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ABSTRACT

The paper is in two parts. In Part I we describe a construction of a certain kind of subdirect product of
a family of rings. We endow the index set of the family with the partial order structure of an SFP
domain, as introduced by Plotkin, and provide a commuting system of homomorphisms between those
rings whose indices are related in the ordering. We then take the subdirect product consisting of those
elements of the direct product having finite support in the sense of this domain structure. In the
special case where the homomorphisms are isomorphisms of a fixed ring S, our construction reduces
to taking the Boolean power of S by a Boolean algebra canonically associated with the SFP domain.

We examine the ideals of a ring obtainable in this way, showing for instance that each ideal is
determined by its projections onto the factor rings. We give conditions on the underlying SFP domain
that ensure that the ring is atomless. We examine the relationship between the L., -theory of the ring
and that of the SFP domain.

In Part I we prove a ‘non-structure theorem’ by exhibiting 2™ pairwise non-embeddable
L. -equivalent rings of cardinality N, with various higher-order properties. The construction needs
only ZFC, and uses Aronszajn trees to build many different SFP domains with bases of cardinality ¥,.

Preface

This paper presents a blend of ideas from ring theory, set-theoretic combinatorics
and computer science. It is divided into two parts; Part I will perhaps be of more
interest to algebraists, and Part II to logicians.

In Part I we develop a method of constructing a subdirect product of certain
families of rings. To do this we impose a partial order structure on the index set
of the family. We take this poset structure to be that of an SFP domain, a notion
introduced in [14] and well-known to domain theorists in computer science. The
construction we give is related to the Boolean power construction (see [4]), and
reduces to this in special cases (see Theorem 1.4.2). It tends to produce rings with
many orthogonal central idempotents, so is most at home when constructing
Boolean or von Neumann regular rings.

We analyse the ideals of the resulting subdirect product and show that inter alia
they carry information about the underlying poset structure of the index set. So if
two such rings are isomorphic then their underlying SFP domains must be fairly
similar.

We exploit this in Part II. Using a variant of the construction of Aronszajn
trees in set theory we will construct, using ZFC only, 2™ pairwise ‘dissimilar’ SFP
domains. If all component rings are assumed to be countable, any subdirect
products obtained with them will be pairwise non-embeddable rings. We can
impose further conditions on the domains or the component rings themselves to
obtain stronger results.

This is paper #297 on Shelah’s publication list.
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A ‘sample theorem’ is:

THEOREM. Let S be a countable Boolean ring. There are 2™ pairwise non-
embeddable Boolean rings R of cardinality N, extending S. Each such ring R is
existentially closed and without non-trivial injective endomorphisms (‘rigid’), and
each of its maximal ideals has a countable set of generators.

This is proved in § 6 of Part I1. The theorem suggests that there are too many
such rings to classify fully. It is thus a non-structure theorem in the spirit of, for
example, the result of [15] that if T is a non-superstable complete first-order
theory of cardinality k then there are 2* pairwise non-elementarily embeddable
models of T of cardinality A for all regular A greater than k (this has now been
extended to all A > k). The construction is not limited to Boolean rings. Corollary
I.1.4 will show that if K is the class of commutative rings, von Neumann regular
rings, or existentially closed commutative rings, then the resulting subdirect
product also lies in K. If SeK, we can use this to build 2™ pairwise
non-embeddable but L.,-equivalent rings R of cardinality N, in K extending §
(by taking a subdirect product of rings in K). Each ring R can be given a degree
of rigidity, and each maximal, prime and irreducible ideal of R will be countably
generated.

The work in this paper simplifies the construction in the doctoral thesis [8] of
the first author, which used the continuum hypothesis. The argument there was
more complicated and less general because SFP domains were not used. The
motivation for [8] came from the paper of Ziegler [17]. Recall that a ring R is
atomless if it has no principal maximal ideals. If R is a countable Boolean ring,
then R is atomless if and only if the injective hull of R regarded as a left
R-module has no indecomposable direct summand (cf. the example preceding
5.11 of [17]). In this case it is easily seen that R has 2™ (that is, 2'%') maximal
ideals. (A generalisation to arbitrary countable rings was given in [17]—see, in
particular, § 5 and 7.1(1), 7.2, 8.3.) Our initial objective was to show that this
fails when |R| = N,. This is established by the ‘sample theorem’ above. Each R of
the theorem is Boolean and existentially closed, and hence atomless [7, 6.3.9, Ex.
6.3.2]. But every maximal ideal is countably generated, so they are at most 2™ in
number—this can be less than 2™ = 2'®! (for example, if we assume the continuum
hypothesis). The construction in [3] gives an atomless Boolean ring of cardinality
N, also illustrating this, but Jensen’s { (diamond) is used. On the other hand,
unlike our construction, the Boolean algebra constructed in [3] has no uncount-
able set of pairwise incomparable elements. (The Boolean algebras that we build
in Part II have no countable dense subalgebras. By [3, Theorem 3], if B is a
Boolean algebra of cardinality @, with no countable dense subalgebra, then B
has an uncountable set of pairwise incomparable elements.)

It would be interesting to prove an intrinsic characterisation theorem for rings
arising by our construction, analogous to that for varieties and reduced products.
Possibly the work of Smyth [16] and Jung [11] would be relevant.

The first author would like to thank his Ph.D. supervisor Wilfrid Hodges, to
whom he owes a great debt for detailed comments on a draft of this paper, and
for much help and encouragement both during and after the Ph.D. period.
Amongst many other things he pointed out the connection with Boolean powers.
Thanks for useful suggestions are also due to U. Avraham, U. Felgner, R.
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Grossberg, M. Prest, J. C. Robson, S. J. Vickers and the referee of an earlier
draft of part of this paper. The first author further thanks D. Gabbay, who read a
draft of the paper and made a series of valuable suggestions, and also the U.K.
Science and Engineering Research Council, King’s College, Cambridge, and
many friends, for financial and moral support without which the Ph.D. would not
have been completed.

ParT I. SFP sYSTEMS

This part of the paper contains the results of a more algebraic nature. We will
define the notion of an SFP system of rings, and study some of the properties of
its limit,

Let us describe the approach in rather more detail than above. Let (P, <) be a
poset such that for every p € P we have a ring R,. Suppose further that for every
p, q € P with p <gq, we have a ring homomorphism v,,: R,— R,. We require
that the v,, (for p <gq in P) form a commuting system in the usual sense.

Assume that P has a least element, L, say. Then the presence of the maps v
allows us to embed the ring R, diagonally into the direct product I1(R,: p € P),
via r—= (v ,(r): peP) for re R,. We would like to generalise this as -follows.
Let Nc P be finite. Can we embed the finite direct product II (R,: n e N)

"diagonally into the full direct product?

So let r eIl (R,: neN). We need to define its image r' in [I (R,: p € P). By
analogy with the case N = {1}, for each p € P we would like to define r'(p) to be
v,,(r(n)), where n is an appropriate element of N, depending on p. To force a
unique choice of n for each p we will assume that N has the following property:

for all p € P there is a unique maximal element of {(n e N: n<p}.

We call such an N a support. This would hold, for example, if N is linearly
ordered and L € N. We write this maximal element as p/N. We can now define r’
to be (v,w,(r(p/N)): peP). Then N is in effect a finite support of r' in
II(R,: peP).

So we consider the set R* of all elements of [] (R,: p € P) having a finite
support in this sense. We require that R* be a subring of I[I(R,: p€ P). To
obtain closure under + and — we will need any two finite supports to be
contained in a third, and to avoid redundancy of any R, we will formally require
that

(*) any finite subset of P extends to a finite support N c P.

For example, if P is linearly ordered with a least element, this is trivially true. So
we could take P to be (QU {—=}, <), each R, to be the ring Z, =2Z/2Z, and all
v,, to be the identity map. In this case R* turns out to be the countable atomless
Boolean ring. See Remark 4.3(2).

However, the condition (*) holds in much more general cases and is closely
related to the SFP domains of Plotkin [14]. Any P satisfying (%) extends
canonically to an SFP domain by adding where necessary a least upper bound A
for each directed subset D of P. These extra points & turn out to be very useful:
(R4, V4e: d<e in D) forms a direct system and it is technically convenient to
define R, to be its direct limit, and extend v accordingly. Hence we will work with
SFP domains throughout.
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It is easy to show that if the ‘component rings’ R, (p € P) have various
properties then so does R*. Examples of properties preserved in this way are
commutative, Boolean, von Neumann regular, and existentially closed commuta-
tive (see Corollary 1.4). The cardinality of R* is also related to the cardinalities of
P and of the R, (see Proposition 1.5), and the L..,-theory of R* is determined by
the L.,-theory of P together with the R, and the maps v,, (§ I.6).

So far the construction could be undertaken for any model-theoretic structure.
We consider rings because we can fruitfully study their ideals. See §§ 2—4 below.
(Generalisations to structures such as lattices are probably possible here.) An
important class of ideals arises as follows. If  is a (left) ideal of R, for some s € P,
then the set / @s = {r e R*: r(s) eI} is a left ideal of R*. Ideals of this form are
called full ideals: they are in a sense ‘locally determined’. We can recover [ and s
from / @s, so the full ideals are closely related to the poset structure of P. They
are a kind of basis for the set of all ideals of R*. Using the extra elements h of P
we can show that any maximal, prime or irreducible ideal of R* must be full, and
every ideal of R* is the intersection of the full ideals that contain it.

The layout of this part of the paper is as follows. In § 1 we discuss SFP domains
and formally lay out the subdirect product construction. In §§2-4 we discuss
ideals of R*, and in § 5 we use these results to enforce that R* has a property
related to atomlessness. Finally, in § 6 we discuss L..,-equivalence.

1. Definition of an SFP system

In this section we give most of the definitions that we will need, plus some
examples and useful lemmas for illustration.

Algebraic dcpos

Recall that a partially ordered set, or poset, is a (usually non-empty) set
equipped with a reflexive transitive binary relation, written here as ‘<’. A poset
(D, =) is directed if for all finite subsets X of D there is d € D with d = x for all
x € X. Equivalently, D is non-empty (take X = ) and whenever d,, d, € D, then
there is dy € D with d3;=d, and d, = d,. It will help to bear in mind that directed
sets are always non-empty.

A non-empty poset P is said to be directed complete (a ‘dcpo’) if any directed
subset D of P has a least upper bound in P. That is, there is u € P such that for all
v e P we have v=u if and only if v=d for all d € D. We write this bound u as
lub(D), or more explicitly lubp(D). It is necessarily unique.

An element p of a dcpo P is said to be finite if whenever D is a directed subset
of P and p <lub(D) then p <d for some d € D. We write P’ for the set of finite
elements of P. We call P° the base of P, and P is said to be algebraic if for all
peP, the set pl={qeP: g<p} is such that p| NP’ is directed and
lub(p| N P’%) =p. That is, p is the ‘lub’ of the set of finite elements beneath it. It
follows that in this case P is determined by its base (see below). Algebraic dcpos
P with countable base and a minimum element are usually called domains in the
computer science literature.

Examples of algebraic dcpos are all finite (non-empty) posets and all successor
ordinals. If X is a non-empty set then its power set (X)), ordered by inclusion, is
an algebraic dcpo whose finite elements are just the finite subsets of X, whence
the name. The half-open real interval (0, 1] has no finite elements and shows that
a dcpo need not be algebraic, as does the dcpo illustrated in Fig. 1.1.



Sh:297

A CONSTRUCTION OF MANY UNCOUNTABLE RINGS 453

Xo = Yo
&.

FiG. 1.1

ldeals

Let P be any poset. An ideal of P is a subset [ of P that is closed downwards
(thatis,ifx € P, y € land x <y then x € [) and directed. Clearlyif p € Pthenp| isan
ideal; ideals of this form are said to be principal. It is well known that if P is an
arbitrary non-empty poset, then the set of ideals of P, ordered by inclusion,
forms an algebraic dcpo. Its finite elements are just the principal ideals, and they
are in order-isomorphism with P. Hence any P can be ‘completed’ to an algebraic
dcpo by taking this ‘ideal completion’. Moreover, any algebraic dcpo P is
isomorphic to the ideal completion of its base P’. We will often identify a poset
with the set of finite elements of its ideal completion. (A similar ideal completion
can be undertaken for preorders also.)

Locally directed sets

Let P be a poset. A subset N of P is said to be locally directed in P (written
N=P)if p| N N is directed for all p € P. Equivalently, N< P if and only if NN/
is directed for all ideals [ of P.

For example, if P is an algebraic dcpo then P’< P. If P contains a least
element L, then any linearly ordered subset N of P with L € N is locally directed
in P. A subset N of pX is locally directed in (pX, <) if and only if N is closed
under finite (including empty) unions. Since P< P for any P, locally directed
does not imply directed. The converse also fails, since if L is the least element of
P then NSP > 1L eN. So if peP\{L} then {p} is directed but not locally
directed in P.

It is easily seen that <2 is a reflexive and transitive relation on posets, and that
fNSPand NceQcPthen N=2Q.

Now assume that P is a dcpo. If N=<P and peP, we write p/N for
lubp(p| N N). The lub exists since P is a dcpo. Indeed if N is finite, or, more
generally, a dcpo such that lubp(D)=Iluby(D) for all directed D c N, then
P/N e N. We can view p/N as the best approximation to p in N. We have
p/N <p for all p € P. Further, P is algebraic if and only if P°< P and p/P'=p
for all pe P. If N= P, we can define an equivalence relation ~, on P by
x~ny © x/N=y/N. We will see in § 4 that the equivalence classes are related
to the well known ‘patch’ topology on P.

SFP domains
We can now define the strain of poset of interest to us here. A poset P is said
to be nice if any finite subset X of P can be extended to a finite locally directed
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subset of P. An SFP domain is an algebraic dcpo P such that P" is nice. So the
ideal completion of a nice poset is an SFP domain, and all SFP domains arise in
this way.

An equivalent definition uses the notion of MUB-closure (see Plotkin [14]). If
X € P, define MUB(X) = {p € P: p is a minimal upper bound of X}. Also define
an increasing chain U"(X) (n < w) by

UX)=X, U™'(X)=U{MUB(Y): YcU"X)}, U“X)=U U"(X).

We call U“(X) the MUB-closure of X. Then it is easily seen that P is SFP if and
only if, for all finite X c P,

(i) for all p e P with X c p| there is y e MUB(X) with y <p,

(i) MUB(X) is finite,

(i) U“(X) is finite.

In fact, in this case U“(X) < P". Domains satisfying (i) and (ii) are sometimes
called 2/3-SFP. Of course, (iii) implies (ii).

Examples of nice posets are any finite poset, any linear order with a least
element, any Boolean algebra, and any tree with finitely many minimal elements.
The restriction to finitely many minimal elements is necessary. For if P is a nice
poset then take a finite set N< P. Every p € P lies above some element of N.

Hence the minimal elements of P are exactly the minimal elements of N.
Figure 1.2 shows the three main kinds of non-nice poset. See [16].

FiG. 1.2

On the left of Fig. 1.2 the two black elements have no minimal upper bound,
violating condition (i) above. In the centre poset they have infinitely many
minimal upper bounds, violating (ii). The right-hand poset satisfies (i) and (ii) but
now the black elements have infinite MUB-closure.

SFP domains were introduced in [14] as those arising as inverse limits of
projective Sequences of Finite Posets. They are of considerable interest in
computer science, where they are used to provide denotational semantics for
programming languages. Any domain P can be equipped with a topology (the
Scott topology): the open subsets X of P are defined to be those such that

(i) X is closed upwards, and
(ii) if D is a directed subset of P and lub(D) € X then DN X # .
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If D and E are domains, we write [D— E] for the poset' of Scott-continuous
functions from D to E, ordered by

f<g © f(d)<g(d) foralldeD.

In [16] Smyth showed amongst other things that if D is a domain with countable
base, then [D— D] is also a domain with countable base if and only if D is SFP.
In this case [D— D] is also SFP. The SFP domains form the largest Cartesian
closed full subcategory of the category of domains (with countable base and a
minimum element), the morphisms being the Scott-continuous maps. The
restrictions of countable base and minimum element were removed by Jung
[11]—in this case there are four such maximal subcategories.

SEP systems

We now give our main algebraic definition. An SFP system is a triple
(P, p, v), where the following hold.

(i) The set P is an SFP domain.

(ii) The map p is a map from P into the class of rings (throughout this paper,
all rings will have a 1, and 1#0). We will write R, for p(p), where p is
understood.

(iii) The map v is a map defined on those pairs (p, q) € P? with p <gq. Each
v(p, q) is a ring homomorphism from R, into R,. (All ring homomorphisms in
this paper preserve 0 and 1.) We write v(p, q) as v,,. We require further that

(a) v, is the identity on R, for all p € P,

(b) vyovpy=v, ifp<qg<rinP,

(c) if D is a directed subset of P, with least upper bound u € P, then R, is the

direct limit of the direct system (R,, v,: d<ein D), and for all de D,
the map v, is the canonical ring homomorphism from R, into R,.

Remark 1.1. Let P be a nice poset. Suppose we have a triple (P, p, v)
satisfying (ii) and (iii) (a), (b). Then we can canonically complete it to an SFP
system by

(1) embedding P canonically into its ideal completion Q,

(2) defining R, for g € Q\P to be the direct limit

im_(R,, v, psrin PNgql),

and

(3) defining v, for g <gq' in Q to be the ‘limit’ of the v,,. for p, p’ € P with

P<4q,p'<q'.

(Notice that if D is a directed subset of Q with luby(D)=4¢q, then as
each pePNgq| is finite in Q, there is de D with d=p. It follows that
lim_(R,: de D) =R,. Hence Condition (iii(c)) holds.) All SFP systems arise in
this way. So an SFP system (P, p, v) is determined by its ‘finite’ part: by P, R,
and v, for p<p’ in P°.

Limits of SFP systems

Let (P, p, v) be an SFP system, and let N<P. Recall that if p € P, the
element p/N is defined to be lubp(p| NN). An element re[I(R,: p e P) is
said to have support N if r(p) = v,y ,[r(p/N)] for all p € P. We define the limit
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of (P, p,v), or lim(P, p, v), to be the subdirect product consisting of those
elements of [] R, that have a finite support N for some N < P°. Since P is an SFP
domain, any two finite locally directed subsets of P° are contained in a third, and
it follows that the limit of (P, p, v) is a subring of [[R,. Clearly it is also
identifiable with a subring of [I(R,: p € P’), since P’ supports any element of
the limit of (P, p, v).

We will generally write Rp for the limit of (P, p, v). Obviously, for any p,e P
the projection (r+— r(p,)) of Rp onto R, is a surjective ring homomorphism.

As an example, if P°=(Q, <) U {—=} and all R, are Z, then R, is the unique
countable atomless Boolean ring. (A Boolean ring R is atomless if and only if
whenever r # 0 in R then there is s € R with r #s.r =5 #0.) See Remark 4.3(2)
below.

Subsystems

Let P be an SFP domain. If Q = P, we write Q <P, and say that Q is a
subdomain of P, if

Q is itself an SFP domain under the ordering induced from P,

Q°c P,

Q is a locally directed subset of P (Q < P),

if D is a directed subset of Q then luby(D) = luby(D).
Note that these conditions imply that PN Q < Q" so that we have P°N Q = Q°
in fact. Clearly < is reflexive and transitive, and if N ¢ P is finite then N <P if
and only if N< P°.

ProrosiTiON 1.2. Suppose that we have an SFP system (P, p, v). Let Q <P.
Then (Q,p | Q,v | Q% is an SFP system. Moreover, its limit ring Ry is
canonically isomorphic to the subring of Rp consisting of those elements supported
by Q.

Proof. To show that {(Q, p | Q, v | Q%) is an SFP system we only need to
check that if D < Q is directed then

RlubQ(D) = llm<Rd, Ve d e in D)

But this is clear, since (P, p, v) is an SFP system and luby(D) = lubp(D).
Now if r € Ry, there is a finite N < Q supporting . By transitivity of < we have
N < P, so r extends naturally to an element r’ € Rp given by

r'(p) = Vpw,plr(p/N)] forpeP.

The map r+>r' is a ring embedding from R, into Rp, and clearly its image is
precisely the set of elements of R, supported by a finite locally directed subset of
Q. We must show that this is the set of all elements of Rp supported by Q.

Certainly if s € Rp is supported by a finite set N<2 Q then s is supported by Q.
Conversely, let s € Rp be supported by Q. Let N < P be a finite support of s. We
show that NN Q< Q, and NN Q is a finite support of s in Rp.

If p € P, define p; (i <w) by

Po=D, P2i+1=P2i/Q, P2i+2=P2i+|/N-

Then it is easy to show by induction on i that, for all i < w,
(@) p;=xforallxe NNQNp|, and

(b) S(p) = Vp;,p(s(pi))'
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But py=p,=..., so as N is finite and p,; € N for all i >0, the sequence p; is
eventually equal to n for some ne NNQ. Clearly n=lub(NNQNp|) and
s(p) = Vnp(s(n)). It follows that NN Q< Q, and N N Q supports s.

Hence the image (Rp)’ is precisely the set of elements of Rp supported by Q.

In future we identify R, with the subring (Rp)’ of Rp, whenever Q <P.

A special case is where Q is finite, that is, O =N, a finite locally directed
subset of P°. Then clearly Ry =[I(R,: ne N), a finite direct product. If N, N’
are finite locally directed subsets of P°, and N ¢ N’, then N <N’, and so (if we
make the identification) Ry is a subring of Ry.. Since P is SFP, the following is
clear:

ProPOsSITION 1.3. The system (Ry: N<P° is finite) is a direct system of rings
under inclusion, and its direct limit is naturally isomorphic to Rp.

CoroLLARY 1.4. Let (P, p, v) be an SFP system.

(i) If P has a least element, L, say, then R, is a subring of Rp.

(ii) The following classes K of rings are closed under SFP systems, in the sense
that if R, € K for all p € P° then Ry € K also:

(a) the class of commutative rings;
(b) the class of von Neumann regular rings (that is, Rk V¥x 3y(xyx =x));
(c) the class of Boolean rings;

(d) the class of rings that are existentially closed in the class of commutative
rings;
(e) the class of existentially closed rings in the class of Boolean rings.

Proof. (i) Suppose that L € P is such that L <p forall p e P. Clearly { L} <P.
The result now follows from Proposition 1.2.

(ii) By Proposition 1.3 it is enough to show that the classes cited are closed
under finite direct products and direct limits—or at least, direct limits of direct
systems with injective morphisms. This is clear for (a), (b) and (c), where there is
no use of injectivity. We prove (d).

Let L be a first-order signature and £ a class of L-structures that is closed
under isomorphism. Recall (from, for example, [7]) that an L-structure M € X is
said to be existentially closed in £ if whenever McNeZXZ and ¢(x) is an
existential formula of L, then

for all a e M, if N @(a) then already M k @(a).

Clearly the class of existentially closed structures is closed under isomorphism. By
considering disjunctive normal forms we need only consider formulas @(x) of the
form 3yy(x, y) where y is a conjunction of atomic and negated atomic formulas.

It is easy to see that if ¥ is closed under direct limits of the form
lim_ (M, v;: i<j in I) where the v; are injective, then a direct limit of
existentially closed structures is existentially closed. The class of commutative
rings is closed under such limits, so to prove (d) it suffices to prove that if A, B
are existentially closed commutative rings (that is, they are existentially closed in
the class of commutative rings) then so is A X B.
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Suppose that C is a commutative ring containing A X B. Let e, =(1, 0),
e;=(0,1) in A X B. Then since C is commutative, e, is a central idempotent of
C. It follows that the left ideal Ce, of C is a commutative ring in its own right,
with identity e,. It has a subring (A X B)e,, which is isomorphic to A via
(a, b)e,—>a. Similarly, Ce, is a commutative ring with a subring (A X B)e,
isomorphic to B.

Now since e;e, =0 and e, + e, =1 we have C = Ce, X Ce, via c+>(ce,, ce,). It
follows that

(##) if a(x) is an atomic formula of L and ¢ € C, then

Cra(C) © Cekua(ce) fori=1,2.
Similarly, if ¢ € A X B then
AXBEa(f) © (AXB)eka(ce) fori=1,2.

If « is an atomic formula, define a' to be a and &’ to be —a. Let (%, y)
above be /\;., @;(%, 7)", where the «; are atomic formulas of the signature
{+,—,%,0,1} of rings, and n; =0 or 1. Suppose that CF y(a, ¢) for ae A X B,
¢ € C. Then by (*x), there are p;, g; € {0, 1} with p;q; = n; for all j <m, such that
Ce,k /\; o;(de,, Ce,)” and Ce,k /\; a;(ae,, ce,)".

As (A X B)e,=A, we can identify them and regard A as a subring of Ce,.
Because A is existentially closed, there is ¢, € A such that AF /\; a;(ae,, ¢,).
Similarly, we can find ¢, € B with analogous properties for B. Take de A X B
with de, = ¢,, de, =¢,. Then Ak /\; a(ae,, de,)" and B F /\; a;(de,, de,)%. Hence
by (**) again, A X Bk \; a;(a, d)".

Hence A X B is an existentially closed commutative ring, as required.

(e) The proof is the same as that of (d).

Note that for Boolean rings, existentially closed is the same as atomless. See, for
example, {7, 6.3.9, Ex. 6.3.2]. Since many of the SFP domains we use have a least
element L, SFP systems can often be used to produce rings extending a given ring
R =R, (Corollary 1.4(i)).

A similar proof gives a slightly more general preservation result, namely that if
all R, satisfy @ = Vx 3y(/\; n;— x) where n; and & are equations, then R, also
satisfies @. This includes Corollary 1.4(ii)(a)—(c).

There is an easy cardinality result that also follows from Proposition 1.3.

ProposiTiON 1.5. Suppose that (P, p, v) is an SFP system in which each ring R,
is countable, and P is infinite. Then |Rp| = |P").

Proof. If N is finite and N <P then Ry is countable. Since P is infinite, so is
P'. Consequently, by Proposition 1.3 we have

IRp| <> {IRn]: N<P, N finite} <. |{N<P: N finite}| <|P|.

Conversely, define finite sets N; <P (i <|P"|) by induction on i as follows.
Given that N, have been defined for all j <i, choose p; € P\U,; N; and take a
finite set N; < P containing p,. Define for each i, an element r; € Rp by r; € Ry,
r{p:) =1 and r,(q) = 0 for all g € N\{p;}.
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Suppose that r; = r; = r for some i, j with i <j <|P°|. Let n = p;/N;. Then as N,
supports r, we have 1=r(p;)=v,,(r(n)). Hence r(n)=1 and n=p,, so that
pi<p;. Similarly, p;<p,. Hence p; = p;, and by choice of p; ¢ {_,<; Ni we obtain
i=j.

So if i <j<|P"| then r;#r,. It follows that |Rp|=|P"|, which completes the
proof.

2. Ring ideals

In this and the following two sections we examine the relationship between
(ring) ideals of the limit ring R, of an SFP system (P, p, v) and the underlying
SFP domain P of the system. The relationship is close and will be crucial for the
work in later sections and in Part II. Unless otherwise stated, all ring ideals will
be left ideals, though most of our results apply to two-sided ideals as a special
case.

The study has three aspects. In § 3 we examine the class of full ideals of Rp. An
ideal is full if it is of the form {r € Rp: r(p) € I} for some p € P and some ideal /
of R,. So the full ideals are linked naturally to the elements of P, and because of
this they will be used heavily in Part II of this paper. We show that all maximal,
prime and irreducible ideals of R are full. Then in § 4 we use the correspondence
between full ideals and elements of P to motivate the link between SFP limits and
Boolean powers. Stone duality is involved.

We begin in this section by showing that an ideal of the limit ring Ry of an SFP
system o = (P, p, v) is determined by its projections onto the component rings
R, (p € P). Full ideals are important in the proof. We also obtain a characterisa-
tion of the ideal of R, generated by a given ideal of the limit ring of an SFP
subsystem of o.

Ideals of limit rings of SFP systems

NoraTioN. Let P be an SFP domain, and let (P, p, v) be an SFP system with
limit ring Rp. We will generally use ‘J° to denote an ideal of R, and ‘I’ for an
ideal of a component ring R, (p € P). If J is an ideal of R, and g € Q < P, we will
write J,, for J N Ry, and J,(g) for the projection {r(q): r € Jo} of J, onto the gth
component ring R,. We write simply J(q) for Jp(q).

Let J be an ideal of Rp. Then certainly, J(p) is an ideal of R, for all p € P, and
so we obtain a family of projected ideals, (J(p): p € P). The main aim of this
section is to prove that this family determines J.

DeriNiTiON. Let (P, p, v) be an SFP system with limit ring R, and let J c R,
be an ideal. Define

J$={reRp: r(p)eJ(p) for all p € P}.

Evidently, J$ is an ideal of Rp, and J cJ$=J$$. We will prove the following
theorem.

THEOREM. Let (P, p, v) be an SFP system with limit ring Rp and let ] ¢ Rp be
an ideal. Then J$ =J.
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That is, if J' is any ideal of R, with J'(p) =J(p) for all p € P, then J' =J. This
is a key result and will greatly simplify our work later.

We establish it in three stages. The case where P is finite is easy and is proved
in Lemma 2.1; it essentially says that in this case, J =[I(J(p): p € P). Note that
any finite poset is an SFP domain. In Theorem 2.2 we establish some properties
of ideals J$ such that J$(p) # R, for a unique p € P. These are the full ideals. In
Theorem 2.3 we use them to prove the full version of the theorem.

LemMa 2.1. Let P be any finite poset and let (P, p, v) be an SFP system with
limit ring Rp. Let J be an ideal of Rp. Then J =JS$.

Proof. 1t is clear that J cJ$. We prove that J oJ$. For each p € P define a
central idempotent e, € Rp by

1 ifx=p,

&x) = {o if x € P\{p).

If reJ$ then r(p)eJ(p) for all peP. So for each p there is s, €J with
s,(p)=r(p). Thenr=%,.p (e, .s,) €J, as required.

Now fix any SFP system (P, p, v).

DerniTiON. If p € P and [ is a proper ideal of R,, we write I @p for the set
{reRp: r(p)el}.

Note that / @p is a proper ideal of the limit ring Rp. Strictly it depends on P
also, and we will sometimes write ‘/ @p in Rp’. By definition, I@p = (1 @p)$.

If p'€ P and I' is an ideal of R,., then /@p =1' @p' implies that p =p' and
I=1I'. For if p#p’, then as P is algebraic, p| N P’#p’| N P’. Assume without
loss of generality that there is ¢ € PN (p|\p’|). As P is an SFP domain, there is
a finite set N < P (that is, N < P’) containing q. Hence p/N #p'/N. We can find

re Ry such that r(p/N)=0 and r(p'/N)=1. Then rel@p\I' @p', a con-
tradiction. Hence p = p’, and it easily follows that I =1".

DerINiTION. If J is a proper ideal of Rp, we say that J is full (in Rp) if J=1@p
for some p, I. Clearly I will be a proper ideal of R,. Since p and I are unique, we
can define oJ = p (the site of J), and AJ = I (the defect of J).

Next we show that full ideals are well-behaved with respect to their intersec-
tions with limits of subsystems.

THEOREM 2.2. Let J = Ry be an ideal. Then the following are equivalent:
(i) Jis full in Rp;
(ii) Ju is full in Ry for each finite N <P;
(iii) Jo is full in Ry for each Q <P.
Moreover, if any of (i)-(iii) hold, and Q <P, oJ = p and o(Jp) = q, then we have

(iv) g=p/0Q,
(v) AUg) = (v4)~'(A)).
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Proof. (i)=> (ii). Assume that J is full in Rp. Let J = I @ p (for some p € P and
IcR,). Let N <P be finite and let n = p/N. If r € Ry, then

rel] & r(p)=v,lr(n)]el
& r(n)ev,, )

& relv)(D)@n inRy.

-1

Hence Jy =[v,,({)] @n in Ry. This proves (ii), and also (iv) and (v) in the case
where Q is finite.

(ii) > (iii). Assume (ii) and take Q < P. Let N <Q be finite. By transitivity of
‘<’, N< P, and so Jy is full in Ry, for all finite N < Q.

Now if N, N'<(Q and Nc N’, then N<N'. It follows from the proof of
(i) = (ii) that

&) o(Jy)=0o(n)/IN<o(Jy).

So as Q is SFP, the set D = {oJy: N finite, N <Q} is directed. Let g = luby(D).

Claim 1. If N < Q is finite, then o/, = g/N.

Proof of Claim. Clearly g =0Jy e N. Hence oJy<gq/N. For the converse
inequality, note that as g/N <gq and g/N is a finite element of Q, there is a finite
N’'<Q such that oJy-=q/N. By (1) we may assume that N'o N, and so
oJy =0l /N = q/N. This proves the claim.

Now let I ={r(q): reJp}. Clearly I is an ideal of R,.

Claim 2. Jo=1@gq in Ry.

Proof of Claim. It is clear that Joc/@gq; we pass to Jo2/@gq. Let
re R, be such that r(gq) el. So there is s €J, with s(q)=r(q). Since R,=
lim_(R,: q'eql N Q") and Q is SFP, we can find finite N < supporting r
and s, and such that s(q/N) =r(q/N). But s € Jy, and, by Claim 1, J is full with
site g/ N. Hence r € Jy also. This proves the claim.

So by the claim, J,, is full in Ry, which proves (iii).

(iii) > (i). This is trivial.

It remains to prove (iv) and (v) for infinite Q < P. Let J R, be full, and let
oJ = p. Then Jy is full, of the form I @gq.

If N<Q is finite then we may already apply (iv), to get g/N = aJy. But also
N < P, so similarly oJy = p/N. Hence p/N = q/N for all finite N < Q. Since Q is
SFP, it follows that p| N Q°=¢q| N Q". Taking least upper bounds on both sides,
we obtain p/Q = q, proving (iv).

For (v), we must show that I = v_(AJ). Take a € R,, and choose a finite set
N < Q and an element r € Ry supported by N, such that r(q) = a. By the above,
p/N=gq/N. So r(p) = v,,(r(q)), and hence

ael & rel] & r(p)eAl & r(q)=acvy,(A)).

We now move from full ideals to arbitrary ideals. As before we let P be any
SFP domain and (P, p, v) an SFP system with limit ring Rp.

THEOREM 2.3. Let J be any left ideal of Rp. Then J =J$. In other words,
J=M{J(p)@p: peP}.
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Proof. We already agree that J ¢ J$. For the converse it suffices to prove:
(**) J=M{J': J' afull ideal of Rp, J' 2J}.

For assume that r € J$. Let / @gq be any full ideal containing J, where g € P is
arbitrary. Clearly J(q)c 1. So rel@gq. Hence J$ cJ' for all full ideals J' oJ.
Given (**) we obtain J$§ c J as required.

We only need to prove ‘o’ of (**). Let r € Rp\J. It suffices to find a full ideal
J'oJ withr¢l'.

Using Zorn’s lemma choose a left ideal J' of R, which is maximal with respect
to

J'od, re¢l.

We show that J' is a full ideal of Rp. If it is not, then, by Theorem 2.2, there is a
finite set N <P such that Jj is not full in Ry. Since it is certainly proper, by
Lemma 2.1 there are distinct n,, n, € N such that Jy(n,) is a proper ideal of R,
(i=1,2). Define e,e Ry by e,(n,)=1 and e,(n)=0 for all ne N\{n,}. Set
e,=1—e¢,. Then e, and e, are orthogonal central idempotents of Rp, and
e, +e,=1. By our choice of the n;, we have ¢;(n;)=1¢Jp(n;) (i=1,2). So
certainly e, e, ¢ J'. By maximality of J' we have

r=j;+re forsomejelJ andr.eR, (i=1,2).
So
r=eyr+er=e/(j+ne)te(j+ne)=ej+ej el

This is a contradiction. Hence J' is a full ideal of Rp, which completes the proof.

Theorem 2.3 proves that any ideal J of R, is determined by its components
J(p) (for p e P). Now let Q <P. Since J, determines its components Jy(g)
(9 € Q), each J(q) is determined by the J(p) (p € P). But intuitively, each Jp(q)
should only depend on the J(p) for those p € P with p/Q = q. This is certainly so
in the special case where J is full in Rp; for by Theorem 2.2, Jy(gq) is the
intersection of all ideals of R, of the form v_,'(J(p)) for p € P with p/Q =q. We
now show that the same holds for arbitrary left ideals. (This result is an aside; we
will not need it later.)

THEOREM 2.4. Let Q < P and let J be an ideal of Rp. Then for each q € Q,
Jo(q)=M{vz,U(p)): peP,p/0=q).

Proof. For q € Q define I,=M{v,)(J(p)): peP,p/Q=q}. So I, is a left
ideal of R,. We must show that

(*) Jo(q)=1, forallgeQ.

It is easy to prove that Jo(q) = 1,. Let a € Jy(q) for some g € Q. Then there is
reJy with r(q) = a. Clearly, v,,(a) =r(p) e J(p) for all p € P with p/Q =g. So
ael,.

To prove that I, = J,(g), suppose for a contradiction that there exist ¢ € Q and
a € [,\Jy(q). Using Zorn’s Lemma as in Theorem 2.3 take a left ideal J' of R,
that is maximal subject to J' 2J and a ¢ J(q).

Claim. The ideal J, is full in Ry and o(Jp) =g4.
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Proof of Claim. If this is not true, there is a finite N < Q such that J is not full
in Ry. As before, take orthogonal idempotents e,, e, € Ry\J’, central in Rp and
such that e, + e, = 1. By maximality of J' there are j; € J' and r; € R, such that

jitrie,eRy and (j;+r.e)(g)=a (i=1,2).

Consider the element s = e,(j, + r,e,) + ex(j, + rie;). Since e, e, € Ry, we have
s€Ry. Also, s(q)=ei(q).a+ey)g)a=[(e,+e)(q)la=a. But also s=
ej.+esjel'. Sosely and s(q) =a, a contradiction to the choice of J'. Hence
Jp is full in Ry, and clearly o/ = q. This proves the claim.

Take re Ry with r(q) =a. We will show that reJ’. Hence we will have
a €Jp(q), contradicting the choice of J' and completing the proof of (*). By
Theorem 2.3, it suffices to show that r(p) eJ'(p) for all p € P. So pick p € P.
Suppose first that p/Q =q. Then r(p)=v,,(a). Since ae€l,, it follows that
r(p) €J(p) =J'(p). Suppose next that p/Q = q' #q. By the claim, J5(q') =R,..
But by the analogy of the proof of ‘<’ of (*) for J', we have J5(q') = v4,(/'())-
Hence J'(p) = R, so certainly r(p) e J'(p). So r e J', as required.

We can add some straightforward corollaries of Theorem 2.3 that will be
needed later. First we extend our previous notation. If X ¢ Rp is any set, and
p € P, we write X(p) for the projection {r(p): r € X}. Note that if Q <P and
X = Ry, then by Proposition 1.2 each element of X is supported by Q, so we
have X(p) = v,10,,(X(p/Q)) for all p € P.

We can determine the left ideal of Ry generated by a left ideal of Ry, a result
needed in §3 of Part II. Corollary 2.6 is a special case; it will be used in
Proposition 5.3.

CoroLLARY 2.5. Let Q < P and I be a left ideal of Ry,.
(i) The left ideal J of Ry generated by I is given by

(*) J(p) is the left ideal of R, generated by I(p) (for all p € P).

(ii) Suppose that I =1' @q in Ry (for some q € Q and left ideal I' of R,), and
for all p € P with p+q and p/Q = q, the left ideal of R, generated by v,,(I') is
improper. Then I generates the left ideal I' @ q in Rp.

Proof. (i) For each p € P write (I(p)) for the left ideal of R, generated by
I(p). Then let J = {r e Rp: r(p)e (I(p)) for all p € P}. Certainly J is a left ideal
of Rp. It suffices to show that

(@) J(p) = {I(p)) for all p € P, and

(b) I generates J in Rp.

(a) Let p € P. Clearly J(p) < (I(p)). Conversely, we clearly have I c J, so that
I(p) cJ(p). But J(p) is an ideal of R, so {(I(p)) =J(p).

(b) We know already that / cJ. Let J' be a left ideal of R, containing /; we
show that J cJ’. Let p € P. Clearly I(p) cJ'(p), so as before, (I(p)) =J'(p).
Using (a), we obtain J(p) = J'(p). This holds for all p € P, so by Theorem 2.3 we
obtain J ¢ J', and the proof is complete.

(ii) This is a special case of (i). We will use it in Theorem I1.3.2.



Sh:297

464 IAN HODKINSON AND SAHARON SHELAH

COROLLARY 2.6. Assume that Q <P and let the left ideal I of R, generate the
left ideal J of Rp. Then

(i) J(q)=1(q) for all g € Q,
(i) Jo=1

Proof. Part (i) is a special case of Corollary 2.5(i). Hence for each g € Q we
have I(q)cJo(q)cJ(q)=1(q), so Jo(q)=1(q). Part (ii) now follows by
Theorem 2.3.

3. Full ideals and central idempotents

Fix an SFP system (P, p, v) and consider its limit ring, Rp. Whilst R, can have
many full ideals with the same site, we now show that this is not so if we restrict
to the elements of R, that take values 0, 1 only. (These elements form a Boolean
subring of central idempotents of Rp.) Thus we can extract the site of an ideal
from these elements; this will be needed in Theorem 1I1.1.7.

We will also show that maximal, prime and irreducible ideals of R, are full.

DeriNiTiON. We write (Rp)* for the set {r € Rp: r(p) € {0, 1} for all p € P}. If
X c Rp, we write X* for X N R}.

ProposiTioN 3.1. Let I,J be full ideals of Rp. Then ol = oJ if and only if
I*=J*.

Proof. Assume that of = oJ. Then if r € (Rp)*, we have r €/ if and only if
r(ol) € Al. But Al is a proper ideal of R,,, so this holds if and only if (o) =0.
Since the same holds for J, we have r € I if and only if reJ, so [* =J*.

Conversely, suppose that ol # oJ. Since P is SFP, we can find a finite set N <P
such that of/N # oJ/N. Let r € (Rp)* be supported by N, and given by, for all
neN, r(n)=0 if n=0l/N, and r(n)=1 otherwise. Then r e I*\J* so that
I*+J*

Full ideals include the maximal, prime and irreducible ideals of Rp. Let us say
that an ideal / of a ring S is whole if S\I contains no pair of orthogonal central
idempotent elements (that is, there do not exist x, y € S\/, commuting multiplica-
tively with every element of S, and such that x*=x, y*=y, xy = 0).

ProrosiTioN 3.2. (i) If I is a maximal, prime, or irreducible left (or right) ideal
of aring S, then I is whole. If 1 is a maximal two-sided ideal of S, then I is whole.
(ii) If I is a proper whole ideal of Rp then I is full.

Proof. (i) This is straightforward. As an example we prove that an irreducible
left ideal I of S is whole. If I is not whole, take orthogonal central idempotents
e, ex¢l Let re(l+Se)N(I+Se,). So for some i;;el and s;€S, we have
r=i+se; for j=1,2. Then re,= (i, +s,e,).e, =ie, =e iel Hence se =
iie, +s,ef—ie, =re, —ei €l It follows that r =i, +5,e, € I. Consequently, / is
not irreducible.

(ii) This follows from the proof of Theorem 2.3, or equally from the Claim of
Theorem 2.4.
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ReMARK 3.3. Let p € P and let / be a left ideal of R,,.

(1) Clearly, I is prime in R, if and only if I @ p is prime in Rp.

(2) If J is an ideal of Rp, then evidently J o I @p if and only if J is full, o/ =p
and AJ ol There is thus a one-to-one inclusion-preserving correspondence
between the ideals of R, containing /, and the ideals of R, containing / @p.
Hence I @ p is maximal, maximal two-sided or irreducible in Rp if and only if /
has the respective property in R,,.

4. Stone duality and Boolean powers

Here we show that in the special case of an SFP system in which all component
rings are equal to a fixed ring R, and all connecting homomorphisms are the
identity, the limit ring is the Boolean power of R by a Boolean algebra naturally
associated with P. This remains true in the more general construction when the
component structures p(p) need not be rings. We prove the result using Stone
duality in a canonical Boolean ring built as an SFP limit.

Boolean powers have been extensively studied. For information see {4].

Facr 4.1. There is a well-known natural correspondence between Boolean rings
and Boolean algebras. Let R be a Boolean ring. We can turn R into a Boolean
algebra by defining the Boolean complement r* to be 1—r, r As to be rs, and
rvs to be r+s—rs. Conversely, we can turn a Boolean algebra B into a
Boolean ring by defining a +b = (a v b) A (a A b)* (symmetric difference) and
ab =a A b. The ideals of a Boolean ring are exactly the ideals of the correspond-
ing Boolean algebra.

Recall that if B is a Boolean algebra, the Stone space S(B) is the set of
maximal ideals of B. It has a natural topology; as a basis of closed and open sets,
we can take the sets of maximal ideals of the form {I: b €I} for some b € B.
These closed and open sets form a set Boolean algebra which by Stone duality is
naturally isomorphic to B. The isomorphism is b+ {I: b* e I}.

DeriniTioN. (1) Let S be a ring and P an SFP domain. Write S¢* for the limit
of the SFP system (P, p, v) where p(p) =S for all p € P, and v,, = ids whenever
p=gqinP.

(2) If Q= P, define an equivalence relation ~, on P by

p~op' © p/Q=p'/Q.

(3) Define BA(P) to be the set of equivalence classes of the ~,, for finite
N =<P. That is,

BAo(P) =J {P/~n: N finite, N <P} < §(P).

(4) Define BA(P) to be the Boolean algebra of subsets of P generated by
BA(P).

For example, if P is linearly ordered then BA(P) is the Boolean algebra
generated by the half-open intervals of P of the form [x, y) (for x <y in P"). The
case where P is a tree is similar.

We remark that BA(P) is isomorphic to the Boolean algebra of subsets of P°
generated by | {P°/~x: N finite, N < P%}.
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THEOREM 4.2. Let P be any SFP domain.

(i) The domain P is in canonical bijection with the set of maximal ideals of Z§",
via p— 0@ p. (As usual, Z, is the two element ring Z/27.)

(ii) We have Z§"’ =BA(P), regarding the latter as a Boolean algebra (cf. Fact
4.1). The isomorphism is r— {p e P: r(p)=1}.
(iii) Let S be any ring. Then ‘™ is the Boolean power S[B(P)]*.

Proof. (i) By Remark 3.3(2), 0@p is a maximal ideal of Z{" for each p € P.
The map (p—0@p) is clearly injective. If J is a maximal ideal of Z$", then by
Proposition 3.2, J is full, so J=I1@p for some p € P and proper ideal I of Z,.
Clearly I =0, and thus the map (p — 0@ p) is surjective.

(ii) By Stone duality, Z§” (viewed as a Boolean algebra using Fact 4.1) is
isomorphic to the Boolean algebra of those sets of maximal ideals of Z§" of the
form

(r):={I: I a maximal ideal of Z{", r e I}

for r € Z§". The isomorphism is r+— {1 —r).

By (i), the maximal ideals are in bijection with P, via their sites. Under this
bijection, (1 —r) goes to the set [r]:= {p € P: r(p) =1} c P. It suffices to show
that the map o: r+—[r] is a bijection from Z{"’ to BA(P).

Let r e Z§", and let N < P be a finite support of r. Let N' = {n e N: r(n)=1}.
Clearly, [r]={p € P: p/NeN'}. Hence [r] is a (finite) union of ~,-classes, so
[r] e BA(P).

Certainly o is injective. To prove surjectivity, let X e BA(P). Let N;<P
(i <k) be finite sets such that X lies in the subalgebra of BA(P) generated by the
~n,-classes (i <k). As P is SFP, we can take a finite N < P containing each N,. It
is easily seen that X is a union of ~,-classes. Let r € Ry be defined by r(n) =1 if
ne NN X, and r(n) =0 for n e N\ X. Then for all p € P we have

r(p)=1 & p/NeX & peX

Hence X =[r], as required. It is easily checked that o is an isomorphism of
Boolean algebras.

(iii) We can take S[B(P)]* to be the subring of S” consisting of those r € S”
such that there exist Kk <w and pairwise disjoint X; (i <k) in BA(P) with
Ui<« X; =P and r(p) =r(q) for all p, q € X; (all i <k).

Let r e S[B(P)]*. Take k and X; (i <k) as above. By the argument in (ii)
above, there is a finite N < P such that each X; is a union of ~y-classes. Clearly N
is a support for r. Hence r € S, Conversely, if r € ¢, let N <P be a finite
support for r. It is clear that the ~,-classes all lie in BA(P) and partition P, and
that r is constant on each class. So r € S[B(P)]*, which completes the proof.

RemMark 4.3. (1) If P and Q are SFP domains, BA(P) =BA(Q) does not imply
that P = Q. For example, let P be the ideal completion of the tree =“w (the set of
all finite sequences of natural numbers, ordered by ‘initial segment’), and let Q be
the ideal completion of the set Q., of non-negative rational numbers with the
usual ordering. Certainly the Boolean algebras BA(P) and BA(Q) are both
countable. We now indicate that each is atomless (that is, for each non-empty S
there is a non-empty S, properly contained in S).
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We saw that BA(Q) is the Boolean algebra generated by the half-open
intervals of Q; this is clearly atomless. As for P, let N < P be finite, let ne N
and let S={peP: p/N=n} be the corresponding ~y-class. As n has w
immediate successors in ~“w, we can take distinct immediate successors n,, n, of
n with ny,n,¢ N, and find finite M <P containing N, n, and n,. Then
S;={peP: p/M=n} e BA(P) and Jc§,<S. It follows that BA(P) is also
atomless.

Hence BA(P)=BA(Q) = B, the countable atomless Boolean algebra. There is
up to isomorphism a unique such algebra—see [5]. So by Theorem 4.2(iii), for all
rings S we have S¢7 =§¢@’  although P and Q are not isomorphic posets. This
shows that in general we cannot recover the poset structure of an SFP domain P
from a limit ring Rp. We will pursue this in Part II.

(2) Let P be the ideal completion of =“w or of Q.,, as above. Then by
Theorem 4.2(ii), Z$"> =BA(P), the countable atomless Boolean ring (by Fact
4.1). So we have determined the limit ring in this case.

(3) Topology on P. By Fact 4.1 and Theorem 4.2(i), (ii), P is in natural
bijection with the Stone space S(BA(P)). Hence the topology on the latter
induces a homeomorphic topology on P. It is in fact the ‘patch’ topology referred
to in, for example, [6], whose construction bears some similarity to ours. The
proof of Theorem 4.2(ii) shows that BA(P) is a basis of closed and open sets. In
fact, BA,(P) is also a basis of closed and open sets, for as in Theorem 4.2(ii),
any finite intersection of elements of BAy(P) is a finite union of elements of
BA((P). For any Q <P, any ~p-class is closed in the topology. Hence (taking
Q = P) we see that every singleton subset of P is closed: the topology is regular.

(4) By a theorem of Baldwin and Lachlan [2], if S is a finite or countable
w-categorical ring and P is an SFP domain such that BA(P) is the countable
atomless Boolean algebra, then $¢7’ = S[B(P)]* is also w-categorical. (Note that
=“w is not an w-categorical poset.)

5. Densely decomposable ideals

Here we develop a way to obtain an atomless Boolean ring as the limit of an
SFP system in the case where all component rings are Boolean. As in [17] we use
densely decomposable ideals to generalise the notion of atomless to arbitrary
rings. Again, unless otherwise stated, all ring ideals will be left ideals.

DEerINITION. Let R be any ring, and / a proper left ideal of R. Then [ is said to
be densely decomposable if whenever J is a left ideal of R properly extending /,
there are left ideals X, Y cJ properly extending I, with X NY = I

ExampLe 5.1. Let R be a Boolean ring. Then the ideal 0 is densely
decomposable if and only if R is atomless. So for an ideal of a Boolean ring,
being densely decomposable is the same as having atomless quotient, and is in a
sense opposite to being irreducible.

We wish to find conditions for ideals of the limit ring of an SFP system to be
densely decomposable.
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DeriniTION. Let R be a ring and I ¢ J left ideals of R. We say that J splits over |
if there are left ideals X, YcJwith X oI, Yo I, XNY =1 If § o1is any subset
of R, we say that § strongly splits over I if J splits over [ for all left ideals J with
IcJcS.

Clearly I is a densely decomposable ideal of R if and only if any set §
containing / strongly splits over /.

Let (P, p, v) be an SFP system. An ideal of R, can be densely decomposable
for two reasons. First, its projections onto the component rings R, (p € P) might
already make it densely decomposable. For example, if p € P and [ is an ideal of
R, then I @p is densely decomposable if and only if I is densely decomposable in
R,. Second, it can be densely decomposable because of the SFP system structure
of Rp. We now separate the two causes. As in §2, if / is an ideal of Rp and
n e N <P, we write Iy(n) for the projection {r(n): re Iy} of Iy (=1NRy) onto
R,.

DeFINITION. Let I be a left ideal of Rp. We define /" to be the set

{r € Rp: for any finite support N <P of r, there is at most one
n e N with r(n) ¢ Iy(n)}.

So IcI”. If 1 is a proper ideal of Rp, then by Theorem 2.2, [ is full if and only
if I"=R,. lf reRpand iel” then clearly ri e /". Hence /" is the union of the
left ideals contained in it.

LEMMA 5.2. Let I be a left ideal of Rp. The following are equivalent:
(i) 1 is a densely decomposable ideal of Rp;
(ii) I" strongly splits over I in Rp.

Proof. We only need prove that (ii) implies (i). Let J > I be a left ideal of Rp.
We must prove that J splits over I. If J = I*, this is clear by assumption. Assume
that J ¢ /. There exist r € J and a finite support N <P of r such that for some
distinct y, z € N we have r(y) ¢ Iv(y) and r(z) ¢ Iy(z). Define e, e Ry by e,(x) =1
if x =y, and e,(x) =0 otherwise. Let Y be the left ideal of R, generated by I and
e,.r. Define e, and Z similarly. Then e, and e, are orthogonal central
idempotents of R,. We clearly have IcY, IcZ and YUZ cJ. Hence the
following claim proves the lemma.

Claim. YNZ=1.

Proof of Claim. Let se YNZ. So s =i, +r,(e,.r)=i, +r(e,.r) for some i,
i,el and r,, r, € Rp. Multiplying by e,, we obtain e,i, =e.i, +r,(e,.r). Hence
r.(e,.r)=e,(i,—i,) e I. Hence s =i, + r,(e,.r) € I, which proves the claim.

Hence whether [ is densely decomposable depends only on I”. Clearly, the
smaller /* is, the more likely / is to be densely decomposable.

Recall from § 4 the definition of the Boolean algebra BA(P) of subsets of P.
By Theorem 4.2, BA(P)=Z{". One way to force I* to be small is to require
that BA(P) be atomless. Examples of P such that BA(P) is atomless are the ideal
completion of any dense linear ordering / with a least element, and the ideal
completion of any tree T (with a root) such that every ¢t € T has infinitely many
immediate successors in T (cf. Remark 4.3). We will exploit this in Part II.



Sh:297

A CONSTRUCTION OF MANY UNCOUNTABLE RINGS 469

DeriniTiON. Let I € Rp be a left ideal. We say that [ is locally generated if
there is a finite set N < P such that Iy generates / in Rp.

For example, any finitely generated ideal of R, is locally generated.

ProrosiTION 5.3. Let S be a ring and P an SFP domain such that BA(P) is
atomless. Let 1 be any proper locally generated left ideal of S (P). Then I is densely
decomposable.

Proof. By Lemma 5.2 it is enough to show that /" =1. Let r € Rp\ 1. We show
that r ¢ [*. Take finite N < P supporting r and such that Iy generates I. Asr ¢ I,
by Lemma 2.1 there is n € N with r(n) ¢ Iy(n).

Now by assumption the ~y-class of n is not an atom in BA(P). So we can
choose a finite set M < P containing N and such that the ~y-class of n is the
union of more than one ~,,-class. It follows that the set

nM={meM: m#¥nand m/N=n}+#Q.

By Corollary 2.6(ii), the left ideal of R, generated by Iy is in fact [,;. So by
Corollary 2.5, I,,(m) = Iy(m/N) c S for all m e M. Now M also supports r. Take
m e n™. We have r(n) ¢ I,,(n), and r(m) = r(n) ¢ Iy(n) = I,,(m). Hence r ¢ I", as
required.

ReMARK 5.4. We can evidently generalise Proposition 5.3 to the case where
(P, p, v) is an SFP system such that if N < P is finite then for each n € N there is
m € P’\N such that m/N = n and v,,,, is a (surjective) isomorphism.

6. L.,-equivalence of SFP systems and their limits

Here we define a canonical model-theoretic structure M, from an SFP system
o= (P, p, v). We prove that if ;= (P, p;, v;) (i=1,2) are SFP systems and
M, and M,, are L.,-equivalent then so are the limit rings of o, and 0,. We will
also provide a simple sufficient condition for M, and M,, to be L.,-equivalent,
namely that (P,) and (P,)" are L..,-equivalent and the o; are sufficiently similar
SFP systems. In Part II we will construct 2™ SFP domains P; (i <2“') such that
(P)° and (P)" are Lo, -equivalent for all i <j<2“', and yet the limit rings of any
SFP systems built on the F, are pairwise non-embeddable. These limits will
none-the-less be L.,-equivalent if the SFP systems are sufficiently similar. This
means crudely that although the limit rings are different, the differences are hard
to detect.

Recall from, for example, [S] the definition of L.,-equivalence. Let L be any
signature. The infinitary language L., is built from L by allowing formulas with
finite strings of quantifiers but conjunctions and disjunctions of arbitrary length.
Two L-structures M, N are said to be L.,-equivalent (written M =, N) if they
satisfy the same sentences of L.

We can usefully characterise L.,-equivalence in terms of a game between two
players, ‘V’ and ‘J’, played on two L-structures M and N. The game G(M, N)
has w moves. At each move in a play, player V chooses an element from one
structure, M or N. Then 3 completes the move by choosing an element from the
other structure. After the play is over, the result is two tuples me M, ne N of
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length w, possibly with repetitions: the ith elements m;, n; of m, i respectively
consist of the elements chosen in the ith move of the game from M, N
respectively. (No record is kept of which player chose which element.) So /m and
fi define a relation 8 = {(m,, n;): i<w} <M X N. Player 3 wins the play of the
game if and only if 0 is a partial isomorphism, that is, 6 is a partial function from
M to N, and for all quantifier-free first-order formulas @(x) of L and all
a e dom(0), we have Mk p(a) & NEo@(0(a)).

Facr 6.1. The structures M and N are L.,-equivalent if and only if 3 has a
winning strategy in the game G(M, N). See [12] or [13] for details.

DeriniTion. Let 0= (P, p, v) be an SFP system. Define a structure M, =
(P°, (R,: peP") in the signature {<,p*, v*, +*, x*, 0%, 1*}. The domain of
M, is the disjoint union of P and the R, (p € P"). The binary relation symbol <
is interpreted as the partial ordering on P'; M, Ep < q if and only if p, g € P* and
p<gq. Also, p* is a binary relation symbol, and M, k p*(p, r) if and only if p € P°
and r € R,. Similarly, v* is a binary relation symbol corresponding to v; we define
M, Ev*(r,s) if and only if r € R, and s € R, for (necessarily unique) p, g € P’ with
p<q and v,,(r) =s. The ternary relation symbols +*, X* for sum and product
are defined on each R, in the obvious way: M,k +*(r,s, ¢) if and only if
r,s,te R, for some p € P" and r + s =, and similarly for x*. Also, 0* and 1* are
unary relation symbols and M, E0*(r) if and only if r=0€ R, for some p € P
(and similarly for 1%*).

We say that SFP systems 0y, 0, are L, -equivalent if M, =u,, M,,.

THEOREM 6.2. Let 0;= (P, p;, v;) be Lu.,-equivalent SFP systems with limit
rings R; (i =1, 2). Then R, =, R, in the signature {+, X, 0, 1} of rings.

Proof. By hypothesis and Fact 6.1 we may take a winning strategy for 3 in the
game G(M,,, M,). We will describe a winning strategy for 3 in the game
G(R,, R;). We use a play of G(R,, R,) to generate a play of G(M,,, M,,). Player
I’s strategy in this game will then suggest moves for her in the main game
G(R,, R,). The method is well known.

More fully, let V begin by choosing (without loss of generality) r, € R,. Player
V’s choice gives rise to the following finite sequence of elements of M, : those in
an arbitrary finite support N, < P for r,, listed in some arbitrary order, together
with the sequence r,(n,) of elements of the R,, (n, € N,). Player 3 treats them as
successive moves of V in a play of G(M,,, M,,) and uses her winning strategy in
this game to choose corresponding elements of M,,. This correspondence gives a
partial isomorphism from M, to M,,. Moreover, as the strategy is winning, the
elements chosen corresponding to the elements n, form a locally directed subset
N, of P4. Hence the elements corresponding to the elements r (n,) give rise to an
element r, of R,; r, is supported by N, and r,(n,) corresponds to r,(n,) for each
corresponding pair (n;, n,). Player 3’s reply in the main game G(R,, R,) is this
element r,.

In each subsequent move V’s choice generates a further finite sequence of
elements of a structure M, (i=1 or 2). We can assume that the set of all
elements so far chosen in each PYc M, (i=1,2) is a locally directed subset.
On each occasion 3 continues with her strategy to obtain corresponding elements
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of the other structure. Note that at each stage, all elements so far chosen in M,
are in partial isomorphism with the corresponding ones in M,,.

After w moves, tuples of w elements a,eM,, a,eM,, will have been
generated. The map 4, a, is a partial isomorphism from M,, to M,,. It is now
easy to see that the corresponding elements of the R; (i = 1, 2) are also in partial
isomorphism. Hence the strategy described is winning for 3. The result follows by
Fact 6.1.

COROLLARY 6.3. Let P, and P, be SFP domains with P{=,, P), and let R, R,
be L..,-equivalent rings. Then the limit rings R{™ and R§™ are L..,-equivalent.

Proof. Define SFP systems o; = (P, p;, v;) (i=1, 2) by
p{p)=R; forallpeP,
vi(p, q)=idg, forallp=gqin P,

It is evident that g, and o, are L., -equivalent, and by definition, lim(g;) = R
(i =1, 2). The result follows by Theorem 6.2.

This shows that under suitable restrictions on the rings and morphisms of the
SFP systems o, and 0, to get the limit rings to be L.,-equivalent it suffices to
begin with SFP domains having L..,-equivalent bases. We will apply this in § 4 of
Part II.

The same proof as in Theorem 6.2 shows that if R; are L.,-equivalent rings
and B; are L.,-equivalent Boolean algebras (i = 1, 2) then R[B,]* =.., R,[B,]*.

PART II. NON-STRUCTURE THEOREMS

Here we return to investigating the effect of the SFP domain of an SFP system
on its limit ring. We want, in particular, to find a way of changing the underlying
domain that necessarily changes (the isomorphism type of) the ring. Our
approach is to ask how much of the domain structure gets to be encoded in the
limit ring in such a way that we can recover it purely ring-theoretically. For if we
use two different domains, and they are recoverable intrinsically from the two
limit rings in sufficient detail to reveal their differences, then the rings must be
different as rings.

We saw in Remark 1.4.3 that however we may alter the domain in a system,
there is no guarantee of getting different limit rings in the countable situation—
when the base of the SFP domain and also each component ring is countable.
Suppose, for instance, that we build atomless Boolean rings (as in Remark 1.4.3).
Up to isomorphism there is a unique countable such ring. Hence the domain
structure here cannot exert any effect.

However, we will see that things are different if we allow the base of the
domain to be uncountable. We briefly sketch the ‘non-structure theorem’ that will
occupy this part of the paper. (Our description here is not accurate in detail.) The
technique is well known. To simplify matters, assume that we have two SFP
domains P, P' that are in fact a certain kind of tree of height w,, that all R,
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(p € PUP') are the trivial ring Z,, and that all v,, are isomorphisms. We can
express P as a union (<, P, where P, is the subtree of P consisting of the
elements of height at most i. The P, are an increasing chain of SFP subdomains of
P. Write R for Z§{", and (if i < w,) R, for Z{", where the notation S¢” for the
SFP power of S by P is as defined in § 4 of Part I. Thus we have R =<, R..

Take a full ideal I of R. So I ={re R: r(s)=0} for some s € P. It turns out
that INR; is full for all i< w,. So for each i < w, there is s; € P. such that
INR,={reR;: r(s;)=0}, and s5;<s;<s if i <j<w,. The same holds for R,
defined similarly using P'.

Assume now that 8: R—R' is a ring isomorphism. Then the set C=
{i<w;: 6(R)=R}} is a club (a large set) in w,. Moreover, for each i € C the
image (I N R;) is a full ideal of R} (because here, as in Theorem 1.4.2(i), ‘full’
is the same as ‘maximal’). So there are s! e P} (i e C) such that 8(/NR,) =
{reR}: r(s})=0}. Define P | C={p € P: height(p) e C} (and similarly for P").
Then @ induces a partial map © from P | C to P' | C by s;—s}. By considering
all full ideals 1, we find that © extends to a bijection from P | C to P' | C, and it
is order-preserving. Thus the existence of an isomorphism from R to R' forces the
underlying SFP domains to be closely related; there is a club C ¢ w, such that
PIC=P'|C.

So in order to produce many non-isomorphic rings R, it suffices to find many
trees P such that no two are isomorphic on any club. In [1] this is done for
Aronszajn trees, using the hypothesis of 2™ < 2™ (weak diamond). Our construc-
tion here is in some ways similar, but a weaker result suffices and we do not
need any set-theoretic hypotheses beyond ZFC. (The trees we construct are not
strictly Aronszajn trees; in fact it is consistent with MA + 2™ > X, that any two
Aronszajn trees are isomorphic on some club [1].) However, our construction is
made more complicated because we consider the more general case of ring
embeddings 6 and arbitrary rings R,. In this setting ® becomes a relation
between the restricted trees.

The layout of Part II is as follows. In § 1 the appropriate form of tree is defined
and the relation © discussed. In § 2 we construct many different trees using an
Aronszajn-style argument, and use them to produce many different rings. Finally,
we establish some higher-order properties of the rings. We show that each of
their full ideals can be made countably generated (§3), and that the rings
themselves can be made pairwise L.,-equivalent (§4) and to some degree rigid

(85).

1. Spruce trees and conformal relations

Trees

Most of the following definitions will be familiar but we include them for
convenience. A tree is a non-empty poset (T, <) such that the set 7=
{ueT: u<t} of predecessors of any te T is well-ordered (and hence linearly
ordered). We will refer to the elements of a tree as nodes. The height of a node
te T, written ht,(¢) or ht(¢), is the order type of 7. If i is an ordinal, we write
T(i) for the set of nodes of T of height i, the ith level of T.

More generally, if S < T is closed downwards (that is, if t<u and u €S then
teS), we write S(i) for SN T(i), and ht;(S) for the least ordinal i such that
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S(i)=. If X is a set of ordinals, we define S | X to be {s € S: htr(s) e X}. So
for example, if i is an ordinal then S [ i is the set of elements of S whose height is
less than i. (Since S, if non-empty, is a tree in its own right, the notation S(i) etc.
would be ambiguous if S were not closed downwards in T.)

If t,t'eT, we say that t' is an immediate successor of t if t'>t and
ht(¢t') = ht(¢) + 1. Then also ¢ is an immediate predecessor of t'. A terminal node is
one without any successors in 7. A branching node is a node with at least two
immediate successors. A node te€ T is said to be green in T if T contains a
branching node b with b =t¢.

A tree T is called normal if whenever ¢, u € T have limit height and 7 = ii, then
t =u. Our convention is that every ordinal is exactly one of: 0, successor, limit.

A branch of a tree T is a maximal linearly ordered subset of 7. A branch g is
said (unusually) to be cofinal in T if every node of B is green in T. If T is
normal, this means that the branching nodes are ‘cofinal’ in B: if i <ht(f) then
there is a branching node b € 8 of height at least i in T.

REMARK. Let T be a tree with a least element L. Then any S< T with L e S'is
locally directed in 7. If T is a dcpo then T is an SFP domain, the finite elements
being those not of limit height.

Spruce trees
We can now define the type of tree that interests us here. A spruce tree is a
normal tree T satisfying:
(i) every branch of T has height w;
(ii) each node of T has exactly one non-branching immediate successor;
(iii) T has no cofinal branches;
(iv) for all i <j < w, and every branching node b of height i in T, there are
exactly X, branching nodes of T of height j above b;
(v) T(0) has just one node ‘L’, which is a branching node, and hence by (iv),
each higher level of T has exactly X, branching nodes.

An example of a spruce tree is an Aronszajn tree (cf. [9] and below) but with
each branch and node extended individually by new non-branching nodes up to
height w,. In general, however, not all predecessors of a branching node will be
branching. In § 2 the existence of many spruce trees is established.

Fix a spruce tree T.

DEeFINITION. A node of T is said to be basic if
(i) it is a branching node and
(ii) it is finite in the sense of § I.1, that is, its height is not a limit ordinal.
We write B(T) for the set of basic nodes of T; by (v) above, B(T) is non-empty.

Note that B(T) is a poset, by restriction of the ordering of T. Recall from § 1.1
that an ideal of B(T) is a downwards-closed directed subset of B(T). The ideal
completion of B(T), written IdI(B(T)), is just the set of ideals of B(T), ordered
as a poset by inclusion. We identify b € B(T) with the principal ideal {b'e
B(T): b'<b} of IdI(B(T)). This identification preserves the ordering on B(T).
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ProrosiTion 1.1. There is a canonical embedding A of the ideal completion of
B(T) into T. The restriction A | B(T) is the inclusion map from B(T) into T.

Proof. Let I be an ideal of B(T). Then [ is non-empty and linearly ordered.
Let B be any branch of T containing /. Since T has no cofinal branches, I is
countable. But f has height w, in T. Hence {tref: t=i for all iel} is
non-empty. Let ¢ be its least element. Since T is normal, ¢ does not depend on f3,
but only on 1. We write ¢ as lub,(/).

We define A: 1dI(B(T))— T by A(I) = lub,(I). Clearly if I cJ then A(I) < A(J)
in T. Let / and J be distinct ideals, and take i € /\J (without loss of generality).
Clearly there is no jeJ with j=i. Consequently, lub(J)*}i, and since i has
successor height in T, we have lub(J)#i. But lub(/)=i. Hence A is injective,
and so an order-preserving embedding. Clearly if b € B(T) then the ideal /=
{b' € B(T): b’'<b} corresponding to b satisfies A(/)=b. Hence A | B(T) is
just inclusion.

DeriNTioN. We say that a node ¢ of T is a limit node if t = lub,(I) for some
ideal I of B(T). We write L(T) for the set of limit nodes.

ReMARK. We have B(T)c L(T). Clearly L(T)=I1dl(B(T)) is a dcpo (cf.
§1.1). Since L(T) is a tree with a unique least element, it is in fact an SFP
domain. Notice that B(T)<x L(T)< T, and B(T)=[L(T)]". In general, L(T) is
not closed downwards in 7.

We will use the SFP domain L(T) to build SFP systems. The remainder of T is
used to keep track of what is going on. To do this we need to deal with the
subtrees of T of countable height.

Recall that if § is a limit ordinal and X; ({ < §) are arbitrary sets, the X; are said
to form a continuous chain if X; c X; for each i <j<§, and X; = {X;: i<j}
for each limit ordinal j < 8. The union of the chain is defined to be (U {X;: i < d}.

If i < w,, we define L(T); to be the set of elements of L(T) with height at most
i in T. Then L(T),<L(T) (see §1.1 for this notation). Similarly define
B(T);=B(T)N(T l'i+1). As B(T) has no nodes of limit height, the B(T);
(i < w,) form a continuous chain with union B(T). The chain (L(T);: i< w,) is
not continuous, but its union is L(T). We have (L(T);)’ = B(T); for each i < w,.

Spruce trees and SFP systems

Now take an SFP system (L(T), p, v) such that each R, (for te B(T)) is
countable. Let its limit ring be R. Writing R; for R, 1), the limit of the subsystem
based on L(T),, we see that the R; form a continuous chain of countable subrings
of R, with union R.

We define for each i < w, a projection w;: R— R;, given as follows. If r e R,
then by definition r is a function from L(T) into | {R,: te€ L(T)}. Then m,(r) is
just the restriction r [ L(T); of r to the set L(T),.

We must show that z;(r) € R;. Let N < L(T) be a finite support of r in R, and
define N'=NNL(T),. Then L € N' and so N' < L(T),. Clearly if x € L(T), then
x/N =x/N'. It follows that N' supports 7;(r) in R;. So 7;(r) € R;, as required.

Each z; is a surjective ring homomorphism and is the identity on R,.
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Full ideals

The notion of full ideals becomes a little more complicated in this setting, since
now we have N, different rings and we can no longer tell from its site which ring a
full ideal lies in. So we refine the notion of site, using the part of the tree T that
lies outside L(T).

Recall that each ¢ € T has a unique non-branching immediate successor, t* say.
Hence if ht(¢) = i, we can define a node ! for each i <j < w,, by induction on j:

Al =4,

t”+l| = (tlj])+,

if j is a limit ordinal, ¢! is the unique node of height j with V1> ¢ for all k

with i <k <j; this is well defined as T is spruce.
Note that although certainly ¢! is not a branching node if j is a successor ordinal,
it may be a branching node if j is limit. If j > i, we have /! ¢ L(T).

In the light of this we can define a map {: T— T as follows: {(¢) is the lowest
node ¢’ <t such that ¢ = '™ We clearly have the following proposition.

ProrosiTiON 1.2. We have E(T)= L(T) and E*(t) = £(t) for all te T. For all
i<w,, the restriction E 1 (T@)): T@)— L(T); is a bijection, whose inverse is
given by t— 1,

Now if i < w, then the set of possible sites for full ideals of R; is L(T);, and this
is in bijection with T'(i) via {. So if I is a full ideal of R; with site s € L(T);, we
define the tree site of I, written 7/, to be s'/l.

Tree sites behave well with respect to subrings. We have:

ProposiTioN 1.3. (i) If i <j < w, and J is a full ideal in R;, then J N R, is full in
R; and ©(J N R;) < 1J. (Note that ©(J N R;) is determined by this inequality, since it
has height i.)

(ii) If i <j < w, and 1 is a full ideal of R,, then the ideal J = 7] '(I) N\ R; is full in
R;, and tJ = (t])V). We write IV! for this ideal.

Proof. (i) Let oJ =p € L(T),. Since L(T),<L(T);, by Theorem 1.2.2 we see
that J N R, is full in R; with site ¢ = p/L(T);. We must show that pU!= g,

If ht(p) i then p € L(T), and g = p, so the result is clear. So suppose that
ht(p) >i. We show that p = g!*! for all k satisfying ht(q) <k <i, by induction
on k.

If k = ht(q) or k is a limit ordinal then this is trivial. Assume that k + 1</ and
p=q". If p#q'**" then there is b <p with ht(b)=k +1 and b #q'**'l. The
immediate predecessor of b is g!*), so b must be a branching node in T. Hence
beL(T);and so g =p/L(T);=b. As b > q, this is a contradiction. So p = q**'},
which completes the induction.

(ii) For all r € R; we have

reJ © rlL(T)el & r(ol)eAl

So J=AlI@ol in R;. Hence I and J have the same site and defect, though they
lie in different rings. We have wJ = (ol)!"! = (o)W = (z1)V!,
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Clubs

Let C c w,. We say that C is a club (in w,) if it is closed and unbounded in w,.
That is:

(cl) if C, is a countable subset of C, then | C,eC (of course, |JC, is
lme.(Co));

(ub) for each i < w, there is ¢ >i with c € C.

Examples of clubs are w, itself, and the set of countable limit ordinals. We can
go further. If C is any subset of w,, we write 3C for the set of limit points of C.
Thus, 3C is the set of all ordinals of the form | {c;: i <w} for some strictly
increasing sequence ¢; (i < w) in C. So (cl) above just says that 3C c C. We then
have: :

Facr. If C is a club then so is 3C.

Note that (ub) implies that C is uncountable. We can think of clubs as ‘large’
subsets of w,. We have:

Facr [10, § 7]. Any countable intersection of clubs is a club.

We remark that if T is a spruce tree and C a club in w,, then T | C is normal
and satisfies all conditions except possibly (ii) and (v) of the definition of ‘spruce’.
A node of T [ Cis greenin T | C if and only if it is green in T.

We will also use the following lemma on clubs.

Facr [7, Lemma 5.2.2]. Let f: w,— w, be a map. Then
{i<o;: Vj<i(f(j)<i)}

is a club in w,.

The proofs of these facts are not hard.

Ring embeddings and conformal relations

Now suppose that U is another spruce tree. Take an SFP system
(L(U), p’, v'), and write S, for p'(u) (u € L(U)) and § for its limit. Suppose
that each §, is countable. We have a continuous chain § = {§;: i< w,}, as for
R. We abuse notation by using the symbol § to refer to the maps on T and on U,
distinguishing them by context. But & always refers to R.

Recall that if X < S then X*={s e X: s(u) € {0, 1} for each u e L(U)}. That
is, X*=2Z§*Y N X. Clearly the S} (i <w,) also form a continuous chain, with
union S*.

ProrosiTiON 1.4. Suppose that 8: S— R is a ring embedding. Then there is a
club C of limit ordinals in w, such that for each i € C,

(i) 6(S)=R;N 6(S), and
(ii) if j <i then m,6(S*) = m,0(S?).
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Proof. If j < w,, let f(j) be the least k < w, such that
6(S;) c Ry,
R;N 6(S) = 6(Sk),
m0(S*) = m0(Si).

We can find such a k& because the left-hand side of each of these is countable.
Then by the fact above, C' = {i<w,: Vj<i(f(j)<i)} is a club in w,. We can
take C = 3(C").

Now let 8 and C satisfy the conditions of the proposition. Define a binary
relation ® ¢ T X U as follows. If ¢, u have equal height i in T, U respectively, and
i € C, then t ®u if and only if there is a full (left) ideal / of R; such that

=t
J=67'(IN86(S))) is a full ideal of S;, and 7J = u.

We say that the ideal I represents the pair (t, u). We have J = 87'(I) by definition
of C.

DerFINITION. Let T, U be arbitrary trees. A relation ® ¢ T X U is said to be
height-preserving if whenever t®u then ht;(¢f) =ht,(u). A height-preserving
relation @ is said to be homomorphic if whenever t®u, t' <t, u’' <u and ¢’ and
u' have equal heights, then t' ®u’'.

Clearly, O is height-preserving.

PRroOPOSITION 1.5. The binary relation © is a homomorphic relation contained in
T | Cx U/ C. Moreover, in the notation above, if i,je C, i<j and J is a left
ideal of R; representing (t, u), then J N\ R; represents (t', u').

Proof. Suppose that i <j in C and that the elements t € T(j), u e U(j) are
related by ©. Take an ideal J representing (¢, u). Then J is full in R;, and has
(tree) site ¢. By Proposition 1.3, JNR; is full in R; and has site ¢'. Similarly,
0~'(J)NS; is full in S; with site u’. But as ie C, we have 87'(J)NS; =
6~'(J NR;). Hence t' ® u’ holds.

DerINITION. Let T and U be trees of height w,. A height-preserving relation
® <= T X U is said to be surjective if for all u € U there is t € T such that t ®u. We
then write that ®: T— U is a surjective relation.

ProPOSITION 1.6. The relation ©: T | C— U | C is surjective.

Proof. Let ue U(i) fori e C, and let {(u) = z. Let I be full in §; with site z and
defect O (that is, I =0 @z in S;).

Claim. The set 6(I) generates a proper left ideal of R,.

Proof of claim. If the claim is not true, there are ny<w and a,€l, r,eR;
(n <ny) such that

> r.0(a,)=1.

n<ng
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Now for each n we have a,(z) =0. We can take a finite set N < L(U); such that
each a, is supported by N, and a,(z') =0, where z' =z/N. Define deS; as
follows: d is supported by N, d(x)=1ifxe N, x #z', and d(z') =0. Then d # 1,
but a,.d = a, for each n <n,,.

Now let e = 6(d) € R;. Since 0 is an embedding, e # 1. But we have

e—[z B(a] = r,.(0(a,.d) =, r.0(a,) =1,

a contradiction. This proves the claim.

By Zorn’s lemma there is a maximal left ideal J of R; extending 6(/). By
Proposition 1.3.2, J is full in R,. Then 87'(J) is a proper left ideal of S; and
extends I, so it is full with site z. So if ¢ = ©J, we have t © u, the pair (¢, u) being
represented by J.

Continuity

So far we have shown that a ring embedding 8: §— R induces a height-
preserving homomorphic surjective relation ©: T [ C— U | C. Such a © need
not preserve much structure; for example, the trivial relation ;. T(i) X U(i)
has these properties. We need a stronger preservation result.

The key to obtaining one is the following observation. For simplicity identify §
with 6(S), so that S ¢ R. Take two full ideals /,, I, of R; for some i€ C, and
suppose that [, N S; = L, N §; and that this ideal is full in S;. If j > i in C, we know
from Proposition 1.3(ii) that there is a ‘canonical’ full ideal 1!/! of R; associated
with /,. Similarly, 1! is associated with L,. Would we still have 1“I N S =1'ns;?

In general we would not. However, if /; is itself of the form K"I for some |deal
K, of R, for some k <i, then we might expect I, to be ‘determined’ by K. So if
L =KL in the same way, and /, and L, ‘agree’ in some way on §;, we might hope
that 1[" and 1Y) also agree on ;. In fact we will show in Theorem 1.7 that if
Ki'N'S; and K'z"ﬁSi have the same site as full ideals of §;, then the same holds
for K¥'nS;, KY'NS;. The proof relies on Proposition 1.3(ii) to show that K
determines the site of /, and on Proposition 1.3.1. Theorem 1.7 is needed in the
preservation lemma (2.2 below), which shows that © does preserve enough
features to prove anti-structure theorems.

First we need the following definition.

DeriniTioN. Let T and U be spruce trees and C a club in @,. A homomorphic
relation ®: T | C— U | C is said to be continuous if for all i, j € C with i <j and
all u € U(i), there is a node u!®/1= y of height j in U and such that for all ¢ € T(i)
with t ® u and &(t) <t, if there exists u’ € U(j) such that ' >u and (¥ ® ', then
u' =u!®/1. We do not require that u!®/! = yUl,

Roughly, this says that a small change in nodes in T | C (viz. going from V! to
¢’/ where t and ¢’ are related via @ to the same node u € U | C) results in only a
small change (no change) in their ®-relatives above u in U; if (V! and ¢'U! are
related to any node above u, then they are related to only one, and the same one.
Hence the name ‘continuous’.

THEOREM 1.7. The relation ®: T | C— U | C is continuous.
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Proof. Suppose that i <j in C and u € U(i), and let ¢,, t, € T(i) be such that
4©u and ()<t (I=1,2). Suppose that u, € U(j) with u,>u are such that
AN @u, for I =1, 2. We must show that u, = u,.

For [ =1, 2 choose a full left ideal J;, of R, representing the pair (t}'!, u;). Then
o), =&y <t. As iis a limit ordinal, there is k <i such that o/, € T | k for each .
Set K;=J,N R,. By Proposition 1.3, J,= z;'(K,) N R;, that is, we have J, = K}/!
in the notation of Proposition 1.3. Also set [, = K}"! (which by the proposition is
JiNR,). These definitions are illustrated in Fig. 1.1.

FiG. 1.1

Assume for a contradiction that u, #u,. By Proposition 1.3.1, [07'(J))]* #
[67'(J,)]*, so without loss of generality we may assume that there is s € S with
0(s) € J;\J,. Hence m,60(s) € K\\K,. By definition of the club C (cf. Proposition
1.4(ii)), there is s’ e S} with m,60(s") = m0(s). Hence 6(s')e,\L. Conse-
quently, [67'(1)]* #[67'(L)]*.

But u,;= u € U(i), and by Proposition 1.5, ® is homomorphic. So 67'(1) is full
in S; with tree site u, for each I By Proposition 1.3.1 again, [07'(/)]* =
[6'(L)]*. This is a contradiction. So u, = u,, as required.

We can now adapt surjectivity to green nodes. A relation ®: 7T — U is said to
be surjective on green nodes if whenever u € U is green then there is a green node
teT withtDu.

ProposiTION 1.8. Suppose that ®: T— U is a homomorphic, surjective and
continuous relation, where T and U are spruce trees. Then ® is surjective on
green nodes.
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Proof. Let uelU be a green node of height i. Using property (iv) of
spruceness we may first choose a branching node u’ > u of height j in U, and then
an ordinal k >j and u" € U(k) with u" #u'l®¥,

Now as @ is surjective, there is t" € T(k) related to u” via ®. Let ¢', t be the
predecessors of ¢” of heights j, i in T respectively. As @ is homomorphic, ¢’ & u’
and tdu.

If ¢ is not green in 7T, then §(t') <t <t and also "= "*). So by continuity the
only node related to ¢’ by @ is u!®*). This is a contradiction, and proves the
proposition.

DEFrINITION. A relation ®: T — U on spruce trees is said to be conformal if it is
height-preserving, homomorphic, surjective on green nodes, and continuous.

ExaMPLES. Any tree isomorphism is conformal. The results above show that
©: T | C— U | Cis conformal.

Conformal relations preserve sufficient tree structure for us to prove our
non-structure results. We will see this in the remaining sections; see, in particular,
Theorem 2.7 below.

2. Aronszajn trees

An Aronszajn tree is a tree A of height w,, such that each level A(i) (for all
i< w,) is countable, but without uncountable branches. See [9] or [10] for the
classical construction of an Aronszajn tree. We modify it slightly to obtain a
large family of ‘pseudo-Aronszajn’ trees such that there is no conformal relation
defined on any club between any pair of the family. Hence by the results of § I1.1,
the limits of any SFP systems built on the trees will be pairwise non-embeddable.
We also show how to make the trees fairly rigid with respect to conformal
relations. In § 5 we will use this to produce rings that are also fairly rigid. The
trees we build are spruce and so not strictly Aronszajn, but they retain enough
‘Aronszajn-ness’ to ensure that rings built on them have the Aronszajn-like
property that every maximal ideal (more generally, every full ideal) is countably
generated.

To make the trees different we will use the devices of ‘grids’ and ‘nests’. We
will define nests later; first we look at grids.

DEFINITION. A grid is a pair = (G, y), where G c 39w, is a set of limit
limit ordinals, and y: G X w— 9w, is a map that provides for each je G a
strictly increasing sequence of countable limit ordinals y(j, n) =j, (n < w) with
U {ja: n<w} =/

It will also be useful to define a node ¢ of limit height i in a spruce tree T to be
cofinal if T is a cofinal branch of T | i; that is, there are branching nodes of
unbounded height in 7.

We now present our main construction. The statement of the theorem contains
some terms that will be defined below.
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THeoreM 2.1. Let T =(G, y) be a grid. Then there is a spruce tree A =A(I)
with the following properties:
(@) ifi<j<w, and & € A(i) is a sequence node with sup(&) < q € Q, then there
is a sequence node 1 € A(j) with § <n and sup(n)<gq;
(x) if i <w,, A(i) contains at most X, sequence nodes;
(v) for all i € dw, the number of distinct cofinal green nodes of height i in A is

ly ') R if i € G,
YOI+ R ifi ¢ G.

So, for example, if i € G\im(y) then there are no cofinal green nodes in A(i).

Proof. Unlike in the classical Aronszajn construction the nodes of A will be of
two kinds: sequence nodes or blank nodes.

Sequence nodes are certain elements of ~“'Q={n: i< w,(n: i—Q)}. So
< is the set of countable sequences of rationals. If € <*'Q, we write len(n)
for dom(n), and sup(n) for sup{n(i): i<len(n)} € R U {», —o}. Each sequence
node 7 will be a bounded increasing sequence; that is, sup(n) <o and
n(i) >sup(n | i) for all i <len(n). The letters n, & will denote sequence nodes.

Blank nodes are ‘filler’ nodes. We can increase the height of a sequence node
in the tree by inserting blank nodes beneath it.

Each node of A will be either sequence or blank, but not both. The sequence
nodes will be precisely the branching nodes. It will be clear that if T = (J, &)
then deleting the blank nodes from A(I') gives a classical Aronszajn tree.

We will construct A by induction on levels. We must specify which elements of
A are related in the tree ordering. As in the standard Aronszajn tree, if §, n € A
are sequence nodes then § <7 will hold in the tree if and only if § is a proper
initial segment of 1. However, blank nodes are not sequences and we will specify
explicitly how the tree ordering relates them. Since blank nodes may occur
beneath sequence nodes, we will have ht(n)=len(n) for every sequence node
n € A, whereas in the classical case we have equality.

We now begin the construction of A. We define A(0), the Oth level of A, to be
{()}, where () is the empty sequence, a sequence node with supremum —o, If
A(i) has been defined, we construct A(i +1) as follows. First, for every node
a € A(i) we put a single blank node a™ into A(i + 1) above a. This gives property
(ii) of the definition of ‘spruce’. Then for each sequence node n € A(i) and every
q € Q with g >sup(n), we put the sequence node n"¢q (the sequence 1 followed
by g) into A(i + 1). This adds countably many sequence nodes above 7. Clearly
(«) and (k) are preserved.

Now assume that j < w, is a limit ordinal and we have built A(i) for all i <j.
There are two cases.

Case I: j ¢ G. In this case we follow the classical construction. So for each
sequence node n €A [j and each rational ¢ >sup(n), we choose a rational g’
with ¢ > g’ >sup(n) and a strictly increasing sequence of ordinals i, (n < w) with
ip=ht(n) and (U {i,: n<w}=j. We then define sequence nodes 7, € A(i,)
(n < w) by induction on n. We set no=n. If 5, has been defined, we use («) to
find a sequence node 7,,,, € A(i,+,) with n,,,>n, and sup(n,+,) <q’. Then the
union 7, of the sequences 7, is an increasing sequence of rationals, and
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sup(n,) <q' <gq. We put 7, into A(j), so 7, will lie above the branch of A |j
defined by the 7,.

We then add a single blank node above each remaining branch of A [ j. This
gives amongst other things property (i) of the definition of ‘spruce’. Clearly («)
and (k) are preserved by the construction.

ReMARrk. In fact, («) clearly ensures that there is more than one choice for
M.+ at each stage. Hence there are 2™ possible choices of 7.

Case 11: j € G. Our aim is to make level j of A ‘special’ by using the fact that
je G, whilst all the time preserving (a). Write j, for y(j, m) (m <w). Let
neA |j be a sequence node, let g € Q with sup(n)<gq, and let m < w be the
least m such that j,, > ht(n). Since j,, is a limit ordinal, we can use the argument
of Case I to choose an increasing series of sequence nodes 7, (n <w) in A |,
with n,=7n, U {ht(n,): n<w} =j,, and sup(n,,) <gq, where 7, is the union of
the sequences 7,,.

Now by the Remark above, there are 2™ possible choices of 7,, so by
property (k) we can choose one such that n,, ¢ A | j. It follows that the branch of
A lj, determined by the 7, has only blank nodes above it in A [j, so it
determines a branch B of A | j. We then put the sequence node 7, into A(j)
above B. We do this for all ne€ A | and all g >sup(n). This preserves («) and
(x).

We complete the construction by adding a single blank node above each
remaining branch of A [/, as in Case I. The conditions (&), (x) remain
undisturbed.

Let A be the resulting tree of height w,. We must check that it is spruce. All
clauses of the definition except perhaps (iii) are obviously true. Clause (iii)
follows as in the classical Aronszajn construction, because a cofinal branch of A
would give rise to an uncountable strictly increasing sequence of rationals, which
is impossible as Q is countable.

We finally check that A satisfies (v). For i<j<w, let Y(i,j)={b e A(i): b is
cofinal and green, and b!! is the lowest sequence node above b in A}. Evidently,
the Y(i, j) are pairwise disjoint, and for each i < w, the set of cofinal green nodes
in A(P) is exactly U{Y(, j): isj<w}.

Let i € dw,; we evaluate |Y(i, j)| for each j by referring to the construction.
Firstly, Y(i, i) is the set of cofinal sequence nodes in A(i), so |Y(i, i)| is 0ifi € G,
and N, if i ¢ G. Secondly, let j>i. If Y(i,j) is non-empty then let b € Y(i, j).
Since the sequence node b'! is not cofinal, we must have je G, and as b is
cofinal, we have i=y(j,n) for some n<w. But if i=y(j,n) for some
j,n, then |Y(i, j)|=N,y, as Y(i ) gets N, elements for each sequence node
E€A | \Un<n A | Y(j, m). Since the map b+~ bl'! is injective, it follows from
property (x) that Y(i, j) is at most countable. So |Y(i, j)| =N, if i = y(j, n) for
some j € G and n < w, and |Y(i, j)| =0 otherwise.

Totting up, we see that the number of cofinal green nodes in A(i) is
ly~'(i)I-Ry for Uj>; Y(i, j), plus an extra 8, for Y(i, i) if i ¢ G. This proves (v)
and completes the proof of Theorem 2.1.

We will use (v) to show that if I and I are sufficiently different grids then
there is no conformal relation defined on any club between A(T') and A(T"').
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Suppose that C is a club and ®: A(T') | C— A(T") | C is a conformal relation.
We would hope that if i € C then the ith levels of A(T') and A(I’) are ‘similar’.
For comparison we want to use the cofinal green nodes, because we can control
them using (v) of Theorem 2.1. Suppose that b € A(T"') is a cofinal green node of
height i. As @ is surjective on green nodes, A(I") will contain a green node a of
height i with a® b, but as ® is a relation, it does not follow that a is cofinal.
However, we can show that if i€ C and A(I") contains uncountably many
cofinal green nodes b of height i, then A(T’) contains at least one cofinal green
node a of height { with a ® b for some such b. To do this we use our second
device, the nest.

DEerINITION. Let T be a tree. A nest in T is a set N of green nodes of T such that
N c T(i) for some i <ht(T),
N is uncountable,
{teT: 3ne N(n>1)} is countable.

Note that if T is a spruce tree, Cis a club in w, and i € 3C, then aset N = T(z) is -
anestin Tif andonlyif Nisanestin T | C.

LeMMmA 2.2 (preservation lemma). Let T, U be spruce trees, let C be a club in
w, and suppose that ®: T | C— U | C is a conformal relation. Let i € 3C be such
that there is a nest N c U(i). Then T (i) contains a cofinal green node m with m ® n
for some n € N.

Proof. The argument is similar to that of Theorem 1.7. Let N < U(i) be a nest.
Since there are only countably many nodes in U lying below the elements of N,
the set N*={neN: Vn'<n (n #n"q’")} is also a nest. Take ne N*. By
surjectivity for green nodes, there is a green node m € T(i) with m ® n. Suppose
for a contradiction that m is not cofinal in 7. Thus {(m) <m. As i € 8C, we may
choose m’' € T | C such that {(m)<m'<m. Then also {(m') = {(m)<m’', and
m'=m,

As ® is homomorphic, we have m’' ® n' for some n' € U(ht,(m')) with n' <n.
By continuity of ® we must have n =n'®1¢ N*_ This is a contradiction, which
proves the lemma.

The relationship of cofinal green nodes to nests is given by the following
proposition.

ProrosiTiON 2.3. Let T be a spruce tree. Let i < w, and suppose that N c T(i).
Then N contains a nest in T if and only if

(a) i is a limit ordinal, and

(b) there are uncountably many cofinal green nodes in N.

Proof. To prove (a) and (b) we can assume that N is already a nest. Since T is
spruce, every node of T has countably many immediate successors. It follows that
(a) holds. If (b) fails, then there are uncountably many nodes n € N such that
¢(n) <n (cf. Proposition 1.2). By Proposition 1.2, all the {(n) are distinct, so
there must be uncountably many nodes lying below nodes in N, which contradicts
the assumption that N is a nest. Hence (b) holds too.
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Conversely, if (a) and (b) hold then take an uncountable set N’ of cofinal
green nodes in N. As T [ i contains only countably many branching nodes, it is
easily seen that N' is a nest.

We now relate this to our construction.

DeriNTioN. A grid T = (G, v) is said to be fine if

(i) y~'(i) is uncountable for all i € im(y),

(ii) im(y) = (Bw)\G.

It is easy to see that if (G, v) is fine then G must be uncountable, and for any

uncountable G ¢ 33w, we can find a y such that (G, y) is a fine grid.
We will usually work with fine grids from now on.

CoroLLARY 2.4. Let A=A(T'), A’ =A(I") be spruce trees, where T = (G, y),
I'=(G’', y') are fine grids. Suppose that C is a club in w, and ®: A} C—>A' | C
is a conformal relation. Then G N 3C < G' N 3C.

Proof. Pick i e G N AC; we show that ie G'. As I is fine, we have i ¢ im(y).
So by (v) of Theorem 2.1, there are no cofinal green nodes in A(i). Hence by the
preservation lemma, there is no nest in A’(i). By Proposition 2.3, it follows that
there are at most countably many cofinal green nodes in A’(i). If i ¢ G' then as I’
is fine, i eim(y’) and so y'~'(i) is uncountable. Hence by (v) of Theorem 2.1,
there are uncountably many cofinal green nodes in A'(i), a contradiction. Hence
i € G' (and in fact there are no cofinal green nodes in A'(i)).

Recall, for example, from [10], that a stationary subset of w, is a set that has
non-empty intersection with every club in w,. We quote:

Facr 2.5 [10, Theorem 85]. There exist X, pairwise disjoint stationary subsets
of w,.

This is usually attributed ‘essentially’ to Ulam, since the easiest proof uses an
Ulam matrix. The theorem was later strengthened by Solovay. Clearly the
intersection of a club with a stationary set is stationary. Hence we can find
pairwise disjoint stationary subsets $* (k < w,) of 3dw,.

Now it is easy to find subsets X' c w, (i <2“') such that if i #j then X'\ X/ is
non-empty. Define G'=J{S*: ke X'} for each i<2“. We see that each
G’ c 39w,, and if i #j then G'\G’ is stationary. For each G’ choose ¥ such that
I =(G', ¥) is a fine grid, and set A’ to be A(T). Write LA’ for L(A’).

PROPOSITION A2.6. If i, <2 and i+#] then there is no conformal relation
®: A'} C—> A’ | C for any club C in w,.

Proof. Suppose that C is a club in @, and ®: A | C—> A’ | C is a conformal
relation. By Corollary 2.4, G'N 3C < G'. But G'\G’ is stationary and 3C is a
club. This is a contradiction.
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THEOREM 2.7. Suppose that for each i<2“' we have an SFP system
(LA', p, v') with each p'(a) a countable ring, and with limit ring R'. Suppose
that i, j <2** are distinct. Then there is no ring embedding 6: R'— R’. Hence the
rings R’ (i <2“') are pairwise non-embeddable.

Proof. By the results of § II.1, such a 8 would give rise to a conformal relation
©: A/ | C— A’ | C for some club C c w,. This contradicts Proposition 2.6.

Remark 2.8. If i <2¢' let G = (Uj<« G')\G'. Evidently we can weaken part
(ii) of the definition of fine to im(y’) = G'*. See Remark 2.11 below.

Rigidity

It is clear from the proof of Theorem 2.1 that it is not essential to use the same
grid throughout the construction, or indeed even within a single level. We will
now modify the construction accordingly, to produce a spruce tree A such that if
Ccodw,isacluband ®: A | C— A | Cis a conformal relation then a ® g for all
green a€ A | C. (That is, A is ‘conformally rigid’—but note that there may also
be b *a with a ® b or b ® a.) This is enough to produce rigid rings, as we will see
in §5.

First take pairwise disjoint stationary sets S, < 90w, (for i < w,, n < w). By
deleting elements, we can assume that min(S,,)>i for all i, n. Define G =
U{Si: i<w,,n<w}. Now A is built by induction on levels. We assign the set
S¢y =Un<w Son to the empty sequence, (). As each higher sequence node & is
introduced, we assign a new set S, to §, where i = ht(&). This is possible as A(i)
contains only countably many sequence nodes. We can then write this §;, as S;.
We can arrange to use all the sets S;, in this way.

When S has been defined, we also choose two grids Vi = (S, ve) and
We = (Sg, we). We require that

lm(Ug) N aawl = Sg,
v '(i) is uncountable for all i € S;.

These conditions are easy to arrange.

The construction of A at non-limit levels is as in Theorem 2.1. We build the
limit level j of A as follows. If j ¢ G, we apply ‘Case I’ of Theorem 2.1; this is the
classical Aronszajn case. Suppose instead that j € G. Then j € S, for some i <j
and n < w. Hence we have already defined S;, to be S; for some unique sequence
node & e A(i). For each sequence node n €A |'j and rational g >sup(n), we
want to include a sequence node n' in A(j) with ' >n and sup(n’') <q. We
apply Case II of Theorem 2.1, but using the grid V; if n =& and W; otherwise.

Let A be the result of the construction. We have:

Lemma 2.9. Let i € Sg for some sequence node § € A. Then:
(i) there is a nest in A(i) above &,
(ii) if a € A(i) is a cofinal green node then a > &.

Proof. (i) As i €S, we have i € im(vg). Hence there are an uncountable set
Ic S and n < w such that vg(j, n)=i for all jel Let jel. Choose a sequence
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node n €A i with n =& and ht(n) = ve(j, m) for all m <n. By construction,
there is a cofinal branch f of A [ i with n € B8, such that the sequence node

UB:=U{n": n’ asequence node, n’ € f}

is in A(j) (and above B). Let a; be the unique node in A(i) lying below | S.
Then g; is cofinal and green and a4; > §. Since, moreover, every node a <|J § of
height at least i is a blank node, the a; (jel) are all distinct. Hence by
Proposition 2.3, {a;: j €1} is a nest above & in A(i).

(ii) Let a € A({) be a cofinal green node. Since i € G, Case II was used to
construct A(i), and in doing this, no cofinal green nodes were introduced. So a
must have been made green at some later stage. That is, there are a sequence
node n € A, y € {v,, w,}, j €S, and n < w, such that y(j, n) =i and the sequence
node |_J 4 was put into A(j) (above a).

Now i€S;cddw,. As im(w,)N 30w, =, we have y=wv,. Hence by
construction, a >7. But now i€ 30w, Nim(v,)=S,. As the §, are pairwise
disjoint, we have n =§&. So & <a, as required.

CoroLLARY 2.10. Let ®: A C—> A | C be a conformal relation, for some
club Cc ow,. Let te A | C be a green node. Then t ®t.

Proof. Choose a sequence node §=¢in A and i € S, N 3C. By Lemma 2.9(i),
there is a nest N above § in A(i). By Lemma 2.2, there is a cofinal green node
m € A(i) with m ® n for some n e N. Hence m > § =t by Lemma 2.9(ii). Because
@ is homomorphic, we obtain ¢ @ ¢, as required.

RemArRk 2.11. Using Remark 2.8, we can combine Corollary 2.10 with
Proposition 2.6 to produce 2™ ‘conformally different’ rigid trees. The method is
standard and we will not describe it further.

3. Countable generation of full ideals

In the last three sections we study in more detail the limit rings of SFP systems
built on the SFP domains LA, for A as in §2. Already by Proposition 1.5.3, if
each map v of the system is an isomorphism then each of the locally generated
ideals of the limit is densely decomposable. In § 4 below we will show that the
limit rings can all be made L.,-equivalent, and in § 5 we build in some rigidity
(the rings will have few endomorphisms). In the present section we show that
every full ideal can be made countably generated.

Let A be a spruce tree as built in Theorem 2.1, and let (LA, p, v) be an SFP
system such that p(a) is countable for all ae LA (or equivalently for all
a € B(A)). Let the SFP system have limit ring R, and let R; be the limit of the
system restricted to LA, (all i <w,). By Proposition 1.1.5, R is uncountable, of
cardinality N,. None-the-less we will now use Corollary I.2.5(ii} to show that
every full ideal (either left or two-sided) of R has a countable set of generators.

First we need a technical lemma on the tree structure of L(A).

LemMa 3.1. Let T be a spruce tree. Then every node of L(T) has either 0 or X,
immediate successors in L(T).
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Proof. Assume that t € L(T) is not terminal in L(T). If t € B(T) then clearly ¢
has at least X, immediate successors in L(T). Assume that t € L(T)\B(T). There
is b € L(T) with b>t. We can assume that i = ht,(b) is least possible, so i is a
successor ordinal, b € B(T) and b has an immediate predecessor b~ in T. It is
possible that b~ >¢; clearly, if b~ > ¢ then b~ € (T | dw,)\L(T).

Now b~ is the immediate predecessor of a branching node in T. So by (ii) and
(iv) of the definition of ‘spruce’, b~ is itself branching and has N, branching
immediate successors c in T. By choice of i, each such c is an immediate successor
of tin L(T). Hence ¢ has at least X, immediate successors in L(T).

It remains to prove that no te L(T) has uncountably many immediate
successors in L(T). Assume for a contradiction that te L(T) is a counter-
example. Let hty(t) =i. As T is spruce, there are arbitrarily large j < w, with j >
such that there is an L(T)-immediate successor b of ¢ of height j in T. Clearly
j is a successor ordinal; let j=j~ + 1 and let b~ <b have height j~ in T. There
is no x € L(T) with t<x<b". Hence b~/L(T)=t. It follows that b~ = (U]
(cf. the proof of Proposition 1.3). As above, b~ is a branching node of T. As
this holds for arbitrarily large j~, it follows that the branch of T determined by
{tY: i<j< w,} is cofinal in T. This contradicts the spruceness of T.

We now obtain:

THeOREM 3.2. Let A, R, R; be as above. Let J be a full left ideal of R. Then J is
countably generated.

Remark. Recall that by Proposition 1.3.2 the full ideals include the maximal,
prime and irreducible left ideals and also the maximal two-sided ideals of R.

Proof. Suppose that J=/@a in R, for some a e LA and some ideal / cR,.
There is i < w, such that a e LA,. By Lemma 3.1, we can choose i so that all of
the immediate successors of @ in LA (if any) are already in LA;. It follows that:

LA, <LA, {a'e€LA: a'/LA,=a}=/{a).

By Theorem 1.2.2, JN R; =1 @a in R;. By Corollary 1.2.5(ii), J N R; generates
J in R. The result follows since by Proposition 1.1.5, R; is countable.

4. L, -equivalence

Here we prove that if two grids I'', I* are ‘sparse’ enough then BA(T') and
BA(T?) are L..,-equivalent trees. Since the rings of Theorem 2.7 are the limits of
SFP systems of the form (LA(T), p, v), this will prove that in the case of
Boolean powers (cf. Remark 1.4.3) say, the rings R; (i <2*') of Theorem 2.7 are
all L.,-equivalent.

Formally, Corollary 1.6.3 combined with Theorem 4.5 below will give the
following:

THEOREM 4.1. Let T', T? be fine, sparse grids, and let R,, R, be L..,-equivalent
rings. Then the SFP powers R\ (LA(T'")) and R,{(LA(T?)) are L.,,-equivalent.
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We mentioned L.,-equivalence in § 1.6. There is another characterisation of
L..-equivalence in terms of back-and-forth systems. A back-and-forth system
between structures M and N is a set © of partial isomorphisms from M to N such
that:

0+J,

if @ € © and a € M then there is b € N such that 8 U {(a, b)} € O,

if 6 € © and b € N then there is a € M such that 8 U {(a, b)} € ©.

Facr 4.2 (Karp’s theorem [12]). The structures M and N are L.,-equivalent if
and only if there is a back-and-forth system © between M and N.

We will show that LA(T') and LA(T®) are L..,-equivalent for sparse I', by
finding a back-and-forth system between them. It will then follow that
BA(I'") =.., BA(T'®). Though LA is definable in A by a first-order formula, A(T'")
and A(I'®) will not in general be L., -equivalent. (If they were, then for all i < w,,
if A(T")(i) contained a cofinal green node then so would A(T?)(i). Hence the
A(T") of Theorem 2.7 are not L..,,-equivalent.) So we must work directly with the
LA, remembering that if t € LA then maybe ht, ,(t) <ht,(¢), and ¢ may be a
branching node of LA without being branching in A (though it will be green in A).

DerFINITION. An uncountable set C ¢ w, is said to be sparse if
min{jeC: j>i}>i+i(=i.2)

for each i € C. A grid (G, y) is said to be sparse if G is sparse.

Clearly any uncountable subset of a sparse set is also sparse. If we define an
w,-sequence z; (j<w,) inductively by z,=w, z,,=z.2+1, and z;=
U {z: j< 6} for limit § <w,, then Z={z;: j<w,} is a sparse club. Hence if
S c w, is stationary then § N Z is sparse and stationary. It follows that in Fact 2.5
we can assume that the S are subsets of Z, so that the G’ defined prior to
Theorem 2.7 are sparse.

Sparseness is used in the following lemma.

LemMA 4.3. Let G be a sparse subset of 00w,, and let T' = (G, y) be a fine grid.
Write A for A(T'). Let b be a branching node of LA with ht, 4(b) =i. Then for all
ordinals j with i <j<w, and all q € Q, there is a branching node c of LA with
¢>b, ht, .(c) =j and sup{sup(n): n a sequence node, n<c} >gq.

Proof. Since b is a branching node of LA, it is green in A. Let 7 be the lowest
sequence node in A with n=b. By construction, we may take a sequence node
7' € A such that ' is an immediate successor of # in A and sup(n') >g¢. Then
n'€ LA and ht, 4,(n") =i+ 1. This proves the lemma in the case where j =i + 1.

Assume that j>i+ 1. With n’ as above, any sequence node greater than 7’
already has supremum greater than g. So if we replace b by 7', it is enough to
find a sequence node ¢ above b and of height j in LA.

Let g be the least element of G such that g>j and g >ht,(b). By («) of
Theorem 2.1, we can find a sequence node § € A(g) with §>b. Of course, g € G,
so & is not cofinal in A | g. Consequently, & ¢ LA.
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Let £,=E/LA and suppose that ht, ,(&,) = k. There are two cases. If j <k,
then choose &' € LA so that &' <& and ht,,(§') =j. Any branching immediate
successor of &isin LA, so &' is not a terminal node of LA. Hence by Lemma 3.1,
it is a branching node in LA, and we have finished.

If, on the other hand, j>k,, then let k be such that k,+ k =/, and set
j' =g+ k. Using («) of Theorem 2.1, choose a sequence node &' € A(j') with
E>E LetE={§ U {teA: §<t<E'}. Now k<j<g. As G is sparse, there is
no g' e G with g <g'=<j'. By construction, it follows that every node te Z is a
sequence node, so that Ec LA. Clearly E has order type k. Since é’ NLA=
(5,NLA)UE, we have ht, (') =k + k' =/, and we can take c to be &'.

COROLLARY 4.4. Under the assumptions of Lemma 4.3, for all limits ordinals j
with [ <j < w,, there is a terminal node t of LA with t > b and ht, ,(t) =}.

Proof. Take a strictly increasing sequence of successor ordinals j, (n < w) with
jo>iand U,<,J. =j- As each j, is a successor ordinal, we may use Lemma 4.3 to
define sequence nodes &, € LA by induction, with ht, 4,(&,) =j,, & >0b, &,.,> &,
and sup(&,)>n (for all n<w). Let t=1lub, 4{&,: n<w}. Then ht, ,(¢) =/.
Further, sup{sup(n): n a sequence node, n <t} =«. Hence there can be no
sequence node 7=t in A, so ¢ must be a terminal node of LA.

For the rest of this section let G', G? be sparse (stationary) subsets of ,, and
let I' = (G', ') be fine grids (! = 1, 2). Consider the trees A' = A(T"), A*>= A(T?)
constructed in Theorem 2.1. We will prove:

THEOREM 4.5. (i) The SFP domains LA' and LA? are L..,-equivalent posets in
the signature L = {=, <}.
(ii) The posets BA' and BA? are also L...,-equivalent.

Part (i) of Theorem 4.5 will follow immediately from Lemma 4.6 below. Part
(ii) follows from part (i) here, since there is a first-order L-formula @(x) such that
for any A as in Theorem 2.1, {a e LA: LAk @(a)} = BA. The formula ¢ simply
says that x does not have limit height in LA. Part (ii) is what is required for
L..,-equivalence of the limit rings.

We begin the proof of the theorem with a definition.

DEeriNITION. Let T be any tree. If U< T, we say that U is a full subtree of T if
U is non-empty and closed downwards in T. If § ¢ T is non-empty, we write (S)
for the full subtree {te T: t=<s for some s € S} of T generated by S. Now T is
said to be finitely generated if T = (S) for some finite S < 7. Note that no branch
of a finitely generated tree can have limit height.

If U'is a full subtree of T' (I =1, 2), a map 0: U'— U? is said to be a strong
isomorphism if 6 is bijective and preserves ‘<’, and each u € U' is a branching
node of 7' if and only if (u) is a branching node of T2

For example, if we write L', 12 for the unique least element of T"' and T2,
then { L'} is a finitely generated full subtree of each T’, and the map (L'~ 1?) s
a strong isomorphism. Hence the set © of strong isomorphisms between finitely
generated full subtrees of LA', LA? is non-empty. The next lemma shows that ©
is a back-and-forth system between LA' and LA?, and so proves Theorem 4.5.



Sh:297

490 IAN HODKINSON AND SAHARON SHELAH

LemMma 4.6. Let T' be finitely generated full subtrees of LA' (I=1,2), and
suppose that 8: T'— T? is a strong isomorphism from T" to T*.

(i) Lett' € LA'. Then there is t* € LA® such that 8 U {(t', t*)} extends to a strong
isomorphism from (T'U {¢'}) to (T*U {£*}).

(i) Exchanging the indices ‘1’ and ‘2’ in (i), we have a similar result.

Proof. We will only prove (i), as the proof of (ii) is similar. So let T', T?, 6 be
given, and let ' € LA'. We can assume that ¢' ¢ T'; the result is trivial otherwise.
Now T' has no branches of limit height. So there is a unique largest node v e T'
with v<t'. We have T'<LA' and v=1t'/T' in the notation of §I.1. Let
6(v) =w e T* and let ht, ,(t') = h < w,. It suffices to prove the following:

Claim. There is t*€ LA? with t*/T*=w, ht,(¢*)=h, and such that ¢' is a
terminal node of LA' if and only if ¢* is a terminal node of LA>.

Given the claim, we can finish as follows. Let U’ be the full subtree of LA’
generated by T' U {¢'} (/ =1, 2). Since ht(¢*) = h, we can extend 6 canonically to
an order-preserving bijection ': U'— U?. Since by Lemma 3.1 every node of
each LA’ is either branching or terminal, 8’ will be a strong isomorphism.

Proof of Claim. Since t' ¢ T', we see that v is not terminal, so v is a branching
node of LA'. As 6 is strong, w is also branching in LA?, with infinitely many
immediate successors. As T? is finitely generated, we can take an immediate
successor w’' of w in LA? with w' ¢ T?. It suffices to find £*=w’ in LA? with the
required properties.

If t' is a branching node of LA' then by Lemma 4.3 there is a branching node ¢2
of LA? above w' and of height & in LA2. If ¢! is terminal in LA' then h must be a
limit ordinal, so we can use Corollary 4.4 to choose a terminal node * € LA?
above w' of height h. This proves the claim and with it the lemma.

Theorem 4.5 is proved.

5. Rigidity

By imposing restrictions on the homomorphisms v,, in the SFP systems and
using Corollary 2.10, we can make the 2™ limit rings of Theorem 2.7 somewhat
rigid. To conclude our survey we will prove a sample result for Boolean rings. We
will define an SFP system with Boolean limit ring R having no non-trivial injective
endomorphisms. The example will also illustrate the use of SFP systems in which
not all v,, are isomorphisms.

Further cases are discussed in [8]. For example, we may set up an SFP system
with limit ring R so that any injective endomorphism 8: R— R satisfies
0~'(I)=1 for every maximal two-sided ideal / of R. (In the case where R is
Boolean, this implies that 8 = idg.)

Take any countable Boolean ring S, and fix a countable set = of maximal ideals
of § such that any proper finitely generated ideal / of S is contained in some
KeZz.

Suppose that A is a ‘conformally rigid’ tree as considered in Lemma 2.9. We
build an SFP system o= (LA, p, v) on LA as follows. First we partition Q into
sets Qx (K € E) such that each Qi is dense in Q. For each sequence node 7 € BA
we define R, to be S. For each g € @ with g >sup(n) we define v, ,~, so that
ker(v, ,~,) = K where g € Q. Since S/K=17,, this defines v, ,., completely.
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Hence if a ¢ LA\BA we will have
R,=lim(R,, v, ,: n<n'in BANad)=12,,

and if b > a then v,, must be the unique embedding of Z, into R,. We have now
defined o completely.

Let R =lim(o). Then R is an uncountable Boolean ring. If i < w,, write R, for
lim(LA;, p’, v') as usual, where p’' and v’ are the appropriate restrictions. Let
0: R— R be a ring embedding. As in Proposition 1.4 we can find a club C c dw,
so that 6 induces a conformal relation ®: A | C—A | C.

We claim that 8 =idg. Suppose for a contradiction that there is r € R such that
0(r)=r'+#r. Take i e Csuch thatr, r' € R;,. As R; is Boolean, it is easily seen that
at least one of the sets {r,1—r'}, {1—r, r'} generates a proper ideal of R;
containing just one of r, r'. Assume without loss of generality that {r, 1 —r'} has
this property. Take a finite support N < BA; for {r, 1 —r’'}. The ideal of Ry
generated by {r,1—r'} is proper, so there are ne€N and K e E with r(n),
1-r'(n) € K. (Note that 7 is a finite element of LA and hence a sequence node
in A.) Choose q € Qx with g >sup(n) and n"q ¢ N, and then choose a green
node (say a sequence node) a € A(i) such that a>n"q. So a/N =n. Write z for
Cae LA. Then

I‘(Z) = Vnz(r(n)) = 'Vr;Aq,z . Vn.nAq(r(n)) = 0

Similarly, (1—r')(z)=0.

Now by Corollary 2.10 we have a ©®a. Hence by definition of © there are
proper ideals I,J of R, such that in R, we have 87'(l@z)=J@z. So
6J@z)cl@z.

Now reJ@z in R;, so r'el@z. But r'(z)=1, which contradicts the
assumption that / is proper. Hence 8 = idg as claimed.

6. Proof of the ‘sample theorem’ of the preface

Let R, S, E be as above. We have shown that any injective endomorphism of R
is the identity map. Furthermore, by Theorem 3.2 every maximal ideal of R is
countably generated. By Proposition 1.1.5 and Corollary 1.1.4, |[R|=N, and §
embeds into R. We can make R atomless by taking S to be the countable atomless
Boolean ring (there is no loss of generality as this ring embeds the original §).
Recall that R is atomless if and only if it is existentially closed [7, 6.3.9, Ex.
6.3.2]. Alternatively, if we include the zero ideal 0 in Z and require that
Va.nnq = ids whenever g € Q, then by Remark 1.5.4, R will be atomless. We can
also combine the construction of A with the techniques of Theorem 2.1 and § 4 to
produce 2™ pairwise non-embeddable R. See also [8].
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