free, there is a unique g’: A - Z such that pg'(x) = g(x) Vx € A. Therefore
f(x,9)=g'(x) + g'(y) — g'(x + y); hence also «*(E) = 0. [

Just using the elementary fact that

4.01) Ext,(PA,, Z) = [] Ext,(4;,Z)

and (2.1) we obtain

(4.1) CoroLLARY (ZFC + GCH). For any cardinal ¥, < k <N, and cardinals
A, < k7, there exists an almost free group A of cardinality k such that vo(4) = k* and
v,(A) = A, for all prime numbers p.

Using (4), (4.01), (2.1) and (2.2), we also easily obtain

(4.2) CorOLLARY (V = L). (i) For any successor cardinal k > R, less than the first
weakly compact and regular cardinals A, < k™, there exists a group A of cardinality x
such that vo(A) = k* and v,(A) = A,, for all primes p.

(i) For any regular cardinal x > R, less than the first weakly compact and regular
cardinals A,, A, = k* or A, < k, there exists a group A of cardinality k such that
vo(A) =kt and v,(A) = 4,.

(4.21) Note that such an 4 will generally not be almost free.

Eklof and Huber [5], in their proof of Theorem 2, observed that the only
properties required of Z in treating the p-ranks of Ext(A,Z) are just those of a
reduced rational group G. Since we do not resort to any further properties of Z, all
our constructions can also be modified to yield the parallel results concerning the p-
ranks of Ext(4, G) for reduced rational groups G.

We do not know if v,(4) can be singular! We also do not know the situation for
groups of singular cardinality or the state of affairs for groups of cardinality larger
than the first weakly compact. Nor do we know whether there is a group G of
inaccessible non-weakly-compact cardinality « for which v,(G) = . This question is
particularly interesting since weakly compact cardinals display the following
phenomenon.

(4.3) THEOREM (ZFC). If G is a group of weakly compact cardinality k for which
v,(G) = K, then v,(G) = 2%,

For the proof of (4.3) see [15].

In the course of this paper we will expound a method of “Ext, forging”, i.e. a way
of constructing abelian groups G for which the ranks of the p-parts of Ext(G,Z)
have prescribed cardinalities. The keystone of this method is the following notion of
“coiling”.

(4.4) DEFINITION. Let G = G* be abelian groups.

i) A sequence of elements y" € G* — G, n < w is said to be coiled (over G) or a coil
(over G) iff there exist integers k, and elements a” € G, n < w, such that the following
coiling relations hold in G*:
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koy' =y° +a°,
kyy? =y +a,
kpy? =y? +a,

k,y"t'=y"+a", n<o.

ii) G* is said to be coiled over G or obtained from G by coiling, iff it is generated
from G by a union of disjoint coils, i.e., by aset | );<; {y7:n < w}, where y, n < o,
are coiled over G.

We will generally restrict out attention to groups G* coiled over a free group G,
with coiling relations of the form py"*! = y" 4+ a" for a fixed prime p, and various
iterations of coiled groups. Clearly the degree of freeness of the resulting groups is
related to the combinatorial structure induced on a set of generators X = {x;:i < pu)
of G, by the sets of supporting elements {x}"---x%"} of af, where the coiling
relations k,y?"! = y? + a7 are assumed to hold. Moreover the success of using
coiling relations in Ext forging hinges on the observation that though any
homomorphism h € Hom(G, Z/pZ) has an extension to all of the group G* coiled
over G, once the extension has been arbitrarily determined on the y?, a
homomorphism fe Hom(G, Z) may or may not extend to all of G*. This extension
depends on the degree to which the divisibility requirements determined by the
coiling relations can be met. Thus by suitable arrangements of the af in the coiling
relations, we can expect to determine the number of independent elements of
Hom(G,Z/pZ) over H{Hom(G,Z)].

The simplest exploitation of this idea can be seen in our construction where we
show that

(5) THEOREM (ZFC + V = L). If K is a non-weakly-compact inaccessible cardinal,
then there exists an almost free group G of cardinality k such that Ext(G,Z) = 0 for
all prime numbers p.

PRrOOF. Our proof of this result is based on the following principle, which follows
from ZF + V = L.

(5.1) Principle &F Vo < k 3P, < P(a) L *a with the following properties:

1)|B) < |a,
and

2) Vh € *k there exists a closed unbounded subset C of k, (club,(C)), such that
YVoeC,hlae P,andC na€eP,.

The following combinatorial principle will also be employed for this case.

(5.2) DEFINITION. A stationary subset S of k is said to be nonreflecting iff every
initial segment S N «, & < k, is not stationary in .

Jensen has shown that, in L,

(5.3) THEOREM. a) If k is inaccessible and not weakly compact, then there are
nonreflecting S < k such that all o € S are strong limit cardinals of a given cofinality.

b) If cf(k) = u < K, then there are nonreflecting stationary subsets S of « such that
Vo e S cf(x) = p.

(5.31) Let S be a fixed nonreflecting stationary subset of the inaccessible non-
weakly-compact cardinal k, consisting of strong limit cardinals of cofinality N,.
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(5.32) DEFINITION. Let k be a regular cardinal and |4| = . A k-filtration of Ais a
continuous increasing sequence of sets 4,, & <k, |4,| < H and | J,<. = 4. A k-
filtration of A4 as a group is a filtration with A, as subgroups of 4 and 4, = {0).

We first show how to construct an almost free group of cardinality x such that
Ext,(G,Z) = 0 for a fixed prime p.

We define by induction on « a filtration of groups G,, « < k, with the following
properties:

1. The set of elements of G, is an ordinal y, < .

2. G, is free.

3.If « < fand a ¢ S, then Gy/G, is free.

4.1f o« € S then G, /G, is of rank 1.

5. We precede this property with the following definition:

(5.4) DeriNiTION. @) (h,C)e P, x P, is an a-candidate iff y,=a, he
Hom(G,,Z/pZ), and C is a closed subset of a such that 3f € Hom(G,, Z) for which
f/pZ =h.

b) An a-candidate (h',C’) is said to extend a f-candidate (h,C) iff i’ =h | B,
C'=Cnfand <.

We will also define in the induction on « choice functions @,: {(h, C):(h, C)isan a-
candidate} — Hom(G,, Z) such that &,(h,C) = f, ¢/pZ = h.

Finally, property 5 states: if y, = o, and the a-candidate (h, C) extends the -
candidate (i, C’) and § € C, then f, - extends f -

6. If « € Sand (h, C) € P, x P,isana-candidate, then f, - has a unique extension in
Hom(G,,,Z).

We define by induction on a, x,, G,, and &,:

i) Fora =0, G, =0and ¢, = .

ii) Fora = B + 1 when f ¢ S, we add one free generator to G; and define g, and G,
accordingly. To define &,, let (h, C) be an a-candidate. Since C is closed, it has a
maximal element u. Let (i, C’) be the u-candidate such that (#',C’) < (h,C). We
consider two cases, 4 ¢ S and u € S.

(@) u ¢ S. In this case G;/G, is free by the induction hypothesis; and by our
construction Gy ;/Gy is free. Hence there is an extension f € Hom(G,,Z) of fy. ¢
such that f/pZ = h. We set ¢,(h,C) = f.

(b) 1 € S. In this case we apply 6 of the induction hypothesis to obtain a unique
extension f* of f, o in Hom(G,,,Z). Since u + 1 ¢ S, Gg.,/G, 4 is free by the
induction hypothesis and our construction as in (a). Thus there is an extension f of
f*in Hom(G,,Z). We set &(h,C) = f. x,, G, and &, have clearly been defined so
as to satisfy 1-6 of the induction hypothesis.

iii) @ is a limit ordinal. Since S is nonreflecting, we can choose an increasing
continuous sequence 6;, j<n, such that sup;.,(6;)=a and 6;¢S. Thus
G, = |Jp<a Gy is free by 3 of the induction hypothesis. Also, x, = | Jz<. X5, and it
remains to choose @,. Let (h, C) be an a-candidate, and (h, C); denote the restriction
of (h,C) to & (ie., (h,C); = (h | G5, C N J)). We distinguish two cases:

(a) If C has no last element, we can set

Jonoy = @h,C) = U Jnc)s € Hom(C,, Z).
deC
This is well defined by 5 of the induction hypothesis.
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(b) If C has a last element u, we proceed exactly as in the successor case ii). In any
event it is clear that the induction hypothesis is still satisfied for < .

Finally the crucial case:

ivjo = + 1 when B e S.

Gp+ 4 is to be generated from G, and the single coil %, n < w, where the coiling
relations are

pyatl=yi+al  aleG, n<o.
The a; are to be chosen in a manner enabling us to define @, in the required way. y, is
clearly no problem. We choose aj so that for every B-candidate (h, C), Iype <w
such that

ﬁl,C(a:) = Oa Vn > na,h,C'

This is done as follows: we first choose a f-enumeration of all fy, ¢, (h, C) € Py x Pza
p-candidate, say f*, i < B. Then, since elements of S are strong limit cardinals of
cofinality w, we can choose increasing §, ¢ S, n < w, such that | J,.,, 8, = B and
28 < B, .If K, are B, , pure independent elements over Gy,., then by a cardinality
argument we are assured of two elements of K,, say b and b%, such that
fi(b7) = fi(b3), Vi < B,. We set a” = b — b’ # 0. The a?, n < w, are clearly as
required. Moreover, since Gy/Gy, and G, are free with say Gy = (x;:i < A),
B={x;:i <4} a free basis of G;, the a? can be chosen so that suppy (a?) U
suppg(ay’) = &, n # m. Thus the aj}, n < w, are a pure independent set of elements
of Gj.

Nf)w let (h,C) € Py.,. We wish to extend f* = f, ,, to Gg,. Let m < w be such
that f*(a;) =0Vn>m. If we set f*(y;)=0Vn>m, then also pf*(y"*!)=
S*(y2) + f*(ay) Yn = m. Thus it remains to define f* on y’, | < m, so as to satisfy
pf*(yitt) = f*(yh) + f*(@'), | < m. Working downwards we can solve the re-
maining set of m equations with m unknowns over Z. Thus f* can be appro-
priately defined also for y’, | < m, yielding f** € Hom(Gy, ;,Z). We set ®,(h,C) =
S**. Thus article 5 of the induction hypothesis is satisfied. That Ggy is free
follows from the hypothesis that G; is free, with, say, basis {x;: i < A}. Hence if the
Xy, j<o, are all basis elements involved in a}, n<w, and G’ = (",
Xpin<o,j<w), G ={{x;i<ii#i,j<w}) then G’ = G is obviously free
and G'is free by Pontryagin’s criterion. Moreover Gy .., = G’ ® G”. That Gg41/Gsis
free for 6 < B, 6 ¢ S, follows from our choice of al e G; — G, for n > m, again by
Pontryagin’s criterion. Note however that G;. /Gy ~ ({1/p;:l < w}) = Q (the
rationals) is not free. The remainder of the induction hypotheses 1-6 are now easily
seen to hold.

That G = G, is not free follows from the fact that for « € S (S stationary) G, . ,/G,
is not free. Hence G is almost free (since every subgroup of lower cardinality is
contained in some free G, o <k). Since for every homomorphism
h e Hom(G, Z/pZ) there is a closed unbounded set C = k such thatVa e C,h [a € P,
and C n « e P,, we can now easily piece together f, ., € C, x, = o, to yield
f € Hom(G, Z) for which f/pZ =h. [

In order to obtain an almost free group G of cardinality x for which
Ext,(G, Z) = 0 for all primes p, we modify the above construction as follows.
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First we distinguish between («, g)-candidates (h, C) € P, x P, for primes q. These
are like the o-candidates defined above with the further requirement that
h e Hom(G,,Z/qZ). ¢, will now have to choose f, ¢ so that if (h,C) is an (a,q)-
candidate, then f, -/qZ = h. The construction is for the most part as above except
for the case iv) where « = B + 1, B € S. Let pg, Py, . .- Py - - - be an enumeration of all
the primes. Now Gj .., is generated from G and the coil y;, n < o, with the coiling
relations

PoYe =y + ag,
PoP1YVe = Ya + as,

PoPy " 'PuYa ' =Yata;  a;€Gpn<o.
Using a f-enumeration, B € S, of all (8, p,)-candidates (h, C), we can arrange for
fuclar) = Ofor all n > some n, , c. The remainder of the argument is essentially the
same as the above, yielding the required result (see also (6.3) below). [

That v,(G) = |G|* = k* follows from Theorem 1 of Hiller, Huber and Shelah
[8], and the easily established fact that for any x-generated subgroup A4 of G, G/A is
not free. [ ,

We now employ another form of Ext forging to prove Theorem (2). The proof of
(4.1) and its corollaries involves an elaborate iterated Ext forging and will be
published elsewhere. Theorem (2) was originally obtained by the second-named
author in early 1978 (see [8], [17] and [14]). An elegant presentation of that result
was given by Eklof and Huber [5] using topological notions going back to some
early results of Chase [1]. As mentioned above, our method tends to identify and
isolate the combinatorial content of a group theoretic problem. This is not only a
matter of taste: it also enables one to readily draw upon a large body of infinite
combinatorial knowledge, material which may be naturally associated with a given
algebraic subject.

(6) Notation. Let G, be the group which is freely generated by {x,|n < w}.

(6.1) DerFINITION. For every a € G, let spt(a) be the minimal subset v of w for which
a e {x;iev)-vis also called the support of a.

(6.2) Notation. Let qq, q;,... be an enumeration of the primes p for which
x(p) = 2%t inincreasing order, and let py, p, ... be an enumeration of the remaining
primes in increasing order. If any of these sequences is finite, we assume that the p,
or g, are equal to 1 from the appropriate places on. By (4.01) we may assume that
{p,» is nonempty without loss of generality.

(6.21) DEFINITION. A and B are said to be almost disjoint if A N Bis finite. & is said
to be an almost disjoint family if YA, Be § A # B implies that 4 n B is finite.
Similarly A is almost contained in B if A — B is finite.

(6.3) Notation and outline of construction. Let 4;,i < w,, be a family § of almost
disjoint subsets of w, and let a} be such that:

(i) 4; = U {spt(a}):n < w}.

(ii) spt(a}) N spt(a”) = &, m # n.

We consider the groups G;, 1<i<w,;, which are generated by
{Xm, Vj:m,n < o, j < i}, freely except for the coiling relations:
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PoP1 Py}l =y —a}, n<ow, j<i

POP1P2J’? = ng - 012,

PoP1Y; =yj — aj,
poy} =19 — .
Denote G = G,,, and G, = {0}. We note the following facts:
(@) G;, i < wy, is an R, -filtration of G; i.e.
(1) Go = {0}
(2) G; < G;, j < i, and G;is a pure subgroup of G;;
3 U j<i G; = G, for llm(l),
4G < Nl

(b) The G;, i < w,, are free.

Because they are countable, and every finite subset is contained in a pure free
subgroup of finite rank (as can easily be seen), the G; are free by Pontryagin’s
criterion.

(c) G is not free.

Since for all i < w,, G;/G;is isomorphic to a nonfree subgroup of the rationals
Q generated by {1/(p,)"|i < w,m < w}, hence G is not free.

(d) Every homomorphism h:G, - Z/p,Z has a unique extension
WG, - Z/p,Z Vi < w,.

ProoF. For I > m we clearly must have 0 = h(y}) — h(a}), j < i. For I < m and
J<i,

PoPy Pyt = J’j' - aj,
and the p;, j < | < m, are prime to p,,; hence for any value of h(y7T)in Z/p,,Z we have
a unique solution of the m equations

Popy pw' ™t = w! — h(a})

in the field Z/p,,Z. Since the value of hl(b), b € G,, is uniquely determined by the
values A on G, and the y?, A is unique. [J

(¢) Every homomorphism h:G,—Z/q,,Z has 2! distinct extensions
h e Hom(G;, Z/q,,Z) if i is infinite, i < ;.

PROOF. Since g, is prime to p,, k < w, we get that for any determination of hl’)( »)
in Z/q,,Z we have a unique solution vector satisfying all the equations

PoP1" " PnGnWn+1 = Wy — h(a'f), n < w,

over the field Z/q,,Z. Thus h'(y7'* ') = w,, , , will yield a unique extension of h to G;.
There are g,, possible choices for h}(y?) 1 < j < i; hence the claim follows. []J

(f) Every f e Hom(G;, Z) has at most one extension to a homomorphism f of G,
to Z.

Proor. Clearly, to any choice fUY(y%)e Z there is at most one extension to
{y}:n < o} satisfying all the equations. However, because of the N, divisibility
stipulations imposed by the equations over Z, every choice for fU)(y?) may not
suffice already for the jth system of equations, for any arbitrary j.
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(g) If hy,h, e Hom(G,,Z) or h,,h, e Hom(G,,Z/pZ), and h'? and hY are de-
fined, then (h; + h,)?is defined, and (h; + h,)"1 = ) + K.

PRrOOF. Clearly h, + h, and k! + hY} are homomorphisms. h, + h, has a unique
extension to G, Since (h{!+ K[ G, = h, + h,, the result follows from the
uniqueness ((d) or (f)).

(h) If he Hom(G;,Z/pZ), i < w,, then there is an f € Hom(G;,Z) such that
h = f/pZ.

PROOF. G; is free; hence Ext(G;, Z) = 0. In particular, by Theorem 4,

0 = Ext,(G;,Z) = Hom(G;, Z)/ H[Hom(G;, Z)].

Thus h e Hom(G,;,Z/pZ) = H[Hom(G;,Z)]. [

() If f € Hom(Gj+,Z) is such that Vi > j* 3m, for which f(a}) = 0 Vn > m;, then
3f* e Hom(G, Z) such that f* = flv1],

PROOF. Set f'(y?) = 0 Vi > j*, n > m;. We then set f'(y") = f(a]"), and working
downwards we set

F'(y) =popy o f'(¥i*h) + flad).

Clearly then f’ extends to a homomorphism f* of Ginto Z. [

As a corollary we get:

()X h=f/pZ e Hom(Gu,Z/pZ) is such that Vi>j*3Im;<w so that
Vn>m; f(a?) =0, then there is an f*e Hom(G,Z) extending f such that
plord — f*/pZ.

Proor. Trivial with (i); consider the cases k > m; and k < m,.

Our objective is to determine the af in such a way that, by using properties (d)—(j),
we can control the number of h € Hom(G, Z/pZ) which do not lift to homomorph-
isms of G into Z, i.e. h ¢ H[Hom(G, Z)], for the various p.

(7) DErFINITION. In order to facilitate our construction, we will choose besides the
almost disjoint sets 4; with properties (i), (ii) also A¥ which will almost contain all 4;,
j <i, and be almost disjoint from A;. Thus we shall have 4} such that A¥ — A} is
finite for j < i, A; = A},,, and AF N A, is finite. Note that this implies that 4; N A}
is finite for i > j. We define I, i < w,, to be the ideal generated by the finite subsets of
o together with {4;, A¥: j < i). For any such [;itis a trivial matter to find an A¥* with
the above properties. However, A} will be required to satisfy additional conditions
stipulated in (10)-II below.

Clearly then, for any such I = I, and g, the w,-filtration defined above has the
properties (a)—(j).

(8) Notation. Let

?J, = {h:h e Hom(G,,Z/pZ), 3B € I,VYn € ® — B, h(x,) = 0}

and ?J,, = ?J. Also ?"J; = "J;, when no confusion can arise.

(9) Lemma. {h'®!!| h e PJ] = H[Hom(G, Z)].

PROOF. Let h € PJ; we wish to show that h**Y e H[Hom(G, Z)]. There exist A¥
and finite C such that h(x,) = Oforalln ¢ C U A¥.Let B = C U A}. By assumption,
Vi < j, A;is almost contained in A¥ and, Vi > j, A; n A} is finite. There is a function
¢:j — o for which:
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1) D; = n»pn) SPt(@}) € AF;
)D;, "D, =, i; #i, <j.
Let

Kl =(x,,:n¢B>, K2=<{x,,:neB}u {y:‘l<]$n2(p(l)}>

Clearly K; n K, = {0}. We claim that K, + K, = G;. It suffices to show that also
for n < @(i), yte K, + K,,i <j. This is done by a descending induction on
n< (i), i <j. By assumption y}e K, + K, for n= ¢(i). Assume that, for
m<n<e(), e K, + K,; we then show that y"*'e K, + K,. We have
DPoP1 " Pm-1¥r+ar ! =y 1 and since the two elements on the left of the
equality are in K; + K,, so is yi*~ ', i < j. Now since Ext,(G;,Z) = 0, there is an
feHom(K,,Z) such that f,/pZ=h"IK,; and since hUIK, =0,
fi =0e Hom(K,, Z) satisfies f,/pZ = h! | K,. Thusif f = f; ® f, f/pZ = hU).
We can now apply (6.3)-(j) and the fact that A4; n A¥ is finite to obtain
f* e Hom(G, Z) extending f for which f*/pZ = hl*1. ]

(10) DerINITION. Let p,, n < w, be as in (6.2) and let 6 be an enumeration of the
limit ordinals. For any i = i* + n < w,, 0 < i* limit, we will define

(i) a", m < w,

(ii) "h; € Hom(G,,Z/p,Z), and

(iii) for x(p,) = k, < 6~ 1(i*), "f; e Hom(G, Z)
such that the following conditions hold:

L (1) "hia) = "f(@)/puZ, ky = 37 (i%).

(2) W is defined for k, < 6~ 1(i*), i <.

(3) For every h e Hom(G,,Z/p,Z) there exists an i for which

he {"h;|j < i} ") < Hom(G,,Z/p,Z).
We denote
H; = ({"h;:j < i, 3k(j = wk + n)}).

(4) If g € Hy,,y and f: G; — Z are such that (Va € G,)[g(a) = f(a)/p,Z], then for
some i, f1is not defined; i.e. elements of H, do not lift to homomorphisms of
G- Z.

Moreover we will require that the "h; and "f; be independent in the following
strong sense, which, for future purposes, we precede with a general definition.

(10.1) DeFINITION. i) If G| is freely generated by X = {x;:i < x} and I isanideal in
P(X) and

Jy={he Hom(G,Z/pZ):3Be1,V¥x e X — B, h(x) = 0},

then J; is said to be an I-nil subgroup of Hom(G,, Z/pZ). Elements and subgroups
of J; are also said to be I-nil.

ii) A subset K < UpHom(Gl,Z/pZ) v Hom(G,,Z) is said to be I-independent
iff Vh € K and finite M = K — {h},and B e I,3a € G, with spt(a) n B = & and {a}
generates a pure subgroup of G, such that h(a) = 1 and h'(a) = 0, Vh' e M.

We now complete Definition (10).

I (0) {h;, f;: j < i} is I-independent. Thus

(1) {"h;:j < i, n < w} is I-independent, and

(2) {"f;:n < w,j < i} is I-independent.
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Thus if ip =i% + ngy...,ip = iX + n,, ko < 671G¥),...,k, <67 10*), io,...,
i, < i, and B € I, then there is an a € G, with spt(a) n B = &, and (a) generates a
pure subgroup of G, such that "f; (a) = 1, "'f; (@) = 0,...,™f; (a) = 0.

(10.2) Also note that if ™f; /p, Z = h,l, i /P = hy,, and h(a) =1,
Jul@) = @) =+ = (@) = 0= fu(@ = = f;,(@) then hy (@) = 1, hy (@) =
h, (@) =0= f;”,(a) == fi(a)

L "fi/p,Z ¢ {{"h;:j < i} U "J;1yD,m # n,] <i,and

"hi ¢ Chij <, j#JY O MLl <iym #n} "D

We first note that:

(11) LEMMA. If G = | Ji<4, G; satisfies I, then v(p) = x(p) for all primes p.

PRrOOF. Using Theorem 4, this is immediate.

We will construct the af, "h; and "f; by induction on i. Assuming them defined for
j < i, we will first define the af" so as to take care of I-(4) for some f:G — Z, and
I-(2). Then "h; will be chosen to satisfy I—-(3), from which we also will get II-(1);
and finally we will choose "f; so as to satisfy both [-(1) and II-(2). If i = i* + nand
i* is the kth limit ordinal with k < k,, then "f; will not be defined.

Let 7 be amap of all limits ordinals <@, onto Hom(G,, Z), whereeach /: G, - Z
is the image of ¥, ordinals.

Let g be an w-enumeration of i = {g(n):n < w}if i > w, and a finite enumeration
of iif i < w.

Let y be an w-enumeration of Z = {y(n):n < w}.

First, A} is chosen so as to satisfy the requirements of Definition (7) and so that
the ideal generated by I, U {A}) satisfies (10)-11. Since I;, G, and the number of
functions to be considered are countable, this can easily be done.

Next we define, by induction on m < w, the a* € G and auxiliary sets C,, < @
satisfying the following five stipulations:

(*)o spt(af") is disjoint to B,, = | ) spt(al) u A¥ U | C.
I<m I<m
This will already insure that 4; and I, , | are as required in Definition (7). Note also
that B, eI, ,.

(*), For every instance of II there are infinitely many a € G,
with disjoint supports, and spt(a) " B = & and a pure
subgroup of G. We can choose that C,, so as to insure that
A;is almost disjoint to the union of supports for any of the
family of a’s.

This insures that IT holds.

(*)2 If o(l) = j* + I, lim(j*), ' < w, and 6~ '(j*) = x(p;),
then 'f,,(a¥) = Ofor all k > I.

By (i) above this clearly insures that I-(2) will hold ie. 'fUl exists for all j,
o) <j < w;.

Assume i = i* + n, and (i*) = /: G, - Z, and that f/p.Z ="h; for some j < i,

371(j*) < x(p,)- Thus by (10)-1I11, f # ™f,, m # n. We want to kill off any possibility
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for f to have an extension of fU*1:G,,, + Z. If f11 does not exist, we are done.
Otherwise denote by G¥, the group generated by G; and {y!:1 < k}, and by f1"¥ the
corresponding unique extension of f in Hom(G¥, Z), if it exists. Each such possible
extension of f is uniquely determined by its value on y?. If fI“" js not defined
for fI-m(y?) = y(m), it suffices to choose any a € G,, spt(a) = w — B,, satisfying
(%)o—(*),. If f™ is defined for f14m)(y°) = y(m), we arrange for it not to extend to
G"*! by choosing a so that

(*)5 SEm(ym — a™) is not divisible by ro - 7,

(Here r; denotes the fixed enumeration of the primes p for which y(p) < 2%, as in
(6)-2)

It suffices to show that af" is not divisible by p,, which may be assumed amongst
ther,,...,r, (otherwise we adjust and worry about the case when f’ extends f and
'(y?) = Y(m) for larger m). However by Lemma (13) below, which by (*), can be
assumed for i’ <i and the ideal I} generated by I, U {A}}, we can find a € G,
spt(a) = w — B,, such that

(*)a fow@=0 forl<m, and &67'(j*) = x(pv),

where o(l) =j* +I', and "hj(a) = 1; thus also f(a) #0 mod (p,). Therefore,
femyr — q) — flmym — 2.q) = flimlg) £ 0 mod (p,). Thus at least one of a,
2a can be chosen for a so that (*); holds. Thus we can define a, m < w, so that
(¥)o — (%), all hold.

(12) Next we define "h; e Hom(G,, Z/p,Z) so as to eventually satisfy requirements
I-(3),IIand III. Now Hom(G,, Z/p,Z) is an abelian group, in which every element is
of order p, hence a vector space over Z/pZ. Since G, is free, the cardinality of
Hom(G,,Z/p,Z) is 2%° = X; thus there are X, homomorphisms h: G, — Z/p,Z
which are

() not in <{"h;:j < i} U "wy U ("i/p,Zim # n,1 < i}, and

(i) such that "f;/p,Z ¢ {{"h;:j < i} U {h} U "y D, m#n 1 <i.

Choose "h; to be the first such one according to some fixed w,-enumeration of
Hom(G,,Z/p,Z). We have

(12.1) LEMMA. H, , satisfies II-(1).

(13) LEMMA. For everyig,...,i, < iand B € I, | suchthat 6~ \(i}) = k, , there is an
a € Gy, generating a pure subgroup of G, and spt(a) N B = &, such that:

(*) "h; (a) =1, "f@=0,..,"f (a=0.

PRrOOF. If iy < i, then also iy,...,i, < i and the result follows from the induction
hypothesis and the construction of I;,;. Thus assume i, =i First assume
n=ngy =" = n, Byll, thef; mapontoZ,and if for all afor which "fi(a) = 0, with
spt(a) < w — B, also "h,(a) = 0, we would get that "h; € {{"hy,,...,"h; } U " 1),
contrary to our choice of h. Thus for some a with spt(a) = w — B we have "fi (@) = 0,
0 <j<m, and "hya) # 0. A proper multiple of a will now do. Since there are
infinitely many such a, we can choose a’s which generate pure subgroups of G,.If n,
no,...,N, are not all equal, say n = no = n; = --- = n,and then n; withk <j <m
are different than n, then by the above there are infinitely many a’s for which
"fio(@) =+ =", (a) = 0and "h,(a) = 1. Now since the p, , k < j < m, are prime to
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P, if for all the a’s such that "f; (@) = 0,0 < j < m, we also have h(a) = 0, then

he {1y paZ:0 <j<m}u Jiii),

contrary to (12)—(i) in our choice of h. (Note that if j < k, then f; /p, Z = h; for some
i’ <i) Moreover, we have infinitely many such a’s which also generate pure
subgroups of G;. [

By Remark (12.1) we easily see that

(13.1) COROLLARY. For every ig,...,im < i, j1,-..,jm < i and B € I, such that
87 '(jt) = k,;, there is an ae G, generating a pure subgroup of G, and
spt(a) n B = & such that

i@ =1, Mhy(@) = = "hy (@) = 0 = ", (@) = =" _(a).

It remains only to choose "f; so that "f;(a)/p,Z = "h;(a) Va € G, and II holds.

From Lemmas (12.1) and (13) above we can find Be I;,, and a,,€ G, m < o,
such that:

(1) Af <= B;

(2) spt(a,,) are pairwise disjoint and disjoint to B;

(3) a,, generates a pure subgroup of G,; and

(4) for every respective instance of II and /, we can find infinitely many a’s from the
a,’s such that "hy(a,) = l/p,Z; without loss of generality we can assume that
B U {Jn spt(a,) = o.

Thus G, is the direct sum of G™ = {{x,:] € spt(a,)}>, m < w, and

G = {{x:leB}u {Yh:j<ik<w}).

Therefore (since Ext(G;,Z) is isomorphic to the direct sum of Ext(G',Z) and
Ext(},G", Z)), it suffices to choose functions f":G' - Z and f™: G™ —Z so that
f'(b)/paZ = "h(b) and f™(b)/p,Z = "h\(b), for appropriate b. The G;, hence also G',
are free; thus such an f” exists. As for f™, we can choose f™(a,,) arbitrarily from the
coset of "hy(a,,). Now a,, generates a pure subgroup of G, by assumption (3) above;
henceif f¥is the unique homomorphism from G; , , to Z extending f’ U ( J,, /™ and
fi= f¥1G,, then f; =" is as required. Moreover, since we only have to contend
with at most countably many ‘h;, j < i, | # n, we can choose each f™(a,,) so as to
also ensure that "f;/p,Z # 'h;, j <i, 1 #n. 0O

To see that vo(G) = 21, note that for any N, -generated subgroup 4 of G, G/A is
not free. Thus by the proof of Theorem 1 in Hiller, Huber and Shelah [8], under the
assumption 2%° < 2%t we get vo(G) = |G|* =2%. O
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