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RELATIONAL STRUCTURES CONSTRUCTIBLE BY QUANTIFIER
FREE DEFINABLE OPERATIONS

SAHARON SHELAH AND MOR DORON

Abstract. We consider the notion of bounded m-ary patch-width defined in [9], and its very close
relative m-constructibility defined below. We show that the notions of m-constructibility all coincide for
m > 3, while I-constructibility is a weaker notion. The same holds for bounded m-ary patch-width. The
case m = 2 is left open.

§1. Introduction.

1.1. Background. Our interest in this subject started from investigating spectra
of monadic sentences, so let us begin with a short description of spectra. Let ¢ be a
sentence in (a fragment of) second order logic (SOL). The spectrum of ¢ is the set
{n € N: ¢ has a model of size n}. In 1952 Scholz defined the notion of spectrum
and asked for a characterization of all spectra of first order (FO) sentences. In [1]
Asser asked if the complement of a FO spectrum is itself a FO spectrum.

DerFINITION 1.1. A set A C N is eventually periodic if for some n,p € N, for
allm>n,me Aifandonlyifm+ p € A.

In [7] Durand, Fagin and Loescher showed that the spectrum of a FO sen-
tence in a vocabulary with finitely many unary relation symbols and one function
symbol is eventually periodic. In [10] Gurevich and Shelah generalized this for spec-
trum of monadic second order (MSO) sentence in the same vocabulary. Inspired
by [10] Fisher and Makowsky in [9] showed that the spectrum of a CMSO sentence
(a monadic sentence with counting quantifiers) is eventually periodic provided that
all its models have bounded patch-width. A many sorted version for the context of
graphs is the generalization of the Parikh’s theorem proved by Courcelle in [6]. The
notion of patch-width of structures (usually graphs) is a complexity measure on
structures, generalizing clique-width. The proofs of [9] remains valid if we consider
m-ary patch-width, i.e., we allow m-ary relations as auxiliary relations. Classes of
bounded patch-width are of importance to the study of graphs. Two important
example shown to be of bounded patch-width are graph languages generated by
context free VR grammars and context free HR grammars. In [11] Shelah general-
ized the proof of [10] and showed eventual periodicity for a MSO sentence provided
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that all its models are constructible by recursion using operations that preserve
monadic theory (see definitions below).

1.2. Summary of results. The above results on eventual periodicity led us to ask:
What are the relations between the different notions for which we have eventual pe-
riodicity of MSO spectra? In other words do we have three different results, or are
they all equivalent? In [4] Courcelle proved (using somewhat different notations)
that a class of structures is constructible if and only if it is monadically interpretable
in trees, thus implying that two of the results coincide. We give a proof of Cour-
celle’s result more coherent with our definitions, which we use later on. We prove
that the notions of bounded m-ary patch-width is very close to m-constructibility
(constructibility where we allow m-ary relations as auxiliary relations) (see Lem-
mas 2.9 and 2.10). Next we show that for m > 3 a class of models is contained
in a m-constructible class if and only if it is contained in a 3-constructible class
(see Theorem 3.7). The same holds for classes of bounded m-ary patch-width.
Finally we show that in the above theorem we cannot replace 3-constructible by
I-constructible. That is, there exists a 3-constructible class which is not contained
in any 1-constructible class. We give a specific example (see 4.1). The case m = 2 is
left open. We thank the referee for his or hers helpful comments.

§2. Preliminary definitions and previous results.

NotaTiON 2.1, (1) Let W denote the disjoint union operation.

(2) Let 7 be a finite relational vocabulary.

(3) For R € t let n(R) be the number of places of R. We say that R is n(R)-ary
or n(R) place. We allow n(R) = 0 i.e., the interpretation of R is in {T.F}. We
call T nice if R € T = n(R) > 0.

(4) A t-structure M has the form (M|, RM : R € t) where M is a finite set called
the domain (or universe) of M, and RM C "®|M| for R € 7. (We denote
by "4 the Cartesien product of the set A with itself n times).

(5) Fork e N, lett bet 'y {P,.... Py} with Py, ..., Py unary predicates.

(6) A k-colored t-structure is a ty-structure in which the interpretation of the P;’s
is a partition of the set of elements of the model (but some P;’s may be empty).

(7) A k-const t-structure is a t U {C),..., Cy }-structure where each C; is an
individual constant symbol. We denote such a structure by (M. ay, ..., ag)
where M is a t-structure and ay, ..., ar € M. We allow a; = a; fori # j.

The notation const stands constants. Our constants are referred to as sources
in the hypergraph context, see [4].

DEFINITION 2.2. (1) A monadic second order (MSO) formula in vocabulary t
is a second order formula in which every second order quantifier quantifies a
unary relation symbol. The notion of quantifier depth extends, naturally to
MSO formulas.

(2) Let M be a t-structure, and q a natural number. The monadic g-theory of M.
Thé”SO(M), is the set of all sentences of quantifier depth < g that hold in M .

(3) Let M beart-structure, and n, g natural numbers. Letd = (ay. . . .. an) € "IM|.
The q-type of a in M, tpq(d, M), is the set of all T formulas ¢. of quantifier
depth < q in free variables x|, . .., x,, such that: M | ¢la;. . ... an. Ifg =0
we sometimes write tp,{(a. M ).
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The notion of a g-type extends to MSO logic. We write tp(}]wso(d, M) for the
set of MSO formulas ¢, of quantifier depth < q in free variables xi, ..., Xn»
such that: M |= ¢lay. ..., a,].

The set of all formally possible q-types in a vocabulary t and in variables
T ), will be denoted by TP,((xi...., Xp).T), and similarly
TP(/,"SO((x] ...... Xn),T). We may write TP;”SO(n,r) instead of
TP‘}I” SO((x), ..., Xn), 7). (By ‘formally possible’ we mean a set of formulas S

suchthat¢ € S & ¢ &S, Ny €S ¢ eSandy €S, and we identify
@ with =—¢. We do not demand that S is realizable.)

DEerFINITION 2.3 (Patch-width, see [9]). (1) Let t be a nice vocabulary, M a t-

(2)

structure, k a natural number, and ‘B a finite set of k-colored t-structures.

We say that M has patch-width at most k (with respect to B) and denote

pwdyp(M) < k, if M is the t-reduct of a k-colored t-structure which is in the

closure of P under the operations:

(i) disjoint union—\J

(ii) recoloring — p;_.; (change all the elements with color P; to color P;) and

(it1) modifications — g g {redefine the relation R € t by the quantifier free
formula B in vocabulary 1;).

A class R of t-structures is a PW(k)-class, if for some finite set of k-colored

T-structures ‘B the elements of R are all the t-reducts of structures of patch-
width at most k with respect to 3. We say 8 is of bounded patch-width (BPW')
if it is a PW(k)-class for some k € N.
In the definition above we may instead of k-colored t-structures, talk about
tt-structures where t 2 7, [t \ t| = k and every relation in vt \ T is at
most m-ary. We then talk about m-ary patch-width, where the rest of the
definition remains unchanged. Note that the notions of patch-width and unary
patch-width are close but not identical as in the former we demand that the sets
of colors are disjoint.

In [9] it is proved that:

THEOREM 2.4. Let ¢ bea MSO(1) sentence, and & a class of T-structures of bounded
m-ary patch-width. Then the set {|M||: M € & M | ¢} is eventually periodic.

We now define our set of operations. For k. ki, ky € N, &, x, Will be a set

of binary operations that take as arguments one k;-const t-structure and one kj-
const 7-structure, and produce a k-const t-structure. Each operation consists of
quantifier free definitions of the relations in 7, and a (combinatorial) definition of
the £ constants of the resulting structure.

DErFINITION 2.5 (Addition operations). (1) Syntactic definition:

For k. k. k; € N, eachs € S, 4, k, consists of:
(i) Sets d; = A3 C {1.....k,} forl € {1,2}.
(i) Forl € {1,2}. a 1-1 function g; = g5 from A; to {1,... k} such that:
Im(g)) W Im(gy) = {1,....k}.
(i) For I € {1,2} aset By C {1,....k;}* and a set B C {l,....k1} x
(... k).
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(iv) For each R € © with n(R) = n and each w; C {1,..., n} forl € {1,2},
a function fRuw,w, = f R With range {T,F}, and domain a set of
triples of the form (p. q1, q2) where:

e p € TPy({(x1,...,xn),a) where o is a vocabulary with k, + k, indi-
vidual constants and two unary predicates,
o Forl e {l.2},q; € TPy({x;: i € wy),7).

(2) Semantic definition:

Let k.ky,ky € Nands € G, yp,4,- Let (M;.af,...,afh) be kj-const t-
structure for | € {1.2}. The addition (M,,aj,... ,a,l]) ®s (Mr,a?, ... ,a,%z) is
defined whenever:

o (IMi|N|M]) C ({a].....a} " {af..... ai.}) and

o Forl€{1,2}: al = aj- & (i,j) € Byanda} = a? & (i, j) € B,
to be the k-const t-structure (M. by, ..., by) defined by:

(1) M| =(Mi|\{al.....a PU(IMa|\{a}.....a} ) U{al: 1 € {1,2}.
i€ A[}).

(ii) Foreachl € {1,2}andi € A;.a} = b, .

(ili) For all R € T withn(R) = nand X = (x;,....x,) € "|M|, let w; =
{i:x; € \My|} forl € {1,2}. Let p be the quantifier free type of X in the
model with {al.... a} Y U{ai.....a} } as constants, and |M,|, | M| as
unary predicates. Forl € {1,2} let q, = tqu((x,-: i €w), M;). Now the
value of RM (%) is defined to be %, ,.(p.q1.42).

Note that we may have two different syntactic definitions (i.e., s # s €

Sk i k,) that give rise to the same semantic operation (i.e., ®s and ®y are

equal ).

(3) For technical reasons we would like to allow empty structures. i.e., let T =
{R € t:n(R) = 0}, and X C t'. Now Nully is the t-structure with
| Nully | = 0 and R¥" = True & R € X. Then if s € Gy, 0. and M
is a Tk, - structure then M ®, Nully is a well defined vy -structure. Furthermore
for any t-structure M, M 0 Nully is defined and equal to M.

The important properties of the addition operations are the following:
THEOREM 2.6. Let k., k), ky € N. Then:

(1) Gr ki s is finite.

(2) The addition theorem:
Let M, M' be ki-const t-structures such that Thi(M) = Thi,c,(M'),
and N, N’ be k;-const t-structures such that Thi;so(N) = Thi ¢o(N'), and
S € Grhi ke Assume that the additions M ®s N and M’ &, N’ are defined.
Then

Thi;so(M ®s N) = Thig,(M' @&, N').

Proor. (1) Immediate from the definition as the number of quantifier free for-
mulas in a finite relational vocabulary and a given set of variables is finite (up to
logical equivalence).

(2) An easy proof can be given using Ehrenfeucht-Fraissé games, it is a straight
forward generalization of the proof given in [8] for the disjoint union operation. An
other proof by Courcelle is Theorem 3.4 of [4]. =
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It follows from 2.6(2) that given ¢ € Nands € &, «,, there exists a computable
function g3 : TPfI”SO(O, g, ) ¥ TP;”SO(O, Tpy) — PfI”SO(O, 7« ), such that whenever
M &g N 1s defined we have:

Thiso(M ®s N) = g5(Thiyso(M), Thi o (N)).

DerINITION 2.7 (Constructibility). Let m* and k* be natural numbers. A class &
of t-structures is (m*, k*)-constructible, if there exists: A finite relational vocabulary
tt D 1, afinite set of structures B, and a finite set of addition operations & such that:

(i) Every relation int™ \ t is at most m*-ary.
(i) Every structure in B is a k-const t+-structure for some k < k*.
(iii) Every operation in & is in S, yx, x, for some k. ky, ky < k*.
(iv) The elements of £ are all the t-reducts of structures in the closure of B under the
operations in S.

We say that R is m*-constructible if it is (m*, k*)-constructible for some k*, and that
it is constructible if it is m*-constructible for some m*.

In [11] it is proved that:

THEOREM 2.8. Let ¢ be a MSO(z) sentence, and R a constructible class of t-
structures. Then the set {||M||: M € R, M [= ¢} is eventually periodic.

This is a generalization of 2.4 as we have:

LEMMA 2.9. Let © be a nice vocabulary, and £ be a m-ary PW(k)-class of t-
structures. Then R is a (m,0)-constructible class.

ProoF. First note that the disjoint union operation of 7 -structures is in &+ 90,0
As for the recoloring and the modification operations, those are unary operations,
so we look at the operation s € &,- g9 that acts as recoloring or modification on
its left operand. So M ®, Nully is the desired recoloring or modification of M.

In the addition operations we allow omitting marked elements (i.e., we allow
IM ® N| G |M| U |N|, but we demand that the elements of the difference are
constants of M or N). Moreover the universe of the the two operands is not
necessarily disjoint, that is we allow that the intersection is a set of values of
constants. This is not allowed in the operations of patch-width. It turns out though
that these are the only essential differences between the two types of operations as
suggested by the following:

LEMMA 2.10. Let & be a (m,0)-constructible class such that the vocabulary t+
associated with £ is nice. Then R is of bounded m-ary patch-width.

PrOOF. £ is (m, 0)-constructible so we have a vocabulary 1™ and sets & and P.
Now the set of atomic structures for the patch-width definition will be the same ‘3.
The vocabulary of the patch-width definition will be: t U {R’: R € t7}J { P, P»}.
Py, P, are new unary relation symbols. We now have to show for each operationin &
how to simulate it by operations of patch-width. Let s € & and let M, M> be tt-
structures. Denote by M|, M the trivial extensions to the new vocabulary i.e., for
I € {1,2} define RM = 0 for R ¢ v*. We will now describe a series of patch-width
operations on M{, M; resulting in a structure M* such that M*|;. = M, ®, M,
this will complete the proof. First color all the elements of M/ by P; for/ € {1.2}.
Next foreach R € 7+ redefine R’ to be the same as R, do this for both M/, M;. Now
take the disjoint union of the to resulting structures. Finally we have to redefine the
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relations of t* of the disjoint union to be as in M| &y M>. Let R € t* be n-ary and
let wi, w2 € {1,...,n} satisfy wy U wy = {1....,n}. Let p be the quantifier free
type in the vocabulary with two unary relations Sy, S> “saying” that for / < n and
[ € {1,2}, x; € S;if and only if i € w;. Now define:

PRy s (X1 Xn) = N\ Pilxi) N\ Palxi) A { V g /\qé].

icw icw; q;ETPu((x,: icw).t')
SRy any (P4142) =T

Where Mg is the disjunction of all the formulas in ¢; where we replace every relation
R € t* by R’. Now redefine the relation R using the modification g p for the

formula:
B(x1,....x,) = /\ GRawyawy (X1 e vy Xn).
wy,wrC{1,....n}
wJ wy={1,...n}
Do this for all R € t* and we are done. .

From the two lemmas above we see that if we do not use constant symbols, then the
definitions of bounded patch-width and of constructibility coincide. The reason we
prefer to use constructibility is that the binary operations suggests interpretations
by binary trees (which we prefer), and the use of constants allows more general
operations (which is useful in proofs). We could however used m-ary patch-width
instead of m-constructibility without much difference.

NortatioN 2.11 (Trees). (1) The vocabulary of trees, Tiees. is {<.cn}.

(2) The vocabulary of k-colored-trees, Ty _irees, is {<.cn} U {Py,..., Py} ie,
(Ttrees)k~

(3) A tree T is a Tyees-Structure in which:

o <% is apartial order on |%|.

o ¢ is a singleton. We write c? instead of {c}}.

e Foreveryt € |T| the set {s € |%|: s <* t} is linearly ordered by <*.

Forall x € |%|, ¢ <* x.

(4) A k-colored-tree T is a ty _ trees-structure, such that T | Tyees is a tree.

(5) A 2-colored-tree X is directed binary (DB) if (¢X, P¥, P¥) is a partition of
|X|, and each non-maximal element of T has exactly two immediate successors
one in P{ and the other in P5. For k > 2, a k-colored-tree T is DB if
(5 <%, 5. P, P) is

DEFINITION 2.12 (Monadic interpretation in trees). (1) We call ¢ a monadic k-
interpretation scheme for a vocabulary t if ¢ consists of:

o Natural numbers ki = k{ and k\ = k5 both less then or equal to k.

o Forevery | < ki a monadic T, yees-formula go;,(x).

Thy— trees-formula: ¢ = cpfw(xl, e Xn).
(2) Let ¢ be a monadic k-interpretation scheme for a vocabulary t, and ¥ a k§-tree.
The interpretation of T by ¢ denoted by ' is the t-structure M defined by:
o (M| ={(t1)e|Z|x{0,....k1}: TE= p_s(0)}.
o For every R € 1 n-place relation:

RM — {((t,',li)l 1 < n) S n|M|I T }Z PR, isn)(tl,...,tn)}.
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(3) For ¢ a monadic k-interpretation scheme for t we denote by 87 the class of all
t-structures M such that for some kS-tree, T, we have: Tl = M. g% 5 the
same as 87 only we demand that ¥ is directed binary.

(4) We say that ¢ has the leaf property if k§ = 0 and for every k5-tree T, and every
t € |%]: ¥ |= @ _[t] implies that t is a maximal element in %.

Our scheme ¢ is a special case of a monadic second order definable transduction
defined by Courcelle in [4, 5]. For comparison note that ¢ is the (7, Tsees) (kf + 1)-
copying with k§ parameters defined by: (drrees. @ ¢. . ... B ks (@ Jwersk, ), (in the
notations of [4, 5]) where @ is the conjunctions of the tree axioms.

Without loss of generality we may assume that &f = 0. This is because of the
following:

LEMMA 2.13. For every ¢ a monadic k-interpretation scheme for a vocabulary t,
there exists ¢’ a monadic (k + 2)-interpretation scheme for v, such that:

o k' =0.

o kS =k§+2.

o For every k$-tree T, there exists a kS -tree ¥, such that: T4 = g1,
Hence 87 C R7°.

PrOOF. Let s; and s, be the two “new” unary predicates, and let ¥ be a k§-
tree. Define ¥’ as follows: || = [Z| U (1] x {0,....k5}), sF = |%|, sf =
%] % {0,.... k¢}, and if ¢ is the immediate successor of 7, in ¥ then define, 1; <
(11,0) <¥ (11, 1) <% -+ <% (11,k$) <7 1. Now define:

0% o(x) 1= 5200) A N\ ) () A (w (e )] = (08, (0)".
I<kf

Where y,(x, y) is a formula stating that there are exactly / elements between x
and y and all of them are in s, and (¢ ,(¥))" is the formula ©¢ ;(y) relativized to
s i.e., we replace every quantifier of the form 3x or Vx by Ixs1{x) A or Vxs;(x) —
respectively, and every quantifier of the form 3X or VX by 3X (VxX (x) — s1(x)) A
or VX (VxX(x) — s1(x)) — respectively. It should be clear that ¥ = ¢ ;[#] if and

only if ¥ = <p°:"0[(t, 1)]. The relations are dealt with in a similar way. -

LEMMA 2.14. Let £ be a (m*, k*)-constructible class of t-structures. Then there
exists a natural number k** and a monadic k**-interpretation scheme ¢ with the leaf
property, such that & C fm%

We will not go into detail here. A similar result was proved by Courcelle in [4]
Theorem 4.6. We do however give a sketch of the proof containing some definitions
that will be useful later.

SKETCH. Suppose P and & are the finite sets of structures and operations gen-
erating &, and 7™ is the vocabulary associated with & (see 2.7). Now with every
M € R we can associate a DB tree which represents the construction of M from
the structures in 8. The leaves of this tree are structures in 3, every non-maximal
node of the tree is a 77 -structure which is the result of its two immediate successors
by an operation in &, and its root (restricted to t) is M. Formally we define:

DEFINITION 2.15. We say that the pair (T, 9) withT = (T; <*,c%, S§,S5)a DB

s 5 Gy

tree and M = (M, : t € T), is a full representation of M € & when:
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(1) Every M, is a k,-const t+-structure for some k, < k*.

(2) Foreveryt € T <*-maximal, M, € B.

(3) The t-reduct of My is M.

(4) For every t, a non-maximal element of T, let 51, 53 be its immediate successors
with s; € SF. Then M, = M, ®; My, for some's € Gk, k, k, N 6.

We can encode the information necessary for the construction of M using labels
(colors) for the nodes of the tree. Formally:

DEFINITION 2.16. (1) Let t* be the vocabulary Ty, yees With the following unary
predicates:
(a) Sy andS,.
(b) Py fork < k*.
(c) Qsforsc 6.
(d) Ry for N € 3.
ks is the total number of unary predicates in t*, i.e., ky = |P| + |S| + k* + 2.
(2) At*-structure S isarepresentationof M € R, if we canfindM = (M, t € |T])
such that:
(@) ((IT]. <%, ¢k, ST, S5), M) is a full representation of M.
(b) (PF:k < k*) is apartition of |%|. If t € P}, thenk, = k i.e., M, isa
k-const T -structure. We write k* (1) = k if and only if t € P}.
(c) (QF:s € @)YU(RF: N € P) is apartition of |Z|.
(d) Forevery t € |T| <*-maximal, t € R;fl,.
(e) Forevery t € |X| non-maximal, let sy, s, be its immediate successors with
51 € ;. Suppose M, = M, ®s My, for somes € Sk, k,, k, N S. Then
te QF.
Note that:

OBSERVATION 2.17. (1) Every M € R has a full representation, and hence a
representation.
(2) If My € R are represented by T for | € {1,2},and T| = T,. Then My = M,.

Now define: k1 = max{|N|: N € B}, ky is the number of unary predicates
in t* (see 2.16(1)), and let k** = max{ky.k,}. We can define a k**-interpretation
scheme ¢ with k{ = k; and kS = k; such that for all M € &, and ¥ a representation
of M we have M = %1€, Note that indeed ¥ is a DB k$-colored-tree. We will not
specify all the formulas of ¢ as they tend to be very long and complicated, but do
note that all the information about M can be decoded from the representation of M
using monadic formulas. Finally by an argument very close to that of 2.13 we may
assume that ¢ has the leaf property. (See [3] Proposition 62 for more details). -

§3. Equivalence of m-ary patch-width for m > 3. We come now to the main
part of our result. Basically what we do here is proving the reverse inclusion
of 2.14. It turns out that in our constructible class we only need 3-ary relations as
auxiliary relations, thus we can replace constructible by 3-constructible. It follows
that a class £ is contained in a constructible class, if and only if it is contained
in a 3-constructible class, and similarly for m-ary patch-width. We start with an
investigation of directed binary trees that will be useful later. See (2] for a similar
discussion including a proof of Lemma 3.2 formulated in the terms of tree automata.
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NoTATION 3.1. Let ¥ be a DB k-colored-tree. Letn € Nand x1,...,x, € T be
fixed maximal elements of .

(1) For x,y € T denote by x A y the maximal element z with z < x, y.

(2) For x,y € T with x < y denote [x,y] .= {z € T:x < z < y} and
(x,y) ={zeT:x<z<y}.

(3) Define Y = {x1,....xo U{x; Ax;:i,j <nyU{cE}, andfix (y1,....Vm)
an enumeration of Y. Note that m < 2n.

(4) For any non-maximal x € T let Fr(x) € T (resp. F1.(x) € T) be the unique
immediate successor of x which is in P} (resp. P5).

(5) Let Rr(y.y’) and R.(y.y') be binary relations meaning Fr(y) < y' and
Fi(y) <y respectively.

(6) The branching structure of x,...,xy is the structure (Y, <% Rgz,Ry,
X1,...,Xn). The elements of Y will be referred to as branching points. Note
that there are (up to isomorphism) finitely many possible branching structures
for a fixed n.

(7) Fory,y' € Y withy <y’ deﬁne Ty, ={xeT:x>yAx #y}

(8) Let Tr = {cX}u{t € T: Rpler. 1)}, and Ty = {cEYu{t € T: Rp(cE.1)}.

LemMa 3.2. Let g € N. The type tp¥5°((y1,....ym). %) is computable from the

branching structure of xi, ..., Xn, the types )30 (c. T, ), tp¥S0(c;. Tlry), and
the types ip)*O((y.y'). %1, ,) for y, " adjacent branchmgpomts

PROOF. Let T = Ty _sees U {Rg. Rr}. We proceed by induction on 7.

Forn = 0: We can define an operations € G, 11 such that for every DB tree T we
have: (%, ¢%) = (T|r,. ¢} ) ®s (|1, ¢,%). The result now follows from the addition
Theorem (2.6(2)).

For n = 1: Similarly to the previous case we can define an operation s, €
G221 such that for every DB tree T and every x € Tr we have: (%,¢2,x) =
($|TrT ex,x) @, (T|rs, cF). Symmetrically we can define sg € &, such that
for every DB tree T and every x € Tg we have: (%,¢k,x) = (T)r,.¢}) B
(% |T < ,c?, ,x). Now from the branching structure of x we can compute if x € Ty

orx € T, holds and use sg or sy, accordingly.

For n+1: Assume we have proven the lemma for xy,...,x, € Tandletx,,; € T.
We make use of the following fact: Let y be a branching point of xy, ..., x,, and
let:

Sy ={x€T: x>y}
TE, = {x € T: Rr(y.x)} U {y}.
TS, ={xeT:R(y.x)}u{y}

Let 7, 7§y and 72}, be the restrictions of (yi,...,ym) to T>,, T gy and TZLy
respectively. Then we can compute the types:

e (y>y"I|TR ) and IPMSO(yéy ‘I|T§)‘)-

MSO
[pq

(y>) TIT>}) tpq

Why? from the induction hypothesis we can compute Tp25°(yy,. ... ym. ), so all

we have to do is to restrict the quantifiers of our formulas appropriately.
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We return to the proof of the case n + 1. Let us first deal with the following case:

(%) X1,....,xp €Ty and x,, € Tg or

‘ Xi{,e.. Xy € Tg and Xpet € Tp.
(which can be computed from the branching structure of x;. . . . Xn11). Similarly to
the case n = 1 we can define s € &, 11.m2 such that for every DB k-colored-tree T
and every xi,...,x, € Tt and x,,| € Tr we have:

(T, Yi,e.. ’ym’x"+1) = (T%TL’)/I ~~~~~ ym) ®sz (T,T‘x;_\ml’crff'xnﬁ)'

Symmetrically we can define sy € &, 112, such that for every DB k-colored-

tree T and every xy,...,x, € Tr and x,1) € Tr we have: (T, p1,.... Vo Xnyt) =

Flrs X xni1) ®s; (Z|Te. Y1, -, ym). In both cases we can compute the MSO
|

theory of both operands, one is given and the other from the induction hypothesis.
So by the addition theorem we are done.

Lastly assume that () does not hold. Hence we have a unique y # xp;1
which is a branching point of x),..., x,4+1 and not of x,...,x,, and let y’, y”
be the adjacent branching points of xi,...,x, such that 3/ < y < y”. There
are four possibilities for the branching structure of y.y’, y"” which can be dealt
with symmetrically. Without loss of generality let us assume that the possibil-
ity Rr(y',») and Rr(p,»”) holds. Now from the types p)*°(y, .. %|r, )
(given by the fact above) and 1p)*°((y, "), %|r, .,) (given by the assumptions
of the lemma) we can compute tpMSO((y>y,,, »), ‘35|TL ). From this and the type

p¥S9((y, xp11), 7, ) (again given by the assumptlons of the lemma) we can
compute 1pM50 (75,1, y. xn+1)S|T> ). From this and the type ip}/S°((y". y). ¥|7,, )

we can compute pySO((7§

MSO
lpq

tpé”so((y>)/,y,x,,+1) Tr,,). Iy = cf then Ty = T and 35, = (y1.... ym)
so we are done. Else assume (without loss of generality) that Rg(c}.y’) holds,
and let 3’ be the restriction of (yy,..., ym) to T,z .. We can compute the types

tpr”SO(?’;LI,‘E[TL ) and ip50(y", ¥’ eip %7 PR ) Wthh together with the above

V50 ¥s Xng1)s I|TR (). From this and the type

(y>y,,‘I|TL ) (again given by the fact above) we can compute

MSO(yx,...,ym,y,xm,T). =

LemMMA 3.3. Let k* be a natural number, and ¢ a monadic k*-interpretation scheme
with the leaf property for a vocabulary t. Then there exists a natural number k**, and
a (3. k**)-constructible class of t structures, &, such that: &% C &,

gives us the de51red tp

Proor. First we introduce some notation. Let ¢* be the maximal quantifier rank

of the formulas {¢go: Q € t}. Define the vocabulary 7" to consist of:

.7,

® T, _ees Where ky = k5.

e Two 3-place relations Rg and Ry.

e Foreacht e TPfI‘{SO(Z, Ti,_irees)> @ 3-place relation R}.

e Foreacht ¢ TP;‘{SO(2, Thy—rees)» @ 2-place relation RE.
Foreachte T PQ{SO(I, Tky—srees) tWO O-place relations R¥ and RE.
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Given a kj-colored-tree we use the new relations of t* to encode the logical types
we are interested in. We call the structure “correct” if indeed the new relations are
interpreted as we want.

DEFINITION 3.4. A t*-structure, X, is called a correct ky-colored-tree if’:

For each Q € 7. Q% = 0.

T | Thy—srees is @ DB kay-colored-tree.

For each x\, x2. x3 maximal elements of |%
Then we have,

ety =xiANxpand y' =y A x;3.

/

Ri(x1,x2.x3) & Fr(y) < ).

and similarly for Ry .
For each t € TP;‘{SO(Z,rkZ_,,ees), and x1. x>, x3 maximal elements of |%|, let
y=x1Axyandy =y A x3 then we have,

(R (x1, %2, x3) & tpf,%so((% ¥').%lr, ) =t.

For each t € TP%SOQ,I/Q_,,(,M), and xi, x; maximal elements of |%|, let

¥y = x| A x3 then we have,

(R)*(x1.x2) & 1p)°((c. J’)»Tlrﬁ_y) =t

For eacht € TP;‘{SO(I  Tha—trees)» (RR)T = T if and only if
tp;\/{SO(CrT“ T(TR) =t

and similarly for RE.

Note that every DB k;-colored-tree can be uniquely extended to a correct DB
k>-colored-tree. Now define B to consist of all singleton correct models (models
with one element) of the vocabulary t*, plus all the null *-structures (see Defini-
tion 2.5(5)).

We now turn to the definition of the operations in &. Let u be a possible
“color” of a singleton kj-colored-tree. Formally u C {Ps,.... P, }. We define
the operation b, on DB k;-colored-trees as the addition of two trees with root of
color u. Formally Let T,. % be DB ks-colored-trees define ¥ = ¥ &, T, by:
1T =T W [T u {c}.
cistherootof Tie., ¢y = {c}and forall 7 € |Z].c <* ¢.
¢ hascolor u i.e., foralli >3, c € P} ifand only if i € u.
cn' € Pand ¢’ € Py
The rest of the relations on Ty and ¥; remain unchanged.

Note that indeed T; &, T, is a DB kj-colored-tree whenever ¥ and ¥ are, and
hence &, extends uniquely to an operation on correct k»-trees.

Now for / € {1,2} let 2; be a t*-structure such that there exists a correct k-
colored-tree with [2;| C ||, %), = 2y, and every element of 2; is maximal in %;.
Define an operation s, on such structures by: %; &, 2 = (%) @y T2)|jor, jujat,- It is
easy to verify that ®s, is well defined and indeed belongs to &.+ g00. We now have:

LEMMA 3.5. For every correct ky-colored-tree, T and every set A C |%| of maximal
elements, the restriction T\4 is in the closure of B3 under the operations {s,: u C

(3.....ka}}.
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Proor. First it is obvious that we can construct ¥ from 3 using the operations
{®,:u C {3,....k2}}. Now use the same construction only replace in each step
the operation T; &, %, by the operation T[4 ®s, T2]4. —

The last thing we need now is to “decode” the relations in the correct structure
into the relations in our vocabulary 7. For this we use:

LEMMA 3.6. There exist 8* € G+ 0,0 such that For every correct ky-tree, T and
every set A C |T| of maximal elements, the structure ' = ¥| 4 ®s Nully satisfies for
each Q € t withn(Q) = n,

(+) 0% = {(x1.....xn) €"4: T = poolx1.....xn)}.
Proor. Let Q € 7 be an n-place relation symbol, and w;,wy C {1,...,n}. We
should define 1%, ,, in such a way that (x) will hold. As we have k{" = k3 =

k%" = 0 and we are only interested in Nully as the right operand, the only relevant
case is w; = {l,...,n} and w; = 0. In order to have (x) We need to define a
function:

f 22 : {p: p is a quantifier free type of n variables in vocabulary t*} — {T,F}
such that for all (x1,...,x,) € 4, fQ(tqu((xl, e xn),A)) =Tifand only if T =
0oo(x1,...,x,). Recall that by Lemma 3.2 the value of ¥ |= pgo(x1,...,xn), is

determined by the branching structure of x1, ..., x,, the types 1p}*°((y, '), T|ps )
»y

for y,y’ adjacent branching points of xi,...,x,. and the types tpMS°(c}, %|r,)
and 1p}S%(c%, Tlr,) (see 3.2 and Notation 3.1). But as T is correct these all are
determined by p so we are done. : =

We can now conclude the proof of Lemma 3.3. Define
S={s,:uC{3,....k2}}U{s"},

and let & be the constructible class of 7-structures defined by P and &. Let M
be a z-structure in ﬁg""’db. So we have M = T[f] for some DB kj-colored-tree ;.
Let T, be the correct extension of T;. Let 4 = {x € [T2|: T1 E ¢-0(x)}, and
A = T;| 4 ®+ Nully. From Lemma 3.5 we have that ;| 4 is in the closure of I3 under
the operations in & and hence so is 2. From Lemma 3.6 and the definition of gid,
we have that |, = Z[f] >~ M,so M € 8 as desired. -

From Lemmas 3.3 and 2.14 we conclude our main;:

THEOREM 3.7. Let & be a class of t-structures. Then R is contained in a m-
constructible class for some m € N if and only if R is contained in a 3-constructible
class.

The same holds for patch-width:

COROLLARY 3.8. Let t be a nice vocabulary and R a class of t-structures. Then R
is contained in a class of bounded m-ary patch-width for some m € N if and only if R
is contained in a class of bounded 3-ary patch-width.

ProoF. Assume & C R for some & of bounded m-ary patch-width. By
Lemma 2.9 & is (m,0)-constructible. By Theorem 3.7 & is contained in some
3-constructible &”. Notice that that the set & defined in the proof of 3.3 satisfies
that & C G+ 900 s0 K" is in fact (3, 0)-constructible. Notice further that in the
proof of 3.3 we do not need null structures in the construction, hence we may replace
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7t by a nice vocabulary. So by Lemma 2.10 £” is a bounded 3-ary patch-width
class as desired. -

A close result to this corollary is Proposition 63 in [3] by Blumensath and Cour-
celle. They proved that if a class of z-structures is monadically interpretable in
trees then it can be constructed from singleton t*-structures, where max{n(R) :
R € 7\ 1} < max{n(R): R € t}. The operations used for the construction
though are more limited then ours so our Corollary 3.8 is not a generalization of
their result.

§4. The cases m = 1 and m = 2. Can we improve Theorem 3.7 by replac-
ing 3-constructible by 2-constructible? Consider a unary operation on k-const
z-structures, s; for i < k defined by: s;(M) is the restriction of M to the set
{x € M: x ¢ PM}. If we would allow these operations in the definition of con-
structibility then the answer would be yes. Why? In the proof of Lemma 3.3 we
could construct the full tree rather then restrict to the leaves (i.e., we could use the
operations @, instead of ®,, ). In this case we could encode the necessary logical
types by binary relations. If we do not change the definition of constructibility then
the question remains open.

Can we improve Theorem 3.7 by replacing 3-constructible by 1-constructible? In
this case we know the answer to be negative. This follows from the following:

THEOREM 4.1. There exists a nice vocabulary t, and a class of t-structures R,
contained in some 3-constructible class, that is not contained in any 1-constructible
class.

The idea behind the proof'is the following: In the complete binary tree of depth n,
we will define a 4-ary relation R(x), x2, x3, x4) on leaves of the tree, which is some
relation ¢ on the distances (in the binary tree) between x; and x, and between x3
and x4 where the distances are taken mod p. The relation R will be defined in terms
of of general p and ¢, and particular p and ¢ are chosen in the end of the proof. A
counting argument will prove that R cannot be constructed using unary auxiliary
relations only. We give the proof in detail:

PrOOF. Let 7 = {R} with n(R) = 4. Set p € N be large enough (to be defined
later). Let T beatree. Aset X C Tisconvexin Tifz,z' € Xandz < z" < 7/
implies z”’ € X. For x, y € T Define:

e x ATy = x Ay =the <? maximal z € T such that x >¥ zand y >% z.
e d*(x,y) =d(x,y) =min{|S|: SC T,x,xAy € S, Sisconvexin (T, <*)}.
o dy(x,y) =dp(x.y) =d(x.y) (mod p).

Letg: {0,...,p — 1}2 — {0, 1} be some function that will be defined later. We

now define ¢ a O-interpretation scheme for 1:

o ki =ki=0.

e ¢¢ ,(x) = —3yy > x ie., the elements of the interpreted structure are the

leaves of the tree.

* Yrolx1.x2,x3,x8) = “q(dp(x1, x2),dp(x3,x4)) = 0”.
We have to show that pg is indeed a monadic formula in 7,.5. Note that there
exists a monadic formula ¢,,—o(x, y) such that for any tree T, T = p4,—o(x, y) if
and only if d (x, y) = 0. ¢4,—0(x, y) will “say” that there exists a set X such that:
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e X xXNyeX,

e theset X is convex in ¥,

e if z’ is the immediate successor in X of z € X, then there exist exactly p — 1
elements (of 7"} between them.

similarly we have formulas godp:,-(xﬂ y) for 0 < i < p. Now define:

wro(x1, X2, X3, X4) = \/ ey (X1.X2) N @,y (X3, X4).

n.me{0...p—1}

n=n; (mod p)
This gives us ¢ as desired. Define & = &7°¢. By 3.3 £ is contained in a 3-
constructible class (in fact in a 3-ary BPW class). For eachn € N let M, =
("22, <) ie., M, is the complete binary tree of depth n, and N, = M7 (see
Definition 2.12(2)) so N, is just the relation R. Let & be a constructible class
of t-structures, so 1 = 14 for some k € N. Towards contradiction assume that
N, € & forall n € N. Let B be the set of “atomic” structures associates with 8.
Without loss of generality we may assume that 93 consists of singleton structures
only. Otherwise increase k by max{|M|: M ¢ P} and construct each M € P from
singletons of distinct colors. Now let K € &', and let (T, 91) be a full representation
of K (see 2.15). Assume K = N, for some n. So we have a 1-1 function f, from "2
to the leaves of T, as every n € "2 corresponds to a unique element ¢ € K under
the isomorphisms, and for every element of @ € K there exist a unique ¢ a leaf
of T such that a = |M,|. Define f(#) = t. Note that f is not onto, as some
of the leaves of T may be omitted during the creation process. For each t € T
let 4, = {f'(s): s <¥ As € range(f)}. So A, C "2. For each n € A4, let
a =a, = |My|. a,isan element of M,, so 4, is divided into 2% parts according

to the color of a, in M;, (more formally according to the type t[);}\r (ay. M,)). We
therefore have B, C A4, such that |B,| > ";—;', and all the elements of £ ~!(B,) have
the same color. Now define:

Co={d)"(n.nAv):n.veB}C{O..... p—1}

We have 1’247" < B} < 2!G1. For the right-hand inequality use induction on |Gyl

Hence we conclude
|4, < |By| -2k < 21GI+k,

Now note that if C; # {0,....p = 1}, then [C;[ < n — [%] and hence [4,| <
210Gk < 271317 We now consider two cases:
CaSE 1. There exist s € T with two immediate successors #;.1, € T such that:

[, |. | Ay | > 2" L5,

According to what we saw above we have C; = C; = {0,..., p — 1}. So for
[ € {1,2} we have {(p, ;,vy,i: i € {0,..., p — 1}) such that:

(@) {pyivyi:i €{0,....p—1}} all have the same color in M,,.

(B) d)(pyivyi) = iforalli < p.
Denote by m the number of quantifier free types of couples in the vocabulary t

(actually in our case m = 22V). Note that m does not depend on p. So for
each | € {1,2}, {0,...,p — 1} is divided into m parts according to the type
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0, (pyivyi). My). We claim that we can (a priori) choose p (large enough)
and ¢ in such a way that we can find 1, i, |, j» such that for each / € {1,2}:
(P Vi) and (py, j,. vy, ,) have the same quantifier free type in vocabulary 7 in
M,,. and on the other hand: ¢(i;. j1) # q(i2. j»). This is of course a contradiction
as the quantifier free type of (py, ;. v;,;,) and (py, j,. vy, j,) in vocabulary 74 in M,
determines the value of R(py, ;. Vi, p1, j;» 1, j,) in M and hence in M_~. But this
value is true if and only if ¢(i;. j;) = 0 in contradiction with ¢(i|. j1) # q(i2, j2).
Why can we choose p and ¢ as desired? Let f: {0,....p —1}* — {0.1}. Bya
partition of {0. ..., p — 1}? into m parts we will mean a pair (e}, e;) of equivalence
relations on {0,... p — 1} both with at most m equivalence classes. We say that
f respects the partition (e, e2) if for each if, iy, j1,j2 € {0,..., p — 1} we have
A,e{]‘z}(il,jl) €e = /\,e{l.z}f(i,) = f(j;). Now for a given p the number of
partitions of {0,..., p — 1}? into m parts is < m? - m?, and the number of func-
tions from {0, .... p — 1}? to {0, 1} that respect a given partition is < 2", Hence
the number of functions that we cannot choose (i.e., functions that respects some
partition of {0..... p — 1} into m parts) is < 22ploglm+m* Byt the total number of
functions is 27", So 1f we choose (a priori) p such that p> > 2plog(m) + m? we can
choose a function ¢ as desired.

Assume now that the assumption of Case 1 does not hold. Assume also that
we have chosen 7 large enough such that 215/=% > 4. In this case we can find
to.t1,...,ty € T such that:
d>5.
ty = CS.

The element ¢t; is maximal in <.

For 0 < i< d, t;,, is an immediate successor in ¥, of ¢;.

For0 < i < d.denote by s;, | the immediate successor of ¢; different from ¢, 1,
then |4, | < 2l»1=F,

Note that for any 0 < i < d: |Jo <, 45, and 4,, is a partition of A4 s, and
that |4.s| = 2". So we can find 0 < i* < d such that |y ;- 451, ]A,*

25175 we proceed similarly to Case 1. As there we can find ((p;,. ;. V.. € At,*.
i €{0,..., p — 1}) that satisfy () and (8) above, and the same for ((p;,vi: i €
{0,.... p—1}) where p;, v; € Uycj<;- 45, Again let m denote the number of quan-
tifier free types of couples in the vocabulary 7. This time we want to choose p
and ¢ in such a way that we can find: i, jj, j, such that: (p;. ;... ) and
(Pt,+ jos Vi o) have the same quantifier free type in vocabulary 7 in M, , and on the
other hand: ¢(i, j|) # q(i, j»). Again this is a contradiction as the quantifier free
type of (py. j,.vi,. j,) for I € {1.2} determines the value of R(p;.. j,, vi.. j,. pi. Vi)
in M,x. Again this value is true if and only if ¢(7, j;) = 0 in contradiction with
q(i, j1) # q(i. j2). Why can we choose p and ¢ as desired? For a given p the number
of functions from {0,..., p — 1}? to {0, 1} such that we cannot choose as above
is the number of partitions m?, times the number of functions that respect that
partition 277 or 27'elmitmp Qo if we choose p such that p? > plog(m) +m - p
we can choose a function ¢ as desired. Note that the function we used for the second
case will also work for the first case so we can use one definition of ¢. In both cases
we get a contradiction and the proof is complete. -
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§5. Conclusion. We considered a set of quantifier free definable operations on
relational structures, and the classes of structures constructible by these operations
when we allow auxiliary relations. Our main result, Theorem 3.7 shows that we can
restrict to 3-ary auxiliary relations without losing constructible classes. A parallel
result for patch-width is Corollary 3.8. An example given in 4.1 shows that if we
restrict to unary auxiliary relations we do lose constructible classes. The question
regarding binary relations is left open.
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