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FORCING.ISOMORPHISM II
M. C. LASKOWSKI AND S. SHELAH

Abstract. If T has only countably many complete types, yet has a type of infinite multiplicity then there
is a c.c.c. forcing notion & such that, in any &-generic extension of the universe, there are non-isomorphic
models My and M5 of T that can be forced isomorphic by a c.c.c. forcing. We give examples showing that
the hypothesis on the number of complete types is necessary and what happens if “c.c.c.” is replaced by other
cardinal-preserving adjectives. We also give an example showing that membership in a pseudo-elementary
class can be altered by very simple cardinal-preserving forcings.

§1. Introduction. The fact that the isomorphism type of models of a theory can
be altered by forcing was first noted by Barwise in [3]. He observed that the natural
back-and-forth system obtained from a pair of L, ,-equivalent structures gives
rise to a partial order that makes the structures isomorphic in any generic extension
of the universe. Restricting attention to partial orders with desirable combinatorial
properties, e.g., the countable chain condition (c.c.c.) and asking which theories
have a pair of non-isomorphic models that can be forced isomorphic by such a
forcing provides us with an alternate approach to a fundamental question of model
theory. The question, roughly stated, asks which (countable) theories admit a
‘structure theorem’ for the class of models of the theory? Part of the research on
this question has been to discover a definition of the phrase ‘structure theorem’
that leads to a natural dichotomy between theories. In [9] the second author
succeeds in characterizing the theories that have the maximal number of non-
isomorphic models in every uncountable cardinality and is near a characterization
of the theories which have families of 2 pairwise non-embeddable models of size .
These abstract results imply the impossibility of structure theorems (for virtually
every definition of ‘structure theorem’) by the sheer size and complexity of the class
of models of such a theory. On the positive side, he defines a classifiable theory
(i.e., superstable, without the Dimensional Order Property (DOP) and without the
Omitting Types Order Property (OTOP)) and shows that any model of a classifiable
theory can be described in terms of an independent tree of countable elementary
substructures. That is, the class of models of such a theory has a structure theorem
in a certain sense. In [8] he analyzes which structures (of a fixed cardinality) can
be determined up to isomorphism by their Scott sentences in various infinitary
languages (e.g., Loox)-
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In both this paper and in [2], we concentrate on systems of invariants that are
preserved under c.c.c. forcings and ask which theories have their models described
up to isomorphism by invariants of this sort. It is well-known that c.c.c. forcings
preserve cardinality and cofinality, yet such forcings typically add new subsets
of w (reals) to the universe. We call two structures potentially isomorphic if they
can be forced isomorphic by a forcing with the countable chain condition (c.c.c.).
The relevance of this notion is that the existence of a pair of non-isomorphic,
potentially isomorphic structures within a class K (either in the ground universe or
in a c.c.c. forcing extension) implies that the isomorphism type of elements of K
cannot be described by a c.c.c.-invariant system of invariants.

In[2], it was shown that for countable theories T, if T is not classifiable then there
are non-isomorphic, potentially isomorphic models of T of size 2*. In addition,
certain classifiable theories were shown to have such a pair of models. The main
theorem of this paper, Theorem 4.1, states that if T is superstable, D (T') is countable
(i.e., T has at most Xy n-types for each n), but has a type of infinite multiplicity
(equivalently, T is not Ry-stable) then there is a c.c.c. forcing & such that I-¢ “There
are two non-isomorphic, potentially isomorphic models of 7.” Combining this with
the results from-[2] yields the theorem mentioned in the abstract. We remark that
the more natural question of whether any such theory has a pair of non-isomorphic,
potentially isomorphic models in the ground universe (as opposed to in a forcing
extension) remains open.

A consequence of these results is that the system of invariants for the isomorphism
type of a model of a classifiable theory mentioned above cannot be simplified
significantly. In particular, we conclude that if T is classifiable but not Ry-stable
and if D(T) is countable then the models of T cannot be described by independent
trees of finite subsets, for any such tree would be preserved by a c.c.c. forcing.

The idea of the proof of Theorem 4.1 is to build two models of T, each realizing
a suitably generic subset of the strong types extending the given type p of infinite
multiplicity. The second c.c.c. forcing adds a new automorphism of the algebraic
closure of the empty set that extends to an isomorphism of the models. In building
these models, we place a natural measure on the space of strong types extending p
and introduce a new method of construction. We require that every element of the
construction realizes a type over the preceding elements of positive measure. We
expect that this technique can be used to solve other problems within the context of
superstable theories with a type of infinite multiplicity.

In the final section we give a number of examples. In the first, we show that (R, <)
and (R \ {0}, <) are forced isomorphic by any forcing that adds reals. In particular,
this shows that the phenomenon of non-isomorphic models becoming isomorphicin
a forcing extension is prevalent, even among very common structures and forcings
as simple as Cohen forcing. This example also indicates that membership in a
pseudo-elementary class is not absolute, even for very reasonable forcings. The
second example shows that there is a difference between the notions of “potentially
isomorphic via c.c.c.” and “potentially isomorphic via Cohen forcing.” The third
example shows that the assumption of D(T) countable in Theorem 4.1 cannot be
replaced by the weaker assumption of T countable.

‘We assume only that the reader has a basic understanding of stability theory and
forcing. On the model theory side, all that is required is a knowledge of the basic
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facts of strong types and forking (see [1], [5], [6] or [9]). We assume that our domain
of discourse is a large, saturated model € of T. That is, all models can be taken
as elementary submodels of € and all sets of elements are subsets of the universe
of €. In Section 2 we work in an expansion €%9 of € so that we may consider strong
types to be types over algebraically closed sets. The definition of S™(A4, B) does not
depend on the choice of the expansion.

Other than a knowledge of the basic techniques of forcing, we assume the reader
be familiar with the notion of a complete embedding and basic facts about c.c.c.
forcings. The material in [4] is more than adequate.

§2. Strong types and measures. Throughout this section, assume that T is count-
able and stable. As we will be concerned with the space of strong types extending a
given type, it is convenient to fix an expansion €* of €, where the signature of €%
contains a sort corresponding to each definable equivalence relation E of €”, and
a function symbol fg taking each tuple to its corresponding E-class in its sort.
The advantage of this assumption is that all types are stationary over algebraically
closed sets in €4 (see [6]).

Our goal in this section is to define a measure on the space of strong types
extending a given type. Using this measure, we are interested in the subsets having
positive measure. This leads to our definition of S*(4, B).

DEeFINITION 2.1. For p € S\(B), B finite, let Sy = {r € Si(acl(B)): pCr}.

As we are working in €4, there is a natural correspondence between S and the
set of all strong types extending p. We endow S; with a natural topology 7 by
taking as a base all sets of the form

[a/E]1={reS;:r(x)F E(x,a)}

for some equivalence relation E over B with finitely many classes and some realiza-
tion a of p€.

As T is countable and B is finite, there are only countably many equivalence
relations over B, so 7 is separable. In addition Autz(€) acts naturally on S 5 80 for
each equivalence class [a/E], let Stab([a/E]) denote the setwise stabilizer of [a/E].
As E has only finitely many classes, Stab([a/E]) has finite index in Autz(€). We
construct a regular measure u, on the Borel subsets of S} by defining u,([a/E]) =
1/n, where n is the index of Stab([a/E]) in Autz(€) and inductively extending the
measure to the Borel subsets. This is nothing more than the usual construction of
Haar measure on the range of a group action (see e.g., [7]). It is easy to see that
the measure 4, induces a complete metric on S, which implies that S is a Polish
space.

For a finite set 4 and ¢ € S1(4), let Tj = {r € S, : g Ur is consistent }.
By compactness, I'} is a closed, hence measurable subset of S5. For B C 4 and
A finite, let

S*(4,B) = {q € S1(4) : q does not fork over B
and pu,(I'%) > 0, where p = ¢|B }.
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We remark that instead of looking at sets of positive measure, we could have
defined S*(4, B) to be the set of non-forking extensions g of p such that I'} is
non-meagre. These two notions are not the same, but they share many of the same
properties. In particular, all of the lemmas of this section have analogs in the
non-meagre context.

LEMMA 2.2. Assume C C B C A, Afiniteandthat q € S1(A) doesnot fork over C.
Let p = q|C. Then u,(T%) = 0if and only zfeither/zp(l’f{,w) =0 or,uq,B(FZ,B) =0.

ProoF. For any equivalence class E over C with finitely many classes, say that
[d/E] is consistent with g if there is a realization e of ¢ with E(d,e). As g does

not fork over C, there is a homeomorphism between S, 5 and the subspace I‘;’,'B
of S;, but u p.([d/E]) may not equal u,5([d/E]). However, it follows directly
from the definitions of the measures that u,([d/E]) < g 5([d/E)) for all [d/E]
consistent with ¢g|B. Hence u,(T'}) < g B(FZ| g). Trivially, T% C FZ,'B , SO
upThy < p ,,(F;’,'B ), which completes the proof of the lemma from right to left.

For the converse, let A = ,up(Ff,'B). We will show that 4 - ,UqlB(I"ZlB) < pup(TE).
For this, it suffices to show that

A+ pgp(1d/EY) < up([d/ET)

for every [d/ E] consistent with g. By definition of the measures, u,([d/E]) = 1/n,
where # is the number of E-classes consistent with p and u, 5([d/E]) = 1/m,
where m is the number of E-classes consistent with ¢|B. Thus, we must show that
A < m/n. To see this, let dy, . . ., d,,_; enumerate the E-classes consistent with g|B.
As |J;.,,[d:/E] is a disjoint open cover of FZ'B and p,([d;/E]) = 1/n for each i,
the regularity of u, implies that A < m/n. -

Lemma 2.3. If C C B C A and A is finite then for every a, tp(a/4) € ST(4,C)
if and only if tp(a/A) € ST(A4, B) and tp(a/B) € S(B, C).

PrOOF. Let g = tp(a/A4). As non-forking is transitive, g does not fork over C
if and only if ¢ does not fork over B and ¢|B does not fork over 4. Further, by
Lemma 2.2, ﬂqlc(rgw) > 0if and only if,u,”c(I‘ZIg) > 0 and yq|3(l";|3) >0, -

Suppose that pg, ..., p._1 € Si(B). Let

*

g = 17 € Su(acl(B)) : rlx; = p; and if € realizes r

then { ¢; : i < n } is independent over B }.

Weendow S, , | withtheanalogoustopologyasz. Astypes over algebraically
closed sets (in €*9) have unique non-forking extensions to any superset of their
domain, S; . is homeomorphic to the topological product [],, S5,. Via this

identification, endow S},  with the product measure

i<n

#P0;~~-;Pn41 = l‘lpO XX /upn—l

on the basic open sets and extend the measure to the Borel subsets.
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For g € S,(4),1etT) ={re Sy ,  :rUgqisconsistent}. Asbefore,T'}isa

closed, hence measurable subset of S;, . For B C A4, A finite, let

S*(A4,B) = {q € S,(A4) : q does not fork over B
and u,(I'%) > 0, where p = ¢|B }.

The proof of the following lemma is basically an application of Fubini’s Lemma
to our context.

LeMMA 2.4, Assume that q(x,y) € S»(A4), B C A, A finite and that q does not
Jork over B. Let qo = qlx, q1 = qly, and let p, po, p1 denote the restrictions of
q. q0. q1 (respectively) to B. Let b be any realization of q\ and let

I ={r €S, 1r(x)Uq(x,b) is consistent }.
Then
Hpop: (FZ) = /g ﬂpo(r?ff)) d/um = Hpp (r%) “Hp (F;I,ll).

P
Proor. The first equality is literally Fubini’s Lemma and the second follows from
the fact that I'}, = @ unless b realizes ¢, and the fact that u,, is invariant under
translations by elements of Autg(€). -

LemMa 2.5. If B C A and A is finite, then for all a, b, tp(ab/A4) € S (A4, B) if
and only if tp(a/4 U {b}) € ST(4 U {b}, B) and tp(b/A4) € S*™(4, B).

Proor. This follows from Lemma 2.4 in the same manner as Lemma 2.3 followed
from Lemma 2.2. -

The following two lemmas are the goals of this section. The first is the key ingre-
dient in the proof of the Generalized Symmetry Lemma (Lemma 3.6). The reader
should compare it to Axiom VI in [9, Section IV.1]. The second, the Extendibility
Lemma, makes critical use of the added hypothesis that |[D(T")| = R, that will be
assumed throughout the next section.

LeMMA 2.6. Assume that T is stable and countable, B, C C A, A finite, tp(a/A) €
S*(A4,B) and tp(b/A U {a}) € ST (4 U {a},C). Thentp(a/4 U {b}) € ST(4U
{b}, B).

PrOOF. Let D = BUC. By Lemma2.3,tp(a/4) € S*(4, D) andtp(b/4U{a}) €
S*(4 U {a}, D). By Lemma 2.5 (switching the roles of a and b), tp(ab/A4) €
S5 (4, D). Using Lemma 2.5 again, tp(a/4 U {b}) € ST(4U{b}, D). Sotp(a/4U
{b}) € ST(4 U {b}, B) using Lemma 2.3. .

LemMma 2.7 (Extendibility Lemma). Assume that T is countable and stable and
that |D(T)| = No. Let C C B C A be finite, let E be an equivalence relation
with finitely many classes and let a be arbitrary. If ¢ € S*(B,C), p = q|C
and u,([a/EINT%) > 0, then there is g~ € ST (A4, C) extending q U{E(x,a)}.

Proor. Let {g; : i € w} enumerate the non-forking extensions of ¢ to S;(A4)
that are consistent with E(x,a). We claim that [¢/E1NT% = |J;c, %, For, if
r € [a/E}NTY%, then as r U g U E(x, a) is consistent we can choose a realization b
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of it with b L ;4. Then r € T}, where ¢; = tp(b/4). As u, is countably additive,
up(T%) > 0 for some i € w. As non-forking is transitive this ¢; € S*(4, C), as
desired. H

§3. Positive measure constructions. In this section we define two partial orders
(P, <) and (%, <g) that will be used in the proof of Theorem 4.1. The forcing &
will force the existence of countable subsets B and C, (o € w;) of € such that
acl(B) and acl(B U C,) are Ry-saturated models of T, acl(B) < acl(B U C,), and
{C, : @ € w; } are independent over B. Throughout this section, assume that T is
stable, |D(T)| = Rg (hence |T| = Ro) and we have a fixed type r* € S,(0) of infinite
multiplicity.

DErFINITION 3.1. Let 7 = X U J,¢,, Za, Where X' = {x,, : m € w } and each
set Z, = {z2 :m € v}, a € w; is a countable set of distinct variable symbols. A
7 -type q is a complete type in finitely many variables of 7°. Let var(g) denote this
set of variables.

A 7"-type should be thought of as the type of a finite subset of 4UJ,¢,, Ba- As
notation, given a sequence (a; : i <n)andu C n,let 4, = {a; : j € u}. Note
that as a special case, 4; = {a; : j<i}.

DEFINITION 3.2. A positive measure construction (PM-construction) ¢ (of length
n) is a sequence of triples { (a;,u;,v;) : i < n) satisfying the following conditions
foreachi < n:

(1) tp(a;/A;) is not algebraic and u; C i;

(2) tpla;/4;) € ST(4i, Ay,);

(3) Ifv; € Xandj € u; thenvj € X,

(4) Ifv; € Z, for some  and j € w; thenv; € X U Z,;
(5) If v; = z§ then w; = @ and tp(a; /0) = r*.

A PM-construction ¢ may be thought of as a way of building the 7 -type tp(a; :
i < n) in the variables (v; : i < n). Let tp(¢) denote this type and let var(t) =
{v; 1 i< n}. Iftp(¢) = q then we call t a PM-construction of q. A 7'-type q is
PM-constructible if there is a PM-construction of it.

Intuitively, (a;, u;,v;) € t ensures that tp(a;/4;) is as generic as possible, given
that it extends tp(a; /4,,). Clause (5) implies that the set

{28 : @ € @ } Nvar(?)

realizes a generic subset of the strong types extending r*. In particular, no two such
variables can realize the same strong type.

DEerFINITION 3.3. Let & denote the set of all PM-constructible 7"-types. For
p,q € P,say p <g qif and only if there is a PM-construction t of g and anm € w
such that #[m is a PM-construction of p. That < induces a partial order on &
follows from the lemma below.

LeMMA 3.4, Assume that p <g q. Then any PM-construction of p can be contin-
ued to a PM-construction of q.
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PROOF. Suppose that ¢ = { (a;,u;,v;) : i < n) is a PM-construction of g such
that ¢!m is a PM-construction of p and let s = ((b;,u},v}) : j < m) be any PM-
construction of p. Since {v; : i € m} = {v} : j € m} setwise there is a unique
permutation ¢ of n such that v; = v, forall i < m and o(i)=iforallm <i<n.
Astp(a; : i < m) =1tp(b,(; : i < m), we can choose an automorphism y of € such
that y(a;) = b,(;) for each i. It is now easy to verify that

s™((wla), 6" (), vi) :m <k <n)
is a PM-construction of ¢ continuing s. -

The following lemma will be used to show that a generic subset of & generates a
family of Ro-saturated models of 7.

LemMma 3.5. Lett = ((a;, u;,v;) : i < n) be any PM-construction.

(1) If x,, € X ~var(t) and u C n such that j € u impliesv; € X and p is a non-
algebraic 1-type over A, then there is a realization a, of p such that t~{((an, u, X)) is
a PM-construction.

(2)Ifz3 € Zy ~var(t), m # 0, u C n such that j € u impliesv; € X U Z,
and p is a non-algebraic 1-type over A, then there is a realization a, of p such that
t~(an,u, 22)) is a PM-construction.

(3) If z§ € Zo ~ var(t), then there is an a, such that t~{(an,0,z8)) is a PM-
construction.

Proof. These follow immediately from the Extendibility Lemma and Clauses
(3), (4), (5) of Definition 3.2. 4

In order to establish the independence of the B,’s over 4 and to analyze the
complexity of the partial order (%, <), we seek a ‘standard form’ for a PM-
construction. The primary complication is that the restriction of a PM-constructible
type to a subset of its free variables need not be PM-constructible. We characterize
when a permutation ¢ of a PM-construction ¢ is again a PM-construction. Call
a permutation ¢ permissible if ¢”(u;) C o(i) for all i < n. Clearly, if ¢ is not
permissible then ot violates Clause (1) of being a PM-construction. The following
lemma, known as the Generalized Symmetry Lemma, establishes the converse. Its
proof simply amounts to bookkeeping once we have Lemma 2.6.

LemMA 3.6 (Generalized Symmetry Lemma). If ¢ is a PM-construction of q and
o is a permissible permutation then ot is a PM-construction of q as well.

PrOOF. Suppose that t = ((a;,u;,v;) : i < n) is a PM-construction of g. Then
Lemma 2.6 insures that o (¢) is a PM-construction, where gy is the (permissible)
permutation exchanging k and k + 1 whenever k % n—1and k ¢ u; ;. Thelemma
now follows easily by induction on the length of ¢. The reader is encouraged to
compare this with [9, IV, Theorem 3.3]. 4

As an application of Lemma 3.6, we obtain a ‘standard form’ for a PM-construc-
tion. Given any p € &, there is a PM-construction ¢ = ((a;,u;,v;) :i<n)of p
such that, foralli < j < n,

(1) ifv; € X thenv; € X;
(2) ifv; € Zy and v; € Z, thena < &/;
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(3) ifv; = z§ thenv; ¢ Z,.

To see this, let s be any PM-construction of p, find an appropriate permissible
permutation ¢ and let ¢ = gs. The following lemma is a consequence of this
representation.

_ LemMA 3.7. Let p(%,2%,...,2%) € P, where ¥ C X and 2% C Z,, and let
bcoo ... realize p. Then { ¢ : i < k } is independent over b.

Proor. We argue by induction on var(p). Choose p € & with n + 1 free
variables. We can find a PM-construction ¢ = ({(a;,u;,v;) : i < n+ 1) of p with
the variables arranged as in the application above. By elementarity, we may assume
that & = bc™ ...¢%-1, If v, € X there is nothing to prove, so say v, € Z,,_, and
let d = ¢ \ {a,}. From our inductive hypothesis, {c% : i < k -1} U {d}is
independent over b. In particular, d Li{c% i <k —1}. However, tp(an/4,) €

S+(An, Ay,) and 4,, € bUd, so tp(a,/4,) does not fork over b Ud. Hence,
{ &% :i < k } is independent over b by the transitivity of non-forking. -

LemMa 3.8. Assume that p, q1, ¢ € P, p <2 q1, p <o q, and var(q;) N
var(q,) = var(p). Then there is an upper bound p* € P of both q; and q>.

ProoFr. Say |var(p)| = ng. Let s be any PM-construction for p and, using
Lemma 3.4, let t; = ((a;,u;,v;) : i < m) and 8, = ((bs,ul,v]) : i < m)
be PM-constructions for ¢;, g, respectively, each continuing s. We form a PM-
construction ¢* by concatenating a ‘copy’ of #; \ s to #;. More formally, let
d =(a;:i<mng)andforeachk, ng <k < my,letu) = (u, Nng) U{j+(n —np):
J € uj, N (nz2\ ng) }. Using the Extendibility Lemma, we can successively find a
sequence (cg : np < k < np) such that t* = 7 ((cr,u,vp) imp <k < m)isa
PM-construction and tp(d¢) = ¢,. Let p* be the 7 -type generated by #*. Visibly,
q1 <o p*. That ¢ <& p* follows from Lemma 3.6 by taking the permissible
permutation of #* exchanging # \ s and the copy of 5 \ s. -

By using the full strength of the Extendibility Lemma, using the notation in
the proof above, if E is an equivalence relation with finitely many classes, we may
further require that E(v;,v}) € p* if and only if € = E(a;, b;). This improvement
will be crucial in the proof of Claim 3 of Lemma 4.3.

A partially ordered set & has the Knaster condition if, given any uncountable
subset X of £, one can find an uncountable ¥ C X such that any two elements
of Y are compatible. Evidently, if a partially ordered set has the Knaster condition,
then it satisfies the countable chain condition (c.c.c.). However, in contrast to the
case for c.c.c. posets, it is routine to check that the product of two posets with the
Knaster condition must have the Knaster condition.

LEMMA 3.9. (P, <) satisfies the Knaster condition, hence P x P satisfies the
countable chain condition.

We begin with a combinatorial lemma that is of independent interest. It is not
claimed to be new, but the authors know of no published reference.

LemMa 3.10. There is a partition of [w;]<° into | J{ A; : i € w } such that cNd is
an initial segment of ¢ wheneveri € wandc, d € A;.
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Proor. Clearly it suffices to partition each [w;], so fix I € . We define three
families of functions. First, for each f € w;, choose an injective function gz: g —
w. Next, foreachn € w, define a partial function f,,: w; — w; by f,(8) = g/;I(n).
Note that if f,(8) is defined, then it is less than f. So define a (total) function
hn: w1 — o, where h,(B) is the least m such that the m-fold composition £ (8)
is undefined.

Define an equivalence relation ~ on [c;]’ by putting

{ao,...,al_l} ~ {ﬁO’---:ﬂI—l}

if and only if, for all i < j < [ there is an n € w such that n = g, (a;) = gg,(f:)
and h,(a;) = h,(B;). Clearly, ~ partitions [w]’ into countably many classes, so let
each A; denote a ~-class.

To see that this works, suppose ¢ = {ap,...,y 1} ~d = {fo....,fi_1}. We
first observe that if a; = B; then i = j. For, if not, we could assume by symmetry
that i < j. Letn = go () = gg,(:). Now, f(a;) = a; = B;, hence h,(a;) =
ha(B;) + 1, contradicting ¢ ~ d. Next, suppose o; = f; for some j < / and
fixi<j. Asc~d, g, () = gg (Bi), s0 a; = B as ga, is injective. Hence ¢ N d is
an initial segment of both ¢ and d. =

Proor oF LEMMA 3.9. As notation, for each p € &, let u? denote the (finite) set
of all « such that var(p) N Z, # 0. Given f a permutation of w;, f induces a
permutation of 7" (also called f), defined by f (xm) = X, and f(z2) = z,®. This
f induces a permutation of &, where

f(P) = {¢(f(v0):-'-,f(vn—l)) :¢('U0:---,’Un-—l) Gp}.

From the lemma above and the fact that D(T') is countable, it is easy to find a
partition & = |J{ P, : n € w } such that, for each n € & and each p, g € P,,
(1) [u?| = |u?];
(2) w” Muf is an initial segment of both p and ¢;
(3) if f is any permutation of w, fixing ” N u? pointwise and f"(u?) = uf,
then f(p) =q.

We claim that every pair p, ¢ € P, are compatible. For, let w = u? N u? and let
Zw = XUJ{Za: @ € w}. By Clause (3), var(p) N 7, = var(q) N7, Further,
letting po = pl(var(p) N 75,), it follows from Clause (3) and the standard form
following Lemma 3.6 that py <z p and py <» ¢. Thus, by Lemma 3.8, p and ¢
are compatible. =

We next define our second forcing notion, #. We begin by defining a dense
suborder of #. The intuition behind a faithful triple (p, g, k) is that p and g are
finite approximations to models of T and % is an elementary map between the
approximations.

DerFINITION 3.11. A triple (p, g, ) is faithful if p,q € P and h: var(p) — var(q)
satisfy:
(1) his onto;
(2) ¢(#) € pifand onlyif ¢(h(5)) € g for all formulas ¢(%);
(3) forv € var(p), v € X ifand only if h(v) € X;;
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(4) for v € var(p), o € wy, v € Z, if and only if h{v) € Z,.

LemMa 3.12. Suppose (p,q,h) is faithful and p <o p'. There is ¢ > q and
h' 2 h suchthat (p',q’, h') is faithful. Further, for any finite F C %', we may assume
var(q’) N F C var(q).

PrOOF. Let m = |var(p)|. Arguing by induction on the size of the difference,
we may assume that |var(p’)| = m + 1. Let s’ = ({(a;,u;,v;) : i < m)bea
PM-construction of p’ such that s = s'[m is a PM-construction of p and let
t = ((bj,uj,w;) : j < m) be a PM-construction of g. Our h induces a map
h*: A, — B, by putting h*(a;) = b;, where h(v;) = w;. As (p,q, h) is faithful,
h* is elementary. Let p,, = tp(am/A.) and let g, = h*(pm). By elementarity,
gm 18 a non-algebraic 1-type over B,,. Pick w,, € 7" \ (var(q) U F) such that
w, € X ifv,, € X and w,, € Z,, where v,, € Z,, otherwise. By Lemma 3.5,
there are b,, and u,, such that ' = t~((by, m, wn)) is a PM-construction and
tp(bm/Bm) = qm. Thus, (p',q', k') is faithful, where ¢' = tp(¢’) and »' = h U
{(Vm, wm)}. =

DEeFNITION 3.13. % = {(p,q,h) : there are p; <z p and q; < g such that
(p1,q1, h) is faithful }. Define a preorder <o on &# by (p,q,k) <o (p’,q’,4’) if and
only if either p < p’, g < ¢ andh=h';orp=p’, q=q' h Ch'and (p,q,h")is
faithful. Let <g be the transitive closure of <g. It is clear that <g is a partial
order on %.

LemMaA 3.14. The set of faithful triples is a dense suborder of %.

ProoF. Pick (p,q,h) € & and assume that 4: var(p;) — var(q;), where p; <&
pand ¢ <@ q. By Lemma 3.12 there is ¢ >2 q; with var(q;) N var(g) =
var(q;) and h, D h such that (p,q;,h;) is faithful. By Lemma 3.8 there is an
upper bound ¢* € &£ of both ¢, and q. Now consider the triple (p, ¢*, h;). By
Lemma 3.12 again (with the roles of p and g reversed) thereis p* >» pand h* 2 h
such that (p*, g*, h*) is faithful. Also, (p,q,h) <o (p*,q*,h) <o (p*,q*,h*), so
(P:q:h) <a (P*’q*’h*)‘ -

LEMMA 3.15. The natural embedding i: P x P — X, defined by i(p,q) =
(p,4,0) is a complete embedding.

ProoF. Fix a maximal antichain 4 C & x . We must show that i”’(4) is a
maximal antichain in %Z. So, fix (p, ¢, h) € &#. Choose anelement (p,q') € P x P
that is an upper bound of (p, q) and some (pg, qo) € A. By Lemma 3.14, there is a
faithful triple (p*, ¢*,h*) >4 (p',q’,h). It is easy to check that (p*,¢*, h*) is an
upper bound of both (p, g, 4) and i (po, 90). =

§4. The main theorem. This section is devoted to proving the following theorem.

THEOREM 4.1. Assume that T is superstable, |D(T)| = Ry and there is a type of
infinite multiplicity. There is a c.c.c. partial order @ such that \-g “There are two
non-isomorphic, potentially isomorphic models of T.”

ReMARK 4.2. The forcing & will be 2 x # from the last section, which, in addition
to having the c.c.c., satisfies the Knaster condition. The second forcing (i.e., #/H)
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is almost an element of the ground model V. That is, the forcing & € V and
for any @-generic filter H, % /H will be a partial order forcing the two models
isomorphic.

Proor. By Theorem 1.13 of [2], we may assume that in addition, 7 has NDOP
and NOTOP. In particular, prime and minimal models exist over independent trees
of models of T'. Given an n-type of infinite multiplicity, one can find a finite set &
and a l-type r* € S|(@) of infinite multiplicity. Let 7’ denote the L(a)-theory
of (¢,a). Thus, working with T as our basic theory, r* is a type over the empty
set, so our results from Section 3 apply.

Fix & and &% from Section 3 and let & = &# x &#. By Lemma 3.9 & satisfies
the c.c.c., and by Lemma 3.15 the natural embedding of & into &% is a complete
embedding. If H is @-generic, then R/H embeds naturally into the set of finite
partial functions f: w; X w — w; x w that fix the first coordinate. Thus R/H sat-
isfies the c.c.c. In the remainder of the section we show that & ‘constructs’ two
non-isomorphic models and that &% /H forces them isomorphic.

We first show that the forcing & constructs a new model of our theory, i.e., one
that is not isomorphic to any structure in the original universe V. Fix a #-generic
filter G. We associate a model B*[G] of T with G as follows. First, by applying
Lemma 3.5, forevery o C 7', {p € &P : © C var(p)} is dense, hence there is
a p € G such that o C var(p). In addition, as any p, ¢ € G have a common upper
bound, p|7 = ¢|v for any ¥ C var{p) Nvar(g). Let

Ig={¢(®):9C 7 and ¢(7) € p for some p € G }.

Let A = Ay UU,¢,, 4a be arealization of I'g in &; i.e., for all bcCA4,ecEoeb)if
and only if ¢(7) € [, where ¥ is the tuple from 2~ corresponding to 5. Working
inside €, let A3[G] = acl(Ay) and for each a € w;, A.[G] = acl(dx U 4,).

We first claim that Ag[G] and each 2, [G] is an Ny-saturated model of T. To
see that this holds of %3[G], note that by Lemma 3.5(1), 4y realizes every non-
algebraic 1-type over a finite subset of itself. It is a straightforward exercise to show
that this fact, together with 23[G] = acl(4y) implies that 2y[G] is an Rg-saturated
model of T. The proof for each 2,[G] is analogous, using Lemma 3.5(2) to show
that Ay U A, realizes every non-algebraic 1-type over a finite subset of itself.

Also, it follows from Lemma 3.7 that {2,[G] : & € w;} is independent
over Ap[G]. As T satisfies NDOP and NOTOP, we can form a continuous, in-
creasing chain of countable models {B,[G] : a € @ ) such that B,[G] is prime
and minimal over | J s<a Up[G]. By replacing the chain by an isomorphic copy, we
may assume that the universe B, of each 98,,[G] is a countable subset of «; and that
B*[G] = U,ew, BalG] has universe w;. The crucial fact is that this model B*[G]
is not L-isomorphic to any structure in the ground universe.

LemMa 4.3. In V[G] there is no L-elementary embedding of B*[G] into any
model Z € V.

Proor. Fix & € V. As € is sufficiently saturated, we may assume that & is
an elementary substructure of €. Assume by way of contradiction that such an
embedding f exists. From our assumption above, f is an elementary map between



Sh:518

1316 M. C. LASKOWSKI AND §. SHELAH

two subsets of €. Fix a #-name f and a condition go € G such that

g+ f: B*[G] - D.
A:lso, as {Byia < w }is a~continyous, ingreasing cpain we can find Z-names
B, such that & < f implies B, C B and B; = |J{ B, : @ < }. Further, for
any o < o, since & satisfies c.c.c. and I B, is countgble, there is f < w; such that
I+ B, C B. Consequently, we may assume that each B, is a countable Z-name.

Foreachd € wy, let 75 = X U, 5 Za, let P = {p € P : var(p) C 75 }, and
let Gs = G N Ps.

Cram 2. For all § € wy, the identity map i : & — P is a complete embedding.

<o

PrOOF. Let A be a maximal antichain in % and let p € &#. Let pp = p[Z;. As
A is maximal, there is gp € 4 and q € %, g an upper bound of both pg and ¢o. By
Lemma 3.8, there is an upper bound of both p and ¢ (hence of q¢). Thus, Aisa
maximal antichain of # as well. =

Let #/Gs; = {p € P : p is compatible with each g € G;} and let GJ be
the 2 /G;-generic filter induced by G. As the identity is a complete embedding,
V[G] = V[Gs][G}] (see, e.g., [4]). It s easily verified that a condition p € Z is an
element of /G if and only if p[7; C I'g,. Let

C={d<w - Bs is a #5-name, B; C 6,

foralla <4, f(a)isa Ps-name}.

Visibly, C € V. Using the fact that & satisfies c.c.c. again, C is a club subset of w;.
Note that B;[G] € V[Gs]and f |6 € V[Gs]foreachd € C. Fix an elementd € C.

Cramm 3. Working in V' [Gjs], for each e € D, the set
D; ={p" € P/Gs: p" a6, (25, BsIG]) # tp(e, £ (Bs[GD) }
is dense in #/Gj.

Proor. Fix e and choose p € &#/Gs. By Lemma 3.5 and our characterization
of # /G5 we may assume z§ € var(p). Let po = p|%; and let m = |var(po)|. Let
t = ((ai,u;,v;) : i < n) be a PM-construction of p such that #; =4 ?|m is a
PM-construction of py and v,, = zg. Let w be an automorphism of € fixing A4,
pointwise such that stp(a,) # stp(w(am)). (One exists since 7* = tp(ay,/0) has
infinite multiplicity and tp(an/4m) € ST (4m,0).) Fix a definable equivalence
relation E with finitely many classes such that € = —~E(a,,, w(a,,)) and pick a set
of representatives {c; : i < k } of E’s classes from B;5[G]. Say E(e, f(c;)) holds
in €. Choose g € Gs such that g I-, E(e, f(c;)) and var(pg) U {c;} C var(g). Let
s be a PM-construction of g and suppose (b, 4, c;) € s. We may assume that € =
—E (ayn, b), since otherwise we could replace a,, by y(a,,) in the argument below. As
in the proof of Lemma 3.8 (and the remark following the proof) it follows from the
Extendibility Lemma that there is a sequence s* and an element d such that s7s* is
a PM-construction, tp(s*) = tp(t \ t1), (4,0,2z) € s*, and € = E(a,d). Let
p* = tp(s”s*). As E is an equivalence relation, € = —E(d, b) so —E(z{,¢;) € p*.
Further, p*[75 = g, p* € #/G; as required. -
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Thus, working in V[G] = V[G;s][G;], Claim 3 implies that tp(z3, B;[G]) #
tp(e, £ (B;[G])) for all e € D, contradicting the elementarity of f. 4

Continuing with the proof of Theorem 4.1, fix H = G| x G;, a & x P-generic
filter. Following the procedure above, we can build elementary substructures
B*[G] and B*[G>] of € in V[H]. It follows from Lemma 4.3 and the fact that
V[H] = V[G][G2] that there is no L-isomorphism f: B*[G1] — B*[G,]in V{H].

To complete the proof of the theorem, it remains to show that B*[G,] can be
forced isomorphic to B*[G,] by a c.c.c. forcing. Let

Z[H ={(p,q,h) € # : (p,q,h) is compatible
with i(p’,q’) forevery (p’,q') € H }.

As noted above, %#/H satisfies the c.c.c. We claim that % /H forces an L(a) iso-
morphism between B*[G] and B*[G,]. Indeed, let

h* =U{h :(p,q,h) € #/G1 x G, for some p,q € P }.

By Lemma 3.12, h* is an L(a)-elementary map from a set of realizations of g,
to a set of realizations of I'z,. Now A* easily extends to an L(a)-elementary
map of the algebraic closures of these sets. That is, 2* maps the independent tree
U{2U,[G1] : @ € w) } of models of T' to the independent tree | { A, [G2] : @ € w; }.
As the prime and minimal model of such a tree is unique, #* extends to an L(a)-
isomorphism of B*[G] and B*[G,]. -

§5. Some examples. Our first example demonstrates the ubiquity of the phe-
nomenon of non-isomorphic models becoming isomorphic in a forcing extension.
It implies that even very weak forcings such as Cohen forcing are able to alter the
isomorphism type of some very simple structures.

ExampLE 5.1. Let M] = (RY,<) and M, = (R \ {0},<). Then M, is not
isomorphic to M; in the ground universe V', but M; and M, become isomorphic in
any transitive V' D V with RV # RY.

Proor. It is clear that M and M, are not isomorphic in . Fix V', a transitive
extension of ¥ that adds reals. We will construct an isomorphism f € V'’ between
M, and M,. Towards this end, first note that as ¥ and V' are both transitive, w, Z
and Q are all absolute between ¥ and ¥’. In particular, QV" = QY. AsR"" is
defined as the set of all Dedekind cuts of rationals, Q" is dense in R”".

Next, for any a, b € R” with a < b, fix {x, : n € Z}, a strictly increasing
sequence from (a, b) that is both cofinal and coinitial in (@, b). Using the density
of Q¥ in R¥’, we may successively choose y, € Q7 N (x,, Xn41) to obtain a cofinal,
coinitial sequence of order-type Z in (a, b) with each element in V.

Using, this, we claim that if @ < b and ¢ < d, then there is an isomorphism
g: (a,b) NRY — (c,d) NRY. To see this, choose strictly increasing sequences
(yn:n€Z)and (z,:n € Z) from Q, cofinal and coinitial in (a, ) and (¢, d),
respectively. Now, as (yn, y»+1) NRY and (z,, z,1) N RY are each open intervals
in RY, there is an isomorphism g, € V between them. Piecing these isomorphisms
together yields an isomorphism between (2,5) "R and (c,d)NRY .
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We are now ready to build our isomorphism between M; and M,. Fixa<b < ¢
inR”' <\ RY with a < 0 < c. From the paragraph above, let g, be an isomorphism
between (a, 5)NRY and (a,0)NR" and let g; be an isomorphism between (b, c)NR”
and (0,c) NRY. Define f: M — M, by

x ffx<aorc<x
fx)=<gi(x) ifa<x<b
g(x) ifb<x<e. 4

The (pseudo-elementary) class Kyom of homogeneous linear orders is the class of
all dense linear orders with no endpoints such that any non-empty open interval is
isomorphic to the entire linear order. Examples include (Q, <) and (R, <). Itis well
known that forcing preserves satisfaction for models. Thus, the relation “M € K” is
absolute between transitive models of set theory for elementary classes K. Similarly,
if K is a pseudo-elementary class (i.e., a class of reducts of an elementary class) and
M € K in the ground universe, then M € K in any forcing extension. However,
Example 5.1 indicates that the converse need not hold. That is, M> ¢ Kpoy, in V,
while M, € K., in any transitive ¥’ O ¥ that adds reals.

The class Ky, can also be used to show that ‘potential isomorphism via c.c.c.
forcings’ is distinct from ‘potential isomorphism via Cohen forcings.” As Ky is
unstable, it follows from Theorem 1.7 of [2] that there is a pair of non-isomorphic
structures in Ky that can be forced isomorphic by a c.c.c. forcing. This contrasts
with the theorem below.

THEOREM 5.2. Let @ = (<“w, <1) be Cohen forcing. For all My, M> € Kyom,
My = M, ifand only if |+g My & M.

ProOOF. Right to left is clear by absoluteness. Choose homogeneous linear orders
M, = (I1,<) and M, = (I,<) such that IFg M, = M,. We will construct
an isomorphism g: M; — M> in the ground universe as a countable union of
approximations in the sense described below.

Fix a &-name f such that iFg f is an isomorphism between M and M,.” For
eachg € @, let f, = {(a,b) € I, x  : ¢ I f(a) = b}. To ease notation,
let I/ = I; U {—o0,00} (i = 1, 2), where —oo is the smallest element of I/ and
oo is the largest. For 4 a partial 1-1 function from I{ to I;, let D;(h) = dom(h)
and Dy(h) = dom(h~1).

An approximation on [xy, x1] is a partial, order-preserving function g: [xg, x;] —
I such that, for each a € [xo, x1] \ D;(g) there are b, ¢ € D;{g) withb < a < ¢
and (b,¢) N6;(g) = 0. If [xo, x1] = I], g is simply called an approximation.

Trivially, go = {(—00, —00), (00, 00)} is an approximation. As noted above, we
will construct an increasing sequence (g, : n € w) of approximations such that
for each g € @ there is n € o such that D;(g,) 2 D;(f,) (i = 1,2). Once we
build such a sequence, g = |Jg» will be an isomorphism between /| and I, since
every a € I is in D;(f,) for some g € €. Thus, all that remains is to prove the
following claim.

CramM. For every approximation g and g € & there is an approximation g’ 2 ¢
Wlth Dl(g,) 2 Di(fq): i= 1’ 2.
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ProoF. Fix an approximation g and g € €. By symmetry it sufficestofindg’ O g
with D1(g’) 2 Di(f,). As Di(g) partitions I, into convex sets, we may inde-
pendently find approximations g’ on [xg, x1] extending g|{xo, x;] for each pair
xo, x1 € Dy(g) with xo < x; and (xo, x1) N D1{g) = @. So fix such a pair (xo, x1).
Choose p > g such that xo, x; € Di(f,). Say p I+ f(x¢) = yo and f(x1) = p1.
As M, € Kpop, it suffices to find an approximation 4: [xg, x1] — [yo, 1] with
D;(h) 2 Dy(f,), since then k o h would be an approximation extending g for any
order-preserving isomorphism k : I [(yo, 1) — L[ (g(x0),g(x1)).

For a € (xo,x;), let PV(a) denote the set of possible values of f(a), i.e., the
set of all b € (yo, y1) such that r |- F(a) = b forsome r > p. If a < a’ then
aslF f(a) < f(a’), there always exist elements b € PV(a) and ' € PV(a’) such
that b < b’. By contrast, we say PV(a) and PV(a’) overlap if there are ¢ € PV{a)
and ¢’ € PV{(a’) such that ¢/ < ¢. Let the symmetric relation R(a,a’) hold if
PV(a) and PV(a’) overlap. Itis easy to verify that the set of elements R-related to a
is a convex subset of (xg, x;). Let ~ be the transitive closure of R. For notation,
let [a] = {a’ € (x0,x1) : @ ~ a’}. Bach [a] is convex. Similarly, for b € (yo, y1),
let PV(6) = {a € (x0,x1) : fp(a) = b}. Define the relation R on (y, y;) and
[] analogously. Note that if b, ¢ € PV(a), then as a € PV(b) NPV(c), [b] = [c].
As each of the equivalence classes are convex, it follows that if R(a,a’) holds
and b € PV(a), b’ € PV(da’) then [b] = [b’']. Thus, for all a € (xo,x) and
allb € PV(a), p I f:[a] — [b]. Itis easy to see that if a € dom(f,) then
[a] = {a}. On the other hand,

SuscLamM. Ifa ¢ dom(f ,) then thereis a strictly increasing, cofinal and coinitial
sequence (a, : n € Z) in [a].

PROOF. Suppose a ¢ dom(f,). We first claim that there is an a’ > a, a’ € [a].
To see this, pick distinct elements by, b, € PV(a) with b; < b,. Pickr > p
with r IF f(a) = b;. Pick s > r with b, € dom(f; ") and leta’ = f;!(b,). Then
a < a and b, € PV(a)NPV(a'),s0a ~ a'. Similarly, there is a’ < a witha’ € [a].
By symmetry, to complete the proof of the subclaim we need only show that there
is no strictly increasing sequence {4, : @ € w; ) in [a]. By way of contradiction,
assume that such a sequence exists. For each o € wy, let 4, = (x¢,a,) and let
B, = (y0,bs). As @ is countable, PV(a’) is countable for all a’, hence there is
aclub C C w such that, for all 6 € C, 4’ € 4; implies PV(a’) C B; and
b’ € Bs implies PV(d') C A4s. Thus, p I+ f: As — B; foré € C, contradicting the
definition of [a]. -

Note that by symmetry, if b ¢ dom(f 1) then there is a strictly increasing, cofinal
and coinitial sequence of order type Z in [b]. We build our function 4: (xy, x;) —
(y0,y1) as follows: Let h(a) = f,(a) for each a € dom(f,). For each non-trivial
equivalence class [a], let # € PV(a) and choose strictly increasing, cofinal and
coinitial sequences (a, : n € Z) and (b, : n € Z) in [a] and [b], respectively.
Let h(a,) = b, for each n € Z. It is easy to verify that k is an approximation
on [XO, X 1]. -

We close with the following example that shows that the assumption of D(T)
countable in Theorem 4.1 cannot be weakened.
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ExampLE 5.3. There is a countable, superstable theory with a complete type of
infinite multiplicity, yet non-isomorphism of models of T is preserved under all
cardinal-preserving forcings.

Let T be the theory of countably many binary splitting, cross-cutting equivalence
relations. Thatis L = { E, : n € w } and the axioms of T state that:

(1) Each E, is an equivalence relation with two classes, each infinite and
(2) Foreachn € w and w C n, Vx3y (A, cp, Ei(x, ) A Nicnew ~Ei(x,¥)).

T admits elimination of quantifiers, is superstable and the unique 1-type has
infinite multiplicity. However, for any model M of T and any a € M, every p €
S1({a}) is stationary.

Further, it is easy to verify that for all models M, N of T and alla € M, b € N,
there is an isomorphism g: M — N with g(a) = b if and only if for all 2-types
p(x,3) € S:(0), |p(M,a)] = |p(N, ).

Now assume that -9 M = N for some cardinal-preserving forcing Q. Then for
someg € Q,somea € M andsomeb € N,

g I “forall p € S2(0), |p(M,a)| = |p(N,b)]”.

As Qis cardinal preserving, this implies that |p(M, a)| = |p(N,b)| for all p €
S7(0),s0 M = N.

REFERENCES

[1] J. T. BALDWIN, Fundamentals of stability theory, Springer-Verlag, 1988.

[2]J. T. BaLpwiNn, M. C. LaskowsKl, and S. SHELAH, Forcing isomorphism, this JOURNAL, vol. 58
(1993).

[31J. BARWISE, Back and forth through infinitary logic, Studies in model theory (M. Motley, editor),
Mathematical Association of America, 1973, pp. 5-34.

[4] K. KUNEN, Set theory, North-Holland, 1980.

[5]1 D. LASCAR, Stability in model theory, Longman, 1987, originally published in French as Stabilité
en Théorie des Modeéles, 1936.

[6] M. MAKKAL, Survey of basic stability with particular emphasis on orthogonality and regular types,
Israel Journal of Mathematics (1984),

[7] L. NACHBIN, The Haar integral, van Nostrand, 1965.

[8] S. SueLAH, Existence of many L j-equivalent non-isomorphic models of T of power A, Annals of
Pure and Applied Logic, vol. 34 (1987).

9] , Classification theory, North-Holland, 1991.

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF MARYLAND
COLLEGE PARK, MARYLAND 20742, USA

E-mail: mcl@math.umd.edu

SCHOOL OF MATHEMATICS
THE HEBREW UNIVERSITY
JERUSALEM, ISRAEL
and
DEPARTMENT OF MATHEMATICS
RUTGERS UNIVERSITY
NEW BRUNSWICK, NJ 08903, USA

E-mail: shelah@math.huji.ac.il


mailto:mcl@math.umd.edu
mailto:shelah@math.huji.ac.il

