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Abstract Let L be a finite first-order language and 〈Mn | n < ω〉 be a sequence
of finite L -models containing models of arbitrarily large finite cardinality. If the
intersection of less than continuum-many dense open subsets of Cantor Space ω2 is
non-empty, then there is a non-principal ultrafilter U over ω such that the correspond-
ing ultraproduct

∏
U Mn has an automorphism that is not induced by an element of∏

n<ω Aut(Mn).
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1 Introduction

Let L be a finite first-order language and 〈Mn | n < ω〉 be a sequence of finite
L -models. Given a non-principal ultrafilter U over ω, we let

∏
U Mn denote the

corresponding ultraproduct and [x ]U denote the ≡U -equivalence class of an element
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434 P. Lücke, S. Shelah

x in
∏

n<ω Mn . An automorphism π of
∏

U Mn is internal if there is a sequence
〈πn ∈ Aut(Mn) | n < ω〉 such that π([x ]U ) = [y ]U holds for all x, y ∈ ∏

n<ω Mn

with y(n) = πn(x(n)) for all n < ω. We call an automorphism π of
∏

U Mn external
if it is not internal.

If the continuum hypothesis (CH) holds and
∏

U Mn is infinite, then it is a satu-
rated model of cardinality ℵ1 (see [1, 6.1.1] and [4]) and the group of automorphisms
Aut(

∏
U Mn) has cardinality 2ℵ1 > ℵ1 (see [1, 5.3.15]). In particular,

∏
U Mn has

many external automorphisms in this situation.
If (CH) fails, then things can look totally different, as the following result (due to

the second author) on ultraproducts of the finite fields Fp of prime order p shows.

Theorem 1 [5] It is consistent with the axioms of ZFC that there is a non-principal
ultrafilter F over the set P of primes such that the field

∏
F Fp has no non-trivial

automorphisms.

Using this result, Simon Thomas and the first author proved the following result on
ultraproducts of finite symmetric groups. Recall that for n �= 6 every automorphism of
the finite symmetric group Sym(n) is inner. In particular, every internal automorphism
of the group

∏
U Sym(n) is inner.

Theorem 2 [3] It is consistent with the axioms of ZFC that there is a non-princi-
pal ultrafilter U over ω such that all automorphisms of the group

∏
U Sym(n) are

internal.

The work of this note is motivated by the following questions.

Questions (i) Is it consistent with the axioms of ZFC that for every non-princi-
pal ultrafilter F over the set P of primes, the field

∏
F Fp has no non-trivial

automorphisms?
(ii) Is it consistent with the axioms of ZFC that for every non-principal ultrafilter

U over ω, the group
∏

U Sym(n) has only inner automorphisms?

The result of this note shows that a mild set-theoretic assumption implies the exis-
tence of ultraproducts of finite symmetric groups with external automorphisms.

Theorem 3 Assume that the intersection of less than continuum-many dense open
subsets of Cantor Space ω2 is non-empty. If L is a finite first-order language and
〈Mn | n < ω〉 is a sequence of finite L -models containing models of arbitrarily large
finite cardinality, then there is a non-principal ultrafilter U over ω such that

∏
U Mn

has an external automorphism.

The above assumption is known as Martin’s Axiom for Cohen-Forcing and it is
implied both by the continuum hypothesis and Martin’s Axiom. Moreover, if κ ≥ 2ℵ0

is a cardinal of uncountable cofinality, then this assumption holds in every generic
extension of the ground model obtained by adding κ-many Cohen reals. This observa-
tion is interesting, because it is possible to construct a model of set theory witnessing
the conclusions of Theorem 1 by adding ℵ3-many Cohen reals to Gödel’s constructible
universe L (see [5, p. 65]).
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External automorphisms of ultraproducts 435

2 Extending partial elementary maps

From now on, we let L denote a finite first-order language and 〈Mn | n < ω〉 denote
a sequence of finite L -models. We may also assume that |Mn| < |Mn+1| holds for
all n < ω. For the remainder of this note, we fix a sufficiently large regular cardinal
θ such that the set Hθ = {x | |tc(x)| < θ} contains all relevant objects.

Our aim is to inductively construct a non-principal ultrafilter U over ω and a func-
tion f : ∏

n<ω Mn −→ ∏
n<ω Mn such that there is an external automorphism f̄ of∏

U Mn with f̄ ([x ]U ) = [y ]U for all x, y ∈ ∏
n<ω Mn with f (x) = y. We will

approximate both U and f by their intersections with certain elementary submodels
of Hθ of cardinality less than 2ℵ0 . The following definition captures this idea.

Definition 4 We call a triple 〈U0, N0, f0〉 adequate if it satisfies the following prop-
erties.

1. U0 is a non-principal ultrafilter over ω.
2. N0 is an elementary submodel of Hθ of cardinality less than 2ℵ0 containing f0,U0

and the sequence 〈Mn | n < ω〉.
3. f0 : ∏

n<ω Mn
part−−→ ∏

n<ω Mn is a partial function and there is a partial elemen-

tary map f̄0 : ∏
U0

Mn
part−−→ ∏

U0
Mn with the following properties.

(a) dom
(

f̄0
) ⊆ N0 ∩ ∏

U0
Mn .

(b) dom ( f0) = {x ∈ ∏
n<ω Mn | [x ]U0 ∈ dom

(
f̄0

)}.
(c) If x ∈ dom ( f0) with f0(x) = y, then f̄0([x ]U0) = [y ]U0 .

Given adequate triples 〈U0, N0, f0〉 and 〈U1, N1, f1〉, we define

〈U0, N0, f0〉 � 〈U1, N1, f1〉

to hold if N0 ∩ U0 ⊆ U1, N0 ⊆ N1 and f0 ∩ N0 ⊆ f1.

The idea behind this definition is that the submodel N0 fixes the subsets of U0 and
f0 that will be contained in the final objects U and f (in the sense that N0 ∩U0 ⊆ U
and f0 ∩ N0 ⊆ f will hold). Note that f0 might be the empty function in the above def-
inition. In particular, there always exists an adequate triple. Moreover, if 〈U0, N0, f0〉
is an adequate triple, then the partial map f̄0 is uniquely determined. Finally, it is easy
to see that the above ordering of adequate triples is transitive.

Given U0 and N0 as in Definition 4, we define MU0,N0 to be the unique L
-substructure of

∏
U0

Mn with domain N0 ∩ ∏
U0

Mn . We list some basic
properties.

Lemma 5 1. Let U and U0 be non-principal ultrafilters over ω and N0 be an
elementary submodel of Hθ with U0 ∈ N0 and N0 ∩ U0 ⊆ U . Then the map

i : MU0,N0 −→
∏

U

Mn ; [x ]U0 
→ [x ]U

is an elementary embedding.
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436 P. Lücke, S. Shelah

2. Given an adequate triple 〈U0, N0, f0〉, we have f̄0 : MU0,N0

part−−→ MU0,N0 and
this is a partial elementary map.

3. If 〈U0, N0, f0〉 � 〈U1, N1, f1〉 holds for two adequate triples, then the induced
map i : MU0,N0 −→ MU1,N1 is an elementary embedding with

i ◦ f̄0 = ( f̄1 ◦ i) � dom
(

f̄0
)
.

Proof Let ϕ ≡ ϕ(v0, . . . , ϕk−1) be an L -formula and x0, . . . , xk−1 ∈ N0 ∩∏
n<ω Mn . By elementarity, we have {n < ω | Mn |� ϕ(x0(n), . . . , xk−1(n))} ∈ N0

and the assumption N0 ∩ U0 ⊆ U allows us to run an easy induction on the complexity
of the formula ϕ to show

MU0,N0 |� ϕ([x0 ]U0 , . . . , [xk−1 ]U0)

⇐⇒
∏

U0

Mn |� ϕ([x0 ]U0 , . . . , [xk−1 ]U0)

⇐⇒{n < ω | Mn |� ϕ(x0(n), . . . , xk−1(n))} ∈ N0 ∩ U0 ⊆ U

⇐⇒
∏

U

Mn |� ϕ([x0 ]U , . . . , [xk−1 ]U )

The other statements follow directly from the above computations and the definitions
of MU ,N and f̄ . ��
Proposition 6 Suppose U0, X, f ∗ and p satisfy the following statements.

1. U0 be a non-principal ultrafilter over ω and X ⊆ Hθ with |X | < 2ℵ0 .

2. p : ∏
n<ω Mn

part−−→ ∏
n<ω Mn is a partial function.

3. f ∗ : ∏
U0

Mn
part−−→ ∏

U0
Mn is a partial elementary map with |dom ( f ∗)| <

2ℵ0 , {[x ]U0 | x ∈ dom (p)} ⊆ dom ( f ∗) and f ∗([x ]U0) = [y ]U0 for all x ∈
dom (p) with p(x) = y.

Then there is an adequate triple 〈U0, N0, f0〉 such that p ⊆ f0, f ∗ = f̄0, X ⊆ N0
and |N0| = |X | + |dom ( f ∗)| + ℵ0. ��

Proof We can find a partial function f0 : ∏
n<ω Mn

part−−→ ∏
n<ω Mn with p ⊆

f0, dom ( f0) = {x | [x ]U0 ∈ dom ( f ∗)} and f ∗([x ]U0) = [y ]U0 for all x ∈ dom ( f0)

with f0(x) = y. Let D ⊆ ∏
n<ω Mn be a complete set of representatives for elements

in dom ( f ∗). Then clearly |D| = |dom ( f ∗)| < 2ℵ0 . Finally, pick an elementary sub-
model N0 of Hθ with D∪X∪{ f0,U0, 〈Mn | n < ω〉} ⊆ N0 and |N0| = |D|+|X |+ ℵ0.

��
Lemma 7 Let 〈U0, N0, f0〉 be an adequate triple and x ∈ Hθ . There is an adequate
triple 〈U0, N1, f1〉 with the following properties.

1. 〈U0, N0, f0〉 � 〈U0, N1, f1〉, |N0| = |N1| and x ∈ N1.
2. dom

(
f̄1

)
is a definably closed subset of MU0,N1 .
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Proof There is a unique extension f ∗ : MU0,N0

part−−→ MU0,N0 of f̄0 to a partial ele-
mentary map whose domain is the definable closure of dom

(
f̄0

)
. Clearly, dom ( f ∗)

is definably closed in
∏

U0
Mn, |dom ( f ∗)| ≤ |dom

(
f̄0

)| + ℵ0 ≤ |N0| < 2ℵ0 and
we can apply Proposition 6 with U0, N0 ∪ {x}, f ∗ and f0 ∩ N0 to find an adequate
triple 〈U0, N1, f1〉 with the above properties. In particular, f̄1 = f ∗ and dom ( f ∗) ⊆
MU0,N0 ⊆ MU0,N1 . By the first part of Lemma 5, MU0,N0 is an elementary sub-
structures of MU0,N1 and this shows that dom

(
f̄
) = dom ( f ∗) is definably closed in

MU0,N1 . ��
We are now ready to state and prove the Main Lemma needed in the proof of Theo-

rem 3. This lemma allows us to enlarge the domain of our partial functions and make
sure that the final automorphism will be external.

Lemma 8 Assume that the intersection of less than continuum-many dense open sub-
sets of Cantor Space ω2 is non-empty. Let 〈U0, N0, f0〉 be an adequate triple with
dom

(
f̄0

)
definably closed in MU0,N0 ,w, z ∈ N0 ∩ ∏

n<ω Mn with z /∈ dom ( f0).
There is an adequate triple 〈U1, N1, f1〉 with the following properties.

1. 〈U0, N0, f0〉 � 〈U1, N1, f1〉 and |N1| = |N0|.
2. z ∈ dom ( f1) and f̄1([z ]U1) �= [w ]U1 .

Proof We write z̄ = [z ]U0 and M ∗ = MU0,N0 . For each n < ω, we equip the
model Mn with the discrete topology and the product K = ∏

i<2(
∏

n<ω Mn) with
the corresponding product topology. This means K is a perfect non-empty, compact
metrizable, zero-dimensional topological space and homeomorphic to Cantor Space
ω2 (see [2, Theorem 7.4]).

Define T to be the set of all tuples 〈A,m, ϕ, 〈x0, . . . , xk−1〉〉 with the following
properties.

(i) A ∈ N0 ∩ U0,m < ω and x0, . . . , xk−1 ∈ dom ( f0) ∩ N0.
(ii) ϕ ≡ ϕ(u0, u1, v0, . . . , vk−1) is an L -formula and

M ∗ |� (∃a, b) ϕ(a, b, [x0 ]U0 , . . . , [xk−1 ]U0).

Given t = 〈A,m, ϕ, 〈x0, . . . , xk−1〉〉 ∈ T with f0(xi ) = yi , the above definition
implies that the set

Dt = {〈a,b〉 ∈ K | (∃n ∈ A \ m)Mn |� ϕ(a(n),b(n), y0(n), . . . , yk−1(n))}
is a dense and open subset of K . The set T has cardinality less than 2ℵ0 and our
assumptions imply that there is a pair 〈a∗,b∗〉 ∈ ⋂

t∈T Dt.
Next, we define U to be the set consisting of triples u = 〈A, ϕ, 〈y0, . . . , yk−1〉〉

such that A ∈ U0 ∩ N0, y0, . . . , yk−1 ∈ N0 ∩ ∏
n<ω Mn and ϕ ≡ ϕ(v, x̄0, . . . , x̄k−1)

is an element of tpM ∗(z̄/ dom
(

f̄0
)
) with f̄0(x̄i ) = [yi ]U0 . Given such an u ∈ U , we

define

Xu = {n ∈ A | Mn |� [a∗(n) �= b∗(n) ∧ ϕ(a∗(n), y0(n), . . . , yk−1(n))

∧ ϕ(b∗(n), y0(n), . . . , yk−1(n))]}
and D = {Xu | u ∈ U }. Clearly, D is closed under taking finite intersections.
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438 P. Lücke, S. Shelah

Assume, toward a contradiction, that there is an u = 〈A, ϕ, 〈y0, . . . , yk−1〉〉 ∈ U
as above and m < ω with Xu ⊆ m. By assumptions, z̄ /∈ dom

(
f̄0

)
and dom

(
f̄0

)
is a

definably closed subset of M ∗. This shows M ∗ |� (∃a) ψ(z̄, a, x̄0, . . . , x̄k−1) with

ψ(u0, u1, v) ≡ [u0 �= u1 ∧ ϕ(u0, v) ∧ ϕ(u1, v)] .

Given x0, . . . , xk−1 ∈ N0 ∩∏
n<ω Mn with x̄i = [xi ]U0 , our assumption implies that

the tuple t = 〈A,m, ψ, 〈x0, . . . , xk−1〉〉 is an element of T . Since 〈a∗,b∗〉 ∈ Dt, we
can find a natural number n ∈ A\m with Mn |� ψ(a∗(n),b∗(n), y0(n), . . . , yk−1(n))
and hence n ∈ Xu \ m, a contradiction. This argument shows that there is a non-prin-
cipal ultrafilter U1 over ω with D ⊆ U1 and hence such that

{n ∈ A | a∗(n) �= b∗(n)} ∈ U1

for all A ∈ N0 ∩ U0. Clearly this implies N0 ∩ U0 ⊆ U1 and [a∗ ]U1 �= [b∗ ]U1 .
Therefore, we may assume [a∗ ]U1 �= [w ]U1 .

Let i : MU0,N0 −→ ∏
U1

Mn be the elementary embedding given by Lemma 5. Sup-
pose x0, . . . , xk−1 ∈ N0 ∩ dom ( f0) and

∏
U1

Mn |� ϕ([z ]U1 , [x0 ]U1 , . . . ,[xk−1 ]U1)

with f0(xi) = yi . This means

u = 〈ω, ϕ(v, [x0 ]U0 , . . . , [xk−1 ]U0), 〈y0, . . . , yk−1〉〉 ∈ U

and hence Xu ∈ D ⊆ U1. In particular,

{n < ω | Mn |� ϕ(a∗(n), y0(n), . . . , yk−1(n))} ∈ U1

and therefore
∏

U1
Mn |� ϕ([a∗ ]U1 , [y0 ]U1, . . . , [yk−1 ]U1). This implication shows

that there is a partial elementary map f ∗ : ∏
U1

Mn
part−−→ ∏

U1
Mn whose domain is

the image of dom
(

f̄0
)∪{z̄}under i that satisfies f ∗([z ]U1) = [a∗ ]U1 and f ∗([x ]U1) =

[y ]U1 for all x ∈ N0 ∩ dom ( f0) with f0(x) = y. We can apply Proposition 6 with
U1, N0, f ∗ and f0 ∩ N0 to obtain the desired adequate triple 〈U1, N1, f1〉. ��
Corollary 9 Assume that the intersection of less than continuum-many dense open
subsets of Cantor Space ω2 is non-empty. Let 〈U0, N0, f0〉 be an adequate triple such
that dom

(
f̄0

)
is definably closed in MU0,N0 and z ∈ N0 ∩ ∏

n<ω Mn. Then there is
an adequate triple 〈U1, N1, f1〉 such that 〈U0, N0, f0〉 � 〈U1, N1, f1〉, |N1| = |N0|
and [z ]U1 ∈ ran

(
f̄1

)
holds.

Proof We may assume [z ]U0 /∈ ran
(

f̄0
)
. By the elementarity of f̄0, ran

(
f̄0

)
is defin-

ably closed in MU0,N0 . We apply Proposition 6 with U0, N0, f̄ −1
0 and p = ∅ to

obtain an adequate triple 〈U0,M0, g0〉 with ḡ0 = f̄ −1
0 , N0 ⊆ M0 and |M0| = |N0|.

In particular, z /∈ dom (g0) and dom (ḡ0) is definably closed in MU0,M0 . Next, we
use Lemma 8 with 〈U0,M0, g0〉 and z to find an adequate triple 〈U1,M1, g1〉 with
〈U0,M0, g0〉 � 〈U1,M1, g1〉, |M1| = |N0| and z ∈ dom (g1).

Let x ∈ N0 ∩ dom ( f0) ⊆ M0 with f0(x) = y. Then y ∈ M0 ∩ dom (g0) and
therefore g0(y) = x′ for some x′ ∈ M0 with [x ]U0 = ḡ0([y ]U0) = [x′ ]U0 . We can
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External automorphisms of ultraproducts 439

conclude {n < ω | x(n) = x′(n)} ∈ M0 ∩ U0 ⊆ U1 and ḡ−1
1 ([x ]U1) = [y ]U1 . This

allows us to use Proposition 6 with U1,M1, ḡ−1
1 and f0 to obtain the desired adequate

triple 〈U1, N1, f1〉. ��

3 Approximations of external automorphisms

In this section, we use the above results to inductively construct a non-principal ultra-
filter U over ω such that the corresponding ultraproduct

∏
U Mn has an external

automorphism. In the following, we also fix the following objects.

1. An enumeration 〈cα | α < 2ℵ0〉 of all subsets of ω.
2. An enumeration 〈σ α | α < 2ℵ0〉 of all sequences in

∏
n<ω Aut(Mn).

3. An enumeration 〈xα | α < 2ℵ0〉 of all sequences in
∏

n<ω Mn .

The next definition and the following lemma show how external automorphisms
are constructed in a routine way from ascending sequences of adequate triples.

Definition 10 A sequence 〈〈Uα, Nα, fα, zα〉 | α < 2ℵ0〉 is an approximation of an
external automorphism if the following statements hold true for all α < 2ℵ0 .

1. The triple 〈Uα, Nα, fα〉 is adequate, Nα has cardinality |α| + |N0|, dom
(

f̄α
)

is
definably closed in M ∗

α = MUα,Nα and cα, xα, σ α ∈ Nα .
2. zα /∈ dom ( fα) and, if xα /∈ dom ( fα), then xα = zα .
3. If β < α, then 〈Uβ, Nβ, fβ〉 � 〈Uα, Nα, fα〉.
4. If w ∈ ∏

n<ω Mn with w(n) = σα(n)(zα(n)) for all n < ω, then

f̄α+1([zα ]Uα+1) �= [w ]Uα+1 .

5. zα ∈ Nα ∩ dom ( fα+1) and [xα ]Uα+1 ∈ ran
(

f̄α+1
)
.

Lemma 11 Let 〈〈Uα, Nα, fα, zα〉 | α < 2ℵ0〉 be an approximation of an external
automorphism. Define U = ⋃

α<2ℵ0 Nα ∩ Uα and f = ⋃
α<2ℵ0 fα ∩ Nα .

1. U is a non-principal ultrafilter over ω and f : ∏
n<ω Mn −→ ∏

n<ω Mn is a
total function.

2. There is an external automorphism f̄ of
∏

U Mn with f̄ ([x ]U ) = [y ]U for all
x ∈ ∏

n<ω Mn with f (x) = y.

Proof Our construction directly implies that U is a filter and non-principal. It is an
ultrafilter, because every c ⊆ ω is of the form c = cα ∈ Nα for some α < 2ℵ0 .

Given x ∈ ∏
n<ω Mn , there is an α < 2ℵ0 with x = xα ∈ Nα . If x ∈ dom ( fα),

then fα(x) ∈ Nα, 〈 fα(x), x〉 ∈ fα ∩ Nα ⊆ f and x ∈ dom ( f ). Conversely, if
x /∈ dom ( fα), then x = zα ∈ dom ( fα+1)∩ Nα and we can conclude x ∈ dom ( f ) as
above. This shows that f is a total function.

By Lemma 5, there are elementary embeddings iα : M ∗
α −→ ∏

U Mn that satisfy
iα([x ]Uα

) = [x ]U for all α < 2ℵ0 and x ∈ Nα ∩ ∏
n<ω Mn and a directed system

〈iα,β : M ∗
α −→ M ∗

β | α ≤ β < 2ℵ0〉

123

Sh:982



440 P. Lücke, S. Shelah

of elementary embeddings with iα = iβ ◦ iα,β for all α ≤ β < 2ℵ0 . Moreover, we
have iα,β ◦ f̄α = ( f̄β ◦ iα,β) � dom

(
f̄α

)
for all α ≤ β < 2ℵ0 . This shows that there

is a total elementary map f̄ : ∏
U Mn −→ ∏

U Mn with f̄ ([x ]U ) = [y ]U for all
x ∈ ∏

n<ω Mn with f (x) = y.
Given x ∈ ∏

n<ω Mn , there is an α < 2ℵ0 with x = xα and this implies [x ]Uα+1 ∈
ran

(
f̄α+1

)
. Since x ∈ Nα+1, the above computations show that [x ]U ∈ ran

(
f̄
)

holds.
This proves that f̄ is surjective.

Finally, assume, toward a contradiction, that f̄ is an internal automorphism. Then
we can find an α < 2ℵ0 such that f̄ ([x ]U ) = [y ]U holds for all x, y ∈ ∏

n<ω Mn

with y(n) = σα(n)(x(n)) for all n < ω. By definition, f̄α+1([zα ]Uα+1) �= [w ]Uα+1

with w(n) = σα(n)(zα(n)) and this means f̄ ([zα ]U ) �= [w ]U , a contradiction. ��
If Martin’s Axiom for Cohen-Forcing holds, then we can apply Lemma 8 and

Corollary 9 continuum-many times to construct an approximation of an external auto-
morphism. The next lemma completes the proof of Theorem 3.

Lemma 12 Assume that the intersection of less than continuum-many dense open
subsets of Cantor Space ω2 is non-empty. If 〈U∗, N∗, f∗〉 is an adequate triple, then
there is an approximation of an external automorphism 〈〈Uα, Nα, fα, zα〉 | α < 2ℵ0〉
with 〈U∗, N∗, f∗〉 � 〈U0, N0, f0〉.
Proof We inductively construct the approximating sequence. Assume that we already
constructed 〈〈Uα, Nα, fα, zα〉 | α < γ 〉 with γ < 2ℵ0 such that the statements (1), (2)
and (3) of Definition 10 hold for all α < γ and the statements (4) and (5) of Definition
10 hold for all α < γ with α + 1 < γ .

If γ = 0, then we can use Lemma 7 and our cardinality assumptions to construct a
tuple 〈U0, N0, f0, z0〉 with 〈U∗, N∗, f∗〉 � 〈U0, N0, f0〉 that satisfies the statements
(1) and (2) of Definition 10.

If γ = β + 1, then zβ /∈ dom
(

fβ
)
, dom

(
f̄β

)
is definably closed in M ∗

β and there
is w ∈ Nβ ∩ ∏

n<ω Mn with w(n) = σ β(n)(zβ(n)) for all n < ω. In this situation,
we can apply Lemma 7, Lemma 8 and Corollary 9 to produce an adequate triple
〈Uγ , Nγ , fγ 〉 with the desired properties.

Let γ be a limit ordinal and define D = ⋃
α<γ Nα ∩ Uα . This collection of sub-

sets is closed under finite intersections and contains only infinite sets. Let Uγ be a
non-principal ultrafilter over ω extending D . As in the proof of Lemma 11, there are
elementary embeddings iα : M ∗

α −→ ∏
Uγ

Mn and iα,β : M ∗
α −→ M ∗

β such that
iα = iβ ◦ iα,β for all α ≤ β < γ . Lemma 5 shows that there is partial elementary

map f ∗ : ∏
Uγ

Mn
part−−→ ∏

Uγ
Mn with domain {[x ]Uγ

| x ∈ ⋃
α<γ dom ( fα)} that

satisfies iα ◦ f̄α = ( f ∗ ◦ iα) � dom
(

f̄α
)

for all α < γ . Apply Proposition 6 with
Uγ ,

⋃
α<γ Nα, f ∗ and

⋃
α<γ fα ∩ Nα and Lemma 7, to obtain an adequate triple

〈Uγ , Nγ , fγ 〉 with the desired properties.
By our assumptions,

∏
Uγ

Mn is an infinite model and the results of [4] show that

it has cardinality 2ℵ0 . This gives us an y ∈ ∏
n<ω Mn with [y ]Uγ

/∈ dom
(

f̄γ
)

and
therefore y /∈ dom

(
fγ

)
. By elementarity, we can assume y ∈ Nγ . If xγ /∈ dom

(
fγ

)
,

then we define zγ = xγ . Otherwise, we define zγ = y. ��
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