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Recently A. Hajnal, P. Komjath [1] have dealt with the partition relation
H - (G)i :  if we colour the edges of a graph H by ¢ colours, there is an
induced subgraph isomorphic to G which is monochromatic (i.e. all edges get
the same colour). They prove (generalizing a proof from Shelah [2]) that it is
consistent (with ZFC) that there is a graph G of cardinality Rl such that
for no graph H : H ~ (ng .

They ask whether the negation is consistent. We give here an affirmative
answer (even for much stronger partition relations). We first prove it using a
class of measurable cardinals (in §1, §2). 1In §3, 84 we eliminate this,

We can also generalize M - (N);ﬂ(*) to M-~ [N];ﬂé*) (we get an iso—
1

morphism of N in which only < 91 colours occurs). Our positive independence

R
result ([31,[4]) 1like 2 o, {Rl]i o are generalized naturally. This will be
]
discussed elsewhere. lLater are given generalizations with finite conclusion,

but infinite number of colours ; and we improve the bounds for 4wsp
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paper.
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§ 1. The consistency of the partition theorem from a measurable cardinal.
1.1 Notation: Kﬁ {(for ® {w , ¢ a cardinal) is the class of triples
M= (A,{,F) where < is a well ordering of the nonempty set A and

@, o such that F(#) = 0 . We let [A}n ={u:ulCA, ‘“‘ =n} ,

F : [A)
[A]<a = U{A{nl : n <o}, and do not distinguish strictly between F and
(F[n] tn < a) . If A is a set of ordinals, < will be the usual order and
we omit it.

We write M = (|M], <M,FM) , and use M for |M| sometimes. Now
£:MoN isan (K¥)-embedding if (V,y € M(x <"y & () " £(x)] and
Vu € (M1 (Fuw) = F(£*(u))] and we write MC N (M a submodel of N) if

the identity is an embedding.

1.1A Explanation: We are thinking of M as a model, FM(u} as the
quantifier free type of u , more formally, if u = {aO""’an—I} s a0<...<an_l
we call

A x <. .. <x

A FlovasR,pern)ip = Flovayai,.ns) 0 i

vCu i i€v i i€v
the quantifier free type tqu of u (this notation happens when we do not
have a fixed model).

Below in 1.2, d is thought of as a coloring of M.

1.2 Definition: For M,N € Kg , B $w and cardinal & , M =~ (N);ﬂ if:
for every function d : [M}<5 ~+ @ , there is an embedding f of N into M
such that for every non empty u € [N]<ﬂ , d(f"(u)) depend only on the
quantifier free type of u in N .

The arrow qsp is defined in 2.1. First we define the wesker notion Jeh
where eh stands for end homogeneity.

1.3 Definition: For M,N € Kﬁ , B < w and cardinal # (eh stands for
end homogeneous) M 4eh (N);ﬂ if: for every function d : [M]<ﬁ -+ 8 , there is

an embedding f of N into M such that: if m < g, (aj...,a .8 ) a
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<N—increasing sequence of members of N , and
tqu((ao,...,am_z,am_l),ﬁ,N) = tqu((ao,...,am_z,am),ﬁ,N)
then

d(f(ag),.... F(ay 5) » flay 1)) = dF(ag),.... E(ay ,) » Flay) .

1.3A Remark: There are obvious monotonicity properties. Here qf
stands for quantifier free.

1.4 Fact: If AO < AIS...SA and L is a finite vocabulary with

n-1
predicates only and if for m < n
(*)m for every model N € Kﬁ of cardinality Xm
for some model M € Kﬁ of cardinality Am+1
eh <n
M= (N)M

then for every model N € Ki of cardinality AO there is an model M € Kg of

holds.

cardinality An— such that M - (N):dn .

1

Proof: Trivial.

1.4A Remark: We can define canonization relations - say, in how many

variables the coloring does not depend. See [EHMR]: [Sh95].

1.5 Lemma: Suppose pu = p<p , o< pup<h<rs<Ar,a,fpw, and
K 4sp(u+l)<z:;ﬂ ({see Definition 2.1), let P be the forcing notion defined by:
p € P iff p is a partial function from [A]<a to g of cardinality < u and
p(#) = 0 and ordered by inclusion.

Then in VP for some M € Kg ) |M| = K , and for every N € Ki of order

type £ ptl we have: M 4eh(N);ﬂ .

1.5A Remark: (1) P is really just adding A Cohen subsets of 4 .

(2) If we let IN[ < @ , the proof is somewhat simplified.
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Proof of Lemma 1.5 : Let M= (m,(,FM), where FM(u) = j iff for some

f€G, f(u) =j. Let d: [m]<5 + 6 , and N € Kﬁ be P-names. Without loss

P
of generality !gl is an ordinal e+l { u + 1, and (as N depends on at most
it of the Cohen subsets and doing P in two stages) without loss of generality
E =N. Let y be a large enough regular cardinal and let <; a well-ordering
of H(y) . Let p* € P . By the hypothesis (see Definition 2.1 and 2.3) (for

second phrase in (I) use for i < p the function

def
FxgooenaXgneee) ey = (xj 2§ <y .
(%) There is B C x, B of order type € + 1 and (Nu H O {B}<ﬂ) and
By (v € BP, Jul = v]) such that:
(1) N2 (H(0),€, <;) , (Vae (N1 [aeN] (hence N
and
{{u,0,%,A,P,d,N)} € N
(I1) {(b) = (h) of 2.1
(111) pFepn Ng -

Let B = {fi :1<€€} ad [i< j= £i < §j] . First assume ¢ < u . Let g

be the unique order preserving function from ¢ + 1 onto B, i.e. g{(i) = fi .

Let for i< ¢
L= ({6, s 5<i or j=eP
i o .
Next let for u € Ii , K(u) = {{u,h) : h is a function from [u]<a to
o,h(#) = 0}
= {(u,h) : u € Ii and (u,h) € K(u)} .
Note that [i < j = Ii C Ij] , and [i < j = Ji C Jj} . We say

(ul’hl) s (u‘Z’hZ) if “1 C uz,hl (_: hz .

[Explanation: Note that we have already decided that the desired

embedding will take i to g(i) , so the universe of the image of N will be

def
I = {Ei : i€ e} . What we have to do is to find a condition in P forcing

that the embedding is as required. Now Ee is simultaneously a good
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"approximation” to fj over {£i : i < j} and we define a condition for
{Ej : j<i or g{j) =€} by inductionon i , though in N, j1 # jz may
realize different quantifier free type over {i : i < jl n jz} . We are saved

by dealing simultaneously with conditions for {(u,h) € Ji .

p(uph)
We now define by induction on i € ¢ , (pzu h) : (u,h) € Ji> such that:
i 3 i

(a) p(u,h) EPN Nu , and p £ p(u,h)

b Cpt

(b) h L P(u’h)

. L, J
(e} if 3 < i, (u,h) € Jj , then ‘p(u,h)

[¥a)

i
Plu,h)

(d) if (up;,hy) < (ug,hy)  then p]('ul’h) = b (AU Nul) ]

i
P(ug,hy)
{e) p?u h) forces a value to g(v) for every v Cu .
’

i+l i . .
(f) puU{ﬁi},hi 2 HuU{e},uU{fi} (p(uU{e},he)) if uCi and hi’he are
functions such that (u U {fi},hi) € Ji+1 , (ulU {fi},<,hi) ¥ (ul {e},(,he) .
We shall carry out the definition in detail.

[Explanation: Condition (a) is in order to have control over the condi-
tions and to utilize the indiscernibility.

Condition (b), note it is the role of p?u h) to ensure our being able to
deal with the case h = {FN ° {g_l)) Pu.

Condition {c) should be clear.

Condition (d) enables us to form the condition U Plu ,h ) for suitable
x€X x* %

Condition (e) as we want to form a condition forcing the "right" values
of g , we certainly have to have approximations forcing some values for them.

Condition (f) This comes for the end-homogeneity, we want to say that
fi,e are similar over {fj ¢ j < i} , of course the minute we want to force a

value to Q({fi,fe}) this similarity cannot be maintained.]

The Induction.

Case A: i =0,
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So Ii = {€}<ﬁ , S0 Ii = {@#, {e}} (except when B < 1 which is not so

interesting).
. i - -
For every {u,h) € Ji we have to define p(u,h) . Let uy = ﬁ,ul = {e} .

Let us enumerate the functions h : uy o, h($) = 0 : {h7 HES 24 70} s

(so Yo < u} . We define p7 by induction on 7 such that:

(1) p7 € N{e} ne

ii) h C
(ii) y &P,
(iii) for every B < vy, Pg ) Nﬂ < Py
(iv) p7 forces a value to d({e}) .
There is no problem in doing this by 61,92 below. 1In the end let

i
P(uo’g) 7370 P I'N
Plug,h) = Py Y P, 0)
1'%y 0’
where

01 if q7 €P for 7 < (%) <p, then U q  is in P and is the
yéy(*) 7

least upper bound of {q,7 : v < y(x)} if and only if for any Y1079 < y(*) the

functions gq_ ,q are compatible
N e
82 if 9 € Nul ne, 9, € Nu2 NP then: 9,9, are compatible if and
only if q, I N , @ N are compatible [by 2.1 d].
1 u; M, 2 ulﬂu2

Case B: i limit.
For any ({u,h) € Ji there is j(u,h) < i such that (u,h) € Jj(u by
H
i def j
We let Plu,h) = U{p(u,h) i J<i sand (u,h) € Jj} . There are no problems

in checking the conditions (note: p?u h) € Nu because
]

[a€N Ala| <cp=aeN] by I).

Case C: i=j+1,.
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Let us enumerate Ji = {(u7’h7) oy <y} .
Note that (%) < g . We define by induction on 7 £ 7(*) a sequence
(qgu h) i {u,h) € Ji> such that {compare with (a) - (f) above):
T |
(a) Uy, h) €EPN N,
‘ v
(b)’ hC Uy, )
’ : : Y
(c)/ B <7 implies q?u,h) < 90y, h)
(d)* if (ul’hl) < (u ,hz) then
t Nu
1
(e)! if B < 4 then q) forces a value to d(v) for every
(uﬂ’hﬂ) ~

7 = q7
q =q
(ulshl) (uzshz)

vCu.

(f)’ the parallel of (f) .
Subcase C (a): 7= 0 . Define qzu,h) as follows:
(@) it is p‘()u,h) if wel;
(8 it is Hul,u(pgu,h)) if wel , éi €Eu, ¢ fu,

def
v = u\{ﬁi} € Ij ; and we let:
def
u o=V U{e} ,
(y) it is p) UH (pY ) if
(u, ,hfuo) Uy (uo,ho)

u=vUy {fj,e} . fj gv,cecfv, and we let uy def vy {£j} ,

u, = v U {e} .

Subcase C (b): v is limit.

Use unions qzu h) =
]

ﬁ87 q?uah) ‘
Subcase C (¢): =8+ 1.
Note that the only dewand on 7 in (qzu h) : (u,h) € Ji> which is not clearly

satisfied by qg : {(u,h) € J,) is (e)’ for B . We first choose r = !,
{“’h) 1

such that:
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N NP
g

(ii) r forces a value to g(v) for every v C uﬂ .

1 q’l(gu ’hﬂ) S r €

Clearly such r exists. Now for every (u,h) € Ji let
def

Y(u,b) ~

possible that v)Vg Cun ug and h | vy = hﬂ } vi» h } v, = hﬂ } v, but

q?u,h) Wir t N, v CulNughtvs= hﬂ ! v} [note that it is

h} (v U vy) $ hﬁ f (v u vy) -]
v B - B B
Now Uy, h) € P by 01, o and as q(u,h) } Nv = g, htv) < Uy ’hﬁ) <r
whenever (v CufNugh } v = hﬁ } v) . It is easy to check that
<q'7 : (u,h) €J ) is as required: i.e. conditions (a)’ - (f)’ are
(u,h) 1
satisfied.
% b X

So we have defined q7 : (u,h) €J for € 7(%¥) as required, and we
(u,h) ¥ 727

can finish Case C: let p%u h) def qzi*%) for (u,h) € Ji .
X X X

Il
'

. N i i .
So we have finished the definition of (p(u,h) ¢ (u,h) € Ji> for i<e¢e.
Lastly let
*k € .
p = U{P(u,h) : (w,h) €J,,ule, and
h(v) = F(g 1(v)) for ve [Py .

Clearly the union is well defined and forces what we need except when
a > B, then we have to add information to make g an embedding of N to M.
So we have finished the case ¢ < u .

Secondly, we assume € = u . We cannot use the definition above as the
union will not be a condition (too large cardinality). But we can work in
V[GP] » and choose by induction on i < g , an ordinal ai , such that
sup a. < a, {Max B and p
j<i
(u,h) € J€ satisfying the parallel of (a) — (f) above such that: if

i L
(u,h) such that u C {aj : j <i} U {e} and

uC {aj : jJ<i} U {e} , and (u,h) € JC and h(v) = FN(g_l(v) for v € [u]<w

then p?u’h) € gp . End of proof of lemma 1.5.
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1.6 Conclusion: Assume that there is a class of measurable cardinals.
Then in some generic extension

Von<wVOVNEK @MMeR"A M ¢ IN| + o +)) A M= (P .

Ly (€
Proof: Iterate the forcing (with e.g. Easton support) Q§+n (6 limit or

zero) is adding & Cohen subsets to k , where Kk, = R. , for limit
§+n+l 6+n 0 0

. . . . +
ordinal § , Kg = ag& Ky o if 55 is singular Kgvl = Rg - In all other cases

is the first measurable > Ky * By 1.5 we get enough instances of 4eh .

K
a+l

Iterating their use by 1.4 we get the desired conclusion.

§2. On “ap

2.1 Definition: We define A 4sp(n);?é<n where A,x,0,0 are cardinals
and n { w . It says that if N is an algebra with universe A and with ¢ u
operations each with < ¢ places, then there is A € {A}& and Nu for
u € [A]<n such that:

(a) Nu is a subalgebra of N

(b) Nu has cardinality u

(e) N, lA=u

(d) Nu n Nv = Nunv (the main point!)

(e} for u,v € {A]<n of the same cardinality, Nu 4 Nv the unique
isomorphism from Nu onto Nv , order preserving, exists, we call it Hu v

3

(f) Hu,v maps u to v

(g) Hu,u = the identity, H

" ° w’ Hu u and for uy Cu,
20¥3  YpYp YpY3

Hu,v } Nul c Hvl’ul where v, € v is such that Hu,v maps u; onto v, (so

equality holds),

(h) for u € [A]<n s N nec NG .

<o,<n
8
(i) if vCue€ [A]<n. (3)v =u N £ then |Nv| is an initial segment

2.2 Definition: (1) We define A dspn (k) similarly adding
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of fNu§ ;
(2) We omit & when & = RO , i.e. omit (h) in 2.1 .

2.3 Observation: (1) If A -~ (&)<0,<n and # < A then
spn p,RO

<o,<n
A= (k)72 .
oo b
(2) Those arrows have obvious monotonicity properties: we can decrease
K,0,n,6 . For 4sp we can increase A .

(3) In 2.1, 2.2 we can use as N any algebra such that A C |N| .

(See [Sh3] and § 3).

2.4 Fact: (1) If A is measurable, <X, u+8+ad<Xr, nw

Lo,<n
then A ~spn(n)”’9 .

W <y <
(2) If A is minimal such that A ~ (5)9 , 82 u then A ﬂspn(n)p,ﬁ .
<w,<3 W
2.6 Lemma: If (23, 4-,(0, then A= (0.

Proof: Let x> 2A be a regular cardinal and let <; be a well order of
H(x) . 8o we have (Mu tu € [C}$2> such that:

(@) M, 4(H,E6 )

(b) M, fl M, = Mo

(e) AE M,

(d) if |u| = |v| , M ,M_ are isomorphic and let H denote the
uv u, v

(unique) isomorphism
(e) if u = {il,iz} , V = {jl,jz} s il < 12 and jl < j2 then

H,. , CH . .
() Gy = P i), 6,)

() M{i} Na¢ Ma 1 A . (This follows from (c) of 2.1.)

Byv vty E By 060

Let a, = a{i) = Min(M{i} naia- Mﬁ) . Clearly H{i},{j}{ai) =ay {use
(d),(e)) and u < a, . Also a, $ oz‘j (as M{i} n M{j} = Mﬁ) for i¢#Jj.

So for all i< j<(, “ai < a‘j" has the same truth value. Since
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a, $ aj if ¢ > w , as the ordinals are well ordered:

(A) (ai : 1 < () is strictly increasing. If ( < @ we could inverse

the indexing and also have (A).

Next we shall prove

{(B) If i< j and ¢ € M{i} , then © and H{i}’{j}{z) realize the
same type over {7 : g < ai} (in (H(x), €, <;) . )

[Proof: Let ¢(x,y) be a formula, 1g(X) = 1g(),1g(¥) = n . Let <gd
be the following order (of Godel) on n-tuples of ordinals: B <gd 5 if and
only if Max(B) < Max(7) or Max(B) = Max(y) and B is smaller than 7 in
the lexicographic order.

Let F¢(§1,;2) = the <gd—first sequence y (n-tuple of ordinals) such
that: ¢(x),5) = - p(x,,¥) .

Clearly F} is definable in (H(x),E,(;) hence each Mu is closed under

F .
¥
Let = £ F sC. i
e c {1} {J}(c) or each j < { and assume that (ch Jz) is
defined for some (= all) jl < jz < 3: otherwise (B) is immediate. So

F(E ,c ) €M However by a classical trick, if jl < j2 < 33 then
J1

lipadgl T
the set {F {c ,c } , F{c. ,c.), F (c ,. )} has only two members. Assume
14 1 14 Jl J 2 J3

e.g. that the first two are equal, so

F (c, ,c,) = . M . M. ., =M., 11 di
¢<CJI’CJ2} ¢( 31’033) € {31’32} f {31’33} M{Jl} Generally (according
to which of the three possible equalities holds) F (c. . } belongs to M.
3y’ 32 {3y}
or to M{Jz} As clearly (for £ =1,2, as c {1} {JZ}(C))
F'P(cjllc‘jz)

(c

v

sup(ajln ajzﬂ Mﬂ) = sup(ajgﬂ M{jg}) we can deduce

F (c. ) 2 Min{a, ,@.} . As ¢ was any formula, we have finished the proof
4 Jl Jz Jl J2

of (B)].

(C) ai is strongly inaccessible.
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[Proof: Note that all a, realize the same type in (H(x),€,<:} .

1f each a, is singular, there is f, € Mﬁ such that for 6 < A
singular, fl(ﬁ) is a club of &§ of order type cf(6) . As cf(ai) <o and
cf(ai) € M{i} clearly cf(ai) € Mg hence for some & € Mﬂ .
(Vi < ()fcf(a;) = 8] . Let f,¢€ Mg be such that for 6 < X of cofinality
9,f2(5) is a one-to—one function from & onto f1(6> . So easily
fl(ai) N M{i} = fl(ai} n Mﬁ = {fz(ai}(y) v €80DN Mﬁ} ; w.l.o.g. fl,fz are
definable over § (in the model (H(X),E,<:)) . Now if i, <i, , we get a
contradiction to (B).

Next if ai are not strong limit, then there is u < ai ,

]

BEM, e . S0 pe Mg » and by the Hyy\ (o’s z“gaj for each
J s so0 in Mﬁ there is a (definable from #) one-to—one function from 2“ to
P(u) and we get contradiction to (B).]

(D) W.l.o.g. is the Skolem hull of M{i} U M{ y

M.. . s
{i, J} J
(E) For i< j < ( the intersection of the Skolem hull of
M, . . . i . is i i iy e
() U (aJ n M{1}) with aJ is included in M{l}
{Proof; If not, there are ¢ € @; N M{i} , dEM,
definsble, . AN
efinable, y € QJ \ M{l}
Let w.l.0.8. Jj < jl < { {(we use that w.l.0.g. 1 =0, j=1 and

remember (>3 . As d and d’ def H{j} G }(3) realize the same type over
i ¢

{r: 4« aj} , clearly y = G(c,d’) too, so

M.. . M.. . = Mo, .
yEMG 5 n {1,3;3 {i} J
We shall code, for each formula P(xo,...,xn_l,y} s p—types of n—tuples

a.
over {7 : 7< ai} by an ordinal < 2 L

(F) For each ¢ , and n 2 1 , there is Cy,n,i € M{i} such that:
(D

c¢,n,i codes the yp-type of (ai,ail,...,ai ) over {7 : %< ai}

n—-1

whenever 1 < iy ... < ¢ .

(2) H{i}:{j}(gv:n,i) = Eﬁoinn.j )
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[Proof: For n =1 this is easy.

For n+1 if i< il s cw,n.i can be computed from a, c?:n:il {just
think of the meaning) so ¢ 1.4 Gla, ,c . ) where G a definable
p,ntl,i i’"p,n, iy
function (over #) .
o

However, by coding such things naturally < is an ordinal < 2 . R

p,n+l, i
hence < ay {(by (C)) . 8o it necessarily belongs to M{i} by (E) , so (0),(1)
holds.

By the way ¢

pontl, i was defined, also (2) holds.]
¥ i

If there is F : [A]<w -+ g which is a counterexample to the desired
conclusion of 2.5, then such F belongs to Mﬁ and is definable over § (in
(H(x),E,(:) ')y , and (ai i« C) contradict its choice (by (F) above), so

that the lemma 2.5 follows.

§ 3 Refining the combinatorics
3.1. Definition:

(1) For x € {sp, spn} we define
) — )P like A — (x)$920
ex(k) Ho X p0

(see definitions 2.1 and 2.2) except that we replace (e}, (f), (g) by

(e)e if u,v € [A]<n and u e v {(which means that for some w , w is an

initial segment of u and v and |u\w| = |[v\w] < k) then N, 2N and let
Hu,v be the unique isomorphism

(f)e Hu,v when defined maps u onto v ; Hu,u = id

©° 1w~y ug € O

then Huz,u3 ° H“1'“z = Hul,hg and for any ui Cuy if ué = Hul,uz(ui) then

Hul.uz t Nui C Hu’l,u’z (so equality holds).
(2) If k=1 we omit it.

(3) For x € {sp, spn, esp, espn} we define



Sh:289

180

Kg,<n <0 <n

A — (K) é just like A ——b (n)
WX Hy X

replacing (d) by (d)”

Nu n Nv C Nuﬂv and if a < B are from #, u € [ﬁ]<n
and (@,8) Nu=0 then (a,0) N Mu =§ .

{Note that now in (g) equality does not follow.)

{4) For any of the x for which -3 was defined A — (&)<d§<n is
X xv + H
defined as above except that also d : [A]<n(*) -+ # is given and (h) is

replaced by:

(h)Y For each £ , 4t [A]2 . is constant when e does not appear in x ; and
h(u) (u € [A]<n) does not depend on max(u) when it appears and, more
generally, exv(k) does not depend on the last k members of u (i.e. if
u;,u,y € {Az} and w is a common initial segment of Uy, U, lui - wl € k then

h(ul} = h(uz)) .

3.2, Observation:

<g,<n
TN

<a,<n

(1) We have A — (k) where: y is x when we omit

= A — (m)
X y

n or x is y when we omit e or w or v.

(2) If (e appears in x and) 12 -;(k)(Al);?é<n and Al __: (A );?é<n
then A, ~—p {A )<g <n .
2 x(kep) OHe0
(3) 1f A — (n)<05<n and k ? n -1 then A — (n)<aé<n where y is
x(k) M y M

x with e omitted.

(4) If AZ — (A );d’<n ,and £ =n-1-k,y is x with e omitted
x(k ) 0

and Al - (Ao) then A — (A )<a,<n
M y

3.2A Remark. By 3.2(4) even A — (r) 73"
x(0) 0

strong (when w does not appear in x).

, when n 2 3 , is quite
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3.3. Definition. A —3 (n);U means: for each club C C A and for

nlw, i<pu, Fn,i : [A]™ 4 A there is A€ [c1® such that if ao<‘..<an_1

belongs to Aand m<n, i < g and Fn’i({ao,...,an“l}) < a then it does

not depend on Qprees® g -

3.3.A. Remark: Replacing "a club € € A" by "a final segment C (C A"
does not change anything except that in the later version, if A = U Ai , each
i<1
Ai satisfying the first definition the A satisfies the second definition.

LW, <w

3.4, Fact. If u<@ <A, A —3 (n);e then A — (k) (k can

spn #.0

be, in fact, any limit ordinal, wk = K ).

3.5, Lemma. If A— ()3 ¢33 then A 3 (6
spn w.p H

Proof. Similar to the proof of 2.5 but by the definition of - we know
spn

sup(Nﬂ naia < a, = A . 1In the end, if there is a sequence
(C, <Fn,i tn<cw, 1< y)) contradicting the conclusion, wlog it is

definable over § as C € MO and easily o, € C and continue as before.

3.6, Lemma. (1) For every n < w , there is k = ki < w {e.g.

k = (20-1)%) such that : if &7 =& then (&)  — (&),
wsp ’
(2) /m<wdk-= k: < w such that : if e,u,x ¢ A and A is (a+k)-Mahlo
strongly inaccessible cardinal then A =~ (N)<d’<n .
wspn il

Remark. 1. Using part 1 for 4.1 note that —¥ is stronger than - .
wSp wesp

2. Part 2 is used for e.g. consistency of ot L [p+]g 3 *
L
3. We do not try here to get the best bound (but see 3.8 and see [4]).
x .
Proof. (1) Let AO =K, AR +1= 2n+1(A£) . Suppose N is an
algebra with universe An and at most k functions each with < ¢ places. We
define, by induction on m { n, & set Am and Nﬁ {u € [Am}<n) :

I (i) Ay = An .
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(ii) Am+1 C Am .
{iii) [Aml = An—m .
. Nm <n . X . .
11 (i) u {(for u € {Am] } is a submodel of N of cardinality < & .
{ii)} The answer to "is the 71—th element of Ng equal to the 72—th

element of Nﬁ ?* where u,v € [A depends just on Y072 and the

<n
m+1}
isomorphism type of (ul v, u,v, <t (ulU v)) .
(i) If w,v € (A]" then
+1
INOFn D) C N -

<n , jJul 20~ 1-m then N = Nl
u u

(iv) If u € [Am+1]
For m =0 let A0 = An , Nﬂ is the subalgebra of N* generated by the
set ulUk. If m<n-1, choose AL CA |A

m+
I1.(ii) holds (using A __ = (A Z7D)y .
2

1] = An-m~l such that

< 1
Now for u € {Am+1] B let N§+

}n and

be: if Ju] <n -1 -m, the Skolem hull of U{Ns n N? : w,v € {Am+l
u=wlv} and if fu] 2n-1-m, Nﬁ . The cardinality of Nﬁ+1 is <&
by II (ii) i.e. if X €N NN and w,v, € (A1,

lel = le,]vll = |v}, w) n vy =W Nv
and (Vo € wiv)(36 € wlUv)) [ |wha| = leﬂﬂl A |vhe| = Ivlﬂﬂl] then
xeN, NNy

1 1
{2) We need 3.7 below instead of Erdos—Rado and then the proof is similar to
that of part 1.

3.7. lemma: If A is (a+n)-Mahlo and strongly inaccessible and N* is
an algebra with universe A and < A operations each with arity < A and AO
is unbounded in A then for every p < A thereis £: u <K<, K is
o-Mahlo and strongly inaccessible and there is A C Ao N £ unbounded in £ :

(¥) If for L =1,2 B« a%(...aﬁ_l are from A then

1 1 2 2
agseeooy 1) o Cagseeona 1)
realize the same type over {vy : 7 < B} is N* .
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3.7A Historical Remark: We proved 3.7 in 1968 as part of some research
on transfer theorems in model theory. As Schmerl was doing parallel research,
it appeared in [ScSh20] but somehow this version does not appear - only the
version with a finite conclusion. Subsequently Schmerl found a better lower
bound for A (how Mahlo it should be) and proved that it was exact. Hajnal
independently proved 3.7 and the author wrongly told him it had appeared in
{ScSh20].

Proof: We prove it by induction on n .
For n = 0 there is nothing to prove. For n > 1 use the induction hypothesis
to find &K < A which is (a+l)-Mahlo and Ao C k& as there for n - 1 . Expand
M | & by a predicate for AO and {(as n > 1) apply the induction hypothesis
for n=1. For n=1, let ¢C= {k<A: &K is a strong limit and for each

p < &, there is (N,A } N) 4L (M,A) such that o C |N| C &} . Clearly ¢
» s fh
is a club of A, so there is Kk € C which is a-Mahlo.

Choose <y € A - £, define a function f : kx + K& by
f(a) = min{y’ € AN K : 4 realizes the type of ¥ over {i : i< a}} . Let

C/

{B<Kk: (Va < B)f(@) < B} . Clearly C’ is a club of K and

A, {f(B) : BEC'} is as required.

"

3.8. Lemma
Suppose A = 0“',9'i =8, H =g , p<a =pu, T 1is a vocabulary such that
|7l € 4 and each member of 7 has arity <o . If M is a T-model with
universe A then we can find 6,a,B, ( M_ i s € [B]$2 Y <Mzi} : i € B)
<2
(Hs,t ¢ Is] = |t} ; s,t € [B]®°) and W such that:
(@ <A, ct=u.
(b) B is a subset of § of order type y+ (we could get u+ +1,
actually but then M{maxB} is not defined).

2
(c) Ms <L M for s € [B] and M{i} *L M{i} <L
f/ 4 j2134 [

M for i €B and
14
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(d)
(e)

&9
(&)
(h)

(1)
&)
(k)
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Mg < M.

) Lo
Msna=s,M{i}nB=M{i}nB={1},M¢n3=¢.
For s,t € [B]%2, Is| = It} : H, ¢ is an isomorphism from M_ onto M,

. -1
{and H =i , B = H and H = H s RH } and
S,s dMs s,t t,s SO’SZ sl,sz SO’SI

H,., ,. M. to M., .

(i}, {5y s Mpgy onte Miy
All Hs,t are compatible; Hs,t meps s onto t .
M NM CM .

Vi < j<k from B

@ M5 MM = My o

B M55 MMes0 =My,

@ Mg Mg = Moo

For i <) from B, j is the first element of M{i,j}\ M{i} .
_ <2

Mﬁ C M{k} , Mﬂ C Ms for k € B, s € [B]

(@) WCA,VEEW cff = p

(B &6 = maxwW

(7)) If Hs t(,3) =~ and k €W then B<kEy <k

&)y 1f ﬁem{i}—mﬁ,ien , & =min{f : £ €W, B<C£} then £ 8
and (H{i},{j}(ﬁ} : j € B) is increasing converging to § .

(C) If ﬁl,ﬁz € M{i} - M@ s fe = min{§ €W ﬂe S 5} ] fl # {2 3 and
i < j€B then H{i},{j}{ﬁl) > ﬁz .

3.8A Remark: (1) We can instead * A = 6" * assume ) is inaccessible

Vo < X [|e]® < A] . similarly for 4 .

(2) For simplicity, 6,x,u4,0 are regular and < is a relation of M.

(3) We can replace LP o by any fragment of L + of cardinality u .
s
Ko

Proof: Let M M where IM is an ordinal 6a< A of cofinality

o
K

<
0 L@,

8, (or at least k') so ||M0|| =0 . let N_ {Ln M, b EN IN| =% .

T

By the choice of M0 there is a model Nb *L +MO and an isomorphism f from
K
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X
N, onto N over N=M I[N |N M|} . Let § =f(5 ) . Let N <L“ JM ,
H
!N*] = u be such that 5& e N and {N,Na,Nb,f} ¢ ¥* in some coding. We let

- * _ * %
M =N} IN| and M., =N} ;M =N} M|, M = the
©,) IN| 6,) N1 5 M6, ) Mol + M6, .6,

Skolem hull in M of M{sa} U M{6b}

h: 'M{6b}‘ - |Na! : h(B) = min{y: 7 € }Na} , B <7 . Let

Let

W = range (h) - {6a} . Let @ be minimal element of N such that

(VB)[B eM A{dvyeN) B<y=8<al i.e. a = supW .
{6b}

+ -
Now we define by induction on (<, 6., M s M , M 5 for

E<O , M{ﬁ(’aa} and H{f}:{f} R H{f’5a}:{Cs55} for ¢ < ( (understand 6(

to be the (-th member of B) such that: the relevant cases of the desired

conclusion holds, and M{sc} CN, for £<(, M{5£,5 CN, M{5

¢ b e
etc, and lemma 3.8 is proved.
3.9. Lemma: Suppose GCH for simplicity u = u<a y K= <+ s A2 s++ s
gl u<r« n+ < A are regular. There is a forcing notion P such that:
I A. P is strategically n+-comp1ete.
B. P preserves cardinalities and cofinalities.
c. |pj=2a.
II (In V)
(¥) There are $* CSC A, {C;: 6 €5} and for 6 €s*,
75 Mg,s i s € [Bg}sz) , (M;,s i s € [Ball) , B = <H§,t : s,t € [36152 ,
Is| = 1t} » W5, 55’ Css 7.
(A) The relevant conclusion of 1.1 holds for each § € S* with 35 an
unbounded subset of £g < &, §y = min W < P
(B) If 66(1) = C5(2> then there is a function H6(n),6(2) from

g M6(1),s U w6(1) u c6(1) onto 2 ”6(2),5 U w5(2) U C6(2) which is order-

preserving and preserves all relevant properties and the domain and range are

disjoint.
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(c)y 6 ¢ s* = cf 6§ = 4 (follows from (A)) and for 6 € § Cs is a club of §
of cardinality < 4 and
(D) if &6 € S* , @ is an accumulation point of C5 then a € S A Ca = Cg Na
(follows from (B)).
(E) For 6 €S*, Wy C O .

Proof. If A = n++ we shall force by approximations of cardinality « .
If we succeed to force for A, we can force for A+ by approximations of

+w

. . + . .
cardinality & . For A = kD , we iterate this, for A > & we have to take

care of the singular case.

§ 4. Eliminating the Measurables
4.1. Lemma.

(1) Suppose p = p<“ , €8 <A, adw, B(¥) <w and

K —b (p+1)“’;ﬂ(*) (see def. 3.1).
wesp ol

Let P be the forcing action as in 1.5. Then in VP for some M € Kg
of cardinality x for every N € Ks of power < u , M sh (N);ﬂ(*) .

(2) In applying -— we can weaken it replacing (d) in 3.1 (3) by
wesp

(7 ifulvU{e,f cA, VieuUv[i<aAi<pBAIllu,|v] <n-1]
then NuU{a} n NVU{ﬂ} nic Nu N Nv . However we still need Nu NA=u! but
A= ﬂ(*)—2(n++) suffices for K .

Proof: We indicate the changes in the proof of 1.5. Of course, we
replace "(b) to (h) of 2.1" by the appropriate variants from definition
3.1 (3). Defining p?u h) for (u,h) € Ji by induction on i we change (d)

3
to:

(d) If (ul,hl), (ug,hy) (both from J), are compatible (i.e.
hy } (vy n u,) = h, ' (u1 n u,)) then
PN NN N2X=p;

v, (uz,hz)

and in case (C) we change (d)’ to

t N, AN N A

1
p
(upshyp) 1 %2
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(dy’ If (“1’h1)’(u ,hz) are compatible

7 - a7
q(ul’hl) } (Nul n Nuz na q(uz,h t (Nulﬂ Nuzﬂ A .

2)
In subcase (C)(a), we use (d) above (this influence (%) there) and in the
proof of subcase (C)(c¢c), we let, for (u,h) € Ji ; q?u h)(w) is defined iff
]

<a(¥) . The value of

w € dom q?u,h) or r(w) is defined and w € {Nu N &)
ol - . .
q(u.h)(w) is (u,h)(W) when defined and r(w) otherwise. Let us check
(a)’ - (£)' .
7 P Y v N .

(a)’ Trivially q(u,h) €P as q(u,h) ¢ Nu {as a set of pairs, by its
definition) clearly qzu,h) € Nu by the demand ((Va € [Nu]<p)[a € Nu] from I
in the beginning of the proof of 1.5).

b)’ 7

(B)7 @s hCag, py Cagy,p
() B <+ implies B/ < B or B’ = B and check

(d)’ assuming (ul,hl),(uz,hz) are compatible we have

q?“l’hﬁ t (N“ln Nuzn A) = ql?“z'hz)m“ln N“zn A .
As clearly, dom q?u h) " dom q?u h ) U(Dom (r) N N, ) the equality of the
e’e e’e e

domains is easy, similarly check equalities of values.

(e)’ (f)’ immediate.

4.2. Conclusion: Assume, for simplicity only, that V satisfies GCH .
Then in some generic extension, not collapsing cardinals nor changing
cofinalities,

(a) 2%« Ra+w for every a

(b) for every n < w and model N € K;" and m<w and 8 for some
k < w and model M, |M| < k("N" +0+8) and M-~ (N); . {(By 3.8 (1) (see
remark) and 4.1.)

Proof: Like 1.6 using 4.1 instead of 2.5.
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§5 K, CG= (3)§0

The question we address is an old one of Erdos and Hajnal. Kn is the
complete graph with n vertices.

Question: 1Is there a graph G which embeds no K.4

such that G - (3)§ ?

0
We get here the consistency of a slightly stronger statement. We still deal
with graphs although the proof says something more general. More on the case we

are interested in (forbidden infinite subgraphs) will appear later.

5.1. Lemma: Suppose p < A < K, K is measurable (or just & > 1(A) or

A 4“sp(2k(*))z:;3) s 2<¢m< wy and A = A<A . For some X -c.c. A-complete
forcing notion P of power K , FP” ZA = x and for some graph G of power
K 4
(1) @ ()2
7
(ii) G embeds no Kk(#)+1 M

Proof: The forcing P introduces just the graph G . Let [G[ , the set

of vertices of G be
{n]?nc = (o ,...,am_l) : a0<...<am~1 <K} .

We say 9 = (ao,...,a _1) s V = (ﬂb,..., m~1) from {n}?nc are potentially
connected if a, < ﬂo <Cay < ﬂl Coanday 4 < ﬂm—l (or interchange them).
Let P = {G: Kk(*)+1 is not embeddable intc G and G is a graph as above on
[dom(G)]':nc where dom G is a subset of % of power < A} . We say
G1 < GZ if and only if G1 = G2 } [dom Gll?nc . Clearly P is A-complete,
I T
U{L : L€ gp} . It is a graph of the right form. Let d be a P-name of a

=" eand |P| = k. Let Gr be the P-name of

function from the set of edges of Gr to p and p€P . Let x be large
enough. By the choice of Xk and the partition theorem, we can find U C &
such that fU’ = A (U is really larger but this does not help). ILet

1= (sCU: |s] <2") endlet (M : s €I} be such that UNM =5,
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(Va,B) [ <CBAa €EUABEU=} (a,8) N My = 01 M nM = M (or just

Ms N Mt C Msﬂt

s,t € jl R Is[ = ftl we have

) (YacC Ms)(lal < A=ac¢€ Ms) and uMsu = A and for

H : Ms -+ Mt , 8n isomorphism onto, so that Hs t(s) =t all the
)

s,t

diagrems commute and As {p,P, A, p,k,

G ,deM] .

~N e

8

Now we want to find p { q € P such that q forces a monochromatic

Kk(*) .
1 2

0
ao < ao L4 a0<...ao

te = range 1

We shall find a condition q 2 p .

k{¥)-1 ¢

0

Let Ne = (agiaia-'~’a:_1) € (U™ for e < k{*) such that

1 k(x)-1

e
oy < a1<...al <...<ai €U,

If ge€PN Mt s P < q then we can find

0

r €M NP and § < u such that 1. — 6. below holds, where
tolty

1. r#k (no,nl} € edges of Gr

2. rlM 2gq
to

3. rtM 2>h
Yoty

{(a)

4. rbd () =€
5. r F Vx,y € vertices (q), if x,y £ Mﬁ

[{x,y} # {9y} = (x,hto’tl(y)> f cdges of Gr].

s ’
6. if r ! Mt $q €PN Mt

0

ritM
4

,

1

and r’ satisfies 1 ~ 4 and:

0

and q’ | Me =q" ! My and

<q" €PN M, then we can find r’ such that g’,q9" {r’ €M

tolty

{x € vertices gq’' - Mo and y € vertices

q" - Mg and {x,y) € edges r’ = (xy) = (19,1y) and r’ F “d(ng.my) = &

As P is A-complete also P M,

such that p ¢ 9, € P fl M,

0

and: Vq :

0

is p+—comp1ete so there are qo,fo ,

g, $qg€EPNM we can find r as
0 - to

above for ¢ = fo . Note F "the distance in Gr of 1, from vertices in

Gr N Mg n ay is 2 m".

Now we can find fo <p and (qg : £ < k(%)) such that



Sh:289

190

. 4]
(i) 4q, €M
g €My,
(i) ap b Mg = o) 1wy
(431) b, (D € q
0’"i

(iv) for £, < £, < k(X) we have: if q0 < q’ €M and
1 ¢ b ¢ ty
0

qg < q" €M and q’ } Mg =q" } M¢ then we can find r as above.
2 Y,

[Why? We define, by induction on i < k(%), (qg’i B A ¢ i) such that

(qg’i t £ £ i) satisfies (i), (ii),(iii),(iv) above with the natural

restrictions. For i =0 , qg’o =4 . For i = j+1 apply the assertion above
(before 1. - 6.) so with ht N (qg’J) here standing for q there; get there
Lo

r and let q.’l =

(=4

h (r t M )

=

q’i

Qe O

=h (rtm ),
tOUtl,tjUti to

and for £ < j , qg’i = qg’j .

In the end let qg = qz.k(*)-l )

Let {(ﬂ£,7£) H A4 (ké*)) = m} list the increasing pairs. Now we define

by induction on £ ¢ (ké*))

{qé : B < k(x)} , rﬂ£’7£ such that:

21 12
1. ) < ) for ﬂl < £2
£
2. gp €M
. P,
3. q5 I Mg =gqg5 |
6, "M%, "M
£+1
4. r M <gq
ﬂ£n7£ tﬂﬂ ﬂz
(2
5. r IM, <q
By Tt S Yy
/3 L

6. 14 F dlngn) = &,
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7. If e is an edge of r not in
L ﬂai"’zi

M x M yU M x M YU {(my . )} for i€ 0,1 and ﬁo #L
Y ‘n. M, P, '

1 1 1 1

then €502 have no vertex in common.
£+1, _ £ £+1
8. If 7 ¢ {al’ﬂk} then edges(q7 ) = edges(q7) U edges(qal } MO) .

There is no problem in this ~ 9, is tailor-made for this.
Now we define q :

domq = U dom qg uu dom
bt i 5P)

edges of q = union of the set of edges of qg ,

r
%hy
raz , ﬂt .

{(Note that any node in dom r \(M, UM ) is connected.)
073 tﬂ. y7_
i i

{Note that the qé , raﬁ’ﬂz are pairwise compatible.)

The least trivial is to show Kk(*)+1 is not embeddable into gq .
Llet Z be a set of k(%) +1 vertices.

Assume that Z is a complete graph (in gq) and we shall derive a
contradiction.

If we omit the edges {(ni’ﬂj): i ¢j<k(x)} from q , the resulting
graph is obtained by successive edgeless amalgamation (look at the restriction

to U Dom qz U. iDom r , for i € k{(%*)). Hence it has no subgraph
373

£<i J¢ J
isomorphic to Kk(*)+1 . So necessarily for some i(1) , 751 €Z . Nowby

the definition of "potential edge" and as (m ? 2 and) the interval (ﬂi(l)(o)’
ﬂi(l)(l)) is disjoint to Mﬂ , we have: "i(l) is not connected to any vertex
from Mg . So En Mg = § . Now consider the sequence

U Dom qi U U pomr \ 2 i € k(%))
L<k(*) £ J<i ’30’75 "

and the restrictions of the graph q to them. Easily the first is in P , and

in each step we use edgeless amalgamation (we could have started with this
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argument) so we finish.

Concluding Remarks:
5.2 Easy variants: We can have G -+ (H)i such that the family of finite
subgraphs of 6 is 8 (up to isomorphism) where for some n :

1. s¢##6

2. S closed under edgeless amalgamation

3. If Ll""’LlllIES; ifi=1,NL =1,

Xy € Li and the distance of X, from L in Li is 2 n then

n
L* € S where: vertices (L*) = |} vertices (Li)
i=1

n
edges(L®) = U edges(L,) U edges(L* t (x, : i = 1,...,[H[})
i=1

%
Lt {xys.000x I} ~H.

H
5.3 Easy Remark: Insteld of graphs we can have a model where relations are a
partition of the singleton and of the pairs.

5.4 Note that the proof of 5.1 tells us that in 4.2 for n = 3 (i.e. coloring
of singletons and pairs) we do not need 1.4 but can directly prove hence
lowering the required cardinal.

5.5 On generalizing 5.2 to relation and colorings with more places see later

works.



Sh:289

(1]
(2]

{3]
(4]
(5]

193

References
A. Hajnal and P. Komjath, Embedding graphs and colored graphs.
S. Shelah, Notes on combinatorial set theory. Israel J. Naik. 14 (1973)
262-271.
8. Shelah, Was Sierpinski right ? I. Isreel J. Math. 62 (1988) 355-380.
S. Shelah, Was Sierpinski right ? II. Preprint.
J. Nesestril and V. Rodl, Partition (Ramsey) theory, a survey. Colloq.
Math. Soc. Janos Bolyai, Vol. 18, North Holland, Amsterdem, (1978),

765-192.

[sh95] S. Shelah, Canonization theorems and applications, J. of Symb. Logic

40 (1981) 345-353.

[EHMR] P. Erdos, A. Hajnal, A. Mate and R. Rado, Combinatorial Set Theory:

Partition relations for cardinals. Disquisitiones Mathematicae

Hungaricae 13, Akademiai Kiado Budapest, 1984, North Holland.

[Sc Sh20] J. Schmerl and S. Shelah, On power-like models of hyperinaccessible

cardinals, J. of Symb. Logic 37 (1972) 531-537.



