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Abstract

Let x be a regular uncountable cardinal and 4> xT. The principle of Stationary Reflection
in P,/ has been successful in settling problems of infinitary combinatorics in the case k= ;.
For k> wy the principle is known to fail if A is large enough. In this paper the principle is
shown to fail for every A>xT.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

In [6] Foreman et al. introduced the following principle for a cardinal A>w;: If S
is a stationary set in P, A, S NPy, A is stationary in Py, A for some w; C A C 4 of
size ;. Let us call the principle Stationary Reflection in P, 4. It follows from Mar-
tin’s Maximum, and holds after a supercompact cardinal is Lévy-collapsed to w> [6].
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For recent applications of reflection principles for stationary sets in Py, 4, see
e.g. [3,14,16,17].

What if w; is replaced by a higher regular cardinal? Feng and Magidor [4] proved
that Stationary Reflection in P,/ fails if 4 is large enough. Their argument shows in
effect that Stationary Reflection in P, A for some large enough A implies that the club
filter on x is presaturated (see also [2]). It is known that the club filter on a successor
cardinal > wy cannot be presaturated [10].

Extending the Feng—Magidor result, Foreman and Magidor [5] proved in effect that
Stationary Reflection in P, A fails if x is regular >w, and 4 is large enough. More
precisely

Theorfm 1. Let k be regular > wj. Then Stationary Reflection in P\ A fails for every
A=21 .

We include a proof of Theorem 1 in §4. A further example of nonreflection, which
is based on PCF Theory [11] can be found in [12].
This paper shows that for x> w, Stationary Reflection in P,/ fails everywhere:

Theorem 2. Let k be regular > wy. Then Stationary Reflection in P/ fails for every
A=xt.

In §3, we prove Theorem 2 in much greater generality.

2. Preliminaries

For background material we refer the reader to [7]. Throughout the paper, we use
K, A, i to denote an infinite cardinal. We write S’; for {y < A:cfy=«}, and [A]* for
{x C A:lx| = ul

Let A be a set of ordinals. The set of limit points of A is denoted lim A. It is easy
to see |lim A|<|A|. A is called o-closed if every element of lim A of cofinality w is
in A.

Let k be regular, ) <xk<pu < A and f : [A]=% — Prd. We write C(f) for {x €
Pl o fC[x]=? € P(x)}. For x € PiA the smallest superset of x in C(f) is denoted
clgx. It is well-known that if C is club in P4, there is f : [A]°Y — P4 with
C(f)cC.

Stationary Reflection in P,/ states that if S is a stationary set in Pid, SN PiA is
stationary in PxA for some Kk C A C 4 of size k. Let S be a stationary set in Pii. S
is called nonreflecting if it witnesses the failure of Stationary Reflection, i.e. S NP A
is nonstationary in P,A for every k C A C 4 of size k. More generally S is called
u-nonreflecting if S N 7P,A is nonstationary in PA for every u C A C 4 of size p.
If S is a p-nonreflecting stationary set in Peu™ and u™ <4, {x € Ped : x Nut € S}
is easily seen to be a p-nonreflecting stationary set in P,A. In particular Stationary
Reflection in P/ fails for every A> k™ iff Stationary Reflection in P,k fails.
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3. Main theorem

This section is devoted to the main Theorem 3 and its corollaries. We prove Theo-
rem 3 using ideas from Nonstructure Theory [13]. Similar ideas can be found in the
proof of Diamond for P,/ [10,15].

Theorem 3. Let k be regular > wy and p a cardinal > x. Assume there are {c; : &<
u} C P and a stationary T C Py of size p such that if z € T and b € [z]®, there is
& ez with b C cg. Then Pyl has a p-nonreflecting stationary subset for every 1> u*.

Proof. It suffices to give a p-nonreflecting stationary set in Pju™.

Let {cz: & < u} and T be as above. By Solovay’s theorem we can split S;"Jr into u
disjoint stationary sets {S : z € T}. For u<7y < u™ fix a bijection Ty D U —> ).

Set S={x e Put:¥Vyex— wm“xNp) Cx)AxNpeT Asupx € Syl

Claim. S is stationary in P.u™.

Proof. Since {x € Peut :Vy € x — u(my“(x N ) C x)} is club, it suffices to show that
{(x e Pup™ :xNpe T Asupx € Scny} is stationary.

Fix f:[uT]=®° — Put. For z € T consider the following game G(z) of length w
between two players / and II:

In round n I chooses u<7y, < w*. Then II chooses x, € C(f) with y, < supx,. We
further require supx, < y,.; and x, C x,41. Finally /I wins just in case x, N u =z
for every n < w.

Set T" = {z € T : Il has no winning strategy in G(z)}.

Subclaim. T’ is nonstationary in Pyp.

Proof. Suppose otherwise. Note that the game G(z) is closed for /I, hence determined.
Hence for z € T’ we have a winning strategy o, for I in G(z). Set D = {0 < u* :
FE[6]7% C Pyd}, which is club. By induction on n < w we define f§, € S;"+ N D and
xi for z € T” so that (x% :n < w) is a play of I in G(z) against o, and supxi = f3,
for every z € T’ as follows:

Assume we have f; and {x; : z € T'} for i < n as above. Since |T'|<|T| = u, we
have sup, . o, ((x; i <n)) < f, € SL‘L ND. Then B, | =supx, | <o ({x;:i <
n)) < p, for every z € T'.

Fix z € T'. Since supx;_, < f, € S,(f+ ND, Ci={x € Pef, :x;_ | Cxe€
C(f) Ansupx = f,} is club. Let x; be mng “z if mg “z € Cf, otherwise an element
of C%.

Set f = sup,_, f,- Then u< sup .7/ 0.(9) < fy < f. Since f, € S;ﬂ N D for every
n<w, C={xePf:Vn<ow (g, “(x N p) =xNp, e C(f)Asup(xNp,) =p,)}is
club. Since T’ is stationary in Pyp, we can take x € C so that x N e 7.

Set z=xNu e T'. Since x € C, we see by induction on n < @ that ng 2 =
mg “(xNpw) =xNp, € C; and x5 = x N f,. Hence x; Nu=xNpu=z for every
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n < o. Thus II wins in G(z) against o, with the play (x% : n < w). This contradicts
that ¢, is a winning strategy for 7 in G(z), as desired. [J

Fix z € T — T’ and a winning strategy t for /I in G(z). Since S, is stationary in u™,
we have p < y € S, such that supt(s) < y for every s € y=%. Since y € S, C S/‘f , we
have 7y, inductively so that yo = u, supt({y; : i < n)) <7y, and sup,_, 7, = 7. Then
(y, :n < w) is a play of I in G(z) against .

For n < w set x, = t©({y; : i<n)). Since T is a winning strategy, /I wins in G(z)
with the play (x, : n < w). Hence {x, : n < w} C C(f) is increasing, x, N u = z and
Yo < SUPX, < P, forevery n < w. Setx =J,_, Xs. Then x € C(f), xNu=z€T
and supx = sup, _, SUp X, = Sup, _, 7, =7 € S; = Syny, as desired. [J

Claim. S is p-nonreflecting.

Proof. Suppose to the contrary S N P A is stationary in P,A for some u C A C u*t
of size p. Then {x € PxA :Vy € x — u(my“(x N ) C x)} is unbounded in P, A. Hence
y=mu=mn,“(ANpu) C A for every y € A — u. Thus A =9 for some u<d < u*.

Subclaim. cfd < k.

Proof. Since {x € Pid : mg“(x Np) = x} is club, §' = {x € SNP,0 : m5“(x N p) = x}
is stationary in P,0. Fix x € §’. Since supx € Syny C S;*i,, we have b, € [x]® with
supb, = supx. Since ngl“bx e xNu]® and x Nu € T, we have & € x N u with
ngl“bx C cg.

Now we have ¢* < u and a stationary S* C S such that b, C s cex for every x €
S*. Since §* is unbounded in Py, 0 = SUp, g+ SUPX = SUP, g+ SUP by < SUP 75 “Cex <.
Since |cgx| < K, 6 = supms“ce has cofinality < x. O

Thus {x € SNPd : supx = d} is stationary in P,d. Take x, y from this set so that
xNu# yNu. Then § = supx =supy € SynuN Syny. This contradicts Sy, N Syny = 9,
as desired. [J

Therefore P,u™ has a u-nonreflecting stationary subset. [J

Now Theorem 2 follows from Theorem 3 with u = x: It is easy to check that the
hypothesis of Theorem 3 is satisfied with ¢z = ¢ for { <k and T = St
Theorem 3 with u = k™ yields the following:

Corollary 1. Let k be regular > wy. Then Pi.A has a kT -nonreflecting stationary subset
for every J>KkTT.

Proof. It suffices to check that the hypothesis of Theorem 3 is satisfied.
For k<y < kT we have a club T, C P,y of size . List the elements of Uk<y<ict T

as {ce 1 & < kt}. Then D = {6 < «T : Uk<yes T = {cg : & < )} is club. Set
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T ={z € Uxcyerr Iy 1 Vb € [2]¥3E € 2(b C cg)}. Then |T|<xF. We show that T is
stationary in P.x™.

Fix f : [k*]=° — Pext. We have 6 € S¥. N D with f“[0]<” C Pyd. Then
Ts N C(f) is club in Pyo. Since cf 6 =k, {c: & < 0} = UKS"/<(3 T, is unbounded in
P6. Hence we can build an increasing sequence {zy : o < w1} C Ts N C(f) so that
7y C c¢ for some ¢ € z411. Then Ukwl 7z € TNC(f), as desired. [J

If cf u < Kk, Prp has no stationary subset of size u. So we have nothing to say in
this case. We have something to say, however, about a question of [8]:

Corollary 2. Let k be regular >wy and u~" = u. Then PiA has a p-nonreflecting
stationary subset for every > ut.

Proof. Since p=* = u, we can list the elements of Py as {cg : & < pu}. Then
T ={z € Pxp:Vb € [z]”3¢ € 2(b C cp)} is stationary:

Fix f : [pu]=® — Pp. Build an increasing sequence {z, : & < w1} C C(f) so that
7y = c¢ for some & € z411. Then Ukwl 74 € TNC(f), as desired. O

4. Proof of Theorem 1

This section presents the Foreman—Magidor example of a nonreflecting stationary set
in Pi/ as we understand it. Although the construction seems to work only for 222’&,
the example has the feature that the intersection with {x € P,/ : cf(x N k) = w} is
stationary [5]. This is in contrast with our example of Theorem 2, which is a subset
of {x € Ped:cf(x Nk) > w = cf sup(x Nx™)}.

To prove the subclaims below, we invoke ideas from [9,1]. These ideas were crucial
in showing that Chang’s conjecture holds after a measurable cardinal is Lévy-collapsed
to wy, and that Pkt has a club subset of size <(x+)®!, respectively.

Proof of Theorem 1. Since 4>2%", we can list (possibly with repetition) the functions
i kT — Prx as {ge: ¢ < A} For k<y < k* fix a bijection 7, : k — 7. Define h : k x
(kT —K) = Pyx by h(e, f) =lim g e. Then D = {x € Ped: V¢ € x(ge“(xNit) C
P)AVy e xN (kT =) (m“(x NK) =x N Ah“((x NK) X (x N (kT —K))) C P(x)}
is club.

Set S ={x € Pl : {sup(y NkT) :x Cy e DAyNk=xNk} is nonstationary
in xt).

Claim. S is stationary in Py

Proof. Suppose otherwise. By induction on n < w we define f, : [A]=% — P4 and
&, [AIS? — 1 as follows:

Since § is nonstationary, we have fy with C(fp) C D — S. Assume next we have
fo- Define &, and foy1 by g2 @) =cly, @UENNK and foy1(@) = ful@) U{E, @)
Finally define f : [A]=“ — Pl by f(a) =, ~ fu(@).
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Subclaim. Let x € C(f). Then x € D and {sup(zNkt) : x Cz € C(f)AzNKk = x Nk}
is unbounded in k.

Proof. To see the first claim, note that C(f) C C(fy) C D.

To see the second claim, fix o < xT. Since x € C(f) C C(fo) C Pxi— S,
{sup(y NkT) : x Cy €e DAyNk = x Nk} is stationary in x*. Hence we have
x Cy € D such thatyﬂK—xﬂK and o < sup(y N k™). Fix « <y € yN k™. Then
z=Ulcl(@U{y}) :n <o Aa e [x]“} witnesses the subclaim:

Since 7 € z, a < y< sup(zN«x™). By definition of f, it is easy to check x C z € C(f).
To see zNKk Cx Nk, fix f€zNk. Then B € cly(aVU{y}) Nk = g¢ (o) (y) for some
n < and a € [x]=“. Since x € C(f) and a € [x]=%, &,(a) € f(a) C x C y. Since
Cu(@),yeyeD, fegsw CyNk=xNk, as desired. [

For i = 0,1 we build an increasing sequence {xé & < w1} € C(f) so that
x’c Nk =x)NKe S, k < sup(xg Nrt)< sup(xé Nt < sup(ngrl Nx™) but x) Nxt
is not an initial segment of x? Nx™T as follows:

First we have xg € C(f) such that xgﬂk €SP and k < sup(xgﬂ;c+). The subclaim
allows us to take x(l) from X ={ze€ C(f): xg CzAzNK = xgﬂrc} so that sup(x?ﬂ;c"’)
is the xth element of {sup(z Nx™") : z € X}. Since x? Nkt has <k initial segments,
we have x} € X such that sup(x) NxT) < sup(x? N« *) but xj N T is not an initial
segment of x? N kT, as required above. The rest of the construction using the subclaim
1S routine.

Set x' = Ue <o, x‘; Since {xi 2 &< o) C C(f) is increasing and K>w2, Xt e
C(f). By the subclalm xé,x € D. Hence x N xT is an initial segment of x' Nxt:
xL ﬂy = ny“(x NkK) = m, “(xoﬂ;c) = ny“(x ﬂrc) =x' ﬂy for every y € x! D(K —K). By
constructlon of )cg s, sup(x? Nxt) = SUP _y, sup(xg NxF) = sups_,, sup()cg Nkt) =

sup(x! N k™) e STL.

Subclaim. x' N« is o-closed.

Proof. Fix y € lim(x' N x*) of cofinality . Then we have b C x’ N k™ of order type
@ with supb = y. Since x < sup(x' Nk™) € SV}, we have b C f € x' N (k" —K). Since
pexieD, nEl“(xi NP =xNk= xg Nk e S Since nlgl“b € [nEl“(xi n M1,
we have ngl“b C o € x' Nk. Hence b C mp“o. Since o, f € x' € D, y =supb €
lim g = h(a, f) C x', as desired. [

Thus we have y € x® N x! N «x™ with sup(x) NxT) < sup(x) N k) < 7. Since
Y € xteD, xoﬂy = TC«/“(XOQK) = ny“(xgﬂx) = 7r~,,“(x1 Nk) = x! M. This contradicts
that xé Nx" is an initial segment of x’ N k™ but x} N k™ is not an initial segment of

x? N kT, as desired. O

Claim. S is nonreflecting.
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Proof. Suppose to the contrary S N P A is stationary in PyA for some xk C A C 4
of size k. Fix a bijection © : k — A. Then {y < k : n*y € S} is stationary. Since
{y < x:(n*y) Nk =y} is club, their intersection 7 is stationary in k. Since {y € D :
n(yNk) C y}isclub in Ped, {y e D:n“(yNk) CyAyNk e T} is stationary in
Pys. Hence {sup(y NkT) :n“(yNK) Cye DAyNk e T} is stationary in k™.
Since |T| = x, we have y € T such that {sup(yNx™) : 7“(yNx) C y € DAYNK = 7}
is stationary in k. Note that (n*y) Nk =y by y € T. Hence {sup(y Nk™) 1ty C y €
D AyNk = (ny) Nk} is stationary in k™. But 7y € S by y € T. Contradiction. [

Therefore Stationary Reflection in Py A fails. [

Finally, we remark that the same proof goes through even if “nonstationary” is
replaced by “bounded” in the definition of S.
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