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ABSTRACT

We force 2* to be large, and for many pairs in the interval (A, 2A) a
strong version of the polarized partition relations holds. We apply this to
problems in general topology. For example, consistently, every 2* is the
successor of a singular and for every Hausdorff regular space X, hd(X) <
s(X)*T3, hL(X) < s(X)T3 and better when s(X) is regular, via a half-
graph partition relations. For the case s(X) = Rg we get hd(X), hL(X) <
No.
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[Assume GCH for simplicity and given p a parameters with A\ < y
regular and © C Reg N[\, uT), and we define Qp which adds
Cohen subsets to A but have many kinds of supports, one for each
0 € O, influencing the order.]

83 Applying the criterion p- 535
[The main result is that (cardinal arithmetic is changed just by
making 2* = u and) using §1 we prove the strong version of polar-
ized partition relations hold in many instances.]

References p. 542

0. Introduction

Out motivation is a problem in general topology and for this we get a consistency
result in the partition calculus.

In Juhasz—Shelah [JuSh:899] we proved: if (Vu < A)(u®° < \) then there is a
c.c.c. forcing notion that adds a regular topological space, hereditarily Lindelof
of density A.

A natural question asked there ([JuSh:899)) is:

Problem 0.1: Assume ®; < A < 2%0. Does there exist (i.e., provably in ZFC) a
hereditary Lindelof regular space of density A7

On cardinal invariants in general topology, see [Juh80].

We prove the consistency of a negative answer, in fact of stronger results by
proving the consistency of strong variants of polarized partition relations (the
half-graphs, see below). They are strong enough to resolve the question about
hereditary density (and hereditary Lindelof). Moreover, if A = A< <y = p<#
(and G.C.H. holds in [, i)), then there is a forcing extension making 2* > u
neither adding new (< A)-sequences nor collapsing cardinals such that, for many
pairs Ax < p in the interval, we have the appropriate partition relations.

An earlier result is in the paper [Sh:276, Theorem 1.1, p. 357] and it states
the following: if A > x > pu are regular cardinals, A\ > x™T, then there is a
cardinal and cofinality preserving forcing that makes 2* = A and
kTt — (k*F,(k;k),)? in addition to the main result there 2% — [\]3; see
more in [Sh:289], [Sh:288], [Sh:481], [Sh:546]. The applied notion of forcing
(Q, <) is the following: p € Q if p is a function from a subset Dom(p) € [\]=*
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into Add(p, 1) — {0}, where Add(u, 1) denotes the forcing adding a Cohen sub-
set of p; p < ¢ if Dom(p) O Dom(q),p(a) < ¢(a) for @« € Dom(qg) and
[{a € Dom(q) : p(@) # q(a)}| < p.

For simultaneously many n-place polarized partition relation, Shelah—Stanley
[ShSt:608] deals with it but there are problems there, so we do not rely on it.

Our main result in general topology is Theorem 3.10, and by it: consistently,
G.C.H. fails badly (2 is a successor of a limit cardinal > p except when p is
strong limit singular and then 2# = %) and hd(X),hL(X) are < s(X)*3 for
every Hausdorff regular X and | X| < 247 (X)) < 2L for any Haus-
dorff X. (Usually s(X)*? suffices, so in particular “X is hereditary Lindelof
= X has density < Ny”.)

Concerning partition relations we give a generalizaiton of the earlier result
explained above, namely, the consistency of 2% = X and p™+ — (u, (u; p),)?
simultaneously holding for each regular cardinal p such that g™ < X. This
gives a model in which though GCH fails badly, we have strong enough parti-
tion relations implying that the hereditary density and the hereditary Lindelof
numbers of a T3 space X are bounded by s(X)*3, where s(X) stands for spread.

The notion of forcing (P, <) used for the argument is defined as follows. For
each regular cardinal p < A define the following equivalence relation E, on A:
zE,y iff 4+ p =y + p. Let [z], denote the equivalence class of z; p € P if p is
a function from some set Dom(p) C A into {0, 1} such that |[z], N Dom(p)| < p
holds for every successor p < A,z < A; p < ¢ if p O ¢ and for every successor
< A we have

{[z],: 0 # Dom(q) N [z], # Dom(p) N [z],}] < p.

This notion of forcing (P, <), in a most remarkable way, imitates concurrently
several different posets (Q, <) as defined above. Not surprisingly, in order to
show that (P, <) is cardinal and cofinality preserving, the author uses ideas
similar to those in [Sh:276].

In order to prove the main claim, that is, the partition relation, we use the
following trick: we find a condition p such that the dense sets we are interested
in are all dense below p. It suffices, therefore, to show that forcing with the
part below p gives the required result, and this reduces the problem to showing
that a certain notion of forcing (R, <) forces the sought-for-partition relation,
where |R| is small (compared to u). As (R, <) is close to the poset (Q, <) of
[Sh:276], an elementary submodel argument similar to the one there applies.
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The exposition of the method is axiomatic; the author formulates the most
general situation where this method works, and then specifies it to the situation
sketched above. This is not necessarily the optimal description for those who
are only interested in the application given. There is, however, reason for the
peculiar way of presenting this proof: we would like to include this method into
the tool kit set, and simply quote it at possible later applications.

Recall (first appeared in Erdds-Hajnal [EH78], but probably raised by Galvin
in letters in the mid-seventies):

Definition 0.2: (1) A — (u; )2 means that: for every c : [\]?> — & there are
e and «y, B; for ¢ < p such that:
(a) € <k,
(b) ifi < j < pthen a; < B; < aj < A,
(c) ifi <j < pthen c{oy, B} =e.
(2) We can replace u by an ordinal and if x = 2 we may omit it.

Definition 0.3: (1) Let A — (p, (4; ) )? mean that: for every c : [\]? —
1 + k there are € and «;, 8; for i < p such that:
(a) € <K,
(b) i < Bi<a; < Afori<j<up,
(c)o if e =0 then i < j = c{ay, o;} = ¢, so we can forget the 3;’s,
()1 if e >1theni<j=c{wy, B} =c¢.
(2) In part (1), if K = 1 we may omit it. Above, replacing pu by “< p”
means “for every £ < u we have ...”.
We thank Shimoni Garti for many corrections and Istvan Juhész for questions
and historical remarks; we may continue this research in [Sh:F884].

1. Strong polarized partition relations

We deal with sufficient conditions on a forcing notion for preserving such parti-
tion relations. For this, we use an expansion of a forcing notion. Instead of the
usual pair (Q, <q), namely, the underlying set and the partial order, we use a
quadruple of the form Q = (Q, <q, gg, apqQ)-

The “pr” stands for pure, and the “ap” stands for apure. Both are included
(as partial orders) in Q.
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Discussion 1.1: We define (below) the notion of “(\,6,&)-forcing” to give a
sufficient condition for appropriate cases of the partition relations defined above
to hold. We start with the quadruple Q = (Q, <q, Sg, apq) such that ¢ € Q =
apq(q) € @ and <q, Sg are quasi orders on Q. The idea is that if r € apg(q),
then r and ¢ are compatible in Q, close to “r is an a-pure extension of ¢”.

Definition 1.2: (1) We say that Q is a (xT, 0, £)-forcing notion when ¥, 6
are regular uncountable cardinals, £ an ordinal and ® below holds; in
writing (x, 0, < ¢) we mean that ® holds for every £ < (; also, we can
replace x by A:

® (a’) Q: (QaSQ;SPQraapQ)v
b) Q = <q) is a forcing notion (i.e., a quasi order, so I
( y >Q g ) q 5 Q
means |Fg and p € Q means p € Q and VQ means VQ and
G is the Q-name of the generic set),
(c) <Q is a quasi order on Q and p <, ¢ implies p <q g,
(d) («) apq is a function with domain @,
(8) for g € Q we have! g € apqg(q) C Q,
(7) 7 € apq(q) = 7, q are compatible in Q; moreover,
tifre a A q <P g7 then ¢T,r are compatible in
Y PQld) Nq =q 4 q b
Q; moreover, there is 7 € apg(g™) such that ¢* I-q
“T+ c GQ = rc ~GQ7725
(e) (Q,<qg) is (< 0)-complete, i.e., any <g-increasing sequence
of length < ¢ has a <{-upper bound in @,
, <o) satisfies the xT-c.c.,
(f) (@ <2) satisfies the *
(g)if g = (g : e < 0) is §g-increasing then® for stationary
many limit ordinals { < 6, the sequence ¢ | ( has an exact
Sg—upper bound; see part (2) below,

L It is natural to demand g € apq (q), but not really necessary (if we do not demand it,
this just complicates a little ®(c)(d)).

2 No harm in asking that r Sg sand s € apq(¢") and gt < s for some s. Why does this
not follow from our assumption? By the present demand 7T, ¢+ have a common <-upper
bound which is s, so s IF “gT,rT € Gq hence r € Gq”, so without loss of generality
r < s, but this does not say that ¢ Sg S.

3 Note that: we can restrict ourselves to the case qo € Z, where Z is a dense subset of Q.
Also, we can restrict ourselves to the set of ¢ sequences which is the set of plays of a

suitable game with one player using a fixed strategy, etc.
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(h) if (ge : € < 0) is <Q-increasing and p- € apq(q.) for e < 0
and £ < 0 then for some ¢ < § we have g¢ IFq “if pc € Gq
then £ < otp{e < (:p: € Gq}”,

(i) if ¢ € Q then apq(g) has cardinality < 6,

(j) if g« <r then there is a (g, r)-witness (¢, p) which means

*1 ¢ <Q ¢
® p € apq(g«),
o3 gllg “pe G=recG”.
(2) Assume Q satisfies clauses (a)—(e) of part (1).
Let = {g- : € <) bea Sg—increasing sequence of conditions, ¢ < 6
a limit ordinal. We say that ¢ is an exact §pQr—upper bound of ¢ when
e <d=19(q) = g <4 g and:
(*)g,q if p € apg(q) then for some e < § and p’ € apg(g:), we have
IFq “if ¢,p’ € Gq then p € Gq”.

Remark 1.3: Can we weaken clause (i) of ® of 1.2(1) to “cardinality < 6”7

(1) Here it mostly does not matter, but in one point of the proof of 1.4 it
does: in proving ®, there, choosing ((*) such that it will be possible to choose
g(*).

(2) There is a price for demanding a strict inequality. The price is (in 2.12(1))
that, recalling x = Ky, instead of using apy(¢) = {r : ¢ <& r € Qy} we use
apy(q) = {r: ¢ <{P r € Qy and supp,(q,7) S suppy(p), (), D }-

CLAIM 1.4: If Q is a (xT,0, &, )-forcing notion, k < 0 = cf() and x = x<?
then x* — (&, (€45€4)x)? holds in VQ.

Remark 1.5: We can replace x* by “regular y’ such that o < x’ = |a|<¢ < x”

Proof. Let A\, be large enough (so, in particular, Q,6,... € H(A)). Choose a
well ordering <* N of the set of H(A}). Recalling Deﬁmtlon 1.2, clearly 6 > N,
hence without loss of generality « is infinite, so 1 4+ k = k.

Toward a contradiction, assume p* I-q “c is a function from [x]? to £” is a
counterexample.

We now choose M such that

&1 (a) M:<Ma:a§9>a
(b) Mo < (H(X]), €),
(¢) M, has cardinality x,
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(d) [M,]<% C M, if « is non-limit,
(e) M, is <-increasing continuous,
(f) Q,p*,c belong to M, and x +1 C M,,
(g) M| (a+1) € May1.
Note that y = x<? implies § < x*, so let
®2 dx := min(xT\My).
We shall now prove:

@3 if ¢ € Q and ¢(z,y) € Ly is a formula with parameters from My
such that (H(\]), €, <+) = #[0+,q] then for some pair (4,q") € My
we have:

(a) 0 < O,

(b) (H(AT) €, <34) = ¢ld. ',

(¢) ¢',q has a common §g—upper bound.
Why does @3 hold? Let 7 = (r¢ : ¢ < ¢*) list Q, each member appearing
xT times, now without loss of generality ¥ € My, so necessarily we can find
C1 € ¢*\My such that ¢ = r¢, and let (o = min(Mg N (¢* + 1)\(1); of course,
C* € Mp and (3 € My and (3 < (2 A cf((2) > x.

Let

Y ={d €Q: (H\)), € <s) F (a)(plx,d) Az ex)}
Recall that <% = ¥, so
©31 Y EMy,Y CQandgeY.
Now we ask:

®3.2 Is there Z CY of cardinality < y € xT such that, for every ¢” € Y for
at least one ¢’ € Z, the pair (¢, ¢") is §pQr—compatible?

Assume toward a contradiction that the answer is negative. Then, in particular,
|Y'| > x and we can choose r. € Y by induction on e < x* such that { < € = the
pair (r¢,re) is §g-incompatible. Why? In stage € try to use Z := {r¢ : { < e},
so Z CY has cardinality < |e| < x, so some r. € Y can serve as ¢” in ®3 .2,
by our assumption toward a contradiction. Hence (r. : € < x*) contradicts
clause (f) of Definition 1.2(1). So the answer to 3.3 is yes, hence there is such
7 € My, but x +1 C My, hence Z C My.

So apply the property of Z, with ¢ standing for ¢”, so thereis ¢’ € Z C QNMy
such that the pair (¢, q) is Sg-compatible; but Z C Y, hence by the definition
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of Y there is 6 € xT such that (H(A\]), €, <;*+) E ¢[d,¢], and as ¢ € Z C My
without loss of generality & € My, hence 6 € x+ N My, so by the definition of
0 we have § < d,; so ®3 holds indeed.

Next (but its proof will take a while)

®4 if ¢° € Q is above p*, then for some triple (¢',p,t) we have:
(a) ¢° <§ d',
(b) ¢ <&,

(c) p € apgq(r) for some 7 satisfying q° <pr r <pr qt,

(d) if © = 0 then p < ¢*,

(e) if q satisfies ¢! §pQr q and ¢(z,y) € Lgp is a formula with
parameters from My satisfied by the pair (d.,¢) in the model
(7—[(/\:{),6,<§*+), then we can find ¢’,q”, 6 such that the septu-
ple q = (¢,p, 1, 0(x,y), 4, q", 6) satisfies

Mg o1 0 <6, (hence § € My),

o (HOD) € <) b ¢l d),

o3 if 4 = 0 then
(@) ¢ <Q q",
(B8) ¢ <q d"
(v) ¢" Ik “9{5, 5.} =07,

o, if ¢ € (0,K), then ¢ < ¢” and ¢" IF “p € Gq =
c{0,0.} =N q € Gq”.

Why? Assume toward a contradiction that ®, fails. We let (S; : ¢ < ) be a C-
increasing continuous sequence of subsets of § with Sp = 0, |Sc11\S:| = 0, |So| =
0 and min(Se41\S:) > €. Now we try to choose (¢f,x.,¢.) by induction on
e < 0 (but ¢, is chosen in the (¢ + 1)-th stage) such that:

®11 (a) ¢¢ € Qand (¢} : ( <¢) is <§-increasing,

8) @5 =4q°,

(7) if € is a limit ordinal (< ¢) and (gf : ¢ < ¢) has an exact <g-
upper bound (see part (2) of Definition 1.2) then ¢ is an exact
<g-upper bound of it,

(6) xc = ((Pfsee) + & € Se) lists {(p,e) 1 ¢ < k and p € apq(qf)
for some ¢ such that ( = 0V ¢ < e}; here we use clause (i) of
1.2(1) recalling ¢ € apq(q), by clause (d)(8) of 1.2(1), so 1 <
lapq(af) < 0,
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(€) for successor ordinal ¢ = ¢ + 1, let (qZ_H, w¢(z,y)) exemplify that
the triple (¢, pf, t¢) does not satisfy demand (e) on (¢4, p, 1) in ®y,
ie.,

(*) ¢ §pQr g1, and pc(w,y) € Lgg is a formula with parameters
from My which the pair (ds,qf,,) satisfies in (7—[(/\:{),6,<§*+),
but we cannot find ¢',¢”,6 such that the septuple
ac+1 = (q¢ 1,05 tes pe (@, ), 4, 4", 0) satisfies Mg, .

We show that the induction can be carried out. Assume we are stuck at e.
Now if & = 0 we can satisfy clauses (a) + (8) and, recalling 1 < |apg(¢°)| < 6,
we can choose X¢ to satisfy clause (d), and since (7), () are vacuous we are
done.

Suppose £ > 0. For limit & we can choose ¢* as required in clause («) by clause
(e) of Definition 1.2(1); also, clause (vy) is relevant but causes no problem; and
lastly, we can choose x. and, since clause (¢) is vacuous for limit ordinals, we
are done again. So € is a successor; let ¢ = ( + 1, so q; was defined. Now
if we cannot choose (¢7 1, 9¢c(z,y)) = (¢, vc(x,y)), then the triple (¢f,pf, ic)
is as required from the triple (¢!, p,:) in ®4. But this is impossible (by our
assumption toward a contradiction), so we can find (qz 1 ¢c(x,y)) as required;
and again we can choose x. as for ¢ = 0.

So it is enough to get a contradiction from the assumption that we can carry
out the induction. But by clause (g) of Definition 1.2(1) the set S :={{ <6 :(
is a limit ordinal and the sequence (gf : ¢ < ¢) has an exact §g—upper bound}
is stationary. As S is stationary, noting ®4.1(0) and recalling clause (i) of
Definition 1.2(1) which gives |apg(qX)| < 0 = cf(0) for € < 0, clearly for some
limit ordinal ((x) € S we have: if + < (< 0) and p € U{apq(ql) : € < ((*)}
then for unboundedly many ¢ < ((x) we have (p}, i) = (p,¢).

Let p(z,y) € Lo, express all the properties that the pair (d., qz(*)) satisfies

and are used below, i.e., (3yo, .-, Ye)r € X" Ay =yeen A N ¥ <G
e<¢=((*)
Yo N N\ e yet1) A (Ye(s Is an exact <g-upper bound of (y; : i < (()))].
e<((%)
So

() (H()\j),e,<f\*+) = @l0x, a7 ()]-
By ®3 we can find a pair (6, ¢’) such that:
©42 (a) & <y, hence 6 € My and ¢’ € My,
(b) (H(AD), € <34) E ¢ld,,
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(c) d¢'.qf(,, are <g-compatible.
Let ¢” be such that
(d) ¢ <Q q" and qC( ) q
Let (g¢ : ¢ < ((%)) exemphfy ©[0,q'] and, without loss of generality,
{g} : ¢ < (%)} € My; in par‘i’icular €p§ ((x) = ¢ <4 Uy = <q ¢
r Ty
and, of course, e < ((*) = ¢& < Q %y Sq d"-
CASE 1: ¢ IFq “c{5,8.} = 0"
There is € < ((*) such that (. = 0. We get a contradiction to the choice of
the (q;—k; 908)'
Why? Let us check that the septuple q = (¢Z,1,¢,1,0,9:(2,y),¢.1,¢",9)
is such that Xq holds.
For e1: Recall ®4.2(a).

For e5: By ®4.1(¢)(x) we have (H(AF), €, <}4) | ¢=(0x,4%1), by the choice of
p(z,y) and of (g¢ : ¢ < ((*)) we have (H(AF), €, <51 ) = @:[d, ¢z 1] as required.
For 03( ) It means ¢f §pQr q", which holds as ¢Z SpQr 4wy bY ®41(a) and
@y < 4" by Oa2(d).

For e3(/3): It means ¢q_ Sg q", which has been proved just before “case 1”.
For e3(7y): It means ¢” IF “c{d, 0.} = 0”, which holds by the case assumption.

For e4: It is vacuous.

So indeed Mg holds, contradicting the choice of (g7, @) see ®4.1(€).
CASE 2: Not Case 1.

Choose (g, ) such that ¢ €Q, @ <Q " <qq" and ¢" Ikq “c{d,0.} =~
where ¢ € (0, k); we use “not Case 1”. By clause (j) of ® of Definition 1.2 applied
with (¢7(,). ¢ *) here standing for (g«, r) there, we can find a pair (s, p) such that

13 (a) p€ apg(qZ(*))’
(b) %y =q 5
(c) slkq “pe Gg = q" € Gg”.
As qz(*) is an exact §g—upper bound of {¢f : € < {(x)) because ((*) € S and
pE apQ(qZ( )), see part (2) of Definition 1.2, there is a pair (p/, £(x*)) such that:

4 (a) e(x) < ((x),
(b) ' € apq(dl. ))
(c) lFq “if @y ,0' € Gq then p € Gq”.
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So by the choice of ((x) for some ¢ < ((*) which is > £(x) we have (pf, ) =
(p',0). Let a = (qfy1,08 ¢, pc(®,y), gz, 8,6). This septuple satisfies Xg be-
cause:

For e1: Recall ®4.2(a).

For e5: As in Case 1.
For e3: It is vacuous.

For e4: It means first g7, Sg s, which holds as ¢, Sg qz(*) by ®4.1(c) and
@) <q 5 by ®a3(b). Second, s IF “p¢ € Gq = ¢{0,d.} =17, which holds as
Pt = p’, and assuming G C Q is generic over V if s,p’ € G then by ©4.3(b)
also qz(*) € G, hence by ®44(c) also p € G, hence by ®43(c) also q* € G,
hence by the choice of g7 in the beginning of the case we have V|[G] satisfies
c[GI{5,0.} = .

Third, s IF “pf € Gq = q’c € Gq”, which holds as pf = p’ and assuming
G C Qs generic over V, if 5,p’ € G then as above g7 € G, hence by the choice
of ¢* in the beginning of the case also ¢ € G, hence by ®4.2(d) also ¢’ € G,
hence by the choice of ¢ and of (¢} : ( < ((*)) we have g; € G, as required.

Hence we get a contradiction to the choice of (qz 4+1,¢¢). So we are done
proving ®y.

Let the triple (gs,p«,t+) satisfy the demands on (¢!, p,t) in ®4 for ¢° = p*
and let 7, be as guaranteed by clause (c) of ®4, so

© ps Sg T Sg qx and pe apQ(r*)‘
Now we choose g, q’C, qg, qé”, re, e, ¢, B¢ by induction on ¢ < 6 such that:
®s5 (a) qc € Qa

) {ge : € < () is <{§-increasing,

(C> qo = Qx,

) ar < B¢ <diande < (= B <ag,

) (a¢,q¢sac) is as (¢, ¢, 6) is guaranteed to be in clause (e) of ®a,
with g¢ here standing for ¢ there (and, of course, p., ¢, here stands
for p,¢ there) and a suitable ¢, hence

(@) g, Be < e < 6, for £ < ¢,

(B) ac <q @

(7) the pair (ac, q;) € Mp is similar enough to (0., q¢),

(0) if tx > 0 then q’c’ I “if p. € Gq then c{ac,d.} = 1\ and
9 € GQ”,
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(¢) if 1. = 0 then ¢; <g ¢” and ¢ = “c{a¢,d.} = ¢.” and
q¢ Ik “elac,act =" for e < ¢
(f) the quadruple (Beyme,pes q¢') € Mg is similar enough to the quadru-
ple (5*7T7p*aqg)7 ie
(a) B € (ag, 6bs),
(B) the pair (¢, qf) is <§-compatible,
(7) pc € apq(r¢) and r¢ <§ ¢,
(6 ) kq “if pc € Gq then c{ae, Be} =ty for e < (7,

(g) 4 <¢ q<+1 and ¢’ <& qc+1-
Why can we carry out the induction? Note that qé, ..., B¢ are chosen in the

(¢ + 1)-th step.

For ¢ = 0 just let go = ¢x«, so the only relevant clauses (a) and (c) are satisfied.

For ¢ limit only clause (b) is relevant, and we can choose g by clause (e) of
Definition 1.2.

We are left with ¢ successor; let ( =& + 1.

We first choose (g¢, gf, a¢) as required in clause (e) of ®5 using appropriate
¢ and ®4(e) for our (g, p«,ts). Clearly in ®s, clause (e) holds as well as the
second statement in clause (d). In particular, (e)(d) comes from ®4 (e) and
(e)(g) comes from ¢ i.e. ase < (.

Second, we choose (8¢, T¢, pe, qé”) as required in clause (f) of ®s.

[Why? We can find (ﬁg,rg,pg,qé”) € My similar enough to ((L,r,p*,qg).

" here standing for

Using ®3 with (ds, ¢) here standing for (d.,¢) there and g/
¢ in the conclusion of ®3 (and 7¢,pe are gotten by existential quantifier in
choosing which ¢ holds as 7., p. witness). First note that a; < J, holds as
a¢ € My, hence B¢ < d, but B¢ € My so B¢ < 0., so clause (f)(«) holds. Second
q/',q¢ are <¢ compatible by ®3(c) hence clause (f)(5) holds.

Third, the parallel of (f)() holds for (p.,r.) by the choice of r, and as
G =qo <q 9¢ <Q 4¢-

Fourth, the parallel of (£)(0) holds for (g, ps) by (e)(9).]

Third, as q q " are <% -compatible, there is g¢ = g¢41 as required in clause
(8)-

So we can satisfy ®s.

Now we apply clause (h) of Definition 1.2(1) to the sequence {(gc,p:) : € < ),
hence there is {( < 6 as there, so as p. € apQ(qg) the conditions p.,q. are
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compatible in QQ, hence they have a common upper bound r € Q, hence by the
choice of ((pe, g:) : € < 0) above, 1 lFq “6 < otp{e < (:¢e,p- € Gq}.

So r lFq “the sequence ((ae, f:) : € < ¢ and ¢.,p. € Gq) is as required”.

So we are done. 1.4

Noting that:
o if 1. > 0, then gc1 IF “c{ae, B¢} = ti for e <,
o if 1. =0, then gc+1 IF “c{ae,dc}’=ts for e < (.

2. Many strong polarized partition relations
We can say more below on strongly inaccessible 6 € ©.

Hypothesis 2.1: Let p = (\, i1, 0, 0) satisfy:

(a) A=At <p=psh,
(b) © C [\ p] is a set of regular cardinals with A, u € ©,

(¢) 0 ={(0p:0 € O) is an increasing sequence of cardinals such that:

(a) (99 = Cf(ag),

(B) B9 = (9g) <%,

(7) 0 <0, and if 8 < k are from O then 9y < Oy,
)

(0) Op > kit ke (ONG),
(e) if @ = A then 9y = A.

The reader may concentrate on (see 3.4):

Example 2.2: Assume
(a) V satisfies G.C.H. from \ to u, i.e., d € [\, u) = 29 = 97,
(b) A =AA <p=pH,
() ©:={0": A <0< p}U{pu}, and
(d) Dp = 0 for every 6 € ©, so in 2.3(5) below we have 3° = min{6+, u}.

For the rest of this section p, i.e., A, i, ©, 0, are fixed.
Definition 2.3: (1) For k € O, let E,, be the equivalence relation on p defined
by
(x) iEgjiffi+k=7j+k.
(2) For any cardinal k € [\, u|, define E., as Eqyx U|J{Ep : 6 € © N k}. For
such k, if k ¢ O, let E, = E,.
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(3) For i < p and k € O, let [i], =i/E, = the E,-equivalence class of i, and
for A C p, let A/E, = {i/E, :i € A}. Fori < pu, A C pu we say that i/E, is
represented in A iff AN (i/E,) #0. If AC B C p, we say that i/E,, grows
from A to Bit § # AN(i/E,) # BN (i/Ey). If we write functions p, ¢ instead
of A, B, we mean Dom(p), Dom(q), respectively.

(4) Note that for all ¢,j < p we have iE,j. Thus, the following definition
makes sense: if 4, j are < u, we let x(4, j) be the minimal x € © such that iE,j.

(5) Suppose k € O; let

0" = min{dp:k<heBOlifk<pand " =pifk=p
(Notice that « is just an index in 9%, and this is not cardinal exponentiation.)

Thus, in particular,

OBSERVATION 2.4: (1) Fori,j < p we have: £(i,j) is well defined and for
i,j < p,0 €[\ pn) we have iEgj < 0 > k(i,j) as

(x) if @ < k are both from O, then Ey refines E, and, in fact, each

E\.-equivalence class is the union of k many FEy-equivalence classes.

(2a) If k < 0 are from © then 0" < 89, used in 2.8(1).
2b) 9y < 0 except possibly for 0 = p (still 8, < = O*); recall 2.1(c)(v).
"
(2¢) su (@ Nk) <0, for k € B; recall 2.1(c)(9).
(2d) 0% = (0°)<?" for 6 € ©.
(2e) If k € © then each E..-equivalence class has cardinality < 0, (by
(2c)); used in the proof of 2.8(3)).

(3&) a>\ =\
(3b) If 6 < k are successive elements of © then 9% = 0,.
(3¢c) If k € © and |J(O© N k) is a singular cardinal, then 9, > (J(© Nk))T.

Definition 2.5: (1) The forcing notion Qp = (Qp, <g,) (but we may omit p
when it is clear from the context) is defined by:

(A) g€ Qiff
(a) ¢ is a (partial) function from p to {0,1},
(b) if ¢ < p and k € O, then the cardinality of (i/E,) N Dom(q) is
< Oy (note: taking x = p, the cardinality of Dom(q) is < 9, < ).
(B) p <qq iff
(a) p C g, ie,, Dom(p) C Dom(q) and o € Dom(p) = p(«a) = ¢q(«),
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(b) for every 6 € O the set {A € u/Ey : A grows from p to ¢} has
cardinality < 0.
(2) For k € O\{u} and p,q € Q, let:
(A) p <pr, qorp<Prqiff
(a) p < g, and
(b) no Ej-equivalence class grows from p to gq.
(B) p <gb, qor p <iP q iff
(a) p<q,
(b) Dom(q)/E, = Dom(p)/E.
(3) For k = p and p, q € Q, let:
(A) p<Prqiffp=gq,
(B) p<iPqiffp<gq.

(4) Let Qx = Qp.» = (Q, <0, <",ap,), where ap, = ap,, ,, is the function
with domain @ such that ap.(q) = {¢' : ¢ <?P ¢'}; so Q, as a forcing notion is
Q.

(5) Let <*, =<3*=<p be <q, for k € ©.

Remark 2.6: Clearly Q, is related to §1, and if « is the last member of © Ny we
can use it (enough if © = {\, u}, but not in general, so we shall use a variant).

CrLAIM 2.7: Concerning Definition 2.5:
(a) (a) if kK € O, then <, <P" <2 are partial orderings of Q,
(B) p<g=p<qandp<{Pq=p=<q,
(v) if K = p then <%=<,
(9)
(b) (a)
(8)

>, 2

if Kk = p then <P' is the equality;
if p1,p2 € Q and they are compatible as functions, then p;Ups € Q,
moreover, letting ¢ = py U pa, if clause (b) of 2.5(1)(B) holds be-
tween p, and q, for k = 1,2, then q is the lub, in Q, of p; and
p2;
(¢) if p<qand k € O, then there are r,s € () such that:

(a) p<Pir<iPq,

(B) p<Ps<iq

(7) g=rUs,

(0) q is the <-lub of r, s;
(d) if ¢ € Q then:

(a) O < q (and 0, the empty function, € Qp),
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B) (Vr)(g<r=q<iPr),
7) k€ O\{u}p=0<kq
(0) O0#q= 0 £ q for any & € O\{u};
if k1 < Ky are both from ©, then:
<pre<pr and <PC<;

if k € © and p <% q and p <P" r, then:
(o) qUr is a well-defined function € Q,
(8) p<(qUr),

(7) ¢ <% (qUr),

(0) r <P (qUr),

() gUr is a <-lub of ¢, in Qp;
if k € ©,p <P" ¢; (i = 1,2) and q1, g2 are compatible in Q (even just

(
(

as functions), then p <P* (q1 U q2);
if p <% ¢, for k = 1,2, and qi1,q2 are compatible in Q (even just as
functions), then qi <% ¢; Ugqq for k =1,2;

() if {pc : € < ¢} has an <-upper bound then U{p. : € < (} is an
upper bound,

(B) similarly for <P* <ap,

(v) assume p, € Q for every € < ¢, and p., p¢ has a common <}-upper
bound for any e,& < (; then the union of {p. : € < (} is a <X-lub,
when x = us,ap and ( < A;

(0) if {pe : € < {} C Q has a common <P'-upper bound and ¢ < 0",
then {p. :e < (} has a <P'-lub—the union;

if p <2 ¢ then Dom(q)\Dom(p) has cardinality < O,;

if py <iP p3 and p1 < p2 < p3 then p1 <P py and pa <iP ps;

if pr <P¥ po,py <2 qp for £ = 1,2 and q1 U q2 is a function, then
q:=q1Uq is a <-lub of q1,¢2 and q2 <%? q,q1 < ¢;

assume p1, pa are compatible in Q; then there is a pair (g,t) such that:

; ;1 <k'gq,

o py <EP U,

o3 glF“te G=p €@,

o4 g,t are compatible and we say (q,t) is a witness for (p1,p2);

if (pf, : a < §) is <P'-increasing for ¢ = 1,2, § a limit ordinal of cofinality

<0, and a < § = pl <¥ p2 then |J pl <2 (U p?).
a<d a<d

Proof. Straightforward. For example:
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Clause (i):

So assume x € {us, pr, ap} and kK € © and {p: : ¢ < (} CQ and ¢ € Q is an
<*_upper bound of {p. : € < {}. Let p := U{p: : € < (}; then we shall prove
that p € @ and p is a <X-upper bound of {p. : € < (}. This clearly suffices for
proving sub-clauses («), (8) of clause (i), and the <?-lub part, i.e., sub-clauses
(7), (6) are left to the reader; for (v), (9), see 2.8(1B),(1A).

Now

(%)1 p is a well-defined function with domain C p and p C q.

[Why? As e<( = p. C g, i.e., as functions (by 2.5(1)(B)(a)) clearly p C q, as
functions, so p is a well defined function with domain C Dom(q), but Dom(q) C i
by 2.5(A)(a).]

()2 if i < p and 0 € O then the cardinality of (i/Ep) N Dom(p) is < Jy.
[Why? Recall p C g € Q, see above; so as ¢ € @ by 2.5(1)(a) we have
|(i/Eg) N Dom(p)| < [(i/Eg) N Dom(q)| < &p.]

(*)3 p€Q.

[Why? By (*)1 + (x)2 recalling 2.5(1)(A).]
(%)4 pe Cpfore<(.
[Why? By the choice of p.]
(#)s If e < ¢ and 0 € O, then {A € u/Ep : A grows from p. to p} has
cardinality < 0.
[Why? Because, recalling p C ¢, this set is included in {A € u/Ey : A grows
from pe to ¢} which has cardinality < dy because p. < g, which holds as p. <% ¢.]
(¥)o pe < pfore <.
[Why? By (*)4 + ()5 recalling 2.5(1)(B).]

(¥)7 If = us then p is a <-upper bound of {p. : ¢ < (}.
[Why? By (+)3 + ()]

(¥)s If z = prand € < ¢ then p. <P p.

[Why? If kK = p then <P’ is equality and p. <P' ¢, hence p. = ¢; but p. C
p C q, hence p. = p so this is trivial, hence assume £ < u. We have to check
2.5(2)(A); now clause (a) there holds by (x)g and clause (b) there holds as no
E,.-equivalence class grows from p. to ¢ (as p. <P" q) and p C ¢.]

(%) If x = pr then p is a <X-upper bound of {p. : ¢ < (}.

[Why? By (+)s.]
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(¥)10 If 2 = ap and & < ¢ then p. <?P p.
[Why? If k = p then <?P=<"S and we are done by (x)7. Assume x < u. We
have to check 2.5(2)(B). First, clause (a) there holds by (x)g. Second, clause (b)
there holds because if A € Dom(p)/E, then AN Dom(p) # () by the definition,
hence A N Dom(q) # 0 as p C ¢ by (*)1; but this implies A N Dom(p.) # 0
because p. <P ¢, as required.]

(¥)11 If 2 = ap then p is a <X-upper bound of {p. : ¢ < (}.
[Why? By (+)10.]

The <¥-lub parts are easy too; for a limit ordinal ¢ see 2.8(1A).
Clause (j):

Let U = {A: A € pu/E, and A grows from p to ¢}. Recalling Definition
2.5(1)(B)(b), clearly, as p < ¢, we have |[U| < 0. But as p <2P ¢ necessarily
Dom(q)\ Dom(p) is included in (J{A : A € U}. Also, as ¢ € @, by Definition
2.5(1)(A)(b) we have A € U = |ANDom(q)| < 0.

So Dom(q)\ Dom(p) is included in (J{AN Dom(q) : A € U}, a union of < 9
sets each of cardinality < d,. But 0 is regular by 2.1(C)(8), so we are done.]
Clause (m):

As p1, p2 are compatible in Q, there is r € Q such that p; <7, p2 <r. Choose
t = U{rI(i/E) : i/E; grow from py to 7} Ups, so t € Q and py <?P ¢ <P' p,
Choose ¢ = |J{r[(i/Ex) : i/E\ does not grow from p; to r} Ur, so ¢ € Q and
p1<RTg <P

Now check. o7

CLAIM 2.8: Let k € O.
(1) (Q,<Pr) is (< 8")-complete and, in fact, if p = (py : a < §) Is <P'-

increasing, § a limit ordinal < 0" then ps = |J{pa : @ < 0} is a <P'-lub
and a <-lub of p; we use k < 6 € © = 9" < 0p; see 2.4(2a).
(1A) If y(x) < 90" and py € Q for a < y(x) and pa,ps has a common <P*'-
lub for any o, < (%) then p. = J{pa : @ < y(x)} is a <P'-lub of
{pa s 0 < (1)}
(1B) Ify(x) < A then (1A) holds for <2P .
(2) Ifp € Q then Qp := Qp, = ({g: p < q}, <?P) satisfies® the (9,)"-c.c.
(3) Moreover, if (p, : a < ;) is <P'-increasing continuous and p, <’ ¢,
for o < 9F, then for some oo < f3 the conditions qq,qp are compatible

4 Compare with [ShSt:608, 1.8].
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in Q; moreover, there is r such that ¢, < r and gg < r and p, =
Ps = qa SEP T NG SEP T

(4) Assume p € Qp,x = |A] < 9%,k € © and p I “f is a function from
A€V toV”. Then we can find q such that:
(a) p<Paq,
(B) ifa€ AthenZ, s, :={r:q<;Prandr forces a value to f(a)} is

predense over g in Qg

(7) moreover, some subset Z; fa of Iy 5.q of cardinality < O, is pre-

dense over g in Qq (really follows).

Proof. (1) By (1A).

(1A) Let go,p be a common <P'-upper bound of p,,pg for o, § < y(*). Why
is p« € Q7 Let us check Definition 2.5(1)(A).

Clearly p, is a partial function from p to {0, 1}, so clause (a) there holds. For
checking clause (b) there, assume 6§ € © and A € u/Ey.

First, assume 6 < k and AN Dom(p.) # 0. Then for some o < y(x) we have
AN Dom(py) # 0, hence

AN Dom(p.) = | J{AN Dom(ps) : B < ()} € J{AN Dom(gas) : B < v(+)},

but po <P ga.p and AN Dom(ps) # 0, hence AN Dom(ga,3) = AN Dom(py).
Together AN Dom(p,) is equal to AN Dom(p,) which, because p, € @, has
cardinality < Jp as required in clause (b) of Definition 2.5(1)(A).

Second of course, if AN Dom(p.) = 0 this holds, too.

Third, assume 6 > k. Then a < Y(x) = po, € Q@ = |AN Dom(p,)| < Jy,
hence [AN Dom(p.)| = [ANUycyy Dom(pa)l < 30,0 [4 N Dom(pa )|
which is < Jg as y(x) < 9" < dg = cf(dy), so again the desired conclusion of
clause (b) of Definition 2.5(1)(A) holds. Together indeed p, € Q.

Why does the following hold: a < (%) = p, < p.? We have to check
2.5(1)(B); obviously clause (a) there holds. Clause (b) there is proved as above.

Why does the following hold: a < (%) = po <B' p.?7 We have to check
Definition 2.5(2)(A). Now clause (a) there was just proved, and clause (b) there
holds as in the proof of “p, € Q7.

Next we show that p, is a <P"-lub of p, so assume ¢ € @ and a < § =
Pa <P' g. To show p, <P’ ¢ we have to check clauses (B)(a),(b) of 2.5(1) and
(A)(b) of 2.5(2). As p. = U{pa : a < y(x)}, clearly p. C ¢ as a function, so
2.5(1)(B)(a) above holds. Also, if A € u/E, and A is represented in p,, then
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it is represented in p,, for some a < y(x); but po, <P' ¢, 80 ¢ | A =p, [ A, but
(PalA) C (p«[A) C (qlA), hence g | A = p. | A as required in 2.5(2)(A)(b).

Lastly, when 0 € ©, 2.5(1)(B)(b) holds: if # < x because more was just
proved and if 6 > « it is proved as in the proof of p, € Q.

(2) This is a special case of (3) when (p, : a < 9) is constant (recalling
2.7(h)).

(3) So in particular p; <2 ¢; for i < 9F. Hence by clause (j) of Claim
2.7 the set u; := Dom(g;)\ Dom(p;) has cardinality < 0,. Hence by the A-
system lemma (recalling that (9,)<% = 8, by 2.1(c)(8)) for some unbounded
U C 9,7 the sequence (u; : i € U) is a A-system, with heart u.. Moreover, since
2lusl < 9<% = 9, < 9F, we can assume that g;|u, = g. for every i € Y.

As each E.j-class has cardinality < 0, (see 2.4(2)(c),(e)), without loss of
generality for every i # j from U, if o € u;\u. then a/E, is disjoint to u,;.
Now by 2.7(h) for every i,j € U, the function ¢ = ¢; U ¢; is a <2P-lub of ¢;, ¢;
for part (2), i.e., when p; = p,. Also, it is easy to check that for i < j,¢ is a
<-lub of ¢;, ¢;, which is <%P-above g; for part (3).

(4) If k = p then <2P=< by clause 2.7(a)(y), recall @, = ({g € Q : p <
q},<q,), S0 ¢ = p can serve, as Q, satisfies the 9;-c.c. by part (2); so we shall
assume k < p. Recall that 9, < 0" by 2.4(2)(b). As |A] < 9" = cf(9"), by
part (1) of the claim and clause (f) of Claim 2.7 it is enough to consider the
case A = {a}. Now we try to choose p;,7;,b; by induction on i < 9;; but r;, b;
are chosen in stage ¢ + 1 together with p;41, such that:

® (a) po=p,

(
(f) if 4 is a limit, then p; is the union so a <R"-lub of (p, : j < i).
For i = 0 just use clause (a) of ®.
For 4 limit use clause (f) of ®, recalling part (1) of the claim and the fact
that 9+ < oF.
For ¢ = 5 + 1, try to choose ¢; such that:
i < g
and
¢ Ik “ri, ¢ Gq for i; < 57,
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If we cannot, we have succeeded, i.e., p; is as required from ¢ with Z,, s, =
{piUr; : j < i}. If we can, let (bj,r;) be such that ¢; < r; and r; forces
f(a) = bj; this is clearly possible. By clause (c) of Claim 2.7 applied to the pair
(pj,rj) we choose® p; such that p; <P™ p; <?P r; and clearly we have carried out
the induction. But if we carry out the induction, then we get a contradiction
by part (3). So we have to be stuck for some i < 9, and, as said above, we

then get the desired conclusion. 2.8

Conclusion 2.9: Forcing with Qp

(a) does not collapse cardinals except possibly cardinals from the set Q, =
{0: X <0 < pandforno xk € © do we have 9, < < 9"}, s0 u ¢ Qp,
(b) does not change cofinalities ¢ {2p; moreover, if it changes the cofinality
of § € Reg to x < 0 then there is 0, € Qp such that x <0, <0,
) does not add new sequences of length < A,
d) does not change 27 for ¢ [\, u),
)
)

—~ o~
]

makes 2* =y,

also the set Q) := (J{(x1, 25uP(ONK)]: for some k € ©, © Nk has no last
member, so sup(© N k) is strong limit and k; = min(Reg\ sup(©@Nk))}
is O.K. in clauses (a),(b),

(2) Qp has cardinality p and satisfies the 0;f-c.c., recalling 9, < p.

—_
= D

Proof. First, Qp is (< A)-complete, hence it adds no new sequences to >V,
i.e., clause (c) holds so cardinals < A are preserved as well as cofinalities < A
as well as 27 for 6 < \.

Second, |Qp| = p as p € Qp = p is a function from Dom(p) C w to {0,1} (see
2.5(1)(A)(a)) and |Dom(p)| < 9y = p by 2.5(1)(A)(b) and p~* = p by 2.1(a).

Third, by 2.8(2) the forcing notion Q,, satisfies the d,f-c.c. but Q = Q, when
p = 0, so Q satisfies the (9:_-0.(2. and, of course, d, < p. This gives clauses (g)
and (d) (recalling (c)).

Fourth, for clause (e), for any o < pu let o € *2 be defined by p IF “nq (i) = €7
iff i < AAa+i€ Dom(p) Al = p(a+i). By density, indeed g “n, € *2” and
lFq “na # ng” for a# B < p, so clearly clause (e) holds. i

Fifth, use 2.8(2),(4) to prove clauses (a) and (b), toward a contradiction
assume 6 is regular in V and 6 is not in Qp but p kg “x = cf(f) < 6; < 0.

ap s P

5 We can use r} such that p; <i°

G <br r; where r; is the <-lub of r},pi+1; this may be

helpful but is not needed now.
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If 6 < X or just x < X use clause (c), if € > p use clause (g), so necessarily
A < x < 61 <6< p. By the choice of Qp, there is k € © such that 0., < 6; < 9*
and x + 0, < 01 < 0; now, without loss of generality, p I “f : x — 6 has range
unbounded in 6”. Apply 2.8(4) with (p,x, f, k) here standing for (p, A4, f, k)
there, and get ¢, (Zy,f,o : @ < ) as there. B3; 2.8(3) we have |Z, ¢ o] < 8K,~and
U{Zy,f,0 : v < x} has cardinality < y + 0., < 1. In any case, in V the set {B:
for some a < x and ¢ ¥ “f(a) # "} has cardinality < ¢; < 6, contradiction.
So clauses (a) and (b) hold.

We are left with clause (f); it is not really needed, but still nice to have.
Now if 6§ € Reg N (A, p] is in Q, and & witness it, then necessarily © N &,
which is not empty, has no last element, so if §; < 65 are from © N 6 then
01 < g, = (0p,)<%2 < B, hence sup(© N 6) is strong limit.

If 6 = k use clause (b). If > 2<" we repeat the proofs above for <%, | where

Szrn_ ﬂ{ﬁgr geon 9}’ Sipn: {(p’ Q) :p<q and
a € Dom(p)\Dom(p) = (30 € © N 0)((a/ Eg N Dom(p)) # 0}. 2.9

Definition 2.10: (1) If p < q and k € O, let suppx(p,q) = U{i/Ex
Dom(gq)\Dom(p)}, so of cardinality < 0.
(2) We say y = (k,p, ) = (Ky, Dy, Uy) is a reasonable p-parameter when:
@1 (a) k€O but k < p,
(b) p = (pa : a < ) is a non-empty <p'-increasing continuous se-
quence, so we write v = vy, p = p¥ and p, = pY,
(¢) @ = (uq: a <) is C-increasing continuous, so uq = u¥, & = Uy,
(d) uq CU{i/Ex :i € Dom(py)} for a < 7,
(€) |tua] < 0% for a < 7.
(3) For y as above we define Qy as (Qy, <y, <P",apy) (s0o Qy = (Qy, <y) is Qy
as a forcing notion), where:
®2 (a) 6 =0y = min(O\x); notice that # is well defined, as ry < p and
uweE o,
(b) Q {q for some a <y, we have p, <p” ¢ and suppg(pa, q) C ua},
(c) < pl Qy,
(d) for qe Qy, let ary (q) =min{a <~y : po <" ¢ and suppg(pa, q) Cua
(e) the two-place relation <P’ is defined by p <I' ¢ iff
(@) p,q € Qy,
B) p<P.q
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(f) for ¢ € Qy let apy(q) = apq,(¢9) = {r € @y : ¢ <P r and
suppx (¢, ) € suppp(Pay (q), 9)}-

OBSERVATION 2.11: Let y be a reasonable p-parameter.

(0) If p1 < pa < g2 < q1 and k1 > Ky are from ©, then supps, (p2,q2) C
supp,, (p1, q1)-

) If p1 < p2 < ps, then suppy, (p1,p3) = supp,, (p1,p2) Usupp,, (p2, p3)-
(1) For q € Qy, the ordinal ay(q) is well defined < 7y .
(2) If 1 <y g2 are from Qy, then ay(g1) < ay(ge).

) If 1 € Qy and q1 <3P, then g2 € Qy, q1 <y g2 and ay(q1) = ay(g2).

) If p <}' 7 and q¢ € apy(p), then s := q U r belongs to Qy,
s € apy(r) and ¢ <V's

Proof. (0), (0A) Should be easy.

(1) By the definitions of ¢ € Qy and of ay(g).

(2) For ¢ = 1,2, letting ayp = ay(qe) we have p,, < 9 qe N suppe(pa[,qz) C
Ug,- If ag < ag, then pu, < pa, _9 @1 < g2 A pa, < _9 g2 hence p,, < _0 q1 (by
2.7(k)) and suppg(Pas,q1) S suppPy(Pass q2) C ua, by the definition of 2.10(1)
of supp, contradicting the choice of a;.

(2A) We know pq,, (1) <iP. @1 by the definition oy (g1) but we assume ¢ <P
g2 and <p', is a quasi order hence pa,(q1) <pP. q1. So by the definition,
¢2 € Qy Nay(q1) > ay(ge). Also clearly ¢1 <y g2 hence ¢1 <y ¢2 hence by part
(2), ay(q1)P < ay(g2), together we are done.

(3) Let k = Ky and 0 = 0y, p, = pY. By Definition 2.10(3)(e),(f) we know
that p <p', 7 and p <3P ¢. By Claim 2.7(f) we know that s € Qp and

p<pq<p.sandp< <pr r <gP. s recalling s = ¢ Ur, note

(*)1 [why? Asr € Qy]
(#)2 ay(s) =ay(r) =B.

[Why? As p € Qy the ordinal 8 := ay(r) <~y is well defined and the ordinal
a = ay(p) <y is well defined and, by part (2), we have a < . So clearly
s <p vy 7 by the choice of § and  <&_ s as said above, hence by 2.7(e) recalling
K< 9, we have §;{’K§§ap hence r §p7 5 so together pg < g 5. Also, s=qUr
hence suppy(r, s) C suppy(p,q) and, as q € ap,(p), necessarlly p <pP. ¢, hence
P <p.p 4, hence by part (2A) suppe(p, ¢) C suppy(pa, @) C uy, () = U () = U
but u¥ C u% as a < . Together suppg(r,s) C ug, and by the choice of 3
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clearly suppg(pg,r) C ug, hence suppg(pg,s) C suppy(ps,r) U suppy(r,s) C
ug Uug = ug. As we have shown earlier that pg <7 s it follows that s € Qy
and oy (s) < 8. But r <p s, hence by part (2) we know that 5 = ay (1) < ay(s),
so necessarily ay(s) = oy (r) = 3, i.e., (*) holds.]

S0 Pay(s) Spp 5 a0d SUPPY(Pay (s): 8) = SUPPy(Pg,s) C U = Uay(s), hence
together s € @)y, the first statement in the conclusion.

Also g <P" s; for this check (e)(a) + () of Definition 2.10(3); for clause (a):
q € Qy is assumed, s € @y was just proved; for clause (8): “gq <Pk s was
proved in the beginning of the proof; so the third statement in the conclusion
holds.

Lastly, we check that s € ap,,(r). For this we have to check the two demands
in 2.10(3)(f). Now “s € Qy” was proved above, “r <tP_s” was proved in the be-
ginning of the proof and “supps(r,s) C suppy(Pay (r);$)” holds as supps(r, s) C

suppy(r,s) C suppy(Pay(r),s) = SupPPy(ps,s) = SUpPy(Pay(s),s) is as re-
quired. 2.11

Cramv 2.12: (1) Assume k < @ are successive members of ©p and

(Vo < 0p)(Ja|<% < 0p), and y is a reasonable p-parameter, k = ky, hence

by = 0 and py is <}'-increasing (hence also <P'-increasing) and ~yy is a succes-

sor or a limit ordinal of cofinality > 0p. Then Qy is a (8; ,0p, < Op)-forcing.
(2) If, in addition, ~yy = o + 1 then

Da. IF “Gq N Qy is a subset of Qy generic over V”.

Proof. (1) We should check for Q = Qy (defined in 2.10) each of the clauses of
Definition 1.2. Let po = p¥, uq = uk.

Clause (a): Trivial, just Qy has the right form, a quadruple.

Clause (b): (Qy,<y) is a forcing notion.

Why? By ®2(b)+(c) from 2.10(3), i.e., Qy is a non-empty subset of Qp
because vy, > 0, so pj = p € Qy and <y being <qQ, |Qy is a quasi order.
Clause (c): <}' is a quasi order on Qy and p <P' ¢ =p <y ¢=p <p q.

Why? The first half holds because if p1 <J' ps <}* p3 then: we should check
that p; <V’ ps, i.e., clauses (), (3) of ®2(e) of 2.10(3) hold. Now clause («) is
obvious. For clause (3) note p; ngm P2 §gfﬁ ps and §gfﬁ is a partial order of
Qp, 50 p1 <P’ p3, and hence (f3) holds.

The second part of clause (c), which says p <Pa=p<yq (recalling Claim
2.7(a)(B)), holds by the definition of <y, <P" in ®a(c),(e) of 2.10(3).
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Clause (d)(«): apy is a function with domain Qy .
Why? By @2 (f) of 2.10(3).

Clause (d)(8): If ¢ € Qy then g € ap,(q) C Qy.

Why? By ®:(f) of 2.10(3) trivially apy(q) C Qy. Also, we can check that
q € apy(q) : ¢ € Qy by an assumption and ¢ <P ¢ as <P is a quasi order on
Qp and “supp,(q,q) € suppy(pa, (q),¢)” trivially, because suppx(q,q) = 0.

Clause (d)(v): If r € ap,(q) and g € Qy, then r,q are compatible in Qy.
Why? Asr € ap,(q) = (¢ <P rA{rqt CQy) = q<yr

+. r .+ + . .
Clause (d)(y)™: If r € apy(q) and ¢ <}' ¢*, then ¢*,r are compatible in
(Qy, <y); moreover, there is 7 € apq_(¢") such that

q" kg, “rt € Gg, = € Gg,”.

This follows from 2.11(3), by defining s = r* = r U ¢*, which gives more.

Clause (e): (Qy,<}") is (< 0g)-complete, recalling dp = 9".

So assume (g. : € < §) is <D'-increasing and ¢ is a limit ordinal < Jp; now
(Qp, <PF) is (< 0%)-complete by Claim 2.8(1) and (¢ : ¢ < §) is also <}, -
increasing by clause ®3(e)(8) of Definition 2.10(3), hence g5 := |J{¢c : € < 0}
is a <P’ -lub of the sequence by 2.8(1). Now (a. := ay(g.) : € < §) is an
<-increasing sequence of ordinals < 7y by Observation 2.11(2).

Also, by an assumption of 2.12(1), the ordinal vy is a successor ordinal
or limit of cofinality > 9y, but then § < cf(yy). So in both cases o, =
sup{a. : ¢ < 0} is an ordinal < . But p¥ is <}’ -increasing continuous,
hence po, = J{pa. : € < 0} and similarly u,, = J{ua. : € < §}. Now easily g5
is a <gP-extension of p¥_, and suppg(p¥, , ¢s) € U{suppy(pa, (q.) ) 1 € <} C
U{ta. : € < 8} = uo, which has card < 0y, hence g5 € Q. Easily gs is as
required.

Clause (f): (Qy,<P') satisfies the dj -c.c.

Why? Let ¢. € Qy for e < 8, so a. := ay(q.) is well defined and, without
loss of generality, (a. : e < 8; ) is constant or increasing; also po. <p' ¢c, so by
Definition 2.5 the set suppg (pa, (4.), ¢-) has cardinality < dp, so by the A-system
lemma, as in the proof of 2.8(3), there are £(1) < £(2) < 9, such that:

(*) if i1 € suppy(pa, () 9e(1)) and iz € SUPPy(Pa. () Go(2)), then:
(a) if 41 = iy then qg(l)(i) = d:(2) (’L),
(B) if i1 Exip then i1,i2 € suppPy(Pa.ysGe(1)) N SUPPy(Pa. (s, de(2))-
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So e(1) < &e(2), ac1) < Qe2),Pacy g Qe(1)s Poey g de(2)-

Hence ¢ := ¢.1) U ge(2) belongs to Qp, is a <gP-lub of {g.(1),q-(2)} and
Qo) ¢ @ hence ¢ € Qy. Also, if i € Dom(g)\ Dom(pe(s) then i/E, is
disjoint to Dom(p.(¢)) by (*)(8); this implies p. ) <P' g, which means p, ;) <P*
q by 2.10(3)(e), for £ = 1,2, 50 g-(1), ¢=(2) are indeed compatible in (Qy, <V¥).

Clause (g): If ¢ = (ge : € < 0p) is <}'-increasing, then for stationarily many
limit ¢ < Jp the sequence ¢ | ¢ has an exact <}'-upper bound (recalling that
Op here stands for 6 in Definition 1.2).

Why? We prove more, that if cf(¢) = 9, and (¢. : ¢ < () is <}'-increasing
then the union ¢ = J{g: : € < (} is an exact <P'-upper bound. This suffices as
0i < 0p and both are regular. Now by 2.11(2) the sequence (ay (ge) : € < () is <-
increasing, hence (uq, (4. : € < () is C-increasing and, letting a.. = (J{ay(qe) :
€ < (}, we have au. < 7y as 7y is a successor ordinal or limit of cofinality > Jg;
hence ua, = J{Ua,(q.) : € < (}; see 2.10(2)(c).

By the proof of clause (e) which we have proved above, clearly ¢ € Qy and is
a <P'-upper bound of (g. : € < ¢). But what about “exact”? We should check
Definition 1.2(2). So assume p € ap,(g), and we should prove that for some
e < (and p' € apy(ge) we have I, “if ¢,p’ € Gg, then p € Gg,”.

Note that ¢ <3P p and supps(q,p) C ua, by the definition of apy(q); hence
u = supp,(q,p) is a subset of suppg(q,p) C u¥, of cardinality < 0.. As
(u¥_ : e < () is C-increasing with union uY,_, necessarily for some ¢ < ¢ we have

u C U, . Let p’ = p| Dom(p.), and check (as in earlier cases).

Clause (h): If (gc : ¢ < 0Op) is <}'-increasing and 7. € ap,(q.) for e < 9y
and { < Oy then for some ¢ < Jp we have q¢ I-q, “if ¢ € Gg, then { <
otp{e < ¢ :p: € Go, }”.

This follows from 2.8(3).
Clause (i): apy(q) has cardinality < Op.

Should be clear as a < 9p = |a|<% < 9p by an assumption of the claim and
a < Op = |ual < 09 (see 2.10(3)(f)) and the definition of apy(¢) in ®2(e) of
2.10(3).

Let o = ay(q), so o < 7y and

lapy, (¢)] =1{s: ¢ <iP s and supp, (¢, s) C supy(pa, (q)> 9)}| < [sUPPy (Pay (q), )| ="

but  [suppy(pa,(q):9)] < 0p and so, by an assumption of the claim,
Isuppg (Pay (q), )| =" < 0, hence we are done.
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Clause (j): Let ¢« <y 7, so o < 8 where o := ay(¢«), 8 := ay (7).

By 2.7(c) we can find a pair (¢, p) such that ¢. <P', ¢ <gP. 7, q. <pPo p <Pl 7,
r = pUq. Now check.

(2) Let Q" = {p : pa. <P p}. So clearly Q" C @Q, and then
(Vp € Qy)(Fg € Q")[p <y g, by clause (f) of Claim 2.7, ie., Q" is a dense
subset of Qy (by <g,=<q,| Qy). Really g1 € Q" N1 < @2 € Qy = @2 € Q"
by 2.11(2).

Suppose 7 is a dense open subset of Qy, so Z; :=Z N Q" is dense in Q.

Let G be a subset of Q generic over V such that p,, belongs toit. If ZNG # 0
we are done, otherwise some ¢; € G is incompatible (in Q) with every ¢ € Z.
As G is directed, there is g2 € G such that p,, < g2 Aq1 < g2. As po, < qo,
by clause (c) of Claim 2.7 there is a 7o € Q such that p,, <pP r2 <J' ¢2. So
r9 € Q" hence by the assumption on Z there is r3 € Z such that ro < r3. Now
as r3 € Z, necessarily po, <" r3 and, of course, po, < ra < r3, hence by clause
(k) of Claim 2.7 we have ro <P r3. Recalling ro <P’ ¢ it follows by clause (f)
of 2.7 that there is g3 € Q such that g2 < g3 Ar3 < g3, hence g3 IF “GNZT # ()"
and ¢ < g3, contradicting the choice of ¢;. 212

Cram 2.13: If K € O\{p},0 = min(O\x™) and 0 = p = J < p and
(Va < 8p)[|e| <% < 9p] and & < 9p, 0 < Jg then kg, “0f — (&, (£€)0)?".

Proof. Let 0 < 0y and £ < 0y and we shall prove IFg, “O — (£,(£8)0)?".
Toward this assume ¢ is a Qp-name and ¢* € Qp forces that ¢ is a function
from [9,]% to 1 + 0. Now we shall apply Claim 2.8(4) with § here standing for
% there. We choose (p;,u;) by induction on i < 9, such that:
®1 (a) pi € Qp is <p'-increasing continuous with i and py = ¢*,
(b) for every i < j < 8;' the set Z; ; is predense above p;;1 where

Zi; =A{r:pj41 <G’ r and r forces a value to ¢{7,5}},

(c) moreover, Z; ; has a subset I{ﬁ ; of cardinality < Op which is pre-
dense over pj41,
(d) u; is C-increasing continuous and u; € U{a/E,; : « € Dom(p;)}
and |u;| < 0p for i < O,
(e) a € u; = (a/Ey) C uy,
(f) ¢ € Zi ; = supp,(j+1,9) C wjt1-
[Why is this possible? For i = 0 let pg = ¢*, for ¢ limit let u; = (J{u; : j < i}
and i < 8;, and we like to apply 2.8(1) with « there standing for 6 here; so
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if 9 < 97 this is fine, otherwise by 2.4(2)(h) necessarily § = pAdp = p =
29 contradicting an assumption. Lastly, if i = ¢ + 1 then we have to deal
with ¢{¢,¢} for ¢ < ¢, i.e.,, with < 9y names of ordinals < o. So we apply
2.8(4) with (p,, ¢, {c(j,¢) : j < 1),0) here standing for (p, A, f, k) there and get
pi, (Zj., Z;, + j < t) here standing for g, <Iq,f,a;1,;7f7a ‘a€ A) there. So the
relevant parts of clauses (a),(b),(c) hold. Define u; as in clauses (d),(e),(f),
possible as |Z} | < 0,7 € I}, = |supp,(pi,q)| < 9 < 0. So we are done
carrying the induction.

Let p=(p; :i < 9)) and 4 = (u; : i < 3 ).

So this will help to translate the problem from the forcing Q to the forcing
@y-

We define y = (k, (pa : e < 05 ), (uq : v < 85)), so:

®9 y is a reasonable p-parameter.
[Why? Check, see Definition 2.10(2).]
®3 Qy isa (B;F, 0o, < Og)-forcing.

[Why? By Claim 2.12(1).]
Now for i < j < 9;:

(x) (a) Z;; is predense in Qy,
(b) if ¢1,q2 € Z; ; or just € Qy, then ¢i,q2 are compatible in Qy, iff
they are compatible in Q.

[Why? The first clause (a) holds by our definitions. For the second clause
(b), assume ¢1,g2 € Qy. If they are compatible in Qy,, then clearly they are
compatible in Qp. To show the other direction, let ¢ be g1 Ugo. If ¢ € Qy we are
done, since ¢1,¢2 <y ¢. So let us prove that ¢ € Qy. Denote a1 = ay(q1), e =
ay(g2) and, without loss of generality, a1 < as. S0 pa; <p¥ q1,Pas <5° @
and also pa, < pa,, and it follows from 2.7(f)(8) that p,, <p® ¢. Moreover,
Suppo(Pas, q) © SUPPy(Pay s q1) U SUPPy(Pass @2) € tay Ulay, = Ua,. Together,
q € Qy and we are done.]
So we can define a Qy-name ¢’ as follows: for g € Qy,

qlrq, “c{i,j} =t iff ¢ kg, “c{i,j} =1".

So by (x)

IFq, “cl [8;]2 — o,
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Now by Claim 1.4, for some Qy-name and a sequence (ae, (3 : € < &) we have

IFg, “the sequence (ae, e : € < &) is as required in Definition 0.3
(for 95 — (& (§€)0)%)".
So for each € < £ there is a maximal antichain J. of Qy of elements forcing a
value to (ac, <) by Qy.
But Qy satisfies the 9 -c.c., so | Jz| < g hence, for some a, < 9, we have:
(¥) Je C{g: Fa < au)(pa <§ ¢)} for any e < &.
Recall that (by 2.12)
(*) Pa. IF “GQ N Qy(a.+1) is a subset of Qy (4. +1) generic over V7,

so we are done. 2.13

Remark 2.14: (1) We can replace the exponent 2 by n > 2, so getting suitable
polarized partition relations; we intend to continue elsewhere.
(2) For exact such results provable in ZFC, see [EHMR84] and [Sh:95].

3. Simultaneous partition relations and general topology

Recall (to simplify results we define hLT(X) > A > cf(\) using an elaborate
definition for regulars)

Definition 3.1: Let X be a topological space:

(a) the density of X is:
d(X) = min{|S|: S C X and S is dense in X},
(b) the hereditary density of X is:
hd(X) = sup{\ : X has a subspace of density > A},
(¢) hd*(X) = hd(X) = sup{AT : X has a subspace of density > A},
(d) X is not A-Lindelof if there is a family {U, : & < A} of open susets of
X whose union is X but w CAA |w| < A= H{Us 1 a € w} # X,
(e) the hereditarily Lindelof number of X is:
hL(X) = E(X) = sup{\ : there are z, € X and U, € open(X)
for @ < A, such that x, € Uy and o < 8 = x5 ¢ Uy},
(f) hL*(X) = sup{\*: there are 2, € X,U, for a < X as above},
(g) the spread of X is s(X) = sup{X : X has a discrete subset with A
points}; sT(X) = §(X) = sup{AT : X has a discrete subspace with A
points}.
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Our starting point was the following problem (0.1) of Juhasz—Shelah
[JuSh:899).

Problem 3.2: Assume R; < A < 280, Does there exist a hereditarily Lindelof
Hausdorff regular space of density A?

We answer negatively by a consistency result, but then look again at related
problems on hereditary density, Lindelofness and spread; our main theorem is
3.10 getting consistency for all cardinals.

We also try to clarify the relationships of this and related partition relations
to x — [0]3,..2, recalling that by [Sh:276], consistently, e.g., 280 — [Ny]2 , for
n < w. Now, see 3.13 below, 2% — [N;]a, 2 implies 2% — (R, (N1;Ry),,)?2
and by 3.14 it implies 7 < Ny = 2% — (7)2: see on the consistency of this
Baumgartner-Hajnal in [BH73], and Galvin in [Gal75].

On cardinal invariants in general topology, in particular, s(X),hd(X),hL(X);
see Juhasz [Juh80]. In particular, recall the obvious

OBSERVATION 3.3: For a Hausdorff topological space X :
(a) hL(X) > 5(X),
(b) hd(X) > 5(X),
(c) for X regular, X is hereditarily A-Lindelof (i.e., every subspace is A-
Lindelof) iff there is xo € X,U, for a« < X as in (e) of Definition 3.1,
(d) we choose the second statement in (c) as the definition of “X is hered-
itarily A-Lindelof”, in which case 3.7 and 3.9 hold also for \ singular.

Conclusion 3.4: Assume A\ = \<* < py = p<# and G.C.H. holds in [\, ], so
A<O= cf(f) <p=0=0<and {\,u} CO C Reg N[\ u] and, for § € O,
we let 9p = 0 and let p = (\, 11,0, (9 : 6 € ©)). Then
(a) p is as required in Hypothesis 2.1,
(b) the forcing notion Qp, satisfies:
(a) Qp is of cardinality g,
(B) Qp is (< A)-complete (hence no new sequence of length < X is
added),
(7) no cardinal is collapsed, no cofinality is changed,
(6) in V@ we have A = A<*,2* =y and x ¢ [\, u) = 2X = (2X)V,
(e) if kK < B are successive members of © and 6 is not a successor of
singular (or just § = xy* = x<% = x) then A\ — (¢, (£;¢),)? for
any £,0 < 6.
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Proof. By 2.9 and 2.13. 3.4

The topological consequences from 3.4 in 3.5 hold by 3.7 and 3.9 below, that
is
Conclusion 3.5: We can add in 3.4 that

(b)(¢) if O € [A, u) N O is the successor of the regular «, then for any Hausdorff
regular topological space X we have hd(X) > 07 = sT(X) > 6 and
also hL(X) > 07 = s*(X) > 0, so recalling § = k* we have hd(X) >
0t = hL(X) > s(X) >, hL(X) > 6T = hd(X) > s(X) > &,

(n) if 6 € (A, u] is a limit cardinal, then hd(X) > 6V hL(X) > 0 = s(X) >
0.

OBSERVATION 3.6: (1) If My = (&1;6)2, and Ag > Ai,& < &1,k2 < Ky
then Xy — (£2;&2)%, .
(1A) Similarly for X — (&, (&;€)x)%
(2) IFA — (& (& €)x)? then X — (& 6)T .-
(3) A = (E+ &€+ €&)? implies (N, \) — (§,€)L1, the polarized partition.

CrAM 3.7: X has a discrete subspace of size p, i.e., sT(X) > u (hence is not
hereditarily p-Lindelof) when :

(a) A= (u, (15 1)),

(b) X is a Hausdorff; moreover, a regular (= T3) topological space,

(¢) X has a subspace of density > .

Remark 3.8: The proofs of 3.7 and 3.9 are similar to older proofs.

Proof. X has a subspace Y with density > A, by clause (c) of the assumption.
We choose x4, C, by induction on a < A such that
® (a) zo €7,
(B) Cq = the closure of {zs: § < a},
(V) 2o & Ca.
This is possible as Y has density > A.
Let ul, be an open neighborhood of x, disjoint to Cj.
Let u2 be an open neighborhood of z, whose closure, cf(u?), is C ul,. Why

does it exist? As X is a regular (= T3) space.
We define c : [A\]2 — {0, 1} as follows:

() if a < B then c{a, B} = 1 iff 25 € u2.
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By the assumption A — (i, (i; 1))? at least one of the following cases occurs.
CASE 1: There is an increasing sequence (a. : € < p) of ordinals < A such that
e<(<p=cla,a}=0.

This means that ¢ < ¢ < p = xo, ¢ u2_. Butif ¢ < ¢ < p, then uag

1

is an open neighborhood of z,, included in wu,,

. which is disjoint to Cy, and
To. € Cog, 80 To, & U,

Lastly, zo. € uas by the choice of uis. Together we are done, i.e.,
((Ta.,u2) 1 e < py is as required.

CASE 2: There is a sequence ((a., ) : € < p) such that:

()1 e<C<p=a:<fe<ac<
(¥)2 € < (= c{ae, Bc} = 1; really e < ¢ suffices.

So
2

o)

(¥)3 e<(=xp. €U
but now for every € < u let
()4 ye = xp,. and u2 = u%%\cﬁ(uiziﬂ).

So

(a) u? =wu3, \cl(uZ, ) is open (as open minus closed),

(b) y. € ud.

[Why? Recall y. = x4,, belongs to u3,_ (by the choice of u3, ) and not to u;

Q2e+1

hence not to cf(ug, _,,),
Together y. belongs to u3, \cl(u3, ) = ul]

Q2e41

1 . o e . .
(as ug,_,, is disjoint to Ca,.,, while zg,. € Cq
1
Q2e41"

(c) If e < ¢ < p then y¢ ¢ ul.

2e+1 )7
being a subset of u

[Why? Now y¢ = ,, belongs to u2 by (x)3 as 2 + 1 < 2, which follows

Q2e41
from ¢ < ¢, hence y¢ belongs to cl(u,_, ), hence yc ¢ u2 by the definition of
u ]
(d) If { < e < pthen y¢ ¢ ul.

[Why? As u3 C “%25 and the latter is disjoint to Cp,., to which zg,. = y¢
belongs.]
Together ((ye,u?) : € < p) exemplifies that we are done. 3.7

CLAIM 3.9: X has a discrete subspace of size 1 when:

(a) A= (1, (15 1)),
(b) X is a Hausdorff; moreover, a regular (= T3) topological space,
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(c) hL*(X) > A, ie., if A is a regular cardinal this means that X is not
hereditarily A-Lindelof.

Proof. Similar to 3.7. We choose ((xa,ul) : @ < A) such that u! is an open
subset of X,z € ul and ul N{zp : B € (a,\)} = 0. We can choose them
as hLT(X) > A\. We then choose an open neighborhood u2 of x, such that
cl(u?) C ul. We then define c : [A\]2 — {0, 1} as follows:

(%) if a < § then c{a, S} =1 iff 2, € u%
We continue as in the proof of 3.7, but now, in Case 2,
(¥)5 €< (= Ta, € u%c,
and let

3.
€

(%)) Ye i= Ta,.,us = uizE\cf(u%25+l). 3.9

Now we come to our main result.

THEOREM 3.10 (The Main Theorem): It is consistent (using no large cardinals)
that:
(x) () 2" is p™ if p is strong limit singular and always 2" is the successor
of a singular cardinal,
(B) for every u we have pu < x < 2H = 2X = 2K,
(v) hd(X) > 0 & hL(X) > 0 < s(X) > 0 for any limit cardinal 0 and
Hausdorff regular (= T3) topological space X,
(6) hd(X) < s(X)*™3 and hL(X) < s(X)™2 for any Hausdorff regular
(= T3) topological space,
(¢) in (6) we can replace s(X)*3 by s(X)*2, except when 25(X) is
regular,
(¢) in particular, if X is a (Hausdorff regular topological space which
is) Lindelof or of countable density or just s(X) = ¥q then

hd(X) + hL(X) < Ry,

(n) if X is a Hausdorff space® then |X| < 2(hd(X)+),
(0) if X is a Hausdorff space then w(X) < 2(L(X)"),
v) if 20 > T then ptt — (€,(£€),)? for € < pt.

—~

Remark 3.11: In Theorem 3.10 above:

6 This is interesting because usually 2X = 2(X+); see clause (a).
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(1) If we use less sharp results in §§1-3, above we should just use (hd(X))*"(*)
for large enough n(x).

(2) We may like to improve clause (1) to < 24(X) If below we choose pc 1
strongly inaccessible (so we need to assume V = “there are unboundedly many
strong inaccessible cardinals and clause («) is changed”), nothing is lost; we
have A¢y1 = ptet+1, then we can add

(n)* for any Hausdorff space X, |X| < 2P4(X) except (possibly) when hd(X)
is strong limit singular.

(3) Similarly of clause (#) about w(X) < 20X,

(4) Probably using large cardinals we can eliminate also the exceptional
case in (n)T; it seemed that a similar situation is that in Cummings—Shelah
[CuSh:541], but we have not looked into this.

(5) We may wonder whether in clause () we can replace Ry by N; and simi-
larly for other cardinals; hopefully see [Sh:F884].

Proof. We can assume V satisfies G.C.H. We choose ((Ac, tie) : € an ordinal)
such that:

® (a) Ao = po = No,

(b) Ae < cf(pet1) < pres1,

(¢) Aey1 is the first regular > pcqq,

(d) for limit e we have A; is the first regular cardinal > pu. :=

U{Ac: ¢ <el

Now let p- = (Ac, Aex1, O, 0= ), where O, 9. are defined by ©. =RegN[\, Ac11],
J- = (05 : 0 € ©.),05 = 0, so are chosen as in 3.4.

Hence (p. : € an ordinal) is a class. We define an Easton support iteration
(P.,Q. : ¢ € Ord), so J{P. : € € Ord} is a class forcing, choosing the P.-
name Q. such that IFp, “Q. = Qp,_, i.e., Qc is defined as in Definition 2.5 for
the parameter p. (in the universe VF of course)”.

As in VT section two is applicable for p., so in VFe+1, the conclusions of
3.4 and 3.5 hold and 2% = Aet1, so cardinal arithmetic should be clear, in
particular, clause («) holds. Of course, forcing with P, /P.41 does not change
those conclusions as it is A\.y1-complete.

In VP> we have enough cases of 6+ — (€, (£;€))?, i.e., clause (v) by 2.13. So,
first, if x > s(X) belongs to [A., sc+1) and is regular we have x ™2 — (x; (x; x))?
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and hd(X), hL(X) < x*2. But if s(X) € [Ae, ftes1) then s(X)T < peiq
recalling . is singular hence hd(X), hL(X) < s(X)™ < pei2

Second, if ¥ = s(X) belongs to no such interval, then x* = Ao, x = pe >
cf(u1e) for some e, hence recalling \. = A=* = 2X (in VF=) we have the
conclusion. So clause (§) follows, hence also clauses () and (g).

Let us deal with clause (); set x = hd(X). First, if x € [Ac, pet1) we get
hL(X) < x™3 < pes1, hence | X| < 2x™ = 92X by the classical inequality of
de-Groot (| X| < 2"(X); see [Juh80]). Second, if y belongs to no such interval,
then x = pe A xT = A, 2 = 2X for some €. So | X| < 92" < 92— ox™ aq
required.

Clause (0) is proved similar. 3.10

THEOREM 3.12: If in 'V there is a class of (strongly) inaccessible cardinals,
then in some forcing extension:

(x) () 2 isput when p is a strong limit singular cardinal and is a weakly
inaccessible cardinal otherwise,
(x) (B) —(v) asin Theorem 3.10.

Proof. As in the proof of Theorem 3.10.

CrLa 3.13: Assume x —[0]3, o, where k> 2, x < 2* and A= A" <0 =cf(6).
Then x — (0,(6;0),)2.

Proof. Let c: [x]? — K be given.

Let 7, € *2 for a < x be pairwise distinct. We define d : [x]?> — 2x by:
for « < B8 < x let d{«, 8} be 2¢ + £ when c{o,8} = cand £ =1iff £ # 0
iff ne <iex Mg (i, Na(lg(na N M) < Ng(g(na N 1g)). As we are assuming
X = [013,.. thereis U € [x]? such that Rang(d | [/]?) has < 2 members; without
loss of generality otp(U) = 6. If the number of members of Rang(d | [U]?) is one
we are done, so assume it is {2e¢ + g, 21 + £1} where €g,¢1 < k and £y, {1 < 2.
But we cannot have ¢; = {5 by the Sierpinski coloring properties as 8 > A,
hence without loss of generality fp = 0,¢; = 1. If ¢9 = e; = 0 we are done,
as then Case (c)p of Definition 0.2(2) holds, so assume ¢ € {0,1} = ¢, # 0.
Let A = {n € *>2 : for § ordinals o € U we have <97,}. Now A has two
<-incomparable members (otherwise we get a contradiction by cf(6) > A), say
Vg, V1 € A are <-incomparable, and without loss of generality vy <jex 1.

So
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(%) if vo I mq and 11 ang and « < B, then c{a, S} = €q,

() if 1 94Na, Vo <1 and @ < B, then c{a, B} = €1.
As 0 is regular and otp(U) = 0, we can choose a., B by induction on £ < 6
such that:
® (a) a. €U and a, > sup{f¢: ¢ < e},
(b) v0 < Ma.,
(€) Be €U is > a,

(d) viang,.

So Case (c¢); of Definition 0.2(2) holds. We are done. 3.13

We can note also

CrLAM 3.14: Assume A = A<* < cf(0) and x < 2* and x — [0]3, 5. Then for
every ordinal v < AT we have x — ()2

K*

Proof. Without loss of generality x > 2.

So let ¢ : [x]*> = K. Choose (1, : @ < ) and d as in the proof of 3.13, and
let U C x of order type 6 and {2¢¢,2e1 + 1} be as there, so €9, &1 < k.

As {ne : @ € U} is a subset of *>2 of cardinality § > A = A<*, clearly
(e.g., prove by induction on v < AT that) for every such U there is U’ C U of
order type 7 such that (n, : @ € U') is <jex-increasing. So U’ is as required,
ie., ¢ | [{na : a € U'})? is constantly ey (of course also 7 is O.K. if we use
<lex-decreasing sequence). 3.14

Remark 3.15: If we use versions of x — [0]2 , with privilege positions for the
value 0, we can get corresponding better results in 3.13 and 3.14.
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