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Abstract Let .Z be a finite first-order language and (.7, | n < w) be a sequence
of finite .Z-models containing models of arbitrarily large finite cardinality. If the
intersection of less than continuum-many dense open subsets of Cantor Space “2 is
non-empty, then there is a non-principal ultrafilter %7 over w such that the correspond-
ing ultraproduct [ [, .#, has an automorphism that is not induced by an element of
[1<,, Aut(Ay).
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1 Introduction

Let .Z be a finite first-order language and (.#, | n < w) be a sequence of finite
Z-models. Given a non-principal ultrafilter % over w, we let [],, .#, denote the
corresponding ultraproduct and [x ], denote the =4, -equivalence class of an element
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x in [[,_,, «#u. An automorphism 7 of [[,, .#, is internal if there is a sequence
(mn € Aut(Ay) | n < w) such that w([x]9) = [y]y holds for allx,y € [[,_,, 4
with y(n) = 7, (x(n)) foralln < w. We call an automorphism 7 of [[,, ., external
if it is not internal.

If the continuum hypothesis (CH) holds and [],, .#, is infinite, then it is a satu-
rated model of cardinality R (see [1, 6.1.1] and [4]) and the group of automorphisms
Aut([ ]y, .#,) has cardinality 281 > Ry (see [1, 5.3.15]). In particular, [14 4, has
many external automorphisms in this situation.

If (CH) fails, then things can look totally different, as the following result (due to
the second author) on ultraproducts of the finite fields IF, of prime order p shows.

Theorem 1 [5] It is consistent with the axioms of ZFC that there is a non-principal
ultrafilter F over the set P of primes such that the field || z F), has no non-trivial
automorphisms.

Using this result, Simon Thomas and the first author proved the following result on
ultraproducts of finite symmetric groups. Recall that for n # 6 every automorphism of
the finite symmetric group Sym(n) is inner. In particular, every internal automorphism
of the group [ [ Sym(n) is inner.

Theorem 2 [3] It is consistent with the axioms of ZFC that there is a non-princi-
pal ultrafilter % over w such that all automorphisms of the group |4, Sym(n) are
internal.

The work of this note is motivated by the following questions.

Questions (i) Is it consistent with the axioms of ZFC that for every non-princi-
pal ultrafilter .7 over the set I of primes, the field [ | ~ I, has no non-trivial
automorphisms?

(i1) Is it consistent with the axioms of ZFC that for every non-principal ultrafilter
% over w, the group [[,, Sym(n) has only inner automorphisms?

The result of this note shows that a mild set-theoretic assumption implies the exis-
tence of ultraproducts of finite symmetric groups with external automorphisms.

Theorem 3 Assume that the intersection of less than continuum-many dense open
subsets of Cantor Space “2 is non-empty. If £ is a finite first-order language and
(M | n < w) is a sequence of finite £ -models containing models of arbitrarily large
finite cardinality, then there is a non-principal ultrafilter 7% over w such that [ |4, #,
has an external automorphism.

The above assumption is known as Martin’s Axiom for Cohen-Forcing and it is
implied both by the continuum hypothesis and Martin’s Axiom. Moreover, if & > 2%0
is a cardinal of uncountable cofinality, then this assumption holds in every generic
extension of the ground model obtained by adding «-many Cohen reals. This observa-
tion is interesting, because it is possible to construct a model of set theory witnessing
the conclusions of Theorem 1 by adding 83-many Cohen reals to Godel’s constructible
universe L (see [5, p. 65]).
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2 Extending partial elementary maps

From now on, we let .Z denote a finite first-order language and (.#}, | n < w) denote
a sequence of finite .Z-models. We may also assume that |.#,,| < |.#},+1| holds for
all n < w. For the remainder of this note, we fix a sufficiently large regular cardinal
6 such that the set Hy = {x | |tc(x)| < 0} contains all relevant objects.

Our aim is to inductively construct a non-principal ultrafilter %7 over w and a func-
tion f : [[,-,, @ — [l,,<,, #n such that there is an external automorphism f of
114 A with fx1y) = [yly forallx,y € 1,20 #n with f(x) = y. We will
approximate both %/ and f by their intersections with certain elementary submodels
of Hy of cardinality less than 2%0. The following definition captures this idea.

Definition 4 We call a triple (%, No, fo) adequate if it satisfies the following prop-
erties.

1. % is a non-principal ultrafilter over w.
Ny is an elementary submodel of Hy of cardinality less than 2%0 containing fo, %
and the sequence (%, | n < w).

part

3. fo:ll,zp #n —> |l,<y #n is a partial function and there is a partial elemen-
tary map fp : H% My 2 H% My, with the following properties.
(a) dom (f_o) C NoN H% M.
(b) dom (fo) = {x € [1,,—0, i | X7 € dom (fo)}.
(¢) Ifx € dom (fo) with fo(x) =y, then fo([x]z) = [y]1%-

Given adequate triples (%, No, fo) and (%1, N1, f1), we define

(%, No, fo) < (%, N1, f1)
to hold if No N 2y € %, No € Ny and fy N Ny C fi.

The idea behind this definition is that the submodel Ny fixes the subsets of %4 and
fo that will be contained in the final objects %/ and f (in the sense that NoN\ %) C %
and fyN Ny € f will hold). Note that f might be the empty function in the above def-
inition. In particular, there always exists an adequate triple. Moreover, if (%, No, fo)
is an adequate triple, then the partial map fy is uniquely determined. Finally, it is easy
to see that the above ordering of adequate triples is transitive.

Given %4 and Ny as in Definition 4, we define .#4, y, to be the unique .Z
-substructure of H% M, with domain Ny N H% My,. We list some basic
properties.

Lemma 5 1. Let % and 2y be non-principal ultrafilters over w and Ny be an
elementary submodel of Hy with %y € No and No N\ %) < % . Then the map

i: '%/‘l(),NU g Hﬂn N [X]”//() = [X]ﬂ//
4

is an elementary embedding.
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part

2. Given an adequate triple (%, No, fo), we have fy : Moy Ny — My, N, and
this is a partial elementary map.

3. If (%, No, fo) < (%, N1, f1) holds for two adequate triples, then the induced
map i : Moy N, — My, N, is an elementary embedding with

iofo=(fioi)[dom/(fp).

Proof Let ¢ = ¢(vg,...,9r—1) be an Z-formula and xq,...,X;—1 € Np N
[1,,<. <% By elementarity, we have {n < w | 4, = ¢(Xo(n), ..., Xk—1(n))} € No
and the assumption Ny N 24 < 7 allows us to run an easy induction on the complexity
of the formula ¢ to show

‘%ﬂ//o,No |: @([XO]%O, R [Xk—l]g//())
=[] & elxlz . x11%)
Yo
—nh<ow| 4, =pXon),....,xp_1(n))} € NoNU C U

(:’H//l” Ee(xolw, - Xe—11%)
%

The other statements follow directly from the above computations and the definitions
of My nand f. O

Proposition 6 Suppose %, X, f* and p satisfy the following statements.

1. % be a non-principal ultrafilter over w and X € Hp with | X| < 2%0.
part

2' p : HH<CU % 1

3. H(// My 2 w, M Is a partial elementary map with |dom (f*)| <

2NO {Ix1% | x € dom (p)} C dom (f*) and f*([x1y,) = [ylu, for all x €
dom (p) with p(x) =y.

—> [1,,<, #n is a partial function.

Then there is an adequate triple (%, No, fo) such that p < fo, f* = fo. X € N
and [No| = | X| + |[dom (f*)| + No. O
Proof We can find a partial function fo : [],_, % LA — [l 4 with p €
fo,dom (fo) = {x | [x]y, € dom (f*)}and f*([x],) = [yl forallx € dom (fo)
with fo(x) =y.Let D C [],_,, -#» be a complete set of representatives for elements
in dom ( f*). Then clearly |D| = |dom ( f*)| < 2%0. Finally, pick an elementary sub-
model Ny of Hy with DUXU{ fo, %, (Mn|n < w)} € Noand |No| = |D|+|X |+ Ro.

O

Lemma 7 Let (%, Ny, fo) be an adequate triple and x € Hy. There is an adequate
triple (7%, N1, f1) with the following properties.

1. (%, No, fo) = (%, N1, f1), INo| = [N1| and x € Ny.
2. dom (fl) is a definably closed subset of Moy, N,.
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part

Proof There is a unique extension f* : . #y, y, —> My, N, of fo to a partial ele-
mentary map whose domain is the definable closure of dom ( fo) Clearly, dom (/™)
is definably closed in [y, .#, |[dom (f*)| < |dom ( fo)l + 8o < [No| < 2% and
we can apply Proposition 6 with %4, No U {x}, f* and fy N Ny to find an adequate
triple (%, N1, f1) with the above properties. In particular, f; = f* and dom (f*) C
Moy Ny S My, N,- By the first part of Lemma 5, .#y, y, is an elementary sub-
structures of ./, y, and this shows that dom ( f ) = dom (f*) is definably closed in
%%O,Nl . O

We are now ready to state and prove the Main Lemma needed in the proof of Theo-
rem 3. This lemma allows us to enlarge the domain of our partial functions and make
sure that the final automorphism will be external.

Lemma 8 Assume that the intersection of less than continuum-many dense open sub-
sets of Cantor Space ®2 is non-empty. Let (%, Ny, fo) be an adequate triple with
dom (fo) definably closed in My, n,, W,2 € No N [],_, A withz ¢ dom (fp).
There is an adequate triple (71, N1, f1) with the following properties.

L. (%, No, fo) = (%, N1, f) and [N1| = |No|.

2. zedom (fi) and fi([zlz) # [Wla.

Proof We write z = [z]y, and .#* = ./, y,. For each n < w, we equip the
model .7, with the discrete topology and the product K = []; _,([], -, -#») with
the corresponding product topology. This means K is a perfect non-empty, compact
metrizable, zero-dimensional topological space and homeomorphic to Cantor Space
@2 (see [2, Theorem 7.4]).
Define T to be the set of all tuples (A, m, ¢, (Xo, ..., Xx—1)) with the following

properties.

i) AeNoN%,m < wandXo,...,Xx—| € dom (fy) N No.

() ¢ = @ug, ur, vo, ..., vg—1) is an Z-formula and

A = Qa,b) pa, b, [Xolg, - [Xk—11%)-

Given t = (A, m, ¢, (Xq,...,X;—1)) € T with fy(x;) = y;, the above definition
implies that the set

Dy ={(a,b) € K | @n € A\ m) 4y |= ¢(a(n),b(n),yo(n), ....yr-1()}

is a dense and open subset of K. The set 7' has cardinality less than 28 and our
assumptions imply that there is a pair (a, bx) € (e Dt

Next, we define U to be the set consisting of triples u = (A, ¢, (Yo, ..., Yk—1))
such that A € 2 N Ny, Yo, - .-, Yk—1 € No ﬂHn<w///n and ¢ = ¢(v, X0, ..., Xk—1)
is an element of tp_,«(z/ dom (fo)) with fo(%;) = [yil#,- Given suchanu € U, we
define

Xuy={neA| M E=la.(n) #b.(n) Apa,(n), yo), ..., yi—1(n))
A@bye(n), yom), ..., yi—1(m)]}

and Z = {Xy | u € U}. Clearly, Z is closed under taking finite intersections.
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Assume, toward a contradiction, that there is an u = (A, ¢, (_yo, el yk,l)_) eU
as above and m < w with X, € m. By assumptions, 7 ¢ dom (fo) and dom (fo) isa
definably closed subset of .#*. This shows .Z* &= (Ja) ¥ (Z, a, X, - . ., Xk—1) with

VY (uo, uy, v) = [uo # uy A @(ug, v) A e(ug, v)J.

Givenxo, ..., Xk—1 € NoN[], ., #n withx; = [x; 1%,» our assumption implies that
the tuple t = (A, m, ¥, (X0, ..., Xk—1)) is an element of 7. Since (a,, b,) € D¢, we
can find a natural numbern € A\m with ., = vy (a,(n), by(n), yo(n), ..., yi—1(n))
and hence n € Xy \ m, a contradiction. This argument shows that there is a non-prin-
cipal ultrafilter 7] over w with 2 C % and hence such that

{n € Alaun) #b.(n)} € %

for all A € No N %. Clearly this implies No N % < % and [a. ]y, # [bsly,.
Therefore, we may assume [ay |9, # [W]y,.

Leti : My, Ny — H%l My, be the elementary embedding given by Lemma 5. Sup-
posexo, ..., Xx—1 € NoNdom (fp)and H% My = o2y, X0 las X1 1)
with fy(xj) = y;. This means

u=(w, oW, [Xolgy, - Xe—112), (Yo, ..., Yx-1)) € U

and hence Xy € 2 C 7. In particular,

{n <ol = e@n),yon),....yi-1(n)} € %

and therefore H% My = o(ax]y,, [yolay, - - - [Yk—112,). This implication shows

part

that there is a partial elementary map f* H(// My —> |14, A whose domain is
the image of dom (fo)U{z}underz that satisfies f*([z]y,) = [ax ]9, and f*([x]y,) =
[yl#, for all x € No N dom (fp) with fop(x) = y. We can apply Proposition 6 with
1, No, f* and fo N Ny to obtain the desired adequate triple (%1, N1, f1). O

Corollary 9 Assume that the intersection of less than continuum-many dense open
subsets of Cantor Space ©2 is non-empty. Let (%, Ny, fo) be an adequate triple such
that dom (fo) is definably closed in Moy, N, and z € No N [],,-,, A#n. Then there is
an adequate triple (71, N1, f1) such that (%, Ny, fo) < (%, N1, f1), IN1| = |No|
and [z]9, € ran (fl) holds.

Proof We may assume [z]y, ¢ ran ( fy). By the elementarity of fp, ran (fo) is defin-
ably closed in .#, y,. We apply Proposition 6 w1th Y, No, fo and p = 0 to
obtain an adequate triple (%, My, go) with go = fo , No € My and |My| = |No|.
In particular, z ¢ dom (go) and dom (go) is definably closed in .4, »,. Next, we
use Lemma 8 with (%4, My, go) and z to find an adequate triple (%7, M1, g1) with
(U, Mo, go) = (%, My, g1), M| = |No| and z € dom (gy).

Let x € No Ndom (fy) € My with fp(x) = y. Theny € My N dom (go) and
therefore go(y) = x’ for some X' € Mo with [x]9, = go([ylz,) = [X'1%,. We can
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conclude {n < w | x(n) =x'(n)} € My N % < % and g;‘([x]%) = [yl%,. This
allows us to use Proposition 6 with %, M, g;l and fj to obtain the desired adequate
triple (741, N1, f1). |

3 Approximations of external automorphisms

In this section, we use the above results to inductively construct a non-principal ultra-
filter % over w such that the corresponding ultraproduct [[,, .#, has an external
automorphism. In the following, we also fix the following objects.

1. An enumeration (¢, | @ < 2™) of all subsets of w.
2. Anenumeration (o, | @ < 2%0) of all sequences in 11
3. Anenumeration (xy | @ < 280) of all sequences in 11

Aut(A,).

n<w n-

n<w

The next definition and the following lemma show how external automorphisms
are constructed in a routine way from ascending sequences of adequate triples.

Definition 10 A sequence ((Zy, N, fu, Za) | @ < 280) is an approximation of an
external automorphism if the following statements hold true for all @ < 2%,

1. The triple (%, Nu., fo) is adequate, N, has cardinality || + [No|, dom (fy) is
definably closed in %) = Ay, y, and ¢y, Xq, 0o € Ny.

2. zy ¢ dom (fy) and, if x4 ¢ dom (fy), then X, = Zq.

3. If B < a. then (%g, Np. f3) < (% Na. fu).

4. Itwell,_, A withw(n) = 64(n)(zy(n)) for all n < w, then

n<w

fos1(2za12,,) # Wl

5. 2y € Ny Ndom (fo+1) and [X4 ]9, € ran (.fa+1)~

Lemma 11 Let (%, Ny, fu,2o) | @ < 280) be an approximation of an external
automorphism. Define % =, _yo No N Uy and f = |J, -0 fo N No.

1. % is a non-principal ultrafilter over w and f : [|,_, #n — |1, A is a
total function. B B
2. There is an external automorphism f of [y, A, with f([x1y) = [yl for all

X € 1< A with f(x) =y.

Proof Our construction directly implies that %/ is a filter and non-principal. It is an
ultrafilter, because every ¢ C w is of the form ¢ = ¢4 € N, for some o < 280,

Given x € [, ., #x, there is an o < 2% with x = x4 € N,. If x € dom (fo)s
then fy(X) € Ny, (fa(X).X) € fo NNy € f and x € dom (f). Conversely, if
X ¢ dom (fy), then x = z, € dom (fy+1) N N, and we can conclude x € dom (f) as
above. This shows that f is a total function.

By Lemma 5, there are elementary embeddings iy : %, — [, ., that satisfy
io([x]g,) = [X]y forall o < 2% andx € N, N I1,,~., <% and a directed system

n<w n<w

(ia,ﬂ:///;—>///§|a§ﬂ<2xo)

@ Springer



Sh:982

440 P. Liicke, S. Shelah

of elementary embeddings with iy = ig o igp foralla < g < 280 Moreover, we
have iy g o fa = (f,g 0 g, ,3) [ dom (fa) foralla < 8 < 280 This shows that there
is a total elementary map f : 1y 4, — 114y A, with f(x1%) = [yly for all
X € [I,-,, 4 with f(x) =Y.

Givenx € [[,_,, #n, thereis an o < 2% with x = x,, and this implies [X]y, | €
ran (fy41). Since X € N1, the above computations show that [x ], € ran (f) holds.
This proves that f is surjective.

Finally, assume, toward a contradiction, that f is an internal automorphism. Then
we can find an @ < 280 such that f([x]4) = [y]4 holds for all X,y € | | P/
with y(n) = 04(n)(x(n)) for all n < w. By definition, fa+l([za]0u+1) #* [w] %
with w(n) = 0,(n)(zy(n)) and this means f([za]az/) # [w]lg/, a contradiction. O

If Martin’s Axiom for Cohen-Forcing holds, then we can apply Lemma 8 and
Corollary 9 continuum-many times to construct an approximation of an external auto-
morphism. The next lemma completes the proof of Theorem 3.

Lemma 12 Assume that the intersection of less than continuum-many dense open
subsets of Cantor Space “2 is non-empty. If (%, Ny, f«) is an adequate triple, then
there is an approximation of an external automorphism %y, Ny, fo,2q4) | 0 < ZRO)

with (U, Ny, fx) < (%, No, fo).

Proof We inductively construct the approximating sequence. Assume that we already
constructed ((Zy, Ny, fo,Zo) | @ < y) withy < 2% guch that the statements (1), (2)
and (3) of Definition 10 hold for all @ < y and the statements (4) and (5) of Definition
10 hold for all @« < y witha + 1 < y.

If y = 0, then we can use Lemma 7 and our cardinality assumptions to construct a
tuple (2, No, fo, zo) wWith (%, Nx, f+) < (%, Ny, fo) that satisfies the statements
(1) and (2) of Definition 10.

If y = B+ 1, then zg ¢ dom (f3), dom (f3) is definably closed in A and there
iswe NgNl,_, #n with w(n) = o g(n)(zg(n)) for all n < w. In this situation,
we can apply Lemma 7, Lemma 8 and Corollary 9 to produce an adequate triple
(%,, Ny, f,) with the desired properties.

Let y be a limit ordinal and define 2 = | w<y Ny N %,. This collection of sub-
sets is closed under finite intersections and contains only infinite sets. Let %, be a
non-principal ultrafilter over @ extending Z. As in the proof of Lemma 11, there are
elementary embeddings iy : 4 — H(% My and g g 1 My — ////;‘ such that

iq =igoiypforalla < B < y.Lemma 5 shows that there is partial elementary
part

map f*: HUZ/ My —> ]_[02/ M, with domain {xlz, 1x€ U‘Ky dom (fy)} that
satisfies iq 0 fy = (f* 0ig) | dom (fy) for all @ < y. Apply Proposition 6 with
Uy Jy<y Na» f* and U, -, fo N N and Lemma 7, to obtain an adequate triple
(#,, Ny, f,) with the desired properties.

By our assumptions, H(% M, is an infinite model and the results of [4] show that
Ay, with [yly, ¢ dom (f,) and
therefore y ¢ dom ( ;). By elementarity, we can assume y € N,. If x,, ¢ dom (),
then we define z, = x,,. Otherwise, we define z,, =y. O

it has cardinality 2%, This gives us any € []

n<w
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