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We deal with models of Peano arithmetic (specifically with a question of Ali Enayat). The methods are from
creature forcing. We find an expansion of N such that its theory has models with no (elementary) end extensions.
In fact there is a Borel uncountable set of subsets of N such that expanding N by any uncountably many of them
suffice. Also we find arithmetically closed .A with no ultrafilter on it with suitable definability demand (related
to being Ramsey).
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1 Introduction

Recently, Ali Enayat solved a long standing problem on models of Peano arithmetic that appeared as [4,
Problem 7] (among other results):

Theorem 1.1 (See [1]) For some arithmetically closed family A of subsets of w, the model
Nag = (N, A)aca has no conservative extension (i.e., one in which the intersection of any definable subset
with N belongs to A ).

Motivated by this result he asked:
Question 1.2 Is there A C P(w) such that some model of Th(N 4) has no elementary end extension?

In other words, this question asks whether the countability demand in the MacDowell-Specker theorem is
necessary: this classical theorem says that if T is a theory in a countable vocabulary 7 = 7 extending 7(N) =
{0,1,+, x} and T contains PA(7), then any model of T" has an (elementary) end extension; Gaifman extended
this theorem in several ways, e.g., having minimal extensions (see [4] on it). The present author extended it in
[10] in another way: we do not need addition and multiplication, i.e., any model of 7" has an elementary end
extension when 7 is a countable vocabulary, {0, <} C 7, T is a (first order) theory in L(7), T" says that < is a
linear order with O first, every element z has a successor S(x), and all cases of the induction scheme belong to
T'. Mills [5] proved that there is a countable non-standard model of PA with uncountable vocabulary such that it
has no elementary end extension.

We answer Question 1.2 positively in §5, we give a sufficient condition in §3 and deal with a relevant forcing
in §4. In fact we get an uncountable Borel set B C P(N) such that if B, € B for a < «, are pairwise distinct
and «, is uncountable, then Th(N, B, ), <., satisfies the conclusion.

Furthermore, Enayat asked in [1]:

Question 1.3 Can we prove in ZFC that there is an arithmetically closed A C P(w) such that A carries no
minimal ultrafilter?

He proved it for the stronger notion of 2-Ramsey ultrafilter. We shall deal with the problem later
(see [9]); here we prove that there is an arithmetically closed Borel set B C P(N) such that any expansion
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N by any uncountably many members of B has such a property, i.e., the family of definable subsets of N* carry
no 2.5-Ramsey ultrafilter.

Note that

() if N # Nis a model of PA which has no cofinal minimal extension, then on StSy (V) there is no minimal
ultrafilter, see Definitions 2.2, 2.3(1).

Finally, Enayat asked:

Question 1.4 For a Borel set A C P(w),

(a) does the model N 4 have a conservative end extension? This is what is answered here (in the light of the
previous paragraph).

(b) Suppose further that A is arithmetically closed. Is (AN [w]™, D) a proper forcing notion?

The results in this paper solve Question 1.4(a); Question 1.4(b) is solved jointly with Enayat in [2]. Enayat

suggests that if we succeed to combine an example for “StSy (V) has no minimal ultrafilter” and Kaufman and
Schmerl [3], then we should be able to solve the “there is /N with no cofinal minimal extension” [4, Problem 2].
Note that our claim on the creature forcing gives suitable kinds of Ramsey theorems.

2 Notation & definitions

Notation 2.1

(1) As usual in set theory, w is the set of natural numbers. Let pr : w X w — w be the standard pairing

function (i.e., pr(n,m) = ("3,™) + n, so one-to—one onto two—place function).
(2) Let A denote a subset of P(w).
(3) The Boolean algebra generated by A U [w]<™ will be denoted by BA(A).

(4) Let D denote a non-principal ultrafilter on .4. When A is not a sub-Boolean-Algebra of P (w), this means
that D C A and there is a unique non-principal ultrafilter D’ on the Boolean algebra BA(.A) such that
D = D' N A. (In 2.3 this extension makes a difference.)

(5) Let 7 denote a vocabulary extending 7pp = 7y = {0, 1, 4, X, <}, usually countable.
(6) PA, = PA(7) is Peano arithmetic for the vocabulary 7.
(7) A model N of PA(r) is ordinary if N |7ps extends N; usually our models will be ordinary.
(8) ¢(N,a)is{b: N = ¢[b,a]}, where p(z,7) € L(ry) anda € W N.
(9) Per(A) is the set (or group) of permutations of A.
(10) For sets u, v of ordinals let OP,, ,,, “the order preserved function from u to v”, be defined by:
OP, . (a) = g if and only if
Bev,a€u and otp(vNG) =otp(una).
(11) We say that u, v C Ord form a A-system pair when otp(u) = otp(v) and OP,, ,, is the identity on uNwv.

Definition 2.2

(1) For A C P(w) we let
ar-cl(A) = {B C w : Biis first order definable in (N, A;,..., A, ) forsome n < w and Ay, ..., A, € A}.
The set ar-cl(A) is called the arithmetic closure of A.

(2) For amodel N of PA(r) let the standard system of N be

StSy(N) = {¢(N,a)NN: p(z,§) €L(r) and aec N}

for any ordinary model N’ isomorphic to N.
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Definition 2.3 Let A C P(w).

(1) Forh € “wletcd(h) = {pr(n, h(n)) : n < w}, where pr is the standard pairing function of w, see 2.1(1).
(2) An ultrafilter D on A, is called minimal when:
if h € “w and cd(h) € A, then for some X € D we have that h[ X is either constant or one-to-one.

(3) An ultrafilter D on A is called Ramsey when:
if k <wandh : [w]* — {0,1} and cd(h) € A, then for some X € D we have h[[X]* is constant.
Similarly we define k-Ramsey ultrafilters.

(4) D is called 2.5-Ramsey or self-definably closed when:

ifh=(h; i <w)and h; € “(i+ 1) and cd(h) = {pr(i, pr(n, hi(n)) : i < w,n < w} belongs to A,
then for some g € “w we have:

cd(g) e A and (Vi)[g(i) <iA{n <w:hi(n)=g(i)} € Dl

this follows from 3-Ramsey and implies 2-Ramsey.
(5) D is weakly definably closed when:

if (A4; : i < w) is a sequence of subsets of w and {pr(n,i) : n € A; and i < w} € A, then
{i: A; € D} € A, (follows from 2-Ramsey); Kirby called it “definable”; Enayat uses “iterable”.

Definition 2.4 For A C P(w) let N4 be N expanded by a unary relation A for every A € A, so formally
itis a 74-model, 74 = Ty U {P4 : A € A}, but below if we use A = {A; : t € X}, then we actually use
{P,:te X}.

Definition 2.5 Let N be a model of ' D PA(7), 7 = 7p.

(1) We say that N is an end extension of N when:

(a) N<NT,

(b) ifae Nandbe Nt \ N,then N* =a <b.
(2) Wesay N is a conservative [end] extension of N whenever (a),(b) hold and

(c) if p(x,7) € L(1),b € W (N*), then o(N*,b) N N is a definable subset of N.
We may ask: How is creature forcing relevant? Do we need Rostanowski—Shelah [6]?

The creatures (and creatures forcing) we deal with fit [6], but instead of CS iteration it suffices for us to use a
watered down version of creature iteration. That is here it is enough to define Q,, for finite v C Ord such that:

(a); Q, is a creature forcing with generic (¢, : « € u); this restriction implies that cases irrelevant in full
forcing where we have to use countable u, are of interest here; hence we can use creature forcing rather
than iterated creature forcing.

(a)2 In 84, Q, is a good enough “w-bounding creature forcing, so we have continuous reading of names.

(a); We are used to do it above a countable models IV of ZFC ™, and this seems more transparent. But actually
asking on the A, —type of the generic over N suffices. That is, we can, e.g., by A, ;7 formula over N
find, e.g., a condition p € Q,, such that any ¢ € B,, e.g., a branch in the tree its A,,-type over N, i.e., the
A, -theory of (N, %), so t, acts as a predicate (we can think of B,, as C “(¥2)).

Here the construction is by forcing over a countable N, < (H(x), €). Note that there is no problem to add
A* := N, NP(w). So we can prove the results for A = (countable) U (perfect). To improve it to perfect we need
to force for PA by induction on n for 3, formulas.

(a)4 Note: for this it is fine if in every p € Q, the total number of commitments of the form “p is a member
of o, (2)” is finite.

(b);1 We can use u,, = "2, just a notational change, we would like to choose p,, by induction on n < w such
that:

(@) pn € Qu,,
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(8) pn issuchthat fort € B, the ¥, —theory of (N, ¢) can be read continuously on p,
(y) if b : "2 — "*12is such that (Vp € "2)(h(p)[n = p), then h(p,) = p, [Rang(h) both defined
naturally (can make one duplicating at a time).
(b)2 In (b)y, the set | J{0. (7) : « € p} grows from p,, to p, 1, i.e., here we need the major point in the choice
of norg (C); however we do not need to diagonalize over it as in the proof about Q,,.
(c);1 However, in §4 we can define full creature iterated forcing, i.e. using countable support; it is of interest
but irrelevant here;
(c)2 but some cases of such creature forcing may look like: look at
T’:U{H(i+1):n<w},
k<n
and the ideal
{A C H(z +1): A= U A, and (Vn < w)(Vn € T')(Fv € suer(n))(Vn € A,)[-(v < n)]} .
i<w n<w
(c)3 In the cases in which (c), is relevant, we get a Borel set B such that (N, ¢),¢p . .., but not “for every N;
members of B we have ...”.
(d) Actually, what we use are iterated creature forcing, but as we deal only with Q,,, u finite, so here we need
not rely on the theory of creature iteration.
3 Models of theories of expansions of N with no end extensions
Theorem 3.1
(1) For some A C P(w) some model of Th(N 4) has no end extension.
(2) There is an uncountable Borel set A C P(w) such that for any uncountable A" C A the theory
T := Th(N4/) has a model with no end extension.
(3) In fact, any model N of T such that the naturally associated tree (set of levels N, the set of nodes of level
n € N is ("2)N) has no undefinable branch is O.K.; such models exist by [11].
(4) Moreover, without loss of generality, the set of subsets of N definable in N 4 is Borel.

The proof is split into a series of definitions and claims finding a sufficient condition proved in Sections 3 and
4. More specifically, Theorem 3.5(b) gives a sufficient condition which is proved in Proposition 5.6.

Definition 3.2

ey

@)

3)

Let sequences n* = (n} : i < w) and k* = (k} : i < w) be such that nf; = 0, n} < k},; < n},, for

i < w. We can demand that the ranges of n*, k* are definable in N even by a bounded formula. In fact,

in our computations later we put n; = 3(30i 4 30) (for ¢ > 0) and & = 3(30i¢ + 20), where 3(0) = 1,

J(i 4 1) = 270), We also let n. (i) = n}.

Let Yy = {m : 7 is a permutation of "2} and T,, = {(m, : £ < n) : m, € Y, for { < n} and

T = J{T, : n < w}. For » € T, we keep the convention that s = <7rf < n> (unless otherwise

stated).

For s € T let <,, be the following partial order:

(@) Dom(<,) = {"02:i < lg(x)};

(b) n <, v if and only if they are from Dom(<,,) and for some i < j we have € "+()2, v € "+(1)2
and 77 (n) A7F(v).
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Lett,, = (Dom(<,.), <) for »c € T.
(4) Let T, be lim, (T), i.e.,

T, = {(m : i <w) : m; is a permutation of "~V 2 for i < w}

and for >z € T, let c[n = (77 : i < n).
We interpret > € T, as the tree ¢,, := (U
(Dom(t), <).

(5) Let F' be a one—to—one function from [J{"+(2 : i < w} onto w, defined in N (i.e., the functions n +
lg(F~Y(n)) and (n,i) — (F~'(n))(i) are definable in N even by a bounded formula) such that F' maps
each "~ (1)2 onto an interval. Then clearly F'~! is a one~to—one function from N onto [ J{"* 024 < wl. If
n*, k* are not definable in N then we mean definable in (N, n*, k*), considering 7n*, k* as unary functions.

(6) For »x € T, let <% be {(F(n),F(v)) : n <, v}and A,, = {pr(ni,n2) : ny <% no} and let
tt, = (w, <%); similarly ¢, for 5c € T.

(7) For SC T, let Ag = {A,, : » € S} and let Ag be the arithmetic closure of .Ag recalling 2.2(1).

n*(2)27 < ), where <= U{<%[Tl n < w}’ sot = t% is

i<w

Proposition 3.3 For e € T, in (N, A,.) we can define <}, and

(N, A,) = “<% isatree with set of levels N, set of elements N and

Fes
each level finite(= bounded in N, even an interval).”

Of course, t,. and t}, = (w, <%.) are isomorphic trees. Note that in N we can interpret the finite set theory H(Xy).
Our aim is to construct objects with the following properties.
Definition 3.4

(1) We say T}, is strongly pcd (perfect cone disjoint) whenever:
T} is a perfect subset of T, such that:
XY. if n < wand 5q,5,...,2, € TS with no repetitions and for £ = 0,1, 7, is an w-branch of
’ t;,, which is definable in (N, A, ,A,,,..., A, ), then g, 7 belong to disjoint cones (in their
respective trees) which means that:
(E)for some level n the sets

{a : ais <}-above the member of 7, of level n} C N

for ¢ = 0, 1 are disjoint.
(2) We say T}, is weakly pcd (perfect cone disjoint) whenever:
T} is a perfect subset of T, such that:
X for every n and (x, 3r) € L(7pa + {Fy, ..., P, }) there is i(x) such that if
— i€ [i(x),w)and s, ¢ € T form <n,¢{=0,1,
— 0,0 # 0,1 and
— %y, 0, 11 = 3y, 0, |7 ifand only if m; = my, and
- Py,..., P, are unary predicates, ¢ = o(z,9,P,...,P,) € L(mpa + {Po,...,Pp}),
and by € “OIN, p(x,by, Asy -, As, ) define in (N, A, ..., A, ,) abranch By of £}, |,
for/ =0,1
then the branches By, By have disjoint cones (in their respective trees).
(3) Conditions ®l}k: and ®’y. are defined like &%‘E, X7 above replacing “have disjoint cones” (i.e., ([))
by “have bounded intersection”, which means that
(®) for some a the sets {b € 1y : bis of level > a} and {b € 1, : bis of level > a} are disjoint.
Then we define weakly pbd and strongly pbd (where pbd stands for perfect branch disjoint) in the same

manner as pcd above, replacing @¥‘; , &%*‘ by ®@%% and ®t . , respectively.

*
w

(4) Omitting strongly/weakly means weakly.
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One may now ask if the existence of pcd/pbd (Definition 3.4) can be proved and if this concept helps us. We
shall prove the existence of pbd in Sections 3 and 4, specifically in Proposition 5.6. The existence of pcd remains
an open question. Below we argue that objects of this kind are usefull to prove Theorem 3.1.

Theorem 3.5

(a) If T, is a pcd, i.e., it is a perfect subset of T, satisfying @%E from Definition 3.4, then A = Ar-
(see Definition 3.2(7)) as is required in Theorem 3.1.
(b) Even if T}, is a pbd then A = At as is required in Theorem 3.1.

Proof. (a) We will deal with each part of Theorem 3.1. First we give details for Theorem 3.1(3).
For s € T}, recall

Ay = {pe(F(n), F(v)) : 9 <% v} CN

and A= {A, : »€ T} C P(w). Assume A" C A is uncountable and let T' = T,4» = Th(N 4/) and 74 be its
vocabulary. Then by [11] the theory 7" has a model M in which definable trees (we are interested just in the case
the set of levels being M with the order <*) have no undefinable branches, so, in particular (and this is enough)

if s« € A, then (<%,)* has no undefinable branch

(i.e., as in [11], branches mean full branches, “visiting” every level). Note that “the a-th level of (M, (<%)*)”
does not depend on .

Assume towards contradiction M is an (elementary) end-extension of M and let b* € M™ \ M. Now
consider any A,, € Aso (<%)M is naturally definable in M and

M = “for every element a serving as level,
{{c:b <, c}:bisoflevel a in the tree t,,, i.e. (M, (<%)M))

i
is a partition of {z : x is of <% -level > a} to finitely many sets, ”

the finite is in the sense of M of course.

As M™ is an end-extension of M—recalling Definition 3.2(5)—it follows that the level of b* in M ™ is above
M and b* defines a branch of (M, (<)) which we call n,, = (b7 : a € M ). That is b’* is the unique member
of M of level a such that M+ = b <¥ b*”

By the choice of M the branch 7,,, i.e., {b;‘ Ta € M} is a definable subset of M, say by ¢,.(z, J%) where
©:(2,7,) € L(1a) and d,, € 9=) M. Now by the assumptions on A, A’, T there are s,. 1, ..., ., € T\
{#¢} with no repetitions, hence A, € A"\ {A,.}forn=1,...,n,,andin p,(z,7,.) only A, _ ..., A,
and A,, appear (i.e., the predicates S L P,, corresponding to them and 7p4 , of course). Let s,, g =
s and we write ¢, = ¢’_(2, Y., P,), where P,. = (P, _, : £ < n,.) and ¢/, has non-logical symbols only from
Tpa and so @), = @ (x,7,) € L(mpa U{P; : £ < m,.}), thatis ¢, (z,7,) when we substitute P; for P, _, for
! < n,.

For A,, € Alet

l

m,, = min{m : s,.¢[mfor{ =0,...,n, are pairwise distinct}.
Hence for some @, (z, §x ), i, M, S, the set
Ay ={A, € A: ¢, = ., Yoo =Ts, 30 Noe =, mye =my and (s, my 1 £=0,...,n,) = 5.}
is uncountable. Let i(*) > m, be as guaranteed by Wfﬁ, so for some uncountable A3 C A, for some 5,

we have that (s, ¢i(*) : £ = 1,...,n.) = Sus whenever A,. € As. As A is uncountable, clearly for some
A, #A,, € Awehave {51, } isdisjointto {s,, ., :m=1,...,n,, and{ = 1,2}.
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So by &%k from Definition 3.4 for some a € M we have

O M EAe: b <5, epnfc: b <5, ¢} =02

[Why? Because Nuv =" (Vifir, ) (VUse, ) [if 05, (—, U5, ) define a branch of ¢7,, for £ = 1,2, then there are x1, 72
such that @, (1,754 ) A s, (X2, 5, ) A 2(F2)[w1 <ez 2 Awz <4z 2]] 7.1 Butin M the elements b™ belong
to both, contradiction to M < M ™. Now, parts (2), (3) of Theorem 3.1 follow and so does part (1).

(4) For this, cf. [2]. For an alternative proof: When is B = {A C N : A is definable in N 4} Borel? As we
can shrink T}, without loss of generality there is a function g € “w such that for every f € “w definable in
N4, we have f <jw g, i.e., (Vv*°i))(f(i) < g(i)). This suffices (in fact if we prove 3.4 using forcing notion Q,,
where each Q,, is “w-bounding this will be true for T itself and we do this in §3; moreover we have continuous
reading for every such f (as a function of (A, ..., A, _,) for some 5, ..., 5,1 € T}).

In order to prove (b), we repeat the proof of (a) above until the choice of {3z, 5, } (right before ([J)), but we
replace the rest of the arguments for Theorem 3.1(3) by the following.

So by ®¥k of Definition 3.4(3), for some a, € M we have

(®) M = “the sets{b}"" : a, < a},{b}* : a. < a}are disjoint.”

(Remember that all the trees we consider have the same levels.) But in M+ the element b* belongs to both
definable branches contrary to M < M. O

Theorem 3.6

(1) If T is a strong pcd, i.e., it is a perfect subset of T, satisfying @‘”: from3.4, and A C {A,, : € T}
is uncountable, then there is no weakly definably closed ultrafilter on ar-c1(.A), see Definition 2.3(5).

(2) Above, we may replace “pcd” with “pbd”.

(3) Without loss of generality, ar-cl(T%*) is a Borel set.

Proof. (1) Assume towards contradiction that a pair (A, D) forms a counterexample. Let M = N 4 and let
M be an No—saturated elementary extension of M and let b* € M ™ realizes the type

p* ={p(z,a): p(z,9) € L(tar),a € DM and
{b€ M : M = ¢[b,a]} includes some member of D}.

Clearly p* is a set of formulas over M, finitely satisfiable in M and even a complete type over M.
Now, for every s such that A,, € A and i < w we consider a function g,, ; definable in M as follows:

(¥)1 gs.i(c) is:
(o) bif cisof <%-level > iin (N, <,.) and bis of <} —level i and b <%, ¢;
(6) cifcisof <%-level <iin (N, <,,).

Clearly g,.; is definable in (N, A,,), the range of g,.; is finite, so g,.;[B,.; is constant for some B, ; €
{ gz} 1w € Rang(g...;)} N D. As all co-finite subsets of N belong to D, also B,,; cannot be a singleton
member of level # i. Hence for some b, ; of level ¢ for <% we have B,.; C {c: b,.; <} c}. Now moreover for
some formula ¢,, (2o, 1, 22) € L(7pa + P,.), for each ¢ € N the formula ¢,,(z, x1,4) defines g,.;(z1) = 1.
By the “weakly definable closed” (see Definition 2.3(5)), {b,.; : i < w} is definable in N 4.

Now we continue as in the proof of Theorem 3.5.

(2) Similarly.

(3) As in Theorem 3.5 (for Theorem 3.1(4)). O

4 The (iterated) creature forcing

We continue the previous section, so we use notation as there, see Definitions 3.2 and 3.4. In particular, ng = 0,
n. (i) = nF = 3(30i 4 30) (for ¢ > 0) and k} = 3(30¢ + 20). We also set £; = 3(30¢ + 10).
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Definition 4.1 For 7 < w and a finite set u of ordinals we define:

(A) OBY is the set of all triples (f, g, e) such that (Per(A) stands for the set of permutations of A):
(@ f.g€"(Per("(2));
(b) ifi —1=j > 0and a € u, then (f(a)(p))[n] = (g(a)(p))In] forall p € ()2,
(c) eis a function with domain v such that for each o« € u

e(a) : Per(n*(iil)Q) — Pel‘(n*(i)Q) X Per("*(i)Q).

Above, we stipulate n, (i — 1) = 0if ¢ = 0. Also, let us note that some triples will never be used, only
U {suc(z) : # € OB{ } and we should iterate.
(B) Forz € OB} weletz = (f;, g, €,) and i = i(z) and u = supp(x).
(C) For z € OB} we set
suc(z) = {y € OBY,, : (Vp € "*(*12) (Vo € u)(ga(a) (pln})
(fy(@)(p)Inf) and (Vo € u)(e, (@) (9:(@)) = (fy(a), gy ()))}-

(D) For j < wlet
Su,j = {(x/ (< j): (f <j= a4 € OB}‘) and ((+1<j= x4 € suc(xg))}.

(E) Sy, =U{Su : ¢ <w}; we consider it a tree, ordered by <.
(F) Forz € OB} and w Culet xfw = (f, [w, g, [w, e, [w).

(G) Fori <w,w CwvandZ = (z; : j < i) € Sy;letT 1 w = (z;jJw: j < i) and for & € u let
#g = (fu; (@) 1 j <d).

(H) ForZ € Sy ¢, ¢ <w,and o € ulettz , = t2 be the tree with £g(Z) levels, with the i-th level being n(i)9
for i < £g(Z) and the order <;_ , defined by

n <t,, v if and only if
for some i < j < Lg(Z) wehave n € "*V2, v € ™2 and f, (a)(n) < fo, (@)(v).

Since we are interested in getting “bounded branch intersections” we will need the following observation
(part (5) is crucial in proving cone disjointness in some situation later).

Proposition 4.2  Assume T € S, and a € w.

() Ifp € U2 and j < Lg(z), then (g, (a)(pIn«(i)) : i < j) is <~increasing noting g., (a)(p|n.(i)) €
n«(0)2,
(2) 55 € Tyy(z) and t,o =15, ont,.e see Definition 3.2(3).

3) Ifi < j < £g(z) and v € "+\9)2, then (fz, (a)(v))In; depends just on Z[(i 4 1), actually just on g,,
i.e., itis equal to g, () (v[nf).

(4) The sequence (g., (), fu, () : j < Lg(Z)) is fully determined by (e, () : j < Lg(T)).
(5) Assume o # ay are from v and i < Lg(Z) and 1y, 5 € "2 but

(g0, (1) ™" 0 fa, (1)) () # (9, (2)) ™" © fo, (@2)) (m2)-

Then the sets {p : m <, , p}and{p:n2 <, ,, p} aredisjoint.

T,aq

Proof. (1), (2), (3) and (4) can be shown by straightforward induction on j.
(5) Assume towards contradiction that

o m<e,, p and M <y, p
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S0 p € t;.4, and hence p € "+1)2 for some j < £g(Z). Since m, <i,., psnecessarily i < j < (g(Z) and by the
definition of <;, , and <;

T, "t

(#)2 fu,(1)(m) < fo; (r)(p) and  fi, (a2)(n2) < fa; (2)(p).

This means that

(*)s  fo, (1)) = (fe; (@1)(p))Inf and  fi (2)(m2) = (fu; (a2)(p))In].
Consequently, by part (3), letting p’ = p[n;:

(#)a fe()m) = gu, (a1)(p) and  f, (a2)(n2) = gu, (2)(p),

and therefore

()5 (9, (@)™ 0 fu, (1)) (m) = 9" = (g2, (02)) ™" © fo, (a2)) (m2),
contradicting our assumptions. O

Below we may replace the role of D¥ by {((fz, (), gu, (@) : j <1i) : T € Sy }.
Definition 4.3 For a finite set u C Ord and an integer i < w we let

M (o) DY ={(a,g) : @ €uwand g € Per("~=12) if i > 0, g € Per("2) if i = 0};

ifz €S, ; and a € u, then stipulate g, _, () is the unique g € Per(?2).

(B) pos! is the set of all functions h with domain DY such that h(«, g) is a pair (hy(a, g), he (e, g))
satisfying
- hi(a, 9), ha(a, g) € Per("+()2), and
— (he(a, g)(p))ns(i — 1) = g(pln.(i — 1)) for £ € {1,2},7 > 0 and p € "2,
Also, for h € pos! and w Cuweleth | w = h[D}.

() wpos! is the family of all functions F : posi’ — [0, 1] which are not constantly zero, and

vpos; = {f € wpos; : range(F) C {rm@ :m=0,1,... 2"’*“)}} .

If above we allow the constantly zero function instead of wpos} , vpos;’ we get ypos;', Xpos{ , respec-
tively. A set A C pos} will be identified with its characteristic function x4 € vpos}.

(0) For F € wpos! we let
set(F) = {h € pos! : F(h) >0} and || F| = {F(h):hepos}.

> || F - (/4:;‘)3"'* ~L, then we put nor! (F) = 0; otherwise we let

k} - [posy|
nor} (F) = k" — log: <log.* (’7 .
7 sess U

(e) For Fi,F> € wpos) we let
- F1 < Fyif and only if (Vh € post )(Fi(h) < Fa(h));
— (F1 + Fo)(h) = Fi(h) + Fo(h) and (Fy - F2)(h) = Fi(h) - Fo(h) for h € pos¥;
— [F1] is the function from pos} to {5:"7r :m =0,1,..., 2"+()} given by

If } posj

[F1](h) = | Fi(h) - 2”*(2')J g (@) for h € posj'.

(¢) Forz € S, ; and h € pos! we let sucz (h) be T~ (y) where y € OB is defined by:
- (fy(®),gy(a)) = M, ga, _, (@) for v € w,
— ey(@)(m) = h(a, ) for a € uand w € Per("~(i71)2).
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(@) (o) CRY is the set of all pairs ¢ = (F, m) = (Fc, m.) such that m is a non-negative real and F € wpos}’
and nor! (F) > m. We also let CR}’ = {¢ € CR} : F. € vpos! }.

(8) For ¢ € CRY, we let nor} (c) = (nor}(Fc) —mc) and nor?(c) = log,. (nor/(c)) if non-negative
and well defined, and it is zero otherwise. (Remember that ¢ = 3(30¢ 4+ 10).) We will write
nor; (¢) = nor?(c).

() For ¢ € CR} let X(c) be the set of all 9 € CR} such that 7, < F. and my > m.. For ¢ € CR} we
let X(¢) = X(c) N CRY.

(K) Q, = (Qu, <g, ) is defined by

(a) conditions in Q, are pairs p = (Z,¢) = (Z,, ¢,) such that

()7 € S, ; forsome i =i(p) < w, s0 T, = (x,; : j <i(p)),

()t =(c;:j €[i(p),w)),so¢; = ¢},and ¢; € CRY,

(c) the sequence (nor;(c;) : j € [i(p),w)) diverges to oo;

(8) p<q, q ifandonlyif (both are from Q, and)

(a) ¥, < %, and

() if i(p) < j < i(g), then for some h € set (fcf) we have 7, [(j + 1) = sucg, 1;(h) (see clause
(I)(¢) above),

(¢) if i € [i(q),w), then ¢! € B(c?).

Q, =(Q,,<q ) is defined similarly, replacing CR}, ¥ by CR}, ¥, respectively.

(L) If uy,ug C Ord are finite, |u1| = |uz| and h : u; — wuy is the order preserving bijection, then h is the
isomorphism from Q,, onto Q,,, induced by h in a natural way.

Proposition 4.4 Let u C Ord be a finite non-empty set, i € (1,w) and |u| < n,(i — 1). Then

vpos! ;| < J(30i + 4), nor! (pos!) = k; and nor; (¢24*) = I(30i +

u,i

(@) |post_;| < 3(30i + 3),
19)/3(30i + 9) and CR} = X(c*2*), where ¢4 = (pos}',0).

(b) [Sy,i| <l andifz € S, ; and h € posY, then sucz (h) € Sy i41.

(c) If F1 < Fy are from wpos!, then 0 < nor! (F;) < not? (F).

(d) Ifc e CR} and nor} (¢) > 1, then ¢ has k}—bigness with respect to nor}, which means that:
if Fe = > AV : k < k}} then nor} (¢) < max {nor} (Y, mc) +1:k <k!};
moreover, if F' < Fe, || F'|| > || Fe||/kF then nor? (F') > nor? (F.) — 1.

(e) Both CRY and CR} have halving with respect to nor;, that is
(@) ifc = (Fe,me), my = (nor? (Fe) +me)/2, 0 = (Fe,my), then nor; (0) > nor! (¢)/2, and
(B) if o’ € X(0) is such that nor; (') > 1, then 0" := (Fyr, m,) satisfies

" €%(c), mnor;(d”’) >mor}(c)/2 and For = Fyr.

Proof. Clause (a): Clearly by the definition ¢*%* = (pos?,0) € CR{ = Z(cumj") and

nor! (pos{ ) = kI — logs <logkl* (kf)) = k7,

sonor; (%) = k' —0 = kf and nor; (¢'5*) = log,« (k) = loga(30i+1 30:4-20)) = log, (3(30¢420
z1 i i é,,( 7,) 3(30i+10) :( ) :( ) /

log, (3(30i 4 10)) = 3(30i + 19) /(30 + 9). Now, for every j > 0, letting A; = Per("+1)2) x Per("~01)2)
and recalling Definition 4.3(I)(«), we have

) 2277*(j)+1 2371,*(j)

D[ < (270791 x Ju] <2777 s ju and (4] < (27001 < 2 <2

Since |u| < n,(i—1), we get | D¥| < 22" sy (i—1). Since 22T <y (i—1), ny (i— 1) < 27D
and 4n., (i — 1) + 1 < 2"+(=1) we conclude now that

2n 5 (i —2

u 3n (i — u 3n 4 (i— ) . dn 4 (i—
’p05;¥71| < |Ai71||D171\ < (22% ( 1))‘D171| < 223 (i=1) x92 X ny(i—1) §221 (-1 <:(302+3)
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and

)X224n*(1—1) 2247»*(1,—1)“

’VpOSL | = (277,*(71—1) + 1)|p08,771\ < o(na(i=1)+1 <9 < (300 + 4).

Clause (b): Let B; be the set of all functions from Per("=(/=1)2) to Per("+(/)2) x Per("~(/)2). Then we have
|Bj| _ (271*(].)!)2'(27]*“71)!) S 22271*“).2_(2"*(;4)1) S 22471*(,)

and hence for j < ¢:

IN

‘UPGI‘(" j)2)| ‘UPGI'("*”2)| |uB ‘ < (2n >2| ul 221"*(”‘|u\

22271*(1)+1_|“‘+24n*(j)4|“‘ < 227”*(1)41,*(7,—1) < 22871*(171

|OB|

IN

Therefore,

Sual < [T loBY| < @) <22 <

j<i

Clause (d): Assume ¢ € CRY and F. = > {V : k <k}, hence || Fe|| = D {|| Vx| : k < kf}. Let k(x) < kf
be such that ||V, || is maximal. Plainly || F|| < & x ||V« || and therefore it suffices to prove the “moreover”
part. So assume Y < F, || Fc|| < kF x ||)||. Then

" k} - |pos; N k! - |posy .
k) = 7 <o (s (5 ) ) 205 -t (o, (1275 40))
c

k- i
> kI —logy <3logk1* <‘]_I_)T|S’|>> = nor? () — 1,
c

so we are done.
Clauses (c) and (e): Obvious. O

Observation 4.5

1) Q, @u are non-trivial partial orders.
(2) Q. is a dense subset onu.

Proof. (1) Should be clear.

(2) For ¢ € CR! such that nor} (¢c) > 1 we set [¢] = ([F.], m.) (see Definition 4.3(I)(¢)). Note that |\|[[>o:>J||‘ >
3
“I‘)ﬁulll 27,1<1 and hence (as (k*)3 < 27() and |H}-‘“”‘ > (k)= = ) we have H[ﬂ” > |I}L}-°“H‘ - 1 and hence

easily nor! ([F.]) > nor? (F.) — 1. Consequently, [¢] € CR} and nor} ([¢]) > nor} (¢) — 1.

Now suppose that p € Q . We may assume that nor; (cf) > 1foralli > i(p). Puti(g) = i(p), ¢/ = [c!] for
i >1i(g) and Z, = Z,. Then q = (Zg, (c] : i >i(q))) € Q, is a condition stronger than p. O
Definition 4.6 Let v C Ord be a finite non-empty set.

(1) Letz and ,,t, for a € u be the following QQ,,-names:

(@ 2=z, =U{z, :p€ Go, } and 3¢, = (70 : i < w), where
Ta,i|Gg,] =m ifandonlyif for some p € G we have £g(Z,) > iand f,, (o) = 7.

®) t, = tL ,1.e., it is a tree (see Definition 3.2(4)).
(2) Forp € Q, let pos(p) = {Z, : p <q, ¢} and for Z € pos(p) let pl} = (z, (¢! : i € [¢g(z),w))).
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Observation 4.7 Let u C Ord be a finite non-empty set, o € u. Then:

(1) kg, “Z € Suu

(2) We can reconstruct G, from Z. As a matter of fact, (ez, : i < w) determines (fz,, gz, : i < w) (and also
Gao, ).

3 #=U {%g 1T =Tpandp € GQ}

4) kg, “2q €T,

(5) Ifh : w — Ord is one-to-one, then h (see Definition 4.3(L)) maps &, to Thu), (Tu)i to (@‘h[u])i, efc.

Observation 4.8

(1) Pl € Q, and p <q, p'*! for every T € pos(p).
@) IfpeQyandi € [lg(Z)),w), then the set T, ; = {pl*! . Z € pos(p) N'S,.;} is predense above p in Q,,.

Proposition 4.9 Q, is a proper ¥ w—bounding forcing notion with rapid continuous reading of names, i.e., if
p € Qu and p IF“ h is a function from w to V,” then for some q € Q, we have:

(@) p < qandi(p) = i(q),

(b) for every i < w the set {y : q ¥q, “ b(i) # y”} is finite, moreover, for some j € [lg(Z,),w), for each
T € pos(q) NS, j the condition ¢\*! forces a value to h(i),

(©) ifplkg, “(Vi <w)(h(i) < kf),” then:

(®) if & € pos(q) has length i > i(q), then qi*! forces a value to h(i).

Proof. The proof follows from work in [6]; therefore, we will use definitions and notations from [6] in the
proof. First note that we may assume |u| < i(p) (as otherwise we fix ¢ > |u| and we carry out the construction
successively for all T € pos(p) of length 7).

For i < i(p) let H(i) = {z,,} and for ¢« > i(p) let H(i) = pos}. Let K* consists of all creatures
t = (nor[t], val[t], dis[t]) such that

— for some i > i(p) and ¢ € CR}' we have dis[t] = (c, i) and nor[t] = nor} (c), and
- val[t] = {(w,w(h)) : w € [] H(j) & h € set(F)}.

j<i
(Note the use of nor} and not nor? above.) For t € K* with dis[t] = (c,4) we let
() ={s € K :dis[s] = (0,i) &0 € X(c)}.
Then (K*,X*) is a local finitary big creating pair (for H) with the Halving Property (remember Proposition
4.4(d,e)). Now define f : N x N — N by f(j,i) = (£7)/*L. Let p* € Qj (K™, X") be a condition such
that w?" = 7, and dis [tf*] = (tfﬂ(p),i + i(p)) for i < w. Note that Q, above p is essentially the same

as Q}(K *,3*) above p* (compare Observation 4.7(2)). It should be clear that it is enough to find a condition
q* > p* with the properties (a)~(c) restated for Q} (K,Y).

Let on (i) =

I1 H(])‘ It follows from Proposition 4.4(a) that ¢ (i) < |pos’_, |l < (3(30i + 3))" <
j<i

2(30i + 4) and 278 () < 3(30i + 5). Therefore,

298 ) ((5,4) 4 pm (i) +2) < 3(30i 4 5) - ((3(30i +10))7 1 + (304 + 4) + 2)
< 2(30i +7) - (2(30i + 10))7 ! < (2(30i + 10)) T2 = f(j + 1,4).

Since plainly f(j,7) < f(j,% + 1), we conclude that the function f is H-fast. Therefore [6, Theorem 2.2.11]
gives us a condition ¢* satisfying (a)+(b) (restated for Q;i (K*,%*)). Proceeding as in [6, Theorem 5.1.12] but
using the large amount of bigness here (see Proposition 4.4(d)) we may find a stronger condition saisfying also

demand (c).
Note that to claim just properness of QQ, one could use the quite strong halving of nor; and [7]. O
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Observation 4.10
(1) D{*%"* = D U D},
(2) h € pos;! Y2 ifand only if  h is a function with domain D" Y2 and h D} € pos;’ forl =1,2.
Definition 4.11 Assume that ) # w C u C Ord are finite, v = u \ w # . Let F € wpos!. We define
F 1w :posf — [0,1] by
Y AF(e): h Cecposi}
pos |
We will also keep the convention that if w C Ord and F € pos}', then F | u = F.

Proposition 4.12 Assume that ) # uy C uy C Ord are finite, uy # uy and Fy € wpos;'. Let Fy := Fy | up.
Then

(F 1 w)(h) for h € pos!.

1Al _— A
lpos;®| — |pos; |’

(2) If F» € wpos;®, Fy < Fy, then there is F3 € wpos;'' such that F5 < Fy and F3 | ug = Fa.

i

(1) Fy € wpos;® and

Proof. Letv = u; \ up.
(1) Plainly, 7y € wpos;”. Also

| Foll = |p(}S§' Z {Z {_7:1(6) :h Ce € pos;! } che pOSj,”U}

uo
[

_ Al _ |pos®|
u1| : || 1”

i

~ [posy|  |pos
(2) Suppose F, € wpos;®, Fy < Fy. For e € pos;'! such that F;(e 1 ug) > 0 we put
) Farle T ug)

Fole T uo)’
and for e € pos!* such that Fy(e 1 ug) = 0 we let F3(e) = 0. Then clearly 73 € wpos;'!, F3 < F; and for
h € pos;® we have (assuming F(h) # 0; otherwise it is even easier):
Y {Fs(e):hCeeposi'} F(h) Y {Fi(e):hCeecpos}

[posy | Fo(h) [pos; |

.7:3 (6) = ‘Fl (6)

(F3 1 uo)(h)

= Fy(h).

O
Definition 4.13

(1) We say that a pair (F7, F2) is balanced when for some ¢ < w and finite non-empty sets u1, us C Ord we
have F; € wpos!’ for ¢ = 1,2 and || 71 ||/|pos}" | = || F2||/|pos{*| and, moreover, if uy N uy # @ then
also .7:1 1 (U1 ﬂ’u,g) = .7:2 W (u1 QUQ).

(2) A pair (Fy,F,) is strongly balanced if it is balanced and 0 # |uy \ uz| = |uz \ u1| (where F; € wpos;"
for/ =1, 2).

(3) Assume F; € wpos;‘ (for ¢ = 1,2). Let u = u; U uz. We define F = F « Fy € yposflu“2
(see Definition 4.3(I)(7)) by putting for i € pos;' ~"*

f(h) = fl(h 1 ul) . ]:2(]1 W ’LLQ).

Remark 4.14

(1) Note that F; * F5 can be constantly zero, so it does not have to be a member of wpos. However, below
we will apply to it our notation and definitions formulated for wpos.

(2) Iffg S WpOSj-/“ (f = 1,2), uy = up MNus 75 @, and fg = fl *J:Q,then fg 1 Uy = (.7:1 W U()) . (fg 1 U()).

(3) Ifuy Nug =0, Fy € wpos;”, then || Fy « Fo| = || F1 - | F2||-

(4) Suppose (F1,F2) is balanced, F; € wpos;’ (for £ = 1,2). Choose finite u},u) C Ord such that
up C ul, up C uh, up Nug = uf Nub and [uf \ uh| = |uh \ uj| # 0. For £ = 1,2 and h € pos;"
put 7/ (h) = FE(Hu,) x |pos{’|/pos;"|. Then
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Proposition 4.15

(1) If (ur,uz) is a A-system pair, uy # uy # 0, Fy € wpos;* for £ = 1,2, and Fy = OP,, o, (F1), then the
pair (Fy, Fy) is strongly balanced.

(2) If Fi € wpos;" for £ = 1,2 and || F;||/|pos;" | = a > 0, the pair (Fy, F) is balanced, ug = uy Uuy and
F =i Fi# Fy, then | F|/[pos}” | > &

Proof. (1) Straightforward.
(2) Let ug = uy Nug. We may assume ug # 0 (see 4.14(3)). Let F3 := F and Fy = F1 | uop = Fo | ug. For
h € pos;” and ¢ < 3 let f}h] : pos;’ — [0, 1] be defined by

), JFile) if hCe,
Fi(e) { 0 otherwise.

Note that
(x)o k¢ = He € posi‘ :h C e}‘ for h € pos{®, £ = 1,2, i.e., this number does not depend on h.
[Why? By the definition of pos;* and Observation 4.10.]

(*)1 JFp is the disjoint sum of <}"€[h] the pos;“’> for £ = 1,2, 3; the “disjoint” means that <set (.7:[[]1]) che
pos;" ) are pairwise disjoint. Hence || F|| = > {H}"@[h’] |+ h€posi}.
[Why? By the definition of pos;* and F, Z[h] |
(#)2 ke > || F| = Fo(h) - ke for £ = 1,2,
[Why? By Defintion 4.11.]
(s 17" = 171 < (17

[Why? By the choice of 71" ]
Let (noting that 0 < a < 1)

(*)4 AO = {h € pOS;m f(](h) Z %}

Now

(%)s |Ao| > 5% x ’pos;-“‘ ’

[Why? Letting d = |Ag|/|pos{*| and b = % (so 0 < b < ) we have
hepos \ Ay = A < Sk = bk

(remember (x)3). Also Hfl[h

U1
i

]H < ki forall h € pos{"” and k; - |pos;* | = |pos!"" |. Hence

a X ‘pos?l‘ < |IAl = Z {H}"l[h]H che pos;-“)}
= Z {H}"l[h]H :h € posi® \ Ay}
+ 2 (A e Ao} < k- ([posi® | = [Aol) + Fr] o]
= bk (1 — d)|pos! | + kid|pos;” |
= ki - |posi |- (b(1 — d) + d) = |pos!" |(b+ (1 — b)d).

Hence a < b+ (1 — b)d and a=b < 4 So,as b = a/2, we have d > lf{IQ/Q = 52— By the choice of d we

=b
> 3% x |pos;”|,i.e., (*)5 holds.]

2—a

U
%

ug
i

conclude |4y | = d x |pos
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Now
(o I1Fs]l = & x ky x ks x |Ag)-

[Why? By (x)s, || 73| = ||F"|| x || 73" for all h € pos} and hence

17l = 3 {17 € posi)

S AY A < e posi}

S A< A b e A}
a2

Z{4-k1~k2 ;her}

2
a
- * 'A.
1 ki - ko - |Ao]

\Y]

v

So (*)g holds.]
Lastly,

3
(07 | Fs]| = % |posi?|.

Why? Note that k; - ko - |posﬁ§“’ | = |pos;‘3 | and hence

2
|75l > az X ki x kg % |Ag
2
= %(|Ao|/’posj-"° ’)(k’l X ko X ’pos;”0 )
a2
=7 X (|Ag|/‘pos;"° ) X |pos:;'3
2 3
> % gy x o] 2 lpost | -

So ()7 holds and we are done.
In Proposition 4.15(2) we can get a better bound, the proof gives ﬁ and we can point out the minimal
value (when all are equal).

Definition 4.16 Let P, Q be forcing notions.

(1) A mapping j : P — Q is called a projection of P onto Q when:
(a) jis “onto” Q and
®) p1 <ppr = jp) <qilp2)

(2) A projection j : P — Q is <—complete if (in addition to (a), (b) above):
(c) if Q = j(p) < g,” then some p; satisfies p <p p; and ¢ <g j(p1).

Definition 4.17 If ) # v C v C Ord are finite, then j, , is a function from QU onto @u defined by:
forg € Q wehave j, ,(q) =p € Q, if and only if

(o) i(p) =i(q) and Z, = Z, | u, and
(8) fori € [i(p),w) we have ¢ := proj, (¢] ) which means ¢ = (Fo | u,my ).

Proposition 4.18 Ifu C v € Ord~™, then Ju,v is a (well defined) <—complete projection from Q, onto Q.
Proof. It follows from Proposition 4.12 that
(x); if ¢ € CRY, then proj, (¢) € CR; and nor;(proj, (¢)) = nor;(c).

Also, by the definition of proj, and Definition 4.11, we easily get
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(x)2 if c € CRY, 0 € X(c¢), then proj, (?) € X(proj, (¢)), and

()3 ifo € CRY, F : pos! — [0,1] is defined by F(h) = Fy(h | u), then (F,my) € CRY, nor; ((F,my))
= nor;(9) and proj, ((F,ms)) = 0.

Therefore j, ,, is a projection from @l onto @u To show that it is <—complete we note that, by 4.12(2),
()4 ifc; € CRY, ¢y =proj, (c1)and ca € X(cp), then some c3 € CR; satisfies ¢3 € X(c;) and proj, (¢3) = cs.
The rest should be clear. O

Proposition 4.19 Assume (uy,us) is a A—system pair, i.e., u1,ug C Ord, |u1| = |ug| < Ny and so OPy, 4,
(the order isomorphism from uy onto us, see Notation 2.1(10)) is the identity on uy Nuy. Let u = uy Uug. Further
assume that p; € @u[ for ¢ = 1,2, nor; (cﬁ”’) > 1foralli > i(p;) and OP,, ., maps p1 to ps. Then there is a
condition g € Q, such that:

(@) i(q) = i(p1) and pe <g, Ju,.u(q) for £ =1,2, and
(b) nor} (c!) > nor} (') — 1 fori € [i(q),w).

Proof. We shall mainly use Proposition 4.15(2).
First, we set i(q) = i(py) and we let Z = (x; : ¢ < i(q)), where z; = (fz,, g, , s, ) is defined by

— fu; = fur1 U fyr2, itis well defined function because f,». € ** (Per("+(V2)) for £ = 1,2 are well defined
functions, with the same restriction to ug = uq N us;

= Gu; = gy U g,r2 (similarly well defined);

— ez, = e,n1 Ue,r2 (again, it is well defined).
Easily,
- TE Su,i(q)-

Second, we let ¢ = (c; : i € [i(q),w)) where for i € [i(q),w) we let ¢; = (F;, m;), where

- .Fi:fm *fcl_"z,
i i

C

- m; =mee for 4 = 1,2.

Let i € [i(q),w). By Proposition 4.15(1) we know that the pair (F:,Fz2) is (strongly) balanced. Let

C
IF el 17 pa ll - 3 :
0= Tpocrz- Then, by Proposition 4.15(2) we have |7l > % x |pos!|. Hence, recalling k} > 3,

= Toosl 1] T Tpos,

k¥ - |pos}
not) (F;) = kj —log <log_* (H))
( s\less (T

8k*
. (%)
k

v
>
I
—
S
02
w

vV

GO

|

o}

OS]

5 X 5
\"/\/;O\/_\

s}

3 ae

>

=k
>~ 7 N\
|5
~
~_

= nor! (F, 7

Now clearly ¢ := (7, ¢) is as required. O

5 Definable branches and disjoint cones

Now we come to the claim on creatures specifically to deal with the bounded intersection of branches. We think
below of Hy as part of a name of a branch of the ath tree.
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up \ur| = |ug \ uz| # 0,
w = uy Nug. Suppose also that i = j + 1 < w, Fy € wpos;" (for £ = 1,2) and the pair (Fy,F>) is balanced
(hence strongly balanced). Let S be a finite set (e.g., "=(V2) and H, : pos;' — S. Then there are F|, Fy, F
such that:

(a) F € wposY,
(b) Fj < Fofort=1,2and F = F| « F,
(¢) the pair (F{,F3) is balanced,
@ 71 = gllFell for £ = 1,2,
(e) one of the following occurs:
() ifh € set(F) then Hi(h1u1) # Ha(h 1 u2),
(B) (Case 1) uy Nug = 0: for some s € S we have h € set(F) = Hy(h 1 u1) = s = Ha(h 1 u2);
(Case 2) general: for some function H' from posy’ to S we have:

hESGt(f) = Hl(hi’U,l):H/(hi <U1 ﬁUQ)):HQ(h]UQ).
Proof. Let (s, : m < m,) list of all members of S. Let g € G := pos}’. Now for every m < m, we define

(1) (@) Fog:pos;’ — [0, 1] is given by Fy 4(h) = Fy(h) if g C hand Fy 4 (h) = 0 otherwise,
(b) keg = ||Frqll,
(C) k(, m.g = {fg g(h g C Che posw‘ & H[(h) c {87711 cmy < m}},
(d) k(mq' Z{f(g(h gChEpos“‘&Hg _Sm}
© kipy =Y {Frg(h) 19 S h € posi & Hy(h) € {s,, :m < my <m.}}.

€7nq'

Since we are assuming that (F;, F2) is strongly balanced, we have
(®2) kig = ko, call it k.

. < _ > .
Plainly, k;, ki, o> ki 4o kg are non-negative reals and

($)1 kg

lmg_i_k

=k,.

l,m,g

(*)2 max {k;" b >k /2.

lm,g’ /mg

< < >
(*)3 kl m,g — k/,m+1 g k[,m+1,g’
k*

lm,g° and
(¥4 ki, =0=k7

Lms,g”

and k7

Ty 2 in fact k5

= _1.< > = _
l.m,g + kf,m,g - k[,rrz+l,g and ké,7r1,+l,g + k@,m,g -

Hence for some m, , we have

> ky/2.

lmy g9 —

(*)5 k;rnp_le,q > k /2 and k
Therefore:

()¢ one of the following possibilities holds:
(a) both k; e, and k7

®) K,y 2 .q/4-

[Why? If clause (b) fails then by ()5 we get clause (a).]
Choose (tg, F7',, F5 ;) as follows.

Tom, ,+1, are greater than or equal to kq/4, or
Nl

(x)7 Case I: ki, o > ky/4and k3, > ko /4.
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Lett; = 1, and 7, : pos/* — [0,1] be such that 7 (h) = Fy4(h) if g C hand H((h) = s,
and 7 (h) = 0 otherwise (for / = 1,2).
Case 2: ki, . > ko/dand ki, <k, /4.
Lett, =2and 7/ : pos;’ — [0,1] (for £ = 1, 2) be defined by:
Fi,(h) =F14(h)if g C hand Hy(h) = s, ,,and F7  (h) = 0 otherwise;
F3 4(h) = Fa4(h)if g C hand Hy(h) # sy, ,, and F5  (h) = 0 otherwise.
Case 3: ki, o <kg/dand ks, > kg/4
Lett, = 3and 7} : pos;’ — [0,1] (for £ = 1, 2) be defined by:
Fi,(h) = F14(h)if g C hand Hy(h) # sy, ,,and Fy  (h) = 0 otherwise;
F3 g(h) = Fa4(h)if g C hand Hy(h) = sy, ,, and F5 ,(h) = 0 otherwise.
Case 4: ki, g <kg/4 k3, , g < kg/dandmy g <mo .
Lett, =4 and 7/ : pos;’ — [0,1] (for £ = 1, 2) be defined by:
Fi (h) =Fi4(h)if g C hand Hy(h) € {s0,---,5m, ,—1},and F7 ,(h) = 0 otherwise;
F3 4(h) = Fs4(h)if g C hand Hay(h) € {Sm, ,s---sSm.-1},and F5  (h) = 0 otherwise.
Case 5: ki, g <kg/4 k3, g <kg/dandmy g >ma,.
Lett, = 5and F} - pos;’ — [0,1] (for £ = 1, 2) be defined by:
Fi (h) =Fi4(h)if g C hand Hy(h) € {Sm, ,»---»5m. -1}, and Ff (h) = 0 otherwise;
F3 4(h) = Fs 4(h)if g C hand Hy(h) € {s0,...,5m,,—1},and F5  (h) = 0 otherwise.
Now:

(s N7l = F1Fegll = kg for £ =1,2.

[Why? By (®2) and (x)7: check each case.]
Finally choose 7% (for £ = 1,2 and g € ) such that:

()o@ Fiy < FL g IF Il = 1k, and |77 | = (17575 1,

lg =
(®) if (1 =1Amy 4y = my ) then for some s = s(g) € S

h, € set(fi”;) Ahy € set(F;Z) = Hy(hy) = Hy(hy) = s,

(© if (Lg #1Vmy, # m27g) then
hy € set(Fy)) Ahy €set(F5y) = Hi(h) # Ha(ho).

[Why is this possible? We can choose them to satisfy clause (a) by (*)s and clauses (b) and (c) follow: look at
the choices inside (x)7.]
Now we stop fixing g € G. Put

G = {9€G:1y,=1andmy , =ms,} and G? = {9€G:1y#1ormy gy #mg,}.

When we vary g € G, obviously

(®1) Fi is the disjoint sum of (Fy 4 : g € G),

and hence
(®2) [|Fell = 22{kq : 9 € G}
As G = pos? is the disjoint union of G', G2, plainly
(®3) forsome G’ € {G',G?} the following occurs:
> Ak 19 €G> |IAN/2=|1R/2
Lastly, we put 7, = > {F,* : g € G’} (for £ = 1,2). We note that

9

! * % !/ 1 /! 1 1
BN (AR {4kg geg } > 2(1701/2) = 517l

Now it should be clear that 7, 7 and F = F * JF are as required.
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Crucial Lemma 5.2 Assume that

(a) uy,usy are finite subsets of Ord, |uy \ ua| = |ug \ ui| # 0,

(b) F¢ € wpos)”, i <wand || F| > a x |pos’| > 0,

(c) Hy is a function from S,,, i1 to n(i)g,

(d) the pair (Fi,F2) is balanced.
Let v = u; Uuy and w = uy Nuy and |u| < n. (i — 1). Then we can find F| € wpos;" and partial functions hy
from S, ; X Sy it1 into n=(9 for¢ =1,2 and F € wpos; such that:

() F) < Fo, ||F)|| > 87 F=||Fe|l, where k. =[S, ;| < £F, and the pair (F|, Fy) is balanced,

(B) F=F «Fyandso F | ug < Fy forl = 1,2and|\]—'||/‘posy| > 20{'%

(v) ifh €set(F), & €8S, (solg(T) =1i) and § = sucz(h) € Sy i+1, then

Hi(g1w)=Ho(y1uz) = hi(Z1u,ylw)=ha(T1u,ylw)=H(§]w)=H(y1 uz).

(0) moreover, for each T € S, ; the truth value of the equality Hy (g 1 u1) = H2 (Y | uz) in clause (vy) is the
same for all h € set(F).

Proof. Let (Z) : k < k) list S,,; (without repetitions). We choose (Fj,, Fi i, Fa.r) by induction on k < k,
such that:

(i) Fur € wpos‘ forl =1,2,
(ii) if k =0, then Fy ), = Fy,
(iii) Fp . is <-decreasing with &, i.e., Fy 11 < Fo 1,
@) [Ferll > e lIFell,
(V) (F1k,Fay) is balanced,
(vi) Fi, = Fi 1 * Fa i, so also <-decreasing with £,
(vii) for each k one of the following occurs:
() if h € set(Fi11) and §J = sucg, (h) € Sy iq1, then Hi(§ 1 u1) # Ha(§ 1 ua);
(B) if W, " €set(Fri1)and B 1w =h" 1w, § =sucz, (B'), §’ = sucz, (h"), then

Hi(§' 1 w)=Hi (7" 1 w) = Hy(§ 1 uz2) = Hy (7" 1 u2).

If we carry out the definition then F = F, is as required. Note that ||Fy .| > ”8][-’ I , hence the bound

on ||F||, i.e., clause (3) of Crucial Lemma 5.2 holds by Proposition 4.15; that is we choose 8 ¥+ here for a

3 —kx )3 3
there and - there means (8 S A — ssi T here.
The initial step of k& = 0 is obvious. For the inductive step, for k + 1 we define Hy ; as follows: for

Uy

h € pos;* we put Hy ;,(h) = Hy (suc:ikw, (h)) and we apply Lemma 5.1 to F; , Fo i, H1 i, Ho i, here standing
for F1,Fy, Hy, H, there. This way we obtain F 1, F2 1+1 and we set Fi 1 = Fi 41 * Fo r+1. If in clause
5.1(e) subclause () holds, then the demand in (vii)(«) is satisfied. Otherwise, we get a function H’ such that for
each h € set(Fj41) we have

Hlﬁk(h W Ul) = Hl(h 1 w) = H27k(h 1 Ug).
Consequently, the demand in (vii)(/3) is fulfilled. Moreover this choice works for any 7/ C Fj.1, S0 we are

done. ]
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Lemma 5.3

(1) Assume that w C Ord is finite, « € w and ¢ € CRY, i > 0. Suppose also that there are T € S, ; and
functions hy, hy such that

if h €set(F.) and §=sucz (h) = T (y) (see Definition 4.3(1)(¢)),

then 7, :=hy(h 1 (u\ {a})) € "2 is well defined for ¢ = 1,2 and (g, ()" o f,(a))(m) = 7.
Then nor! (F,) = 0.

(2) Assume that w C u C Ord are finite, a1, a5 € u\ w, a1 # ag and ¢ € CRY, ¢ > 0. Suppose also that
T € S,,; and there are functions hy, hy such that

if h € set(F.) and §j = sucz(h) = T~ (y),
then 7, :=hy(z,7 | w) € "=()2 is well defined for £ = 1,2 and

(g (1) ™" o fy(a1))(m) = (gy(a2) ™" o fy(a2))(m2).
Then nor! (F,) = 0.

Proof. (1) First we try to give an upper bound to |set(F)|/ |pos;l | Thinking of “randomly drawing”

ho € pos“\{a} with equal probability, we get an upper bound to the fraction of h € pos¥, h 1 (u\ {a}) = ho
such that if sucl (h) =z (y), then

ne:=nhy(h 1 (u\{a})) € "~2is well defined for £ = 1,2 and (g, ' (@) o f, () (1) = 7.
Since

gy(@) @) i = 1) = go,_ (@) (vIna(i = 1)) = f (@) (@) In(i = 1)) forally € "2,

clearly it is Sl/gn*(i)—n*(i—l)' So ||~7:c||/‘pOS§“ < \set |/‘pOSu‘ < 1/271,*(7')—n*(i—1) < (ki*>1_3k'7:*
consequently nor! (F,) = 0.

) Fore € posi " let . = sucyigaip(e) = (@ 1 (u\ {a1}) " (ge), Bi(e) = hi (7,5 1 w) and
h)(e) = (g, (a2) o f,, (az))(h (Z,7. 1 w)). Since a1, a9 ¢ wand ay € u \ {ey }, for each h € set(F,) the
values hf (h ] (u\ {a1})),h(h 1 (u\ {a1})) are well defined and, letting § = sucz (h) = Z7(y),

(gy(a1)™" 0 fy(an)) (i (b1 (u\ {e1}))) = h5(h 1 (u\{a1})).

Therefore clause (1) applies and nor? (F,) = 0. 0

and

Before we state the main corollary to Crucial Lemma 5.2, let us recall that if ) # w C u, ¢ € CRY, then
proj, (¢) = (Fc 1 w,m) € CR}" (see Definition 4.17(3)). Also, if ) = w = uy Nuy and ¢, € CR, then
proj,, (¢1) = proj,, (c2) will mean that nor;(¢; ) = nor;(c2) and m, = me,.

Crucial Corollary 5.4 Assume that

(@) ui, Ul\u2| = |U2\
ag Eug \up, 1 <i<w, (i—1),

(b) ¢, € CR}" and nor;(c;) > 2 (for £ = 1,2), and proj,, (¢;) = proj, (c2),
(©) He:Sy,iv1 — na(i)Q,

,u = up Uug, w = up Nug, oy € uyg \ ug and

Then we can find 0y € X(¢¢), £ = 1,2, such that:

(@) proj, (01) = proj,, (02),

(8) nor;(dy) > nor;(¢;) — 1,

(7) ifh € set(Fo, * Fo,), T € Syi and §j = sucy(h) € Sy.ir1, andny = He(g 1 ug) € =12 (for £ = 1,2),
then

m=1m = (g (o) o fy (a))(m) # (g5 (a2)" 0 fy, (a2)) (12).
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Proof. Let 7, = F,. By assumptions (a,b), the pair (F;, F) is strongly balanced and nor! (F;) > (£;)2.
Apply Crucial Lemma 5.2 to choose F], 53, hy, hy such that

(+)1 F, € wpos}', F, < Fu, | Fi|| > 8% - | F¢|| (where k, = [S,.;|), and the pair (F|, F}) is balanced,
()2 hy:Sy, ;i X Syiv1 — n.(i)g,
(x)s if h € set(F| « F3), T € S, ; and § = sucz (h) € Sy i+1, then

Hi(glw)=H(glu) = h@luw,glw) =hy(z]u,glw)=H(g1u)=H(y1u)

Next, fory € Sy, i+1, ¢ =1,2, put

H{(5) = (g, ()" o fy, (@) (e (i, g 1 w)) € "2,
Apply Crucial Lemma 5.2 again (this time using clause () there too) to choose F{', 4/, h{, hf) such that

(*)s F} € wpos}’, F) < F|, ||F/|| > 8 F= - || F/|, and the pair (F|’, F4') is balanced,
(%)s h{ Sy, i x Sy.it1 — ()9,
(%) foreach z € S, ; one of the following occurs:
(a)z ifh € set(F] = Fy) and § = sucz (h) € Sy i+1, then H{ (5 1 u1) # Hy(§ 1 ug), or
(B)z if h € set(F] * F}') and §j = sucz (h) € S,.i11, then
hi(z 1w, 1 w) =hy(T 1 us, g1 w) = H{(§1w)=Hy (51 uz).

e e * ul
It follows from (x); + ()4 that Bl < gab- . o I o gt h\)IC;é’H‘ and hence (remembering that

71 = 17l
norY (F) > (¢7)?) we have

k¥ - |pos;‘ »
~ logy (logkf ( l |||ff|| o ))
. K - post|
~ logs (bgkf < |||Tz||Z | ’“))
B - post|\*
~logs {log | \ Ty 7y
. k; - |pos;
i e (550

= not) (F;) — 1> £},

nor! (F)) > kf

<.

v
EN

k*

v

<

In particular, [[F7'||/|pos® | > (k7)'=3"" """ and by 4.15(2) we get
3
IF7 fé’H > (1(k?)1_3*'717) ’
Ipos;’| 2

SO

(¥)7 nor? (F/' « Fil) > ki —logy (logy- (k- (2(k1)*" "1y > er —2> 0.
Now we claim that

(x)s in clause ()¢ before, the possibility (3); cannot occur.

Suppose towards contradiction that for some Z € S, ; the statement in (3); holds true. Then, remembering
hy:S,,; X Sy,ir1 — (D2, we have

(®) if h € set(F]' « F¥') and § = sucz (h) and ny = hy(Z | ug,§ | w) (for £ = 1,2), then (g,, (1) ™' o
Fy (1)) (m) = (gy, (@2)~" © fy, (@2)) (m2).
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Since oy # a9 are in u \ w we may apply Lemma 5.3(2) to get that nor! (F;’ * F4') = 0, contradicting (x)7.
Thus, putting together ()3 and (x)g + (*)s we conclude that

(x)g if h € set(F|' =« Fy),z €8,,; and § = sucz (h), ne = He(§ 1 u) (for £ = 1, 2), then

m=mn = (g, (1) ofy ()(m)# (g, (a2)~" o fy, (a2))(m2).

Now we set oy = (F,',m,,) (for £ = 1,2). Since F}/ < F, < F; and not?(F}') > nord(F;) — 1 > m,

we know that 9, € X(c), and since (F;’, F4') is balanced we conclude proj,, (91) = proj,, (92). Also nor; (d;)
nor; (¢,) — 1 and thus 91, 05 are as required in (), (). Finally, the demand (y) is given by (x)g.

]

L

v

Lemma 5.5 Assume that

(a) uy,us C Ord are finite non-empty sets of the same size,

) w=wu; Nug, u=uy Uue, and for { =1,2:

(c) pr € Qw and oy j; € up \ w and pek isa @W—namefora branch of t,, , (i.e., this is forced) for k < w,
and ' '

(d) Ju.u, (P1),Juw.u, (p2) are compatible in Q  (see 4.17, 4.18).

Ul \U2| = |U2 \'I.Ll

>

Then there is q € Q suchthat pr <g  ju,u (q) fort =1,2and
X Q,, Jue,
q H—Q “ P1ks P2,k have bounded intersection.”

Proof. Without loss of generality

(®) for @W, for each j < w the sequence py ; can be read continuously above p;; moreover for every large
enough 4, say 7 > iy(j) the sequence pe.j 1@ can be read from z,, [i.

[Why? First by Proposition 4.18 there is ¢; such that p; <o @ and

(Va)[a SQM 4 = Jwui (9);Jw,u, (p2) are compatible in Qw]'

Second, by Observation 4.5 and Proposition 4.9, there is p] € Q ) satisfying (®) and such that ¢; <g -
X, Q,,
Third, we may choose g2 2@’ P2 such that

(Vq)[g2 <g,, 47 Ju.u (1), duw u, () are compatible in Q_|.

Fourth, by Proposition 4.9, there is p}, € Quz satisfying (®) and such that ¢o <g pj. Clearly (p,p5) are as
A Q,

required.] Passing to stronger conditions if needed we may also require that i(p1) = i(p2) = L juu, (71) =
Juw,uz (p2) (note (x)4 from the proof of Proposition 4.18), |u| < n.(i— 1) and nor; (¢!* ) > 100 for i > i. Without
loss of generality, letting i(j) = max{i;(j), i2(j)}, it satisfies 4(0) = i, ¢(j + 1) > i(j) + 10 and

nor; (') = nor; (¢*) > 2j +2  fori > i(j).

13

Fix ¢ > i for a moment. Let & be such that i(k) < i < i(k + 1). We shall shrink ', ¢!* in order to take care of

3

(01 m, Plms Q2 m s ~p2,m) for m < k. By (®) from the beginning of the proof we know that

(i) if J € Su, i1 N pOs(pr),
then the condition (p,)l?! € Q, , decides p (i) form < k,say (p))¥ kg “pr.m (i) = Hy o (7). where
==u L =y, %

Hypm 2 Sup i1 — nx(i)2,
Use Crucial Corollary 5.4 (k + 1) times to choose 9} € X (/') and 9? € X(c?) such that:
(if) proj,, (0;) = proj, (27),
(iii) nor; (Df) > nor; (c,f-“) —(k+1) (fort =1,2),
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@iv) if h € set(]—'af * .7-"0;;), zeS,i.g=sucz(h) € Sy 1. m<kl=12andn = H\,(J1 w) €
(D)9 then

nl,m = 772,m = (gy, (al,m)_l o fy, (al,m )) (nl,m) 7é (ggzh (0‘2,m )_1 o fy,- (a2.771 )) (U&m)-

After this construction is carried out for every ¢ > i we define

— qr = (&,,0"), where ' = (! :i € [i,w)), (= 1,2,

— q=(Tp, UTp,,0), where d = (0; i € [i,w)), Fo, = Fp1 * Fz, M, = Mgt = mye.
It follows from (iii) (and the choice of i(5)) that ¢, € Qu[ and, by Proposition 4.15(2), ¢ € Qu. Plainly p, <g
X, =~ Y,

qe SQM jU(»,u (Q)
Now, let £ < w and consider ¢ > i(k). It follows from (iv) and Proposition 4.2(5) that for each z € S, ; N
pos(q) and h € set(Fy, ), if § = sucz (k) and np 1, = Hy (¥ 1 ue), then

mu =tk > @ kg Aprmn <o, PO {pig <i., p}=0"

Since g7 kg “pek (i) = mex” (for £ = 1,2) we may conclude that

¢ g either py (i) # pa (i) or (¥ > 0)(p1s(j) # po ().
Hence immediately we see that q is as required in the assertion of the lemma. O

(1) If we can deal only with one case (i.e., one %k in Lemma 5.5(c)), we have to use A = T}, not “any
uncountable” A C T . But actually it is enough in Lemma 5.5 to deal with finitely many pairs.
(2) We can prove in Lemma 5.5 that there is a pair (p], p}) such that:
(@) pe <q,, p, forl =1,2,
(b) juuul (pll)ajw,uz (p/2) are Compatible’
(c) if p € Q, satisfies p) <Qu, Juu (p), then p is as required.

If u = {a} is a singleton, then considering OB}, S,, ;, S, pos, wpos;',Q ~we may ignore u (and @) in a
natural way arriving to the definitions of OB;,S;, S, pos;, wpos;, Q, respectively. Let ¢ : S, — T, be the
mapping given by »(Z) = (f,, : i < w) (on T see Definition 3.2(2), concerning > compare Definition 4.1(G)).

The following proposition finishes the proof of Theorem 3.1.

Proposition 5.6 Let N, < (H(37F),0) be countable.

(1) There is a perfect subtree S* C S (so S¥, = lim,, (S*) C S,,) such that:
ifn <w, Ty €S} for £ < n are pairwise distinct then (T, ..., T,_1) is a generic for @n over N,.

(2) Moreover, %[S}] C T, is strongly pbd (see Definition 3.4(3)) and ar-cl{ A7) : & € S, } is Borel.

Proof. By Propositions 4.9 and 4.19 and (for part (2)) by Lemma 5.5. In details, let 7 be a perfect subtree of
“>2 such that in each level only in one node we have splitting and let 7; = {n € T : n) of the i-th level}.
Let h; : |7;] — 7; be a bijection such that

m' <m” <n; & hi(m') <iex hi(m”),

where n; = |T;|. Let ((my, kj, p;) : j < w) list all the triples (m, k, p) satisfying: m < w, k < mand pis a
Q,, —name of a branch of ¢; such that p belongs to N,.

Let 7; be the unique member of 7; such that {n; ~(0),7, (1)} € T;+1.For £ = 0,11let f; , : 7, — T;+1 be
such that

meZi\{n} = fieIli=n and fi,(n)=mn"().

Let u; o = Rang(g; ¢) where g; s = h;ll o fi,¢ o h;. For an order preserving function g from the finite v C Ord
into Ord let g be the isomorphism from @, onto Qg ,| induced by g.

Let (Z,,; : i < w) list all the dense open subsets of QQ,, which belong to V... By induction on ¢ < w choose p;
such that if £ € {1, 2} then (recalling j,, , ,,, is a complete projection from Q,,, onto Q,, ,) we have
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(i) pi € Qu,» Gie(pi) <qu,, Jussmisr, (Pis1) for £ =0,1.
(i) If u C n; and A}, is OP, ||, i.e., the order preserving function from {0, ..., |u| — 1} onto u, and ﬁ: is
defined as above and k < i, then j, ,, (p;) € Q, belongs to iL;‘j (Zyu)k)-
(iii) Assume that for £ = 0, 1 the objects j; < w, uy C 7; satisfy

ni € we, fue| =my,, h:;(kﬂ) = hz_l(nl)

and let p; = i (ﬁj[ (pj, )) (soitis a Q,,,,—name for a branch of ~t9w(h:<m)))' Then |kg, = “the
branches pg of ¢, () and p1 of ty, | (i, ) have bounded intersection.”

This is straightforward. O
Theorem 5.7

(1) There is a Borel arithmetically closed set B C P(w) such that there is no arithmetically closed 2-Ramsey
ultrafilter on it.

(2) Moreover, there is a Borel' A, C B such that for every uncountable A' C A, there is no definably closed
minimal ultrafilter on the arithmetic closure of ar-cl(A’) of A'.

(3) We can demand that above each ar-c1(A') is a standard system.

Proof. (1) and (2) Let. A = T} be as in the proof of Proposition 5.6 and let BB be the arithmetic closure
ar-cl(A) of A. For every A; € A there towards contradiction assume D is a B-minimal ultrafilter where B =
ar-cl(A’), A’ C Ais uncountable.

Now for every A; € A, (N, <;) is a tree with finite levels (hence finite splittings), a root and the set of levels
is N. For every i < w the set {n < w: in <] the level of n is < 4} is finite and hence its compliment belongs to
D. The rest is divided to ({m : b <} m} : bis of level exactly ¢ for <}). This is a finite division hence for some
unique b = b} of level 4 such that {m : b <} m} € D. As D is a 2-Ramsey ultrafilter

(i) (bl :i <w) isdefinable in N 4.

We define a function g; on N by ¢;(¢) = max {z Db <y C}. Again
(ii) g; is definable in N 4.

As D is minimal there is C; C N definable in N 4, and such that
(iii) g; [C} is one-to-one.

Let C; be the first order definable in N4, where A; C A’ is finite, t € A; for simplicity and so is the set
{bﬁ i< w}. As each Q, is “w-bounding and we can further shred ¢; below there is h, € N, [recall we are
forcing over the countable N, < (H(x), €), so our B is [J{P(w) N Nlto,...,tn—1] : te € T, }] such that

(iv) h. € “w is increasing, h.(0) = 0, and
(v) ifc € Cy and g;(¢) <; h.(4) then ¢ <y h.(i + 1).

Without loss of generality now by the infinite A-system for finite sets for some ¢; # to we have {t1,t2} N (A, N
Ai) =0, ete.

Moreover, replacing A, U Ag, Ay, As, b1, t0 by u = uy Uug, ug, ug, @1 € ug \ a2, a9 € ug \ u; we have the
situation from §2 by a similar proof. We get C;, N C}, is finite, but both are in an ultrafilter, so we are done.

(3) We let Q be as in [8] for A > 3, , use what is proved there. O
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