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Abstract

We show: There are pairs of universes V; C V, and there is a notion of forcing P € V; such
that the change mentioned in the title occurs when going from Vi[G] to V>[G] for a P-generic
filter G over V,. We use forcing iterations with partial memories. Moreover, we implement
highly transitive automorphism groups into the forcing orders. (©) 2000 Elsevier Science B.V.
All rights reserved.
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0. Introduction

In [14] it is shown that some cardinal characteristics can be changed without chang-
ing m-sequences or cardinalities, that is we can have two models V; C V;, of ZFC such
that (“71)"> C ¥, and such that 7, and ¥, have the same cardinalities and such that,
e.g., 02 <d” (D is the dominating number, the minimum size of a subset Z C »® such
that every function f € w® is eventually dominated by some member of &). Since in
such a situation the covering theorem for (V, V) fails, there is consistency strength
of at least a measurable cardinal. In [14] a change of a cofinality of a regular cardi-
nal in V] was the main step when changing all the entries of Cichon’s Diagram (for
information on cardinal characteristics and Cichon’s Diagram see e.g. [4, 2, 6, 22])
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without changing cardinalities or the reals. In this work, we show that we do not need
to change cofinalities in order to change b, cov(.#), cov(A"), unif(.#) or unif(A")
and both additivities without changing cardinalities or the reals. These are all entries
of Cichon’s Diagram that are not norms of transitive relations. In order to cover all
these cases we use two different procedures.

In Section 1, we show how to change b, unif(.#) and cov(./") and both additivities
starting from a bare set-theoretic situation. We use an iteration with partial memory.

In [14] it is shown that D, cof(.#) and cof(./") cannot be changed if their values
in V; are regular in 7, and if V; and V, have the same cardinalities. At the end
of Section 1, we shall show that if ; and 7, have the same cofinalities, then these
characteristics (and some more, whose definition exhibits a certain syntax) cannot be
changed either when starting from a singular value in V.

In Sections 2—5, we show how to change unif(./"). We work with partial random
forcing as in [20, 18], however, as we need special instances of the methods presented
there, we (try to) make our present work self-contained. We include some comments
on the connections to Shelah (Preprint, 1998, Sh619; Fund. Math., to appear) and give
references to items we use almost literally, so that the reader may also read these.
In Section 6 we shall present a variation of the techniques for a case with countable
cofinality.

In Section 7, we show how to obtain the set-theoretic assumptions made in
Theorems 1.1 and 2.1 from Gitik’s work in [8, 9].

Notation. Our notation is fairly standard, see [11, 13]. However, we adopt the Jer-
usalem convention that the stronger forcing condition is the larger one. We often use
VP for V[G], where G is any P-generic filter over V. For two forcing notions P, 0 we
write P <Q if P is a complete suborder of Q. A forcing notion P is called o-linked
if P= Une »Pn such that each P, is linked, that is any two p,q € P, are compatible.
Martin’s axiom for less than A dense subsets of a g-linked partial order is denoted by
MA _,(o-linked). We speak of w®, the set of all functions from w to w, as the reals.
For f,gew® we write f<*g if dn Yk=n f(k)<g(k). The ideal of Lebesgue null
sets is denoted by /", and the ideal of meagre sets is denoted by .#. The bounding
number, b, is the smallest size of a subset B C w® such that for any f € w® there
is some b€ B such that 5 £* f. Let # be an ideal on the reals. The uniformity of
J CP(w), unif(£), is the smallest size of a subset of the reals that is not a member
of #. The covering number of .#, cov(.#), is the smallest size of a subfamily of .¥
whose union covers the reals. The additivity of .#, add(.#), is the smallest size of a
subset of .# whose union is not in .#.

1. Changing the uniformity of category

In this section, we show how to change unif(.#). Since add(.#)<b<unif(.#) and
add(A") <cov(A")<unif (.#) (for proofs of these inequalities e.g. see [7]), and in the
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beginning, that is in V;[G], everything is large because of an instance of Martin’s
axiom, the other four mentioned characteristics drop as well.

Theorem 1.1. Assume that we have

(a) V1 C Vs, both models of ZFC, (“Vy)"> C 1,

(b) wis a cardinal in V,, CCu, Ce€Vy, S €V, is an Ri-complete proper ideal on
2(C),

(¢) A< such that VBeVy, if Vi = |B|<A, then BNCE€ 4,

(d) Vi = A>Ng and A is regular.

Then for some P

(o) V) |E P is a finite support iteration of o-linked forcing notions, and the cardinality
of P is u=*,

(B) P is c.cc. in V5.

For G C P generic over V, we have

() enlenCnial,

(8) M[G] and V>[G] have the same cardinals if V| and V, have,

(e) M[G] and V,[G] have the same cofinality function if 'V and V, have,

(©) "Gl = MA L (o-linked),

(M) in V[G] there is (r;|ic C), r;€(“2)NO=@2)"G such that Vs c (*2)N1C]
IBCu, BeVy, |B|""<i (so CNBe.F)VieC\B, r; is Cohen over V[s).

Proof. In V; we build a finite support iteration
(P, Q;|j <o, i<a®)

of length o* = u+ u=* as follows. For f<pu we let 0Op =(=“2,<), the Cohen forcing.

For < u<* we shall choose Quip such that it is a name built from only part of P, 4.
We first need some definitions in order to specify good parts of the past. This forcing
technique has also been applied in [18-20] and their predecessors and in [21]. The part
[21, 3.3-3.7] contains some lemmas showing that there are complete embeddings from
specified suborders of the iteration that are not just initial segments. The organisation
of our forcing will be slightly different from that in [21] in as much as we have the
initial Cohen part here at once.

The support of a condition p € Py is supt(p)={y € B[ p(y)# 1o }, where 1o is a
name for the weakest element in Q,. In addition to having finite supports we shall
require that the supports hereditarily stem only from a part of the “past” Pg. These
parts of the past can be called memories.

First, we explain how to choose sequences (az|f € p=*) which will allow us to
define suitable memories. Given a sequence (a; | B € p=*) =a of subsets of an ordinal,
we say c is a-closed, if

cCo® and VfecagCe.
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We regard u<* as an ordinal and as a set of sequences of length less than 4. The

set of all subsets of a set A of size less than . is denoted by [4]<*. For x € u=<*
can also regard x as a function from some ordinal less than A to p and then write
range(x) for its range, which is a subsets of u. This will be used for referring to a
part of the Cohen reals.

We show that there is some (as | f<u<*) such that
(1) Vbe =1 3§ bay,
(2) agC B,
(3) lag| <4,
(4) y€ag — a, Cap (ie. each ap is a-closed).

This can be seen as follows: Let (bg|f € p=*) enumerate [u<*]<*, where by C .
By induction on f§ we now choose ag. Suppose a, is chosen for y<f. Then we set

1
ag = U a; U bg,
jeby
1 _
” U a; U aﬁ,
anﬂ

ag = U ag.

new

This is still in [x<*]<* because / is regular and cf(1)>,. Now it is easy to see that
a fulfils (1)—(4), and we fix such a sequence.

In order to take care of the initial Cohen part, we need shifts and write u @ ag for
{utrlveat.
For each f € =" we define a suborder P, of P,z inductively by

Pigay = { P € Py | supt(p) N 1t € | {range(x) | € ay)
Asupt(p) N[, p+ p=") C p @ ag
AV € supt(p) N [ i+ u=") p(y) is a Plg, -name}

If hCa<u<* then p | (| {range(x)|x€b} U u®b)) denotes the u + a-sequence
defined by

(p ) (U {range(x) [x € b} Upu® b)) )

p(y)if ye (U {range(x)|x € b} Uu ® b) ,
IQ_ else.

Now we have for all o € u<*: If b C o is a-closed, then P*@h <Py If pEPyyy, then
(p 1 (U {range(x) | x € b}Up @ b))) € Py, and for ¢> p | (U {range(x) |x € b}Up @ b)
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(in the Jerusalem notation) we have that gUp | (a\({J {range(x) |x € b}Up @ b)) € By
(for proofs, see [21]).

We choose Q, ., such that [dom(Q, . )| <2, Q4 is a Py, -name, 1 ”—ffféaa/, “O4p 18
o-linked”, and with some bookkeeping such that Q. . ranges cofinally often over

all Py,

bookkeeping, we assume that Vb € [u<*]<* H~ B b Cap, which can easily be reached

by starting with suitable (bs | f € u=*).

Now we are in a position to check all the items of the theorem:

(o) It follows immediately from our definition of P.

(B) If P=U,c,, Pn Witnesses o-linkedness in V' then it does so in ¥, as well. Thus
in V,, P is a finite support iteration of o-linked forcing notions and hence c.c.c.

() (“[G)"C1 C 1,[G] follows from (“V,)"> CV; and the countable chain condi-
tion of P in V,. (There are also proofs in [11, Section 37] and more explicit in
[51)

(6) and (¢) V; and V;[G] have the same cofinalities.

(€) Let Q be in Vi[G] be a o-linked notion of forcing such that QC A <. Let
9 ={Dy|a<2'} be a set of dense sets in Q. Since the supports are finite and
since we have c.c.c., there is some 4 C i+ u<* of size less than / such that there
is a name for (Q, %) that contains only conditions whose support is in 4. Then
we take o € u=<* such that

-names for o-linked forcings for every y€ u<*. In order to allow such a

x=| J{range(x)[x € a,} 24N p and y=p®a, 24N [+ pu~")

and have that 2,0 € Vﬁ‘@““. Hence a Q-generic G C Q is added at some stage in
our 1iteration.

(n) Let (r;|i€ ) be the Cohen reals added by P,. We show that {r;|i€ C} is as
claimed. Let s € (2°)"1°). Say s was added by forcing with O, ; (the case when
s was added before stage p is similar), a Fgq-name. We take B=ag. Then
BeV,, BCyu, and |B|"' <A As CNBe.#, we have C\B # (). For i€ C\B r; is
Cohen over V[s]. Proof: For Q; =(<*2,<]) we have

Qi # Py = O0r X Pl

Remark. This equation is very crucial: Note that there is “no time-dependence”, i.e.
the location of i in u + u=* as compared to the location of xUy does not have
any influence. Neither Q; nor PH*@aﬁ is the “later” forcing, because neither of them
is influenced by the extension performed by the other. All the work with the partial
memory was done in order to get this equation. Counting cardinalities of unions of
supports of conditions appearing in nice names seems not to suffice for it.

The analogue of the crucial equation is true for the subforcing of Py, . that has s
as a generic. Now in product forcing, the factors commute, hence we have V| [r;][s] =
Misllr]. O
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Putting things together we get

Corollary 1.2. (1) The following are equiconsistent (even (B)=-(A), (A)=(B) in
some c.c.c. forcing extension):
(A)(o) there are Vi,Vo,1,0,A,0,C, such that
Vi Cra,
Vi | A regular >,
V) cn,
p=0, p=i>0=¥R,
cCu,
C|" =0,
VBeV, (|IB|"" <4 — |BNC|" <0).
(B) V1 and V, have the same cardinals.
(v) V1 and V, have the same cofinality function on ordinals.
(B)(a) like (A)(a) but in addition
(x1) Vi EMA ., (0-linked)
(x2) in V there are (r;|i € C), r; €2 and a submodel V such that ¥s €2” 3B €
[C1=° such that (r;|i € C\B) is Cohen over V|[s].
(B) as (B) above.

(v) as (y) above.
(2) We can leave out (B) or ((B) and (yv)) in both (A) and (B).

(3) If we strengthen (A)(o) by adding
(@ V)2 C 1y, then we can get MA _, (ccc) in (B).

Proof. (A) is as the premise of Theorem 1.1 with .# ={C' C C|C’ € V,,|C'|"> <o}.
Note that ¢ as in (A)(x) is uncountable because we have the condition (“V7)"> C V.
For (3), take all names for c.c.c forcing notions, not only for the g-linked ones. The
additional premise ensures that (the new) P has the c.c.c. in V; as well. [J

We get the following conclusion for cardinal characteristics in (B) of Corollary 1.2.

Theorem 1.3. Suppose that we have
(o) There are Vi, Vo, u, 0, 2, a, C, such that
Vi Chs,
Vi |E A regular >,
@) Cn,
u=0, p=A>a=Ry,
CCu,
cl”=o,
VBe Vi (|B|"' <A — |BNC|" <o),
V1 EMA < (o-linked),
in Vy there are (r;|i€C), r;€2” and a submodel V such that ¥s€2”3B €
[C1=7 such that (r;|ic C\B) is Cohen over V[s].
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(B) V1 and V, have the same cardinals.
(v) V1 and V5 have the same cofinality function on ordinals.

Then (a) b1 =2, b2 <0 (and in the construction from the proof of Theorem 1.1,
we have b' = ). Moreover, if VB € ([[u]<*1=°)"> 3B’ € ([[u]<*1=*)"B C B, then the
construction from Theorem 1.1 gives b = 5).

(b) unif(#)" =2, unif(M)" <o,

(c) cov(AN) =4, cov(AN) <.

Proof. The V;-part of (a)—(c): MA ,(o-linked) implies that the three cardinal char-
acteristics (and add(.#), add(./")) are >4, because all of them can be increased by
o-linked notions of forcing (see e.g. [2]).

In order to show unif(.#),b<a, we take {r;|i€C’'}, C'CC, |C'|=0. This set
is unbounded and not meagre in V;, because for any se& V, (either in w® or as a
name for a meagre (F,-)set) there is some B; € [C]<? such that for i € C'\B; # () we
have the r; is Cohen over V;[s], hence it is not bounded by s nor in a meagre set
coded by s.

Proof of cov(/4")<¢: This follows from Rothberger’s inequality cov(A") <unif(.#)
(see [16, 7]). In order to give a proof not using this inequality, we can take {r; |i € C'}
as above. We set M(r;)={m|r; is Cohen over V[m]}. Then (by Fubini) we have that
M(r;) is a Lebesgue null set and for s € (2)"> we have there is some B € [C']<° such
that for i € C’\By the real 7; is Cohen over V[s], hence s € M(r;), so {M(r;)|ieC'}
covers (2°)".

Regarding the part of (a) in parentheses: Any A of the Cohen reals added in
the beginning are unbounded and show that b"' <. Under the additional premises,
we have that b2 >¢: Suppose that M C(“2)" and |M|"> <. We take M; C u and
M, C 1=* such that each member of M has a name containing only conditions from
{CilieMi}U{Pl,, | BeM}. Then B={{i}|ie Mi}U{ag|BeM}e([p=']1")".
Hence, there is some B’ € ([ <*]<*)"" such that B’ O B. We take f3 such that a O JB'.

. P . . . .
Hence at some later stage Hechler forcing over V' “®% will be done in the iteration
and add a real that dominates all reals in M. [

Remark on the violation of covering: Assume that for some first-order sentence
¢=¢(P, €), where € is a two place predicate and P is a unary predicate, we have
that

F o VxPx — ¢,

¢ is preserved by increasing P.
Then we define

inv® = min{|4| | (H(X,),€,4) E ¢}.
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H(p) is the set of all sets that are hereditarily of cardinality less that u. Now, if we
have two models V;, V, of set theory such that

Vi CV,, and

V1 and V, have the same cardinals and the same H(N;)
(which is the same as having the same reals), and

C is of minimal cardinality such that (H(X;),€,C)=¢ and

(inv")"" = /> |C| = (inv?)",

then we have that C is not covered by any set in V7 of cardinality less than /.
Remark on changing d, cof (M) and cof(A"): Assume that for some first-order
sentence ¢ = ¢(€), where € is a two place predicate, we have that

Vxyz € HR1) (96, y) A P(3,2) = ¢(x,2)) A
Ve e HRXy) 3y € HRy) d(x, p).

Then we define for BCH(X;), BEV:
invg’B = min{|4| | for all x € B exists y € 4 such that (H(X),€) = &(x, »)}.

Note that d, cof(.#) and cof(./") are characteristics of this type.
Now we have

Theorem 1.4. If V| and V, are two models of ZFC, such that Vi CV, and such that
they have the same cofinalities and the same reals, and if B€ Vi, BC H(Xy), then

. V1 . V2
1nv¢’B <IHV¢,B'

Corollary 1.5. If V| and V, are two models of ZFC, V| CV, and they have the same
cofinalities and the same reals then their dominating numbers and their cofinalities
of the ideals of Lebesgue null sets and meagre sets coincide.

Proof of Theorem 1.4. Given V| and ¥, and ¢ we carry out an induction over invgj B
simultaneously for all BCH(R,), B€ V.

If invgj »=1, then the premise H(X;)"" =H(X;)" and the requirements on ¢ im-
mediately yield the claim.

Now suppose that the claim is proved for all ¢, B such that invgf g <K and that we
have some ¢, B such that invgf =K.

Case 1: k is regular in V; and hence in V5. In this case, Blass’ Proposition 2.3
of Mildenberger [14] applies. For completeness’ sake we repeat the argument here:
Suppose that inv(';f = M<K

Let Z={z, | a <k} witness invng =x, and Z' ={z, | e <u} witness invd'fB = u. Since
R"> CR", in V, there is a function /: u — x such that for o<k,

HRy) = (25 Znx))-
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If u were less than x, then range(/#) would be bounded in x, say by a bound f € k.
Then Va e R" 3o € ug(a,z,) A ¢(z},z(x)). Hence {z,|a<B} were a witness for
inv” 6B <card(f) <x, which contradicts the premise.
Case 2: k is singular in ¥} and hence in V5.
Let x = lim; , () x; and x; <k.
Let Z={z,| o<k} witness inVZiB =K.
Set

Zi ={zy | € K}
and
Bi={beB|3z € Zp(b,2)}.
Now we have that
invngi <K;
and

sup 1nvf;‘ B =K.

iecf(x)

The second equation is easy to see: If sup;c g, invg‘ 5, = 0<x then we would have
that ianIB =0-cf(rx)<k.
By induction hypothesis

an¢B <1nv¢3

Since any witness for the computatlon of inv” ¢ g is a union of witnesses of the

computation of i 1nv¢ 5,» We get that i 1nv¢ = sup{1nv¢ g li€cf(®)}=x. [

2. Changing the uniformity of Lebesgue measure

In this and the next three sections, we show how to change unif(.4") (and cov(.#),
which comes for free, because of the inequality cov(.#)<unif(.A"), see [7]) under
our given side conditions. In this section, we start to define the forcings we are going
to use and look at automorphisms of forcings. We carry out the proof of the changing
procedure up to some point in the proof of item (&) of our main Theorem 2.1 at which
techniques about transferring information about w-tuples of conditions (in [20] called
“whispering”) are needed. We try to give some motivation for this fact by proving a
lemma about a pure Cohen situation (Lemma 2.12), of which a weakened analogue
for iterations of partial random reals and small c.c.c. forcings will be used later. This
weakened analogue is the statement ()5 introduced in Lemma 2.11 and proved only
by the end of Section 5.



Sh:684

216 H. Mildenberger, S. Shelah| Annals of Pure and Applied Logic 106 (2000) 207-261

These technical parts are then carried through in Sections 3-5.

Theorem 2.1. Assume that we have
(a) V1 C Vs, both models of ZFC, (°V1)>CVy [and (B) or ((v) + (B)) from
Corollary 1.2(A)],

(b) Cen, |C]<a, CCp, A<y,

(c) VBe Wy, if Vi =|B| </, then sup(C\B)=p),

(d) of"'(u)>Ng and cf”(2)>No,

(e) in Vi, there are uncountable cardinals y =2" and x such that k <y and 2" >=y.
Then for some c.c.c. P in Vi we have

(o) Vi EP is a finite support iteration of o-linked forcing notions,

(B) P is ccc in V,, and

for G C P generic over V, we have

(V) ("GN C G, [and (B) or ((v) + (B)) from Corollary 12(A)],

(8) unif (A7) I <|g|" 17,

(&) unif(AN")" 1>,

Proof. We work in V; (and often write V' instead of V). For y>2* we let g,: y —
[u]<* increasing with y, that is for y <y’ we have that gy | x=gy and

VB € [u]~*Fa<yg,(x) = B.
For &< u let

E: =Ef ={a<y|¢ ¢ g (0)}

and

AL =EFU[g 2+ 9.

We take p and A as in the premises of Theorem 2.1. We also fix k >¥; and some
y=2" as above such that cf(y)>pu (used in Lemma 2.11) and 2¥>y and such that
Kk <y (for our special iteration where all Q, of cardinality <x are already countable,
k <y would suffice, see at Lemma 5.2 and the remarks in Lemma 2.11, if you like to
work with weaker premises). Note for use in Theorem 5.5: the definition of g, and
E¢, A, . makes sense also if 2% <y.

Definition 2.2. (1) " is the class of sequences

Q = <PO(’ Q’[j’aAﬁa :u/f! Iﬁ ‘ o <O€*5 ﬁ <OC*>

satisfying

(A) (P, Qgla<a”,f<o”) is a finite support iteration of c.c.c. forcings. We call o =
1g(Q) the length of O, and P,- is the limit.

(B) 7, C uy <k is a name of the generic of Q,, i.e. over VE from GQu we can compute
1, and vice versa.
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(C) 4,Cua.
(D) Q, is a P-name of a c.c.c. forcing notion that is computable from (z,[Gp ]

|7 €4y).
(E) a* >y and for a <y we have that O, =(“2,<]) (the Cohen forcing) and u, =¥,
(identify <2 with ).
(F) For each a<a* one of the following holds (and the case is determined in V).
(o) |9,/ <k, |4,/ <x and (just for notational simplicity) the set of elements of
0, =0Q,[Gp] is pi, <k (but the order not necessarily the order of the ordinals)
and Q, is separative (ie. « IF f€ G, & Oy = f<a).

Viz,[Gr] |7 € 4]
(B) Q,=Random K and |4,|>«k.

(2) For the proof of Theorem 2.1 we shall be using the following instance of (1):
For y, u, A% as above we define a finite support iteration:

Q" = (PL QA% N0, Ty | o<y + 1B < 7+ ),

Pr =P

e For o<y we let 0f = (“2,<), the Cohen forcing. For o=y &, E<pu, we
let

VI, | peds]

0 = Random ,

where t is Qj-generic over 143

Thus, the Q_Z from (b) is a member of % (and of Shelah [20, Definition 2.2; 18,
Definition 1.4]) of a special form: 4, =0 if a <y, and A;Jrg =E:U[y,x+ &) for E<p.
The reader may wonder why we do not really fix y. The reason is that in Section 5
we use a Lowenheim Skolem argument and work simultaneously with ,( 2T,
LT D p the size of some heart of a A-system, in order to expand Q" to a richer

structure that will be used for the proof of part (¢) of Theorem 2.1.

The Lebesgue measure is denoted by Leb and for a tree T C2<® we define lim(T)
={f€2”|Vnewf IneT}. Similar to Shelah [20, 2.2], we specify dense suborders
of Random and call them Random again.

Vig, | v€4] .. .
Definition 2.3. (a) Random ¢ ={p | there is in V a Borel function 4? =%

with variables ranging among {true, false} and range perfect subtrees » of <“2 with
Leb(lim(7))>0 such that Vn€rLeb(lim7M>0) (where r"={ver |vanvnav})
and there are pairs (y,,{,) for £ € w, such that y, €4, {, € w, and such that p=%”
((truth value ({/ €1,,))ren)}

(b) In this case we let supt(p)={y, | £ € w}.

(¢) Py={p€P, | Yyedom(p),if |4, <x,thenp(y) € ,
. . Vigs | 6€4,]
(not just a name for a member of ), and if |4,| >, then p(y) € Random .
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(d) For 4 C o, we set
P{ = {p € P|Jdom(p) CAAV)(y € dom(p) — supt(p(y)) C4)}.
(e) AC « is called O-closed or called (4, | y€a*)-closed if

Vo € A (|4,] < K — A, CA).

So, in our situation of Definition 2.2, where all non-empty 4, have size y>x, any
ACy+pis (4, | a<y+ p)-closed.

Fact 2.4. Let Q_Z be in A" from Definition 2.2.
(1) If a<y+p and X is a P,-name of a subset of 0 <y -+ u then there is a set A C o

such that |A|<0 and |tp, “X € V[z, |

in V a Borel function B(xo,x1,...) with domain and range the set {true, false}
and y;, €A, {,<py for { € such that

y€A]”. Moreover, for each (<0 there is

Fp,  “CeX iff true = Be((truth value({; € 1,,[Go, 1))rew)”

(2) For Q€ A" and AC o every real in V([t, | y€A] has the form
(%n((lruth value(C/ € ‘Qy/ [GQ;‘,]))/Em))new
with %, as in (1), and “true” interpreted by 1 and “false” interpreted by 0.

Proof. (1) Let X be a name for a subset of 6. Let p be a regular cardinal, and let the
relation <7 be a well-ordering of H(p) such that x € y implies that x<jy. Take p
such that (0,0,X) € H(p); let M be an elementary submodel of #(p)=(H(p), €, <7)
to which {0, X,0} belongs and such that 0 C H(p).

Thus, rp. “M[Gp, ]NH(p)=M". Since yh = Vizg | p€a] we have that M[Gp,. ]
=M[(tp | peanM)]. So X e M[(1g | B€anM)], and we may choose a name for X
of the form X' ={({, p) | { € u, p € C¢}, where C; is a maximal antichain in V[g, | y €«
NM] and from that we can build a Borel function %; in V' such that

Fp, “CeX & B((truth value(, € )|/ € ) = 17,

where all the i, canNM.
Hence we have that IFp, “X € V[z, | yeM Noal”.

(2) is a special case of (1) with 6 = ®w. We may clue the 4,, n € w, together to one
Borel function is this case, and write all the arguments into all %4,. O

We are going to combine the techniques of Shelah [20, 18]. We use automorphisms
of P, that stem from permutations of 1g(Q)=o*.
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Definition 2.5. (1) For Q € .4 of the special form of Definition 2.2 Part (2), o <a*,
we let

AUT(Q | a)={f:a — a|f is bijective, and,
(VB € a)(Vy € [1,2))
(B<refB)<nNPBeA < f(B) €A}

(2) We let for f:a—o the function f:P/ — P/ be defined by p;=f(po) if
dom(p)={£(B) | BEdom(po)},  pr(f()) =B ((truth value(f(E) € T, )))rew)
where po(ﬁ):,%'f;o((truth value({s €1, ))rew)- (Here, we write # for (%), when

Op=u.)

We can also naturally extend f onto the set of all P/-names and name this extension

f as well.
Now we have for Q € 4.

Lemma 2.6 (cf. Shelah [18, Fact 1.6 parts (4) and (5)]). (1) For f € AUT(Q | «) we
have that f is an automorphism of P..
(2) Let ®p 4y be the following

For every o« € AN [y, x + p) and for every countable
B C « there is some f € AUT(Q | o) such that
f1ANB)=id, f"(B)CA, f"(BNA,)CANA,.

0,4

If A is Q-closed and ® g 4, then Pj < Pl’g(Q-), and Vq EPllg(Q_) we have
(a) gl4€Pp],
(c) if g1 A< p€P], then ¢ = pUq | (1g(Q)\A4) belongs to Pl'g(Q-) and is the lub of
p-q.

Proof. (1) is easy. (2) is carried out as in [18], but since we promised to write the
proofs in a self-contained style, we write down a proof here.

We prove by induction on f<lg(Q) that for 4’ =ANf and g € P}, clauses (a)—(c)
hold.

In successor stages f=o + 1, if a ¢ 4 or A, =0 it is trivial. So assume that o € 4
and 4, # (). By induction hypothesis, P;-, < P, and the analogues of (a)—(c) hold for
stage o. It is enough to show

. . / . N . . N PA/ﬁatﬁA- N /

(%) if in VP« # is a maximal antichain in Random” *, then in V% the set .
P/

. . . .. Ay

is a maximal antichain in Random”
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By the c.c.c. this is equivalent to
(1) if O <on, {p; | {<UYC Py PEPs and p lbp “{py(a) | {<{* and

P/
. ANaNA
pclo€Gp }is a predense subset of Random” """,
£ x /

%9y

»
then p Ibp, “{ pr(a) | {<(*and p; [a € Gpr} is a predense subset of Random” "
Assume that ()" fails. So we can find ¢ such that

pP<qEP,

q lkp “{pe()|{ < * and p; |« € Gpr}

Pl
. A
is not a predense subset of Random’ "

So for some Gp: -name 1
o

P/

q ke 1 ERandomVA“(: Q,) and is incompatible with every p:(a)€ Q,”. Possibly
increasing ¢ w.l.o.g. = #((truth value(n, € 7,)),e,) With a suitable countable w C 4,,.
Now we choose

B=dom(q)U | J dom(p; I o) U J{supt(q(p))|B € dom(q)}
(<>
U {supt(p:(B)IB € dom(p; | o) and { <"} Uw.

Since B is a countable subset of « and since we have ®; 4 there is an f € AUT(O | @)
such that

f 1 (BN A) = the identity,

1"(B)CA,

F"(BNAy) CANA,.

As f is a automorphism of P, and is the identity on P4~z we have that

fp)=p.

fpo) = pe.

p<f(q) € P,

J (@) = 2((truth value(n, € 770)))yen):
S"wW)C f(BNA,) SAN Ay,

/
VPAmA,

hence IFp/ 7(r) € Random ,

f(q) IFp ~ “in Q,, f(r) and p:(a) are incompatible for { < {*

O

and thus get a contradiction to the fact that we started with a maximal antichain.
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Lemma 2.7. For A= E:U[y, y+¢), and for Q as in Definition 2.2 Part (2), we have
that ®p 4) is true.

Proof. Let « € 4 and B C o be countable. W.l.o.g., we treat here the case when o> y.
We have to show that there in an f such that

f o — a bijective,

f 1 x:x — x bijective,

VB y<a (fed;, < f(B)edsy). )
(These first three items ensure that /€ AUT(Q [ «), and next we write the conditions
in ®g 1))

S T(ENB)U([1,€)NB))=id,

S"(B)CE:U[y, ),
Voe [+ &) f"(BN(Ex—, Ulx,2))) C(E:NE,—,)U[y ).

Next, we require that the f preserves slightly more
f 1y, a)=id and hence
VB e[y, o] f fE/g_X IEﬁ_X — Eﬁ—l'
So, f has to map (B\E;)NE,_, into E: NE,_, and (B\E:)\E4—,) Ny into E:\E,_,.
For yey, o' €&+ 1 we write tp,(y)={peco | yeEgt={pecd | g(y)Zp}. Al
subsets 7' C o’ such that |o'\T| <A are realised as the type of y elements because for
each B €[u]<* we have y many 7 such that g,(y)=B. Since o — y <¢, the relation E;
does not play a role in fp,;1—,(y) and so we have that for all such o+ 1 — y-types T

{9tPys1—, () = T}
= [{9ltpy1-,(1) = T ANy € Ec}]
= {1y, (N =T Ay ¢ Ec}| = 1.

Hence, there is a bijection f’ of y preserving the (o + 1 — y)-types and being the
identity on (E;NB)U[y, o) but mapping (BN y)\E: into Ez. Then f = f'Uid[, ) is
as required. [

Now we return to the conclusion of Theorem 2.1.

(v) If G CP is generic over V5, then
Vi[G] and V>[G] have the same reals, indeed (“¥i[G])"*l°! C V[G],
Vi[G] and V>[G] have the same cardinals if (77, V>) have,
Vi[G] and V,[G] have the same cofinality function if (7], V) have.

Since Cohen forcing and random forcing are o-linked, the proof of Theorem 1.1
applies here as well. [

Next we show
(") Vo= Ikp,., “{144i]i€ C} is not null”.

Proof. Let n €V, be a P, ,-name for a Borel null set. Since (“")> C 1, we may

assume that n € 1]. By 2.4(2), for some Borel function %4 €V} for some countable



Sh:684

222 H. Mildenberger, S. Shelah| Annals of Pure and Applied Logic 106 (2000) 207-261

X={x/|tco}lrY={w|lcw}lu {;,/cwn, {,,/€w, we have that

n = A((truth value({s € 1,,))rew. (truth value(() € 1, ))rew)-

Let i(x)<pu be such that i(x)> sup(Y). (Here we use that cf’i(u)>Y,.) Since
cf"i(2)>No, we have that B:= U,y 9,(&) € ([1]=")"". Since sup(C\B) = u, there is
some i>i(x), i€ C\B. We claim, that r,,; is random (in the sense of Vi and hence
also in the sense of V, as Random and all maximal (countable) antichains of the ran-
dom forcing are the same in ¥} and in V;) over an extension of Vj, in which N[G]
has a name. Then the proof will be finished, because then r,1; ¢ N[G] in Vi[G] and
also in V,[G]. By our construction, we have

. Vg, le€EVy <a<y+i] . :
7,4 is the Random B -generic over le i
Since i € C\B, we have that V¢ € X ¢g,(£)#1i, hence V& € XE € E;, so X C E;. Moreover
1+ Y Sl +i), as izi(x)=sup(Y). Since, by Lemmas 2.6 and 2.7, Py, < Py,

Vazi

. . . . Py, L. —
the name N is evaluated in the right manner in V] " Thus the claim is proved. [J

(8) 2[G] = unif (A7) < |%|. This follows from ().
Now comes the part whose proof will be finished only at the end of Section 5.
(e) M[G] | unif (A7) = A

Proof. Suppose the contradiction. In }; there is i(x)</ and p € P,4, such that

plrp,,. “n; €2 for i <i(x)A{n;|i <i(x)} is not null”.

A name of a real in V[G] is given by

17,‘ = gi((tmth Value(gi,/ € [j,-.,))lew)

for suitable ({;/,jis | L €®), Lir €W, JisEx+ 1
We set

X ={jislici(x),/ €}y,
Y ={jisli €i(x),/ € o} N[y 0+ 1)

We show the main point.
Vi{z:[éexur)l
In [G], (“2) is a Lebesgue null set.

Since F*a g,()=Y — x we can fix such an a€y\X that is not in E; for every
€Y — y. It is important to note that therefore the premises of Lemma 2.8 and or
Lemma 2.11 can be fulfilled for our any X, Y as above, with a suitable choice of «.

Lemma 2.8. In VIP’*, the set (©2)"1l% | EEXUYT has Lebesgue measure 0, and a witness
for a definition for a measure zero superset can be found in VP (a forcing name
is already in V™) for any a € y\X that is not in E: for every E€Y — y.
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Proof. Explanation: This proof will be finished only with the proof of Lemma 2.11,
which will, as we already mentioned, only be finished by the end of Section 5. The
proof of this lemma requires reworking of almost the whole [20]. The lemma is also
stated in [18, 1.11, 1.12], where a proof assuming the knowledge of Shelah [20] is
given.

First, we introduce some paradigm null sets (see also [20, 2.4, 2.5]):

Definition 2.9. (1) Suppose that @a=(a, |/ € w) and 7= (n; |/ € w) are such that for
lew
(@) a, "2,
(b) ny<nsp1 <o,
(c) lasl/2" >1—1/10".
Then we set N[@]={n€®2|3*°/ VYveavgn}.
(2) For a as above and n€w, we let tree,(a)={ve<?*2|n, = max(n,lg(v)) —
v r ny € a/}.

Then N[a]="2\J,c, limtree,(a@) and Leb(N[a])=0. The definitions N[a] and
lim tree, (@) may be intepreted in any model V' such that @ € V. We indicate the model
of set theory in which we evaluate them by superscripts.

Definition 2.10. For f <y we identify Qp, the Cohen forcing, with

' 1
{<(a/,nf) |/ <k) |k € w, ny<ns1 <o, a, C™2, ‘2“”’) >1— 1—0/}
If Gg, is Qp-generic, let
' = @Gg,] = {(,a)| 3k =/ + 13((a;,n)) | j <k) € Gg,3j <k(/,a) = (j.a))}
and define 7/[Go,] analogously. We let @ = (| / € w) and 7 = (i |/ € ») be the

names for the corresponding objects.

Lemma 2.11. If B € y\X is such that VE€Y — yf ¢ E¢, then

(wz)V[i‘; ‘ cexuy] Q(N[dﬁ])V[G]
Proof (Beginning). In this section, we shall only show that

in V[G], for E € [}5]"'+ we have

()g m tree,(a") does not contain a perfect tree

PEE

is a sufficient condition for Lemma 2.11. For certain members Q of %, ()5 will be
proved in the next three sections. Let ff € y\X be such that V¢€Y — yf ¢ E;.
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We show by induction on y>y that

in VP, for E € [;{]”+ we have
Gy, ﬂ tree,-(@”) does not contain a perfect tree
BEE
implies
VX CyVY Clyx + 1)

orn y .,
VB e X (HE €Y — 4 ¢ Er — (“2)/THEEXON0 C vy ),

Preliminary remarks: Assuming —(*)g), we get a P,-name b referring only to re,
e (X UY)ny such that

pkp, b ¢ N[@1.

Since V¢ € Y —yff ¢ E¢, we have for all &' =y+Ee€Y, f¢ E:U[y, x+p) =A% Since
P, _
all re, & €Y are RandomVA; -generic there are automorphisms f; € AUT(Q), {€y,
leaving b and every point from [y, + u) fixed and moving f to f: ¢ {fr | <(}.
Hence, we get
pe=fe(p) ke, b ¢ | NI
lex

for y>x* pairwise different f;’s.

Now we start the induction.

For 7=y the proof is easy, because (©2)"e|C€XUNNI contains only Cohen reals:
if there is one real [G,] not in (U,c,+ N [@1)"", then this real is Cohen and gives

rise to a perfect tree of Cohen reals not in (¢, N [a" ])VP". So we have that —(x)5,,
implies = (k)5

Now let y> be a limit. Assuming —(x)g,, we get a P;-name 4 referring only to
re, E€(XUY)Ny such that

p ke b & N[@.

By automorphisms leaving 5 and moving f to f; and p to p; we get

pe ke, b ¢ | NI
lex
for y pairwise different f3;’s.
Because of the induction hypothesis we may assume that p IFp b ¢ VP for 6<,
and hence by the properties of c.c.c. iterations that cf(y)=2N.
So for each { <y there are p;, m; such that

p<preP,, p;lkbhelim treem;(éﬁi).
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By properties of c.c.c. forcing notions ({{<y|p:€Ps}|d€y) is an increasing se-
quence of subsets of y of length y<<p. In the beginning on the proof of Theorem 2.1
we chose u<y. So for some y; <y there is E € [)(]"'+ such that p; € P, for {€E and
m; =m for { € E. Note that for all but <™ of the ordinals 7 € E we have that

py P {L € Elp; € Gp, Y =x".

Fix such an 5, and let prl be P, -generic over V' so that p,1er7_]. In V[Gp”],
let E'={(€E|p eGp, }, so |[E'|=x". Let T*=\,cp tree,(a%). In VP, T* is a
subtree of =“2 and by (*x)g,,, T* contains no perfect subtree. Hence lim(7™) is
countable, so absolute: 7* is a P, -name and (lim(T*))V[G’“v‘]:(lim(T*))V[GP?‘l]. But
py IF b€ lim(T™), hence p, IF h € VP, a contradiction.

Assume now that y=0 + 1 and that —(x)g,,. Choose pe=p; * q5(0) as in the
preliminary remark such that p; € Ps, ¢5({) € Os, and additionally such that the g;({)
all coincide (because we may assume that f, chosen as in the preliminary remarks,
does not move 6), say that all g5({)=gq;. Choose E, p,, Gp, analogous to the above.
We have E'={(€E|p,€Gp,} ={(€E| p; * q,€ Gp,}, and similarly to the above,
together with (#x)5,, we get the contradiction p, IF b € vbs.

Since we have covered the cases y=y and y>y limit and y >y successor, we have
finished the proof that (+x); implies the statement in Lemma 2.11.

Our proof of (#x); will in some parts be similar to Shelah [20]. However, the
difference to Shelah [20] is that the our A%, o € [y, y+u) (from Definition 2.2, Part 2) are
large in cardinality, namely the same as the iteration length, and hence some techniques
of Shelah [20] are not applicable here. We also take the technique of automorphisms
of O taken from Shelah [18], and additionally, like there as well, we are going to
work QZ for many y’s at the same time. Tomek Bartoszynski [1] gives a simplified
exposition of some of the results of Shelah [20], that the reader might want to consult
first.

The proof of Lemma 2.11 will be finished only at the end of Section 5.

In the next lemma, which stems from Winfried Just, we show (k)5 in the special
case that all the p; are Cohen. It serves as a motivation for the rest of our work: it
shows that the main point is to get something similar to the premise no. 3 of Just’s
lemma for the partial random conditions. We may (and later do) weaken the conclusion
of Just’s lemma: Instead of requiring the intersection to be empty we derive only that
the intersection does not contain a perfect tree, that is (sx)g.

Lemma 2.12 (Winfried Just [12]). Suppose that {p;|{ € Z} is a set of conditions in
P,y such that

1. Z is infinite.

. {dom(p;)|{€Z} forms a A-system with root u.

dg V(eZp; [ u=q.

. Br € dom( p)\u for all {, p:(B:) is Cohen.

3k, n* such that ¥C € Z, if pe(Bo)=((nj,a;) | £ €kc) then ke =k* and m;_ =n".

[ VRN )
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We set E={{€Z| p; € G}. Then we have for every /* € w that

g IF () lim tree- (@) = 0.
(€E

Proof. Suppose the contradiction. Then there exist some /* and some ¢; >¢ and some
name b for an infinite branch such that

g1 I b € (] lim tree,-(&").
(eE

Let n> max{k* — 1,n*} and such that 2~ <10~*". There are some r>¢; and some
v such that

FlEb tn=v.

Now take some ( such that dom( p;) Ndom(r)=wu. Since Z is infinite and all con-
ditions are bounded in size by k*,n*, such a { exists. Finally, we set n,i* =n and
at=2"\{v} and

p{ = pr 1 (dom(p)\{B:}) U {(Be. (g az1¢ <n))}
Since v ¢ a5, we get

pl kb € lim tree,-(@°) — b T n#v.

However, pg and r are compatible. Contradiction. [

3. About finitely additive measures

In order to prove the existence of a condition p® that forces that many of the
ps’s (where the p,, /€ w are the first @ of some thinned out part of the p; from
Lemma 2.11) are in G,+ we use names (Z.);c 7, o c 4+, for finitely additive measures.
We shall have that for every a<y + u, Ikp, “Z} is a finitely additive measure on
P(w)”. The superscript ¢ ranges over some set of blueprints (see Definition 4.1) and
indicates the type of the w conditions p, that are taken care of by Z’, and there are
some coherence requirements regarding different o’s. The Z! are an item in the class
of forcing iterations .#"> that we are going to define in Definition 4.2. Certain members
of A4 can be expanded to members of .#73, and these expandible members of .#" are
the notions of forcing for which we show (xx)5 is Sections 4 and 5.

For the expansion of a Q in .#" to a member of .# some requirements linking the
A, and the Z! need to be fulfilled (called “whispering” in [20, Definition 2.11(i)]).

By increasing the A, these can be satisfied. Another way is to use the requirements
only at finitely many points that are determined at a later stage in a proof. We shall
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work according this latter method: In our case, where we have also automorphisms as
in Fact 2.4, we shall first specify som (p, |/ € ), and only thereafter we shall define
sufficiently many Z! (see Theorem 5.5).

Anyway, the “sufficiently many Z!” need the same lemmas about extensions of
finitely additive measures to longer iterations that are also used to proof that our class
A3 of forcings has enough members. These will be Lemmas 4.5-4.7.

This short section collects some facts about finitely additive measures, that can be
presented separately before we return to the iterated forcings in #° and come to the
mentioned lemmas. All statements of this section, however only few of their proofs,

can also be found in [20].

Definition 3.1. (1) .# is the set of functions & from some Boolean subalgebra P of
#2(w) including the finite sets to [0, 1]g such that
e Z(H=0, B(w)=1,
Z is finitely additive, that is: If ¥,Z € P are disjoint, then (Y UZ)=E(Y)+ E(Z),
E({n})=0 for n€w.
Members of .# are called partial finitely additive measures.
(2) 4™ is the set of Z€.# whose domain is 2(w), and the members of ./l
are called finitely additive measures.

(3) We write “Z(4)=a” (or >a or whatever) if 4 €dom(Z) and Z(4)=a (or >a
or whatever).

For extending finitely additive measures we are going to use

Theorem 3.2 (Hahn Banach). Suppose that E is a partial finitely additive measure
on a algebra P and that X ¢ P. Let a€[0,1] be such that

sup{E(4)|ACX,4A € P}<a<inf{Z(B)|BDX,B € P}.
Then there exists a finitely additive measure E* extending Z and such that E*(X)=a.
Proposition 3.3. Let o* be an ordinal. Assume that Eg€ .# and that for o<o*
Ay, Cw and 0<a, <b, <1, ay, b, reals. Then we have that
e (1)=(2)
e (2)=((3.A) with all b,=1)
e (3.A)< (3B),
where
(1) If 4* € dom(Zy), Eo(A4*)>0 and ne w and oy < --- <o,y <o* then A*N(),_,
Ay, # 0,
(2) Ve>0, VA* e dom(Ey) such that E¢(A*)>0, n€w, og< -+ <a,_1<o* we can
find a finite non-empty uC A* such that for £/ €n

|4y, Nul

G T EST

’
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(3.A) There is E € MM extending By such that Yo <o*E(A,) € [ay, b,].

(3.B) for all >0, for all k€ w, for all (45,...,4},_,) partition of @ and A} € dom(Z)
such that Eo(4})>0, n€ o, ay< --- <a,_ <a* we can find a finite non-empty
uC w\k such that for £/ €n and i €m

|4, N ul

P <b,, +e,

Ay, — eSS ———
ﬂu|

Proof. (1) = (2): Given &,4%, 09, 1,...,0,—1 We take k€ 4*N (,_, 4y, and u={k}.
(2) = (3.B) with b, =1: Given &k, A4;,...,A,,_,, pairwise disjoint with positive =
measure, o, %,...,%,—1 then we can find finite u;, i <m such that

._.()(A ) 8<| ! Eo(A )—|—8

U; g Cl)\k,

u CA;,

| Ul:’l | € (‘—’O(A ) ?‘—’O(Al*) + 8)9

It is now easy to check that u=J,_,, u; is as required.

(3.B) = (3.A): This is the special case of a symmetrized variant of Fact 3.6 with
ay=1iff /€A, and a7 =0 else. This is the most important implication. Its proof is
not circular, it just more economic to do Definition 3.4, Proposition 3.5, and Fact 3.6
first.

(3.A) = (3.B): Fix & such that 2¢/me’ <e. We put for i <m and / <n the first

{E(A;" ﬂAa,)—‘

8/

elements of 4] NA4,, into u (and nothing else). It is important to see that the tasks for
the different 4,, can be simultaneously fulfilled. Best look for each i <m at the atoms
in the Boolean algebra generated by the 4,, NA;, /<n.

For a real x, [x] is the least integer greater than or equal x. Then it is an easy
computation that the |4 N u|/|u| and the |4,, N u|/|u| are in the right intervals of
width 2e. [J

In order to convey information to later stages of our forcing iteration, we are going
to use averages. These are integrals of functions from w to with respect to finitely
additive measures. If the average of some function is large then we can go back to
some finite subset of w where the function takes large values.
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Definition 3.4. (1) For Z € .#™" and a sequence d= (a, |/ € w) of reals in [0, 1]g (or
just sup,c,, |as| <oco) we let

Avz(a) =sup { Z E(Ap)inf({as |/ € Ak}) | (Ak | k < k™) is a partition of w}
k<k*

=inf { Z E(Ar)sup({as | ¢ € Ak}) | (A |k < k™) is a partition of a)}
k<k*
(Think of Ay ={¢|as €[(k/2",(k + 1)/2")} and n — oo, then it is easy to see that
both are equal.)
(2) For E€.#, ACw such that 5(4)>0 define Z4(B)=Z(4 N B)/E(4) and
Avz({ax | k € B)) = Avz,({(a, | k € w)) with

) ay if k € B,
a, =
T lo if k¢B.

Proposition 3.5. Assume that E € 4™ and d. €[0,1]r for i<i* €w, {€w, BC o,
E(B)>0 and Avz,({d, |/ <w))=b; for i<i*, m* <w and lastly ¢>0. Then for some
finite u C B\m* we have: if i <i* then

AT

b —
Jul

<b,‘+8.

Proof. Let j* € and (B;|j<j*) be a partition of B such that for every i<i* we

have
1 — . i — &
< Z sup{a, |/ € Bj}a(Bj)> — < Z inf{a, |/ € Bj}:(Bj)> <5
J<J* J<Jj*
Now choose k* large enough such that there are k; satisfying k=) i<~ kj and for
J<J%
ki E(B)) e
k*  E(B) 2
Let u; C Bj\m*, |u;| =k; for j<;*. Now let u= {J;_,. u; and calculate
a, a, ; k;
Wl‘ = Z Z\Tt/|< Zsup{aA/ij}k—i
leu J<j* teu; J<j*

. E(B; € e &
<> sup{la) |/ € B} (5((31))+2j*> <bi+5+35=bi+s
J<Jj*
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i/ i ) k.
Z%: 3 Z%; > inf{d) |/ € B}t

(€Eu J<Jj* (€u; J<J*

: Z(B;
> Zinf{|a’/|/€Bj}<7((3"))—28.*) >hi—s—s=b-s O
J<i* B /

Fact 3.6. Assume that Z is a partial finitely additive measure and a* = (a} | k € o)
is a sequence of reals for o<o* such that limsup,_ , |a}|<oco for each o. Then
(B) = (A).
(A) There is E* D E, 5* € .M™ such that Avg-(a*)=b, for a<ao*.
(B) For every partition (By,...,By~—_1) of o with B,, € dom(Z) and ¢>0, k* >0 and
o< - <oy <o there is a finite u € w\k* such that
() EBw) — &< |By N ul/u| <E(Byn) + &
(ii) ﬁ > ken @y >by, — & for £<n.

Proof. We take

A = [{partitions (B, ...,Bu+—1) of dom(E)} x (0,1] x @ x [¢*]=*]=¢
and take a filter # C 2(4) such that for each

¢ € {partitions (By,...,By=—1) of dom(&)} x (0,1] x @ x [o*]=®
we have that

{Fed|ceF}eZ.

For each F € 4 we choose u(F) fulfilling the tasks (B) simultaneously for all c€F,
i.e. (i) and (ii) of (B) hold for u(F)=u, &(0)=(Bo,...,Bu—1), ¢(1)=¢, &(2)=k*,
0_(3) = {OCo, ey O(,,,I}.

Then we take an ultrafilter % O % and set for 4 in the algebra o/ generated by
{{kla;€lg.q'l} a<a’0<g<g' <1} Udom(Z)

Fyn4
E*(A) = the standard part of (<M |F € A>/%> .
u(F)
By the Hahn Banach theorem, there is an extension of Z* to Z(w). [

An important application of Proposition 3.3 (and the hard part thereof, which is only
proved in Fact 3.6) is

Claim 3.7. Suppose that Q,,Q, are forcing notions in V, Eoc 4™ in V, o, “Z,

is a finitely additive measure extending Zy for £ =1,2". Then IFg «o, “there is a
Sfinitely additive measure extending Z, and =, (and hence 5))”.
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g

Proof. We are going to show, that kg «p, “Z; (in the role of Zy of Proposition

3.3) and {4 |4: €V N P(w)} (in the rdle of (4% |a<o*) of 3.3) fulfil (3.B) of
Proposition 3.3”.
First, we show that

IFo,x0, dom(Z;) N dom(Z,) = dom(Zy) = VN2(w).

Let Z={ncw|Fpc Q) plrg, neX}. The set Zisin V and rp, XC Z. It is easy
to see that IFp, ZC Y. So we get

So assume that we have an Q;-name X and a O,-name Y such that IFp xg, X=1Y.

Foixo, XCZCY =X

and our first claim is proved.

Now we check (3.B). Let ¢, k, (47 € V9 |i<m) a partition of w and oy, £/ <n be
given. W.l.o.g. the 4,, € V¢ are a partition of w as well.

If for some i,/

”—leQz 4;( 04“/ is ﬁnite,

then A7 and 4,, can be separated by some A4 € . This is shown in a manner similar
to the proof of the first claim.
We choose a separator A/ € V' for each i,/ such that IFg, x0, 4} N4,, is finite and

let 4/, j<j* be the partition of w in V that is generated by all the 4%’.
Then, we set ¢’ =¢/mnj* and put for each i/, such that

Fo,xo, 45 N4, N A" is infinite,

in the forcing extension V91 %22 the first

E1(AF NA) X Ey(Ay, NA)
g X Eog(47)

elements of 47 N A4,, N4’ (and no further points) into u. [J

4. The first part of the proof of (xx),: introduction of % 3

In order to prove (#x)5, we need that for suitable 0= (Pu, Q. Aps T 1ips | B <l1g(0),
«<lg(Q)) from # (see Definition 2.2) we have almost (in the sense explained in the
proof of Theorem 5.5) an expansion of the form

B < 1g(0), «<lg(Q))

A CXp —_
Q = <Pats QﬁaA/fa ‘[';[fa up, ’7[;9(:;;)169—

such that Q%P is in a special class 4>, which we shall define in Definition 4.2.
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In order to introduce .#73, we shall first define and (try to) explain the set 7 of
blueprints (Definition 4.1). For each blueprint ¢ and a<o* the Z! will be P,-name for
some finitely additive measure on 2(w) that conveys some information about w-tuples
(pk | k € w) of conditions that fit well to the blueprint ¢, from stage o to later stages
in the iteration.

Let us tell more about the ideas of the proof of (#*)5: In Lemma 2.12, if the p;
are not all Cohen, the premise 3 is hard to fulfil. Think of x* many p; being given,
so that we can do many thinning out procedures and have them similar, i.e. similar
partial random conditions and Cohen conditions. Then we keep only the first @ of the
{’s and the first » conditions (p; |{ € w). We try to strengthen them a little bit (to p;)
and then get that the strengthened conditions allow to define one condition p® > p*
such that

p& I ﬂ tree/« (&) has finitely many branches”
teE={C| p;eG}

and hence cannot contain a perfect tree. There are some requirements on (p; |{ € w),
as they have to predict some probabilities about the branches of the tree,-(g*) and
about the subset of the { p!|{ € w}, that lies in G.

The technical means to allow these predictions is the use of finitely additive measures
and the properties (e)—(i) in the definition of 2#. These items in the definition have
long premises by themselves. However, the premises are sufficiently often fulfilled if
we start with k¥ many py, thin out, and choose an appropriate ¢ € 7.

We embark with the definition of a blueprint ¢. The set of all blueprints is denoted
by 7. The reader may think that ¢ describes some relevant information about the chosen
tuples (pr | (€ w). Later, it will turn out that sequences described by the same ¢ are
compatible forcing conditions (though we have finite supports and are not interested
in taking the union of countably many conditions). This will be used in Lemma 4.8.

In the case of iterations where all Cohen forcings are just those forcings in an initial
segment of the iteration (as in Definition 2.2, Part (2)), we can dispense with the
parameter m in the next definition. This simplification is not worthwhile because the
generality allows another application of the method. In Section 6, we shall work with
a type of iteration where Cohens are added cofinally often.

However, we could simplify Definition 4.2 slightly and leave out (f) there in the
special case that the f; of Lemma 2.11 move only one o in the Cohen part and leave
the indices at which partial randoms are attached fixed. We do not simplify because
we hope for future applications.

Definition 4.1. We fix a x such that 2° >y (from 2.2). The set 7 of blueprints is the
set of tuples

t = (W' ,m’ij, ho, by, o, i)
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such that

(a) w!e[x]™. (What is the purpose? Think of the latter as [x]™° disguised. Suppose
that [dom( p)| =n' for all {, dom(py) = {y} |i<n'}, (7 |k € w) € z for each fixed
i<n, but y<2* and we can fix an injection and keep as relevant information
certain parts of k coming from of certain f € 2*. Look at the w' in Subclaim 5.3.)

(b) 0<n’<w, 0<m’<n'. (n” will be the cardinality of the heart of the A-system built
from many p; and m’ will be the cardinality of the part of the heart that is lying
below y.)

(¢) "= In<n’kecw), n, ;€ v, (1, codes the nth element of the support of
pi for k€ o and these k are the first @ of the {.)

(d) A is a partial function from [0,n’) to x.> (dom(%)) is the part of those « in the
heart of the A-system where O, is the Cohen forcing. In the somewhat simpler
case of Definition 2.2, Part 2), this domain coincides with the part of the heart
that lies below y).

(e) K is a function from [0,n")\dom(%}) to <“2. (Think of 4} giving some information
of a partial random condition attached at some point of the heart.)

(f) A} is a function from [0,n’) into the rational interval [0, 1)g, such that {n|k4|(n) #
0} C dom(#h}). Furthermore, we have that Y, _,, \/A}(n)< 5. (Think of % giving
some information about the Lebesgue measure of the limit of the partial random
condition attached at some point of the heart intersected with dom(#5).)

(&) My 4y=Mnys,= M1 =n2. (This is some compatibility requirement, which is useful in
4.5.)

(h) For each n<n’ we have that (i, , | k € ») is either constant or with no repetitions
(that is: either in the heart of the system or among the moved parts of the domains
of the (py |k € w)).

(i) A" = (n} |k € w) where nfy=0, n} <n{,, < and the sequence (n}, , —n|kcw)
goes to infinity. (This last ingredient does not describe p, but is just an additional
part handling the finitely additive measures Z!. The sequences 7' shall allow to

compute intersections of sets of branches from limtree, and for these computations
(see Subclaim 5.3) the p, are grouped together for 7 € [n},n}_,).)

There are ¥ many blueprints. (Remember we also require that 2* >y, otherwise the
choice of the 7 in the following definition would fail.)

Explanation: We continue the explanations begun in the parentheses in order to
explain how the conditions shall work together:

As mentioned, (#x); follows from the fact that in Ve if Ec€ [;(]"+ and m € o,
then (), o ; tree,(@”) is a tree with finitely many branches. Suppose some p forces the

3 We do carry out the simplification suggested in a footnote in [20] and take « instead of “x here. This
does not bring any disadvantages, because when choosing (p; |{ € w) we have initially x™ many p;, and
hence can thin out such that for each {, |[domp;| is the same, say n’, and that for auch n<n’, the pg (nth
element of dom(pé)):hg(n) are independent of (, if they lie in some notion of forcing with conditions in

some Q. with |Qy| <k.
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contrary. We take p;>p such that p; I “B-€E” for ;€x and such that fi; ¢
(Be1E<C}

We can assume that the p; are in some given dense set (will be #; of Lemma 5.1
in our case) and that the (p;|{€x™T) form a A-system with some additional thinning
demands, putting k¥ many objects into less than x many pigeonholes. (See our earlier
remarks about working with k™ many { and the proof of Lemma 5.2.)

We assume that dom(p;) = {yn,; |n<n'}, pp is increasing in n and y, ; <y iff n<m’
and that 8 is one of the y, ;. We let p; be p; except that p¢(f;) is increased a little.
It suffices to find some p® > p such that p® IF “4 ={{cw| p. € G} is ‘large enough’
such that (¢ tree,,(¢") has only finitely many branches”.

The ‘large enough’ is interpreted in terms of a Z!-measure.

The n<n’ such that Q, . is a forcing notion of cardinality < (in our forcings,
then it is just the Cohen forcing) do not cause problems because Aj(n) tells us exactly
what the condition is. Still there are many cases of such (p;|{ € w) which fall into
the same ¢, and we will get contradictory demands if yn, ;, =Vn,;, and n; #n,. But
the w', if' are built in order to prevent this. That is we have to assume that 2>y
in order to be able to choose (1, |a€y), n,€2" with no repetitions and such that
for vCy, |v|<Ny (in the applications, we shall have v={o, | { € w}) there is some
w=w' € [k]™ such that (i, | w|a€v) is without repetitions.

So the blueprint ¢ describes such a situation giving much information, though the
number of blueprints is x®.

If O, is partial random, we get many different possibilities for p¢(ya,¢), too many
to apply a pigeonhole principle. We want that many of them will lie in the generic
set. Using (4{(n),A5(n)) we know that in the interval (2)72™] the set Lim( pr(yn.¢))
is of relative measure >1 — A{(n). Still there are too many (possibly incompatible)
Pc(yn,¢) and finally, in Lemma 5.2 and Subclaim 5.3, the existence of many compatible
candidates is ensured by the finitely additive measures.

The 7' = (n}, | k € w) are going to be used in the end of Section 5, where we show
that {{| p; € G} is large by showing that for infinitely many k we have that

[{Cln < < my, and prc Gy

n;c-H - n;c
is large, say >¢>0.
The n; will be chosen such that they are increasing fast enough with & and (pl(yn.¢) |
(e nl,n, +1)) will be chosen such that for each £¢>0 there is some s € @ such that for
k large enough: if the above fraction is above ¢ then

k2n ﬂ{treem(cjﬂ”)wf{?{ < nj,, and py; € G}

has <s members, hence the tree has fewer than s branches.

Comment on simplifications: Now we finally define the kind of iteration we use
for the proof of (+x)5. The reader who is longing for some simplification may omit
condition (f) in Definition 4.2, Lemma 4.5 and Subclaim 5.3 and work just with
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conditions p; that do not differ at any index in the iteration where a partial random
real is attached to it, but only at those indices where a forcing of size less than x is
attached, or even work with p; that differ only at iy <y (from Lemma 2.11). A look
at the beginning of Lemma 5.2, where the p; and p; are chosen, and a look AUT D)
shows that the restriction to this simplified situation is always possible when forcing
with a member of the restricted class described in Definition 2.2 Part 2.

Definition 4.2. .77 is the class of sequences
Q = <Po<a QﬁaAﬂn Hg, ‘Eﬁa 77/37 (‘EN;)IET | o <a*a ﬁ < OC*>

(we write o* =1g(Q)) such that
(a)

Q = <Pats Q[iaAﬂaM/fa‘L;[j’, |a<o‘*aﬁ < OC*>

is in " from Definition 2.2.
(b) np€*2 and for f<a<o* we have that ng #n,.
(c) 7 is the set of all blueprints, and &' is a P,-name for a finitely additive measure

in V" increasing with a.

(d) We say the (o, |/ € w) satisfies (z,n) for O, if
(Think of p, being the first @ of the p; and (o |/ €)= (yn|{ € w), and
in particular, (o/ |/ €w)=p,|/€w from 2.10. (a, is for some n always the
nth element in dom( p,).) Further think that the following items also mean that

(pr| ¢ € ®) being sufficiently described by t € .7.)

1. (0| €w)e,

2. t€J, n<n’,

3. o <041 <o,

4. n<m’ &V, (oy <y)< I (ay<y) (the moved positions o, are in the Cohen
part),

S. My, =Mz, TW. (1, describes where o, really is, and ny , describes a part of
it of size w. For a given ¢, the n such that O satisfies (#,n) is unique by
Definition 4.1 (g).),

6. if n € dom(k}) then p,, <k and IFp, “|Qy, | <K and (hy(m))(£)€Q,,”,

7. if nedom(h}) then u, >k, so IFp,“Q,, has cardinality >k (hence it is
partial random),
8. if (i}, | k € w) is constant, then V/a, = o,
9. if (ny; |k € w) is not constant, then V/o, <oty y.
(e) If &= (o |/ € w) satisfies (1,n) for O, A,c, (o <0y41), n€ dom(h})) and

C=1{ke€wl|V/ e [n,n1)hin) /) € GQZ,}’
then

Fp. EL.(C)=1.
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(f) If &= (o |/ €w) satisfies (1,n) for O, A, (o <0ri1), medom(hi), p=
(p/|/ €w) is such that p, is a P, -name for a member of Q, , and for every
fs

Leb({n € “2| hy(n) <n € lim(p,)})
() Iy, 1—him)<

2le(y(n)
and if ¢>0 is such that

{7 € [nj.ni ) | pr € Go,, }
C={kcw ; ; =1 —-Hhm))1 —e) p,
pypr — M

then
IFp. Z5-(C)=1.

(g) If &= (o, |/ € w) satisfies (z,n) for O, Noco % =0, n & dom(hy), rand 7 = (1, |/

€ w) are P,-names for members of Q, such that
()
in VB W' € Q, if ¥'>r, then

Avz, ((ax(r") |k € w)) =1 — hi(n), where

5 Leb(lim(+') Nlim(r,)) | 1

N =N
W) = alr-r) = Leb(lim(+')) e —n’

C€ngniy1)

then
Fp. “if r€Q,, then

{7 € [m.m_ )|, € Go, 3l
I — B\ (n)<Avg. kew) |

t t
Pppr — M

(h) Pj <P,.

. P, .

i) For LoLE o £ 10, , I " is a P, -name.
(i) For te 7,aca*: If IFp,|Q,| >k, then E, | 2(w)" ™ Py, 4

Definition 4.3. (1) For O € #7 and for a* <lg(Q) let

Q r o = <Pc<7 Q/}’Aﬁ; up» ’Eﬁanﬁa(:":'otﬁ)téf

a<a’, f<a).

4This is where the information is whispered, showing that Q,, the random forcing over Vitg| B € Aul,
behaves in the sense of =/, instead of the Lebesgue measure ina certain sense generic: 7, hits sets of large

(=3

&, measure.
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(2) For 0", 0% € # we say
0'<0 0 =01 10"

In the next three steps, we show that .# is sufficiently rich: that is, if we have
some Q in #7 then we can find an extension. The successor step and the limit step of
cofinality @ require some work, whereas the limits of larger cofinality are easy because
no new reals are introduced in these limit steps.

Fact 4.4. (1) If 0 A7 a<1g(Q), then O | oa€ A,

(2) (A3 <) is a partial order.

(3) If a sequence (Q°|({<0) is increasing, cf(5)>Wo, then there is a unique
O € A3 which is the least upper bound, 1g(Q)= U <s 1g(0%) and Qé <O for all [ <.

Proof. Easy. [

Lemma 4.5. Suppose that Qn <Q_n+], Q_n €A a, :lg(Qn), 0= sup(ay,). Then there
is some Q € A such that 1g(Q)=4 and Q,<Q for n€ w.

Proof. We have to define (Z5),c, such that (e) and (f) of the definitions of # hold.

Items (g) and (i) do not produce no new tasks in the limit steps, and we proved (h)
in Lemmas 2.6 and 2.7.

So, we look again at (e¢) and (f) of Definition 4.2.
(e) If &= (o, |/ € w) satisfies (z,n) for O, Nscolor <oz41), medom(hy) and

C=1{k€wl|VE [n,n1)hyn)) € GQx/}’
then
e 2 (C) = L.

(f) If &= (o, |/ € w) satisfies (¢,n) for O, Nreo(or <ozi1), n€dom(hy), p=(p,|/

€ w) is such that

Leb({n €2 | h(m) ne lim(pd/)})

_ K <
(%) ||'p1/ 1 -h(m)< 2lg(hy(m))

and ¢>0 and

{¢ € [mm.) | p, € Go,,
C={kew — =>(1 = hm)(1—e) »,
gy —

then

Fp. EL.(C)=1.
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By Theorem 3.2 it suffices to show
IFp, “if BelJ,.sdom(Z})= UK(S(?]’(UJ))VP’ and E/(B)>0 and j*€w and

C;, j<J%, are sets from (e) or (f) (whose measure is required to be 1 there),

then BN G#0".
Towards a contradiction, assume g € Ps forces the negation. So possibly increasing
q we have: for some B and for some j* € w, for each j<j* we have £>0, and

n(j)<n’, <a§|/ew>, <p§|{€w> involved in the definition of C; (in (e) or (f) of
Definition 4.2), and ¢ forces:

Be |Jdomz) = |J 2",

a<d <

lJ dom <§a‘(5)> > 0,

or<d

C; comes from (e) or (f),

Bn ()¢ =0

J<Jj*
There is some a(*) <0 such that B € dom(:f;(*)) is a Py(x)-name. The C; have n(j) <n’,

(ot AVEION <p/’ |/ € w) as witnesses as required in (e) or (f) above. W.Lo.g. ¢ € Py
and g € Gp,,, C Py, Gp,,, generic over V.
We can find k € B[Gp,.,] such that A\, _.. A\, ¢ [nz,niﬂ)(“; > a(*)) and moreover such

J*, in order to allow us to apply the

that nj | — nj is large enough compared to 1/e,
Tchebyshev inequality and the law of large numbers for nj , — nj random choices.
(The n} come from item (f) of the definition of a blueprint, and are not the n.)

Let {O{/' |j<j* and fe[nk,nkﬂ)} be listed as {f,,|m<m*}, in increasing order
(so fo>a(x)) (possibly oc/1 —oc/2 AN(J1,21) # (J2,22)). We now choose by induction on
m<m* a condition g, € Pg, above ¢, increasing with m and such that dom(g,,) = dom
(@)U {ﬁo, Piseees ﬁmfl}. We stipulate P = 0.

During this definition we throw a dice probability of success (i.e. ¢ IF“k € C;” for
J<Jj*) is positive, and hence ¢, will show that our assumption on ¢ is false.

Case A: m=0. Let go=gq.

Case B: We are to choose g1 and for some n<n we have n € dom(kj) and y
and: if j<;* and / € o then (o) =, = n(j)=nA p; =y(=hij(n(;j))(¢)) € O0p,).

In this case dom(g,+1)=dom(q,,)VU {f.}, and

_ Jan(B) if B < Pu,
Qm+1(ﬁ)* {7 if ﬁ:ﬂm

The choice of (j,/) is immaterial as for each f, there is by the definition of
“satisfying (¢,n) for 0", item 5, a unique n<n’, such that there is some # such that
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np, I w'=mny , and conditions (g) of Definition 4.1 and (d)8 of Definition 4.2 imply
that if 17, , is not constant then (f, = oc?1 = oc?z — {1 =1(,). Hence y = p; is well defined.
Case C: We are to choose gm+1 and for some n<n’ we have n € dom(%}) and: if
Jj<j* and /€ o then o) = f,, = n(j)=n.
Work first in V[Gp, 1, qu € Gp, , Gp, generic over V. The sets

{lim( p)[Gp, DI, = Busl € [y 1)) < j5)}

are subsets of (“2)"2(1 = {y 2| hy(n) < yn}. We can define an equivalence relation
E,, on (?2)lm]:
ViEuvy iff (V(j./) sth. o) = By :vi € im(p)[Gp, 1) v, € lim(p}[Gp, 1))-
Clearly E, has finitely many equivalence classes, call them (Z|i<i%). All are

Borel hence are measurable; w.l.o.g. Leb(Z/")=0 « i€[i%,i%). For i<i there is
r=rm; € Qy [Gp, ] such that

lim(p)[Gp, 1) 22" = r= p,[Gp,,].

lim(p)[Gp, )N Z" = 0 = lim(r) N p,[Gp,, ] = 0.

We can also find a rational a,,; € (0,1)r such that

Leb(Z") <+t
2'g(hb(m)) Tkt

m

am,i <

We can find g;, € Gp, , g <q,, such that g, forces all this information (so for Z", 1, ;

©. ir are actual objects). We then can find rationals
bmﬂ' S (am,l-, Ap,i + 9/2) such that Zi<i§ bmﬂ,‘ =1.
Now we throw a dice old die choosing i, <i% with the probability of i, =i being

bm,i, and finally we choose g, as follows:

we shall have names, but a,,;, i%, i

dom(gp+1) = dom(gq,) U {fn},

@o(B) if B < P
D= s i B = B

This covers all cases. Basic probability computation (for nj, — nj independent ex-
periments, using (x) of (f)) shows that for each j coming from clause (f), by the
law of large numbers the probability of success, i.e. having g, IFp, keCNBa, is
>(1—=1/)(1 - 8’2(112+1 - nfc)*l). For j coming from clause (e) we surely succeed.

U

In the following lemma, the whispering conditions (i) of Definition 4.2 are crucial
for building 7,
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Lemma 4.6. (1) Assume that
(a) Q S '%/33 Q = <P15 Q/jaAﬁa ,U/)’, 7’;[37 nﬁ’ (Et,ot’)t€”7 | OC<OC*,ﬁ<OC*>,
(b) ACo* k<4,

() ne(2)"\{ng| peal,
(d) By <Py, Q, is the Py--name from Definition 2.2 (F)(B) and

if t€ 7 then E.. | V% is a Pj-name.

a<a* + 1, B<a* +1) from A7,

Then there is Q" = (P, O, Ap, 1p, Ty Mps (Eher
extending Q such that Ay- =A, Ny =n.

(2) If clauses (a)—(c) of part (1) hold then we can find A" such that AC A’ C o,
|4"| <(|A|+ number of blueprints)™ such that Q, A', n satisfy (a)—(d).

Proof. (1) As before the problem is to define Z. ;. We have to satisfy clause (g) of
Definition 4.2 for each fixed € 7. Let n* be the unique n<n’ such that n [w'=un, ,
for some /€ w. If n* € dom(hy) or if (. ,|/ €w) is not constant or if there is no
such n* then we have nothing to do.

So assume that o, =o* for / € ® and that n;. ,=n [w' for / €. Let I' be the set
of all pairs (r,(r, |/ € w)) which satisfy the assumption (*x) of Definition 4.2(g). In

VB we have to choose Z!. 41 taking care of all these obligations.

We work in V%*. By assumption (d), which says that Z!. | P4 (hence in particular
the Z,.(X), where X is built from the r, r,) is a Ps-name, and by Claim 3.7 it
suffices to prove it for Z. ., [ (P * Q) (as Z, there) and for Z).,, [ P~ (as Z, there)
separately, and for the latter there is nothing to prove.

By Fact 3.6 it is enough to prove condition (B) of Fact 3.6. So suppose that fails.
Then there are (B, |m<m*), a partition of w from V% such that Z'.(B,)>0 for
m<m* and (', (r} |/ €w)) €T and n(i)=n* <n’ for i <i* <w and ¢* >0, k* €  and
r € Q,+ which forces that there is no finite # C w\k* with (i) and (ii) of Fact 3.6(B).
W.lo.g. r forces that 1/ € Gg, for i <i*, otherwise we ignore such an r'. So r=r' for

*+1

i<i*.
By our assumption (*x) of Definition 4.2(g) we have that for each i <i* and »' >r,
Avs ((a () [k € @) =1 — K(n),
where

1 5 Leb(lim(r') 0 lim(r/))

AN
ar) = ;H»l - ";c ‘e Leb(lim(r"))

'3 '3
MM

Now V% plays the réle of the ground model (¥ in Fact 3.6) and Random’ ™ |*&4]

=Random”” is the full random forcing over this ground model. So by Fact 3.6 is
suffices to prove
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Lemma 4.7. Assume that 2 is a finitely additive measure, (By,...,Bu~_1) a partition
of w,Z(By)=an, i*<w and r, r} € Random for i<i*, /€ w are such that
(%) for every ¥ € Random such that v' =r and for every i <i* we have

Avz((a,(r') |k € w))=b;,

where

nt —1 .
,. 1 "2 Leb(lim(¥) N lim(r1))
()= s D Leb(lim(')) ’
k+1 k /:n};
Then for each ¢>0, k* € w there is a finite uC w\k* and v' =r such that
(1) am — e<|uNByl/|ul <am + &, for m<m*,

(2) for each i<i* we have

1 llnt <t < nt,, and ¥ =1l
ZH | np < k+1 = f}|>bi—s.

t t
|ue| en Rpy — My
Proof. Let for i <i*, m<m®:

cim(r') = Avz s, (@i (") |k € By)) € [0, 1]

So clearly

b < Avz((@p(') [k € w)) = Y Avzp,((ay(') |k € By)) - Z(By)

m<m*
= Z cim(r') - ap.

m<m*

Since for each z € w\{0} there are only finitely many equivalence classes in the
equivalence relation E, where

(cim|i <i'sm < m*)E.(cj, |i <i m < m")

iff

(for 2 < z,i <i*,m < m")c;, € {2/,2/4— 1> ©Cim € [ZI,Z,+ 1 )
z z z z

we have that there is a condition 7 such that each class is either dense above r) or
does not appear above r}.

We apply this with some z>1/¢ and get an »*=r and a sequence (c;, |i<i
m<m*) such that
(a) Ci,m S [07 1]R)
(b) Zm<m* Cim * Am =b;,
(c) for every r' =r* there is v’/ =r' such that

(Vi < i)Y Vm < m"[cim—¢ < cim(") < cim + €]
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Let k* € w be given. We now choose s* € w large enough and try to choose by in-
duction on s<s* a condition 7, € Random and natural numbers (m;, k) (flipping coins
along the way) such that

ro=r",

rs+l>rs

Cim— € < Cim(rs) < cim+e fori<iym< m",
ky > k™ ko1 > kg,

ks € Byy,.

In stage s, given r, we define ry 1, i, m;, k, as follows: We choose my<m*
randomly with the probability of m, being m being a,,. Next, we can find a finite set
us C By \max{k* + 1,k;, + 1|s; <s} such that

(+) ifi<i* then ¢;p, —&/2< |M—1| > kew, A1) <cCim, +8/2.

We define an equivalence relation e; on lim(ry) by

mesny iff (Vi<i*) (Vk €uy) (V2 €[nf,nl, ) [m € lim(r}) < n, € lim(r))].

The number of equivalence classes is finite. If ¥ € lim(ry)/e, satisfies Leb(Y)>0
choose 7,y € Random such that lim(r,y)C Y. Now choose rgy; among {r,y|Y €
lim(r)/e; and Leb(Y)>0} with the probability of ry1 =7,y being Leb(Y). Lastly,
choose k; € u; with all k£ €u; having the same probability.

Now the expected value (in the probability space of the flipping coins), assuming
that my, =m of

1

< {1 me <t < njyy and g 217}
Mgy = Mg

belongs to the interval (¢;m — &/2,¢im + €/2) because the expected value of

Z < [/ Im <t < njyy and ey 217}
|”3| ”k+1 —
belongs to this interval (which is straightforward).
Let ' =rp, u= {ks | s<s*}. Hence the expected value of

Z x |{¢|nf <t < nfy and ¥ =1/}
|”| Mier =
is >3 . an(cim—&/2)=b; —¢/2.

As s* is large enough with high probability (though just positive probability suffices),
the (rg«, {ks | s<s*}) are as required for (+,u). Note: We do not know the variance,
but we have an upper bound for it not depending on s. There is also a strong law of
large numbers that does not require a bound on the variance (see [3]). [J

Ad 4.6, Part 2: The proof is an easy counting argument, just enrich 4 successively
such that everything required becomes an Py-name. [
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Remark. We do not use Lemma 4.6(2) in our work, nor do we need here that the
number of blueprints is small compared to y (which is important in [20]), because we
shall never use that .#" is not empty. In Subclaim 5.3, Lemma 5.4 we need only small
parts of the properties of elements in #>. So we shall keep the parts needed in mind
and, in Theorem 5.5 we shall show that an arbitrary member Q of the subclass of .#°
given in Definition 2.2 Part (2) behaves similar to a member of #7 as far as (%)g
is concerned.

The following is needed later to show that sufficiently often the clause (g) of
Definition 4.2 is not trivial, that is, the premise (**) there holds.

Lemma 4.8. Assume

(a) E is a finitely additive measure on w and b € (0,1]g,

(b) np<w for k€ w, n<n,, and lim(nj_, — nj)= oo,

(¢) r* r, € Random are such that (++) (V¢ € w)[Leb(lim(r*) N lim(r,))/Leb(lim(r*))
>b].

Then for some r® >=r* we have that

®(r®) for every r' =r® we have Avz({a(r\k)|k € w))=b where ai(v')=a(r k)=

ary(lim(r")) and for X C2% we have that

a(X) = — l_t Z Leb(Xﬁlim(r/))'

Leb(X)
1
ke k LEmom,y

Proof. Let
4 = {r € Random | r>r"*, and Avz((ax(r')| k € w)) < b}.

If . is not dense above r* there is some ®>r* (in Random) such that for every
r=r® ré¢ s sor® is as required.

So suppose that .# is dense above r*. We take a maximal antichain {s;:i<i*} C ..
Because .# is dense above r* we have that {s;:i<i*} is a maximal antichain above
r*. Hence Leb(lim(r*))= ) _,_.. Leb(lim(s;)). Since Random has the c.c.c. we have
that i* is countable and we assume that i* <w.

For any j<i* let s/ = ¢, si. Note that lim(U,,_; sn)= U, -, lim(s») and

. b(s;
ar(s’) = a; ( U Sm> = Z %ak(&).

m<i i<j

Hence we compute

Avz({ai(s?) |k € w)) = Avz <<ak < Usm> |k € w>>

=X oy  Avelas 1k € o)

i<j
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Leb(sy Leb(s;
<tadl o o) gy 4 > SRR )
eb(U;.; i) 0<i<j © (Un<jsm)

= b — Leb(lim(so)) - &,

where ¢ =b — Avz({ar(so) | k € ®)), so £>0.

Now let j be large enough such that Leb(lim(#*)\ lim(s/))/Leb(lim(+*))<Leb
(lim(sg)) - &. Then

Avz((ar(r*) |k € )
_ Leb(lim(r*)\ lim(s”))
a Leb(lim(r*))
Leb(lim(s/))
Leb(lim(r*))

- Avz((a(im(r )\ lim(s)) [k € )

- Avz((a(lim(s))) | k € o))

- Leb(lim(7*)\ lim(s/)) 1 Leb(lim(s/))
Leb(lim(7*)) Leb(lim(7*))

< Leb(lim(so)) - € + (b — Leb(lim(sp)) - €) = b

- (b — Leb(lim(so)) - £)

contradicting assumption (c). [J

Lemma 4.5 took care of the successor step in the case of |A|>x. We close this
section with the successor step for |4| <x (which means empty A for the iterations
from Definition 2.2 Part (2). Everything in this section applies to Definition 2.2 Part (1).
Only at the end of the next section we shall make use of the particularly good additional
features of the narrower class in Definition 2.2 Part (2): Small forcing conditions,
orderly separation between Cohen part and random part, etc.

Claim 4.9. Assume that

(@) Q€A 0= (P Qoo s Ty s (B s | 2 <, <),

(b) ACa*, k>|A4|, and i < Kk,

() ne(2)"\{ny|peal,

(d) Q is the B--name for a forcing notion with set of elements fi, and is definable

in V[{tg| p€A)] from (13| p € A) and parameters from V.
Then there is

-+ _
Q - <})7’ Qﬂ:AO(’ /'l/b E'[fa 17/39 ('—:;)lé’/ﬁ

oo+ 1, <o+ 1)
from A3 extending Q such that Qe =0Q, Ay =4, Ny =1, U = [l

Proof. Definition 4.2 gives no requirements on the =Z.. O

+1-
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5. The last part of the proof of (xx);

In this section we shall finish the proof of (xx)s for A’ 3 and then we shall finish
the proof of Lemma 2.11 and Theorem 2.1.

We give an outline of the proof of (xx)s for A3: We assume that we have a
counterexample p*, T (for a perfect tree C (ﬂCE E lim tree,,(a))"161), m (for the tree,,),
E to it. We thin out the p; that are forced to be in E. Thus, we get a in some sense
indiscernible set of conditions. Some features the first @ of these indiscernibles are
described well by a blueprint 1 € 7, and this description allows us to define some

p® = p* such that p® forces that T = T[G] cannot be a perfect tree because the subset
ACE[G] over which we build the intersection is ‘too large’, and thus we have a
contradiction. Having Z’-measure non-zero ensures infinity, and indeed the measure
5! will lead to the notion of ‘too large’ that we are going use (see Lemma 5.2 and
Subclaim 5.3).

Then we show (k%) for the members of the subclass of 4 that is given in
Definition 2.2 Part (2). We start looking for finitely additive measures only after
pe, (€ and t€ I (remember: J is the set of blueprints for x from Definition 4.1)
are chosen and do it only for one suitable z. We want to have some Z’. that satisfies
just the requirements in Definition 4.2 (with true premises in (e)—(g) for our chosen
(ar |4 € w)!) that speak about our py, in order to jump into the proofs of Lemma 5.2
and of Subclaim 5.3, which work with 73, and go on like there.

It turns out that only requirements about p:v( 2+ ), n<n®*€w, n* the size of the
part of the heart of a A-system lying above y, are relevant. We shall look at Q* for
several y (and the same «,p,yo,...,ys+—1) and use a Lowenheim Skolem argument
to provide the (:ff Jn<n+te7 good for these requirements. Besides some elementary
embedding, we shall use the automorphisms for the O from Definition 4.2, Part (2) in
order to make sufficiently many instances of (e), (g), (i) of Definition 4.2 true. (We
already mentioned that (f) is ad libitum.)

Lemma 5.1. Suppose that £= (g, |{ € w) is a sequence of positive reals and that
Q€ A3 has length o. Recall that P! was defined in Definition 2.3(c). Then the
following J; C P, is dense:

S:={p € P]|there are m and as,v;, for { < m such that
(a) dom(p) = {ag,..stlm_1}, 00 < 0 < +o+ < Oy < 0,
®) if |Os| < K, then p(oy) is an ordinal,
(¢) if |Q,,| is partial random, then IFp, “p(os) C(“2))
and Leb(lim( p(a)))=(1 — &,)/2'€V)"},

Proof. By induction on o for all possible &. Use the Lebesgue density theorem [15].
O

Lemma 5.2. If P,=1im(Q), a=I1g(Q) and Q € A7, then (xx)y from Lemma 2.11
holds.
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Proof. Suppose that p* Irp, “T,m, E form a counterexample to (+x)5” Let é=(e/ [/ €w)
be such that & €(0,1)r and such that 3, +/2¢, <1/10. For each {<x™ let p; > p;
> p* be such that p € .#; is witnessed by (Vs | e dom(p;) A Q.| =) and

p: Ibp, “Py is the (th element such that TCN[Z T

Call the p:y now p; again. By thinning out we may assume that there are i*, vy, vy, 4,

z, yl,v,,s such that

(1) dom(p;)= {5 |i<i*} with y¢ increasing with 7, let vj={i<i* 10, |<K} then
vy =y is fixed for all {, v; =i*\vo,

(2) dom(pr)({<k™) form a A-system with heart A4 C dom(p*),

(3) Bredom(py), Br=7: for a fixed z<i*,

(4) (dom(py), 4, y, <) are isomorphic for { <k™,

(5) if i € vy, then pé(y,):y, for C<1cﬂL

(6) if i € vy, then v . =; (recall v € <2 is given by the definition of .%;),

(7) pe(pr)=s* for {<xt, s* —<(n/,a/)\/<m ), w.lo.g. m*>m (where m is from
the counterexample to (x*)5) and m*>10 (this is a similar but not the same as
in Lemma 2.12),

(8) for each i<i* the sequence (7%|(€ k") is constant or strictly increasing,

(9) the sequence (f:|{e€x™) is with no repetitions (since, if p;,, p;, are compatible
and {; <{y <y, then B¢ # Be,).

Now we keep only the first @ conditions p;, {<w. For every such { let p.> p;
be such that dom(p;)=dom(p;), pi(y)= p:(y) except for y=f; in which case we
extend p:(f:)=s" in the following way.

We put lg(pi(B)) =lg(s) + 1 =m* + 1 and set p/(Bc)=s""((j%ar).

Before we define ( j?, ar) we choose an increasing sequence of integers §= (s, | £ € w),
so =0, such that

St = sp = |25

where
j* = 3np—1 + 1

(recall from (7) that n,~_; is the first coordinate of the last pair in s*) and we let
Je=Jj* 4+ k!l and let ]f = jr when (€ [sg,Sk+1). Now for { € [si,sk41) define a; such
that

{ac|C € [stskv1)} = [Pro]*a—87"),
For ¢*>0 we define a P,-name by

{C € [sesu1) | PL € Gp

d-=kco > ¢
Sk+1 = Sk

*
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For the proof of Lemma 5.2 we need

Subclaim 5.3. There is a condition p® > p* that forces that for some £* >0 the set
4, is infinite.

Explanation: The p® is an analogue to the premise no. 3 of Just’s Lemma 2.12. The
condition p®(y) is roughly spoken “as compatible as possible with many, in the sense
of the Zi(4:+)>0, of the (p/(y)|{ € w)”. The coding with the n , and the n, [ w’ w’
from (5.1), ensures that p® is well defined by the definition below.

Proof. We may choose any ¢* <1—3_,_ +/2¢ (where the £= (¢ |/ € ») was chosen
at the beginning of Lemma 5.2). First, we define a suitable blueprint ¢ € 7,

t = (W[, nt, mt, 77[ 12’ ’/—lt)

We let
wh = {min{f & x|, (B) # (A} D.L2) < o
and

i(1),i2) < i and 35) # %5, (5.1)

where the 1, come from the definition of #>. (w’ is well defined because 7 is injective.)
Let n =i*, dom(h})=uvy, dom(k})=dom(hy)=v, and n} =s,.
We set 11" =1 I w!. Note that the ’1n: satlsfy the requirements from 4.1(g) and
(h): By Lemma 52 item (4), we have that /n*yn/ implies n=n’. Hence we have
that n, , =y, implies that My fw! =1 Iw' and hence by the definition of w’, that

7= yﬁ,, and hence n=n’.

If n € vy, then AY(n)(£)=1yy so it is constant independent of /.

If n€v; then A (n)=¢, and #5(n) = v,. Finally, we set m’ = max{k | V({ y,i <y}+1

Note that by our choice of #, (y5|{ € w) satisfies (,n) for Q for every n<i*.

We now define a condition p® such that it will be in P,, dom(p®)=4, p* < p®.
Remember that dom(p*) C 4, because for each { we have that p* < p;. If y € 4 then
for some n<n’, we have that A, % =7.

Case: n€vy. If n€ vy we let p®(y) h(n), so in V7

p® ko, “Zl,1({{ € w|hy(n) € Gp,}) =1 if n € dom(hy)”.
Case: ncvy. If n€v;, then we define a P-name for a member of O, as follows.
Consider 7 = pi(y) for {<o. Let r= p*(y)N (2)M] if 5 € dom( p*) and otherwise
we let 7 be just (“2)">M] Now the premise (¢) (++) of Lemma 4.8 is true with

b=1—2é,. Thus by Lemma 4.8 there is some r; >r such that for every v’ =ry in Q,
we have that

Ava (@) |k € o) =1 — 2k n) = 1 — 2,
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where
(**)rﬁsz’
20 = 1 Z Leb(lim(#") N lim(#}))
t t ; :
(IS reimiat ) Leb(lim(r"))
) e k+1

Since (4 |{ € w) is constant since, by (#*),,; the assumption (%) of condition (g)
of Definition 4.2 holds, we get that in V%

|1 € [njniy )| pe(?) € G |
r,;‘ o, “AVE_:H P E— kew =1 —2¢&,".
k1~ M

For every ¢ >0 we have: if Avz({(a; |k €w))=1 — ¢ then for every £¢>0 such that
e+ée <1,
E{l|las<1—¢ —¢}) (1 —¢ —¢)
+E{las > 1—¢ —eH)l=Avz((as |/ €w)) =1 —¢

and hence

/
E{llas<1 —¢ —¢e})<

€
e +e
Now we put ¢ =2¢, and get for every ¢>0

‘/ € [n;pn;(+1) | p/(V) € GQ|
rilko, “Elqkew - - <1 =26 —¢
My — M

2en
et

We take ¢ =+/2¢, — 2¢, and thus get

t |0 € [nfnl, )| pr(7) € G o)l

T S C) kew S <=2 p SV267
s 'y =y+1 t l = " h "
v M1 — 1

So there is a P,-name

r; of such a condition. In this case let p®(y)=r;. So we
have finished the definition of p®, and it clearly has the right domain.

(Notice for later generalisation: Property (g) is used here only for y in the heart of
a A-system. Moreover, in order to establish (g) for y as in Lemma 4.6, property (i) is
needed only for y.)

Now suppose that n<n’ is such that 7§ ¢ 4. (Note that this case can be avoided
by an appropriate choice of p:«, see our earlier remarks on simplifications.) Define
B={(B:|{€w), Br=75 rP=pl(5)- Then B satisfies (#,n) for P,. If n€ v, by our
assumption that pl(y) €.%; and &, =h{(n), we get that the premise of clause (f) of
Definition 4.2 is fulfilled, hence in V.
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For each ¢>0

{7 € [nni): pr(va) € G o}
Fp g0 [k =" s —a(-e)p | =1

t
Mpypp — M

Putting both cases of n€ v; (the one with 74 € 4 and the latter, complementary one)
together and assuming that p® € G we get in V% for every n€v;

V2 =5 ({kEw’l— 5> WM<t <y and ’?EG&H})
n = —y n = .

t t
Mppp — M

Let
4. ={k € o] if {€n,n},,) and i € vy then p; | {77} € Gp .

Then, by Definition 4.2(e), Z(4..)=1.
So

A::* U (CO\A;*)

{/|n, </ < nj,, and r} € Gp}

Q{kew if m € v; then

>1-— 28,.}

t t
Mpyp — M

w U{kew’{/|n2<,/<n§{+l and 7} € Gp,}

t t
M1 — M

<1—\/2?n}.

neu;
Hence E! (A, U(w\4L))=1— Znem Ve >¢* >0, but
El(o\dj.)=1-5(4.)=1-1=0,
hence necessarily 4.« is infinite. [

Let p® be as in Subclaim 5.3. Let Gp, be a generic subset of P, to which p®
belongs. So 4 =4,.[G] be infinite. For k € 4, let by = {{ € [sy,56+1) | p: € G}. We know

that |be| > (sxs1 — s¢)e*. Let T[G]=T.

If k € 4, then there are (s;y; — sg)e* many ( € [sg,Sk+1) such that p’c € G and p’c IF
TN/*2Ca, hence T N/*2C ﬂgebk ag as 1g(s*)=m*>m. To reach a contradiction it is

enough to show that for infinitely many k € A there is a bound on the size of 7 N/2
which does not depend on k.

Now |by|/(ske1 — s¢) is at most the probability that if we choose a subset of /2
with 2/¢(1 — 8" elements, it will include 7N/2. If k €4 (and these are infinitely
many k, because 4 is infinite) this probability has a lower bound ¢* not depending on
k, and this implies that (|7 N/2||k € ) is bounded and that hence T is finite.
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More formally, for a fixed k£ € ® we have

|bk| = Hac | L€ [sk,8541), € b}
< Hag | €€ [sksskp1), TN /2Ca}]

J . . "
<[{aC2|TN7*2Ca and |a| = 27(1 — 87" )}

— {aC2\(T N #2) |]a] = 2% x 87"}

(Y =T
- 2k . g=m" )

2k 2k
By definition we have that s;; — s = (2-7* (- 8_’"*)> = (2” g )

Hence

(sz_mfm)
]\ 2%-87" I (1 2fk8m*>
Skil — Sk 20 _i<|m_/k2| e —i )’
2k . g

Let ix(*) = min(|T N%*2|,2%+~1), so

oo bl 28"

\S S
5 »
ket i<|Tn%2|

*

Jjkg—m B o i)
< ]I (1— > >—(1—8 Yk,

i <ig(*)

So we can find a bound on i;(x) not depending on k:

log(&")

() < —
S A e i )

Remember m*>10, so 1 — 8 (0, 1)g. So for k large enough,
o log(&*)
TNn’*2|= <—————.
| | = ik (*) fog(l —8-7)

This finishes the proof. [

So, how do we get a proof of Lemma 2.11 from Lemma 5.2? We have to show
that our members of ¢ as defined in Definition 2.2, Part (2) behave like members of
3 at sufficiently many points in the domain of the iteration, that is we have to define
suitable Z’ and 7.

o
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Now we shall look at several iteration lengths y at the same time. Recall the defi-
nitions of g,, E Aj . ¢ from the beginning of the proof of Theorem 2.1.

For Q:Q as in Definition 2.2, Part (2) we set QX =P*=P, (of length y + u!);
for ACy +p, we let B/ =P/ ,.

Recall our choice of memories from the beginning of the proof of Theorem 2.1:
gy A — [1]<* such that g, C g, for y<y' and such that every point has y preimages

uner g,. From the g,’s we defined
for &€ p Ef = {o < 1] & & gy(0)},
A e =ELULL+ O,

7+E

We have that A/ LeNx= Ay LN
First we need the following.

Lemma 54. (1) If E<y<u then in Q"

/
(@) R (/ﬁA/+)U[//+;) P [x,x+<)<}/)f+f

(b) If g€ P, and q I (E, Ul + NS PEP; (e then

pUq g\ (E, Uy +E))eP,;

is the least upper bound of p and q.
() If x<y', then

/
P/ O ) < P Ay
/ . . 7 _ X’X/ . . .
and B/, ., is isomorphic to }; UL+ DY B where h=h**"is the canonical mapping,

ie. h:y+p— y + p be the identity below y and h(y +a)=y + o for a<p.

Proof. (1) By Lemmas 2.6 and 2.7. For (2): Like in Lemma 2.7, it is easy to see that
ny’,xU[z’,x’+i)<P/ ULy ¢ @s enough types (see Lemma 2.7) are realised in . [
Theorem 5.5. For O as in Definition 2.2, Part (2) we have that (xx)g, holds.

Proof. Given p*,T,m,E as in Lemma 5.2, we choose & and p:y as in Lemma 5.2
(at the end of Lemma 5.2), ¢ as in Subclaim 5.3. We let Wg:dom(p:v), and w be
the heart of the A-system. Note that we may choose p; such that w¢\y =w\y, which
allows us to avoid Definition 4.2(f). We now do so. We even might choose p; such
that w;\{f:} =w, but this does not lead to a further simplification.

Let

w\x={x+mlnen}, <y <- <y
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We can replace y by y** using E*" and thus (by Lemma 5.4) get counterexamples
to ()54 with the same ¢, & and with 42" (pl),

., otk *
et ”(W)\x“‘:{x*"ﬂn\nen b0 <1< < e,

and with A7, +“‘+/ Nyth= A/Ak O,{*k for < .

Now, fixing (y, | n<n*) and a we prove by induction on n<n* that for every k € ®
(k<n* would suffice), for Q/ and for yo,...,7,+—1, o, and (p) |/ € w) as above, we
can find a suitable modifications P(n) of our original forcing P” and P(n)"
names for a finitely additive measures (H%H o 41)re such that

1+l

e demand (e) of Definition 4.2 holds for (o | £ € w) = (f,0---0 fooh®’ " (/)| € w),
i<i* (from Lemma 5.2(1), only the part before y is considered). The f; are the
“shuffling” maps coming from the Lowenheim Skolem argument below and such that

e (f) and (g) of Definition 4.2 hold for every n<n* for (o |/ € w) = (3 +7, |/ € )
(so o, is constant) and thus to get the next step in the iteration according to
Lemma 4.6, and

e though Definition 4.2(b) is not fulfilled for o* = 3™ + u, k>1, the original ng € *2
are still strong enough to code the arguments of f, o---0 fyo hlfk( ), (€,
according to the (5.1) in Subclaim 5.3. Look at the yl‘ to be treated there and at
fos-.., fur—1 and at h“”, how they shift the supports of the pg.

Then we can carry out the proof of Lemma 5.2 and of Subclaim 5.3. In the end we
shall first show (s%)p(,«). for some modified P(n*)* and mapped p!, however with the
same [, same Yy, ..., 7,=—1, and possibly modified f;, T, ¢. Thereaftef, we shall read the

automorphisms and bijections in the reverse direction in order to get (x*)g,.

In order to prove the claim “for all k£ € o, Q’C can be extended by (Z]),c 11y, 1c7
respecting the whispering conditions at y ™ +7,,..., 7" +7, and such that (a/ |/ € ) =
(" 4y, | £ € w) satisfies (¢,n,) (for the same fixed t €.7, n<n*, with n, = |4 N y|+n,

= Fk+1

not depending on k) (let us call this: stage n+1)” , we shall use “for all k € w, Q*
can be extended by (Z!),c 1, respecting the whispering conditions at ™! + 5,

Py, 1 and such that (o, | £ € ) = (314, | £ € ) satisfies (£,n,) for n<n*
(let us call this stage n)”, a Lowenheim and Skolem argument and the uniqueness of
n in (d) of Definition 4.2.

To carry out the induction: For the stage n=0, k €  (k=n" would suffice, because
we need to be able to descend n* steps in the k’s) we stipulate that y_;4+1=0 and just
let = +, be a B-name for a finitely additive measure on w such that condition (e) of

Deﬁnltlon 4.2 is fulfilled for the blueprint ¢ and the interesting instances of (x| { € w).
In the step from stage n to stage n + 1, for y**, we apply the induction hypothesis

+k+1+4n

t0 90 < -+ <yp_1 and y**+ and (fFH2o. ..o fETEIT o gt (pp) | L€ w), (the 1!

are got from the induction hypothesis, see below, where we get f¥*!) and thus we get
k1
a I;£A+l+) 1+1

the whispering conditions hold for 4*

-names (:l T +1),‘57 for finitely additive measures as required, i.e.

)(HH‘W s m<n.
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Though we only have 2" >y, the injective coding of the indices in the iteration
length 7 + ft by Hindex € 2* works not only for the original Q but also for f** "+2 -0

St o pr 271, which is isomorphic to a complete suborder of O

k+1

N
There is a I;{M o -name E},H . for a finitely additive measure on @ extending

zf; R : this is proved as in Lemmas 4.5 and 4.6, because there are no “whispering
tasks™ (i) of Definition 4.2 about the AW“ . in the stretch between 1 49, | +1
and 7! 4 9, and no new instances of (g) of Definition 4.2 as well.

Now we come to the crucial step from y***! 4y, to ¥** + 7y, + 1. Let
My < M, < (H(Y), €, <)),

where = Jp(x ™).
For abbreviation, set f'= f**2o... o fir2n=1 o prr , and we use f’ also for
the function which arises by puttlng hats over all objects on the right-hand side.

+k k41

(*)1 the objects (yo,..., n—1), (g |[[E€ @), (¥ *  |k€w), w1 (f'(p)]{<w),
(07" [kew), (B |k€w)(Zun,, e £1(I)=A({truth value(/(5,) €T 1, )|

/ € )) belong to M,.
()2 Mol = |IMy]| = ™%, x ™ +1C Mo, My € My, ™) (My) C My, ™) (M) C M.

+ht+n+1

Claim. There is an injective function f**! from (y**' +y,+ )NM; to y™* +v,+1
such that

@ S G ) =1 4y for y<on,

(b) £+ maps (7 + y,) N My onto A~ kg, and

(c) g/+k(f,1k+1(ac))ﬂyn gywei(a) Ny, for aé)*k“ NM,, ie. for y€vy,, aci™in

+k+1

Ml (f;£€+l(oc)%‘él/CJrIUr1 OC¢A/C+I{+1+ )

Proof. Since My € M; we have that [y N (M \Mp)| = [y N My | = [+ N My,
and considering types as in the proof of Lemma 2.7 we get for any c€"*!2, with
E'=E, E'=yR\E,

My () @ =t
m<n+1
ﬂ (E/ )C(m)
m<n+1
Tk
Mo () (B ) =yt
m<n+1

and

|M0 N X-HC-H‘ — X-Hc
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Hence, we can find an f%*! fulfilling the requirements (a)—(c). Hence the claim is
proved. [J

Now we change the forcing orders accordingly: We set P(O)XH =P". As in Defi-
nition 2.5 we can define a structure P(n)f/‘ b

SE =1 My = Py

and can extend f,f‘:l onto the space of (P(n — I)XMH)ﬂMl—names.

From f5 o fTo ™™ + 9u) =1 + ym we get that (a/ |/ €w)=(y* +
vm | £ € @) still satisfies (#,n,,) (see Definition 4.2(d)) for P(n)fk for every m<n*.
Moreover, f5*1o f"oht2™"" (4 + 9,)=y** + 7, is the argument where (f**lof’ o
h% /%”H( 2 ) is treated as in Lemma 5.2.

Now we prove that P(n)fk satisﬁes the conditions at yg,V1,...,Vu:

First, for m=n, we have that Z k+l is in M; a P(n — I)W+1 N Mj-name, and

+7n
Pln— ”i;t k]
its restriction to @(w)V * " NM; is a P(n — 1);7;*“‘ . N M;-name. We get that
S k“( ey, )M =: ~x - +1(_ Z" in the next paragraphs) is as required: We write

only f for f¥! in the proof of this claim so that the notation be slightly less clumsy.

We show that it is a P(n) -name for a finitely additive measure on @ such

/+k+“ +1 i
P(n)
that its restriction to 2(w) in V /*"w is a P(n) , -hame, so condition (i) of
/+k+n
Definition 4.2 is satisfied: Let 4 be a P(n)‘ L -hame:

F@EYNA) = FENTLT @),

where f~1(4) € M.
Hence

FEYS T @) = 7@ @)

and where 5'(f~'(4))€M,. Hence f(Z'(f~1(4))) is an f"(MoN (™ + 9,)) =

ik
A* -name.
1+ ¢

+

For m<n the claim that (Q(w)mV /*“'»m“) is a

Et . [«
~E 1T ~//‘+, +1

P(n)w bt -name for a finitely additive measure on  such that its restriction to 2(w)
P(n)
L,k
inV A/*’f+ m s a P(n) ,+ -name, follows from f”(A/W‘+ )= A;“ﬂ for m<n.

/*’Ur m

+k
. ¥ . L
Hence we have Z! M " which are P(n)ﬁk 4y, 17AMES TESpECting the whispering

+pm+1?
conditions 4.2(1) at 3™ + yo,..., 2 + 7, (which where needed in the premises of
Lemma 4.6(1)), and the inductive proof is finished.
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Now we perform the induction with starting point et (P) and get fé’*, 1”*_1,...,

men L fL and ki=fL o ofo”*, f::kohl’f" . After n* induction steps,
we have that the mapped forcing k'pr” = P(n*)* is expanded by measures =
n<n®.

So the proofs of Lemma 5.2 and Subclaim 5.3 go through for the modified forcing
and the mapped objects: f(T), f(p;), f(¢) (blueprints), (f(y:)]i<i*) (the domain
of f ( pg)). Hence the proofs of Lemma 5.2 and of Subclaim 5.3 show that there is
no perfect tree in the intersection of the mapped trees. So f(7) is not perfect in the

t
1+ t+12

generic extension V70"

We have that /27" is a complete embedding, and that in each step P(n)Xk is
isomoprhic to P(n — 1)[1c+l N M,;, which is is a complete suborder of P(n — I)XWI
(because M| < H, and all antichains are countable and “M; C M;.) Being a perfect
tree is absolute for ZFC models and hence n* + 1 applications of Kunen [13, VII,
Lemma 13] the condition

D Fpiey f'(Z") isnot perfect in the generic extension ¥’ ("Y'

implies that some condition in G forces that T is not a perfect tree in V¥, Thus (x%)g

is also proved for the original Q. [

6. The case of cf(p)=w

In this section, we show a version of Theorem 2.1 for the case of cf(u)=w. The
main technical point is: the part of the iteration as in Definition 2.2, Part (2) lying
before y and the part thereafter now are going to take shifts w; often.

This means a slight increase of the complexity of our notation. We are going to
rework the previous three sections and benefit from the fact that we did some (but
not all) work for the class of forcings of Definition 2.2, Part (1). We shall often
only hint to the parallels and give an informal description of the modifications and
strengthenings.

Theorem 6.1. In Theorem 2.1, we can replace (cf(u)>Xy and sup(C)= ) by
cf V‘(,u) = w, and there is some ) such that
o1 <[ <4 <,
of"'(D)=w

and

VvBeV, (B <i—C & B).
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Proof. We first give an outline: We define a member of # (of Definition 2.2) that we
are going to use. Then (after adapting Lemmas 2.6 and 2.7) we get the items (o) to
(0) of the conclusion of Theorem 2.1 and of Theorem 6.1. For item (&), we begin with
the analogon of the end of Section 2. Then we slightly modify the blueprints. Again
we can deal with automorphisms of the iteration length. We take those automorphisms
moving only some element o« within one of our w; intervals [y -y, -(y+1)). So we
basically do the old proof in some interval of the longer iteration. We use that we
never required that there are only partial random forcings after y.
We take y >2* and «x such that 2* >y. Then we define

O = (P}, Qg Af s tg | B < 2 01,0y - 1) € A

as follows.
We take for y <y’

Gron @ A 01 — (X o),

Gy +E) =0 for u<é<y,

Iy on (X7 +E) = gro(ry+ &) for & <y, yew

Vy€w VBE(ux o) Faely 0.1 )+ 1))gyw(x) =B

For a=yy+¢&, y€wy, E€y we set

AZ_{O) if y=0o0r & > p,
* {B < 1(&7) € grmn (B} else,
(“2,<), ifA% =0,
y — Vit Ay "
~ Random (Eolpe] , else.

We adopt Fact 2.4 as follows.

Definition 6.2. For QG A of the special form of Theorem 6.1, a <y - w;, we let

AUT(Q" [ a)={f:a — o] f is bijective, and,
(Vp,0€a)
((‘Q%| < K<< |Qf(oc)| < K)

NBeds — f(B) € Adss)))}

Then we have that f is an automorphisms of P, and of P, (from Definition 3.2(c)),
and Fact 2.5 holds for 7.

Now we get the analogues of Lemma 2.6 and of Lemma 2.7 (consider types, similarly
to there) and are ready to prove
&) ke, “Atmwili€C, y€wr} is not null”.
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Proof. Let N be a P,., -name for a Borel null set. Hence for some Borel function

# €V, and for some countable

X={xw|tco}Cyzu |J r-r+mr -G+
yew \{0}

Y={wltewy |J rzr+n.
yEw \{0}

{ry t€w, (), {€w, we have that

N = #((truth value({; € 1,,))rew, (truth value(() € ,,))rew)-

Let i(x)<w; be such that y - i(*)> sup(Y). Since cf"'(1)>N,, we have that B :=
Uscxury ro (O €([u x an]<H)".

Since C\m,(B) # 0, there is some i€y, i€ C\my(B). We claim, that 7,.;); is
random over a universe, in which N[G] has a name. (Moreover regarding V; and V5,
the same remarks as in the proof of (6’) of Theorem 2.1 apply.) Then the proof will
be finished, because then 1.+ € N[G] in V>[G]. By our construction, we have

Vigo|acd”

4-i(*)+i]

Ty.i(+)+i 15 the Random -generic over yPrico,

Since i € C\my(B), we have that VE€ X UY Vy € w; that g,(&) Z(i,7), hence VEe X U

Y (€A, s0 XU YQA;:.I.(**)H. Since Py, ,.,.; < Py, the name N is evaluated in

the right manner in V¥4 Thus the claim is proved. [

(8) M[G] | unif 4" <|C].
This follows from ().
(e) "[G] E unif(A")=A.

Again the item (&) will be the longest part. However, it is almost the same as our
previous work. Put all the ff; of an analogue of Lemma 2.11 into one [y-y+u, x-(y+1)).
Also the extension of y to ' now can be done either only in the relevant interval where
the o lie, or just all over, thus leading to Wt

More explicit, we start as in the corresponding proof in Theorem 2.1: Suppose that
(e) is not true. In V; there is i(x) </ and p € P,., such that

plp,, “n €2 for i <i(x)A{n;|i <i(*)} is not null”.

A name of a real in V|[G] is given by

n; = %;({ truth value ({;/ Egji_/)|f€ ))

for suitable ((;/,jis |/ €w), s €W, jisEx+ 1
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We set
X={jislicit),l coyn U {x-7+ma-G+1D)|y € o\{0}},

Y={jisli€it)/ eoynJ{u-nu-7+ w7 € @\{0}}

We show the main point
Vi{z:l¢exur}] |
In [G], (“2) is a Lebesgue null set.

Since ot g0, () ={(y,¥)|x-y+y €Y} we can fix such an o € (- w;)\X that is
not in 45, for y-y+yev.

Lemma 6.3 (See Lemma 2.8). In V™, the set (“2)11%|¢€X VY] hag Lebesgue mea-
sure 0, and a witness for a definition for a measure zero superset can be found in
Vi for w € y\X that is not in E: for every E€Y — y.

Now proceed through the analogues of Sections 2 and 3. In the definition of a
blueprint we allow m’ and n’ to indicate in which intervals [y -7,% - (y + 1)) the heart
of the delta system (intersected with the Cohen parts for m') lies, hence m’,n’ € [w;]<¢
and m’ Cn’ in general not as an initial segment, but inserted according to the type of
the heart. (The old n’ would be just the length of our new n'’.)

Then we modify Definition 4.2 as follows: In (d) (2) we say n<|n’| and in (d) (4)
we say

if n<dom(m’) & V/(o, € [y-m!(n), x-m!(n)+p)) < (o, € [x-m(n), x-m'(n)+un)),
and

if n<dom(n’)\dom(m’) < V/(a, €[y - m'(n) + w,y - (m'(n) + 1)) < (o, €
[x - m'(n) + p,z - (m'(n) + 1)).

The rest of Section 4 shows that the new .#> has the desired members. In
Subclaim 5.3, the choice of the blueprint has to be modified accordingly. Thus we
get (+x)g for the modified class 7.

Since the analogue of Lemma 2.7 holds, we also get analogues to Lemma 5.4 and
to Theorem 5.5 and hence can finish the proof of Theorem 6.1. [J

7. Getting the premises of Theorems 1.1 and 2.1

In this section, we discuss how to get the bare set-theoretic premises of
Theorems 1.2 and 2.1.

If we do not insist on (¥}, V) having the same cardinals but just require (V)" C
V1, then we can get the situation in the premise of Theorem 1.2 for example as follows.

Take for ¥; any model of ZFC and let 8| <v<V be regular cardinals in V;. We
extend ¥, by forcing with P=({f| f:v—"/,|dom(f)|" <Ry}, C). Since P is w-
closed we have that (V)72 C 7. We set

N=A{(wu)en|3fers: 1B i regular in Vi,u<u'}.
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Let 2= min(7o(N)), where 7y denotes the projection onto the first coordinate. Then
we have that c¢f’?(1) is uncountable. Let i/ = x/()) a minimal witness that /€ my(N)

and let £ €V>, f: ) commal et C =range(f) € V,. Then |C|"2=|)|"2 = /. Let S € 1,

be the set of all bounded subsets of C. For any B € ¥y such that |B|"' <u’ we have
that BN C is not cofinal in p'.

If we allow cofinalities to be changed, there is the following constellation with
consistency strength Jx o(x) = w;: Gitik [18] shows that assuming Jx o(x) = w; there
is some V' (got with a preparatory forcing) such that in ¥, there is a regular cardinal
k>w; and a notion of forcing P that adds a cofinal sequence of length w; to
and does not add any countable sequences and does not add any bounded subsets
of k. Now we have V=V, Vo=V" C = the range of the new cofinal sequence,
u=ri, 1=, S={C'Ck|C €V, |C'|<N;}.

In order to get (V1, V) with the same cofinality function, we take a model announced
in the “Added in proof” in Gitik [9]:

Theorem 7.1 (Gitik). Assume that there is a measurable x of Mitchell order k™t +0,
0 regular and 0 = w,. Then the singular cardinal hypothesis can be violated in the
following manner: There is some model V such that 2=« in V and such that
there is a notion of forcing P such that P does not change cofinalities above k and
such that in VP, x is a singular strong limit, Rg <cf(x) =0, 2 =x*" and such that
Vx(x € VP Ax COrd A x|”" <kt =3y e V(yeOrdAly|”" <kt Ax C y)).

Remark. By Gitik and Mitchell [10] the lower bound for the consistency strength is
of such a failure of SCH is between Jx o(x)=x"" and Jx o(k)=k"" + 0, and if
0>, then the strength is o(k)=x"" + 0.

Theorem 7.2. Suppose that we have that 2° =x" in V and that there is a notion of
forcing P such that P does not change cofinalities above « and such that in V| x is
a singular strong limit, Xg <cf(x)=0, 2° =« and such that ¥x(x € VP Ax COrd A
x|" <kt —3yeV(yeOrdAly]” <kt AxC y)).

Then there are V1,V such that
(D) VencrcVva],
(2) (H(x))" = (H(x))" = (H(x))"1,
(3) v cw,
(4) V1 and V, have the same cofinality function,
(5) in V, there is a subset C of k of size 0 such that C is not covered by any set

in Vy of size less than k.

Proof. Let A= H(x)"C].

By the “cov versus pp (= pseudo-power) theorem” [17, II, 5.4] we get that pp(x) =
2° =x** in V3, and hence by the definition of pp there is a (i;|i<6) € V[G] be
a sequence of regular cardinals cofinal in x and an ideal / on O containing all the
bounded sets in 0 such that tcf(] ] x;/I) =" *. That means: there is a <,-cofinal scale
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(frleext™) in V,, ie. for a<f ekt we have

fat:g_)Ka
fa(y) €x, for yeo,
fo <t fp fora<pert™

Vg € H;q Jext™ g <i fo
ico
where f<;g iff {i<0] f(i)=¢g(i)} €. (By [17, VIII, Section 1] that there is even a
scale with respect to the ideal J2 of the bounded subsets of 0.)
We set

i =VI[4,{k;|i < 0)].
Then we have that there is some f; € V'" that <;-dominates V;:

Proof. In V, in the subalgebra P’ of the Gitik algebra P that is generated by H(x)"1¢1U
{(x;|i<0)} there are only <k™ elements (since the Gitik algebra P hat the x*-c.c.)
and it has the k™ c.c. Hence there are only x* many P’-names for subsets of x in V,
so we have that in ¥, = V7', 28 =+,

Since C,={fc%nNV|f £; f} is decreasing, of length k™ and has empty
intersection, there is some o<kt such that C, =0 and hence f, that <;-dominates
e V.

We fix such an f; and set

Va=Vilfal

For C we take range( f;). Now all the items claimed in Theorem 7.2 are true.

We give a proof of item 5, the others are easier. We show that range(f,)=C is a
set in V, that is not covered by any set B in V| of size less than k.

Suppose the contrary: BDO C, B€ V; and |B| <k. We show that these premises imply
Jx € V1. We have that (sup(BNk;)|i<0)€ V). Since |B| <k, there is some 0y <0 such
that for i >0, we have that sup(BNk;)<k;.

We set

.~ [sup(BNw)+1if i > 0O,
900) = { 0 else.

But we have that f,(y)<g(y) for y> 0. Since that latter is in ¥} and since / contains
all the bounded subsets of 0 and is proper, this is a contradiction to f, being <;-
unbounded and hence to being <;-dominating over V.

Remark. Unboundedness with respect to <; instead of being dominating w.r.t. <;
would suffice for the proof of item 5 and all other items.
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