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Abstract. We continue developing the general theory of forcing notions built with the use of
norms on possibilities, this time concentrating on ccc forcing notions and classifying them.
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0. Introduction

The present paper has three themes. First, we continue the research started started
in Judah, Rostanowski and Shelah [8] and Rostanowski and Shelah [15], [16], and
we investigate the method of norms on possibilities in the context of ccc forcing
notions, getting a number of constructions of nicely definable ccc forcings. Most of
them belong to the class of nep—forcing notions of Shelah [19], [20], [21] (giving
yet more examples to which the general theory developed there can be applied).

The second theme of the paper is a part of the general program “how special
are random and Cohen forcing notions (or: the respective ideals)”. Kunen (see
[11, Question 1.2]) suspected that the null ideal and the meager ideal on 2% can
be somehow characterized by their combinatorial properties, but in [16] we con-
structed o —ideals (or rather forcing notions) that have nice properties, however are
different from the two. (But see also Kechris and Solecki [10] and Solecki [28] for
results in the opposite direction.) Shelah [25] shows that the two forcing notions
may occupy special positions in the realm of nicely definable forcing notions. In
this realm we may classify forcing notions using the methods of [19], [21] and, for
example, declare that very Souslin (or generally w—nw-nep) ccc forcing notions
(see 1.3.1) are really nice. Both the Cohen forcing notion and the random forcing
notion and their FS iterations (and nice subforcings) are all ccc w—nw—nep, and
[22, Problem 4.24] asked if we have more examples. It occurs that our method
relatively easily results in very Souslin ccc forcing notions (see 1.3.4(3), 1.5.8(2),
1.5.11, 1.5.15(3)).

The third theme is sweet & sour and it is related to one of the most striking
differences between the random and the Cohen forcing notions which appears when
we consider the respective regularity properties of projective set. In [24], Shelah
proved that the Lebesgue measurability of E; sets implies w is inaccessible in L,
while one can construct (in ZEC) a forcing notion PP such that VF |= “projective
subsets of R have the Baire property”. The latter construction involved a strong
version of ccc, so called “sweetness” (see 4.1.2). The heart of the former result is
that the composition of two Amoeba for measure forcing notions is sour (see 4.3.2)
over random. Also from a sequence of w; reals we can define a non-measurable
set, but not one without the Baire Property.

It seems that sweet—sour properties of forcing notions could be used to classify
them as either close to Cohen or as more random-like. Again, our methods result in
examples for both cases. Surprisingly, there are sour examples which may appear
to be not so much different from the sweet ones - see 4.4.3.

Let us postpone the discussion of the general context of this paper till Epilogue,
when we can easier refer to the definitions and notions discussed in the paper. (But
the curious reader may start reading this paper from the last section.)
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We try to make this work self contained, citing the most important definitions
and results from [15], [16] whenever needed. However, at least superficial famil-
iarity with those papers could be of some help in reading this paper.

0.1. The content of the paper

Like in [15], the basic intention of this paper is to present “the general theory” rather
than particular examples. Therefore, we extract those properties of an example we
want to construct which are responsible for the fact that it works and we separate
“the general theory” from its applications. But to make the paper more readable, in
most cases, we sacrifice generality for clarity.

In the first section we uniformize and generalize the constructions of [8] and
[16]. We investigate the complexity of the resulting forcing notions as well as
properties like “adding unbounded reals”, “preserving unbounded families”, etc.

The next section introduces more ways in which creatures (or tree—creatures)
can be used to build ccc forcing notions. We discuss mixtures with randoms, some
relatives of the Universal Meager forcing notion, as well as as “artificial” modifi-
cations of previously introduced forcings.

The third part formalizes definitions of o—ideals corresponding to our forcing
notions.

The following section discusses sweet—sour properties of our forcing notions.
We recall the notions of sweetness and introduce yet another sweet property, and we
show that very often our constructions are (somewhat) sweet. However, there are
exceptions to this rule. So we define some strong negations of sweetness (sourness)
and we show how our schema may end up with very sour results.

Finally, the last section is (in some sense) a continuation of the introduction.
We discuss the results of the paper and formulate some problems.

0.2. Notation

Most of our notation is standard and compatible with that of classical textbooks
on Set Theory (like Bartoszyniski and Judah [1]). However in forcing we keep the
convention that a stronger condition is the larger one.

Basic Notation:  In this paper H will stand for a function with domain @ and such
that (Vm € w)(JH@mn)| > 2). We usually assume that 0 € H(m) (for all m € w);
if it is not the case then we fix an element of H(m) and we use it whenever appro-
priate notions refer to 0. Moreover we demand H € H(w;) (i.e., H is hereditarily
countable).

More Notation:

(1) RZ0 stands for the set of non-negative reals. The integer part of a real r € R=9
is denoted by |r].

(2) For two sequences 1, v we write v <l  whenever v is a proper initial segment
of n, and v < 5 when either v < n or v = 1. The length of a sequence 7 is
denoted by 1h(n).
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(3) A tree is a family T of finite sequences such that for some root(T) € T we
have

Vv eT)@oot(T) <v) and root(T)dvdneT = veTl.

For atree T, the family of all w—branches through T is denoted by [7T'], and we
let

max(7") def {veT: thereisno p € T suchthatv < p}.
If n is a node in the tree T then

succr(n) ={veT:n<gv&lh(v) =1h(n) + 1} and
il ={veT:nv}L

(4) The quantifiers (V°°n) and (3°n) are abbreviations for
(Am e w)(Vn >m) and (Ym € w)(3n > m),

respectively.

(5) Foraset X, [X]=%,[X]<% and P(X) will stand for families of countable,
finite and all, respectively, subsets of the set X. The family of k-element subsets
of X will be denoted by [X ]k . The set of all finite sequences with values in X
is called X <% (so domains of elements of X <% are integers). The collection
of all finite partial functions from w to X is X&.

(6) For a relation R (a set of ordered pairs), dom(R) stands for the domain of R
and rng(R) denotes the range of R.

(7) The Cantor space 2% and the Baire space w® are the spaces of all functions
from w to 2, w, respectively, equipped with the natural (Polish) topology.

(8) For f, g € w® we write f <* g (f <* g, respectively) whenever (V®n €
w)(f(n) < gn) (vFn € o)(f(n) < g(n)), respectively).

(9) For a forcing notion P, I'p stands for the canonical P-name for the generic
filter in IP. With this one exception, all P-names for objects in the extension
via P will be denoted with a dot above (e.g. 7, X). The weakest element of P
will be denoted by fp (and we will always assume that there is one, and that
there is no other condition equivalent to it).

0.3. Some classical examples of ccc forcing notions

Many classical ccc forcing notions for the reals are covered by the general methods
introduced in this paper. Let us recall some of those forcing notions and point to
which cases of our method they belong.

Often, a forcing notion for the Reals fits the following pattern. A condition
determines an initial segment of the generic real W and it puts some restrictions
on possible further extensions of the initial segment. When we pass to a stronger
condition we extend the determined part of the generic real and we put more restric-
tions on possible extensions. To guarantee that the forcing notion satisfies the ccc
we require that the set of allowed values for W (n) is “large” (and “large” sets are



Sh:672

Sweet & sour and other flavours of ccc forcing notions 587

supposed to behave somewhat like a filter). Let us look at two most popular exam-
ples: the Hechler forcing notion ID and Miller’s Eventually Different Real forcing
notion E.

A condition in I is a pair (s, f) where s € <% and f € @® are such that
s C f; the order of D is defined by

s, ) <p (', f) ifandonlyif s Cs and (Vn < w)(f(n) < f'(n)).

A condition in E is a pair (s, F) where s € <% and # # F € [0®]=%; the order
of E is defined by

(s,F) <g (s/, F") ifandonlyifs Cs’, F C F’and
(Vn € [Ih(s), Ih(s"))(Y f € F)(s'(n) # f(n)).

In both examples the part of the generic real decided by a condition is the first coor-
dinate 5. Let us look at the restrictions on possible extensions: in I, a condition
(s, f) says that (basically) the generic real Wp € »® extends s so that it never
gets below £, i.e., Wp(n) > f(n) for all n. Thus, the possible values of Wp (1)
(from point of view of (s, f) € D) are elements of the set {m € w : m > f(n)}.
Similarly, in the case of £, a condition (s, F) in this forcing decides that the generic
real Wi € w® extends s and satisfies Wg(n) ¢ {f(n) : f € F}.

Both D and E could be represented as follows. A condition is a sequence
(s, Ag, A1, Az, ...), where s € ®<® and § # A, C w, and the sets A, are
“large” in appropriate sense (see later). The order is such that

(s, Ag, A1, Az, ...) < (5', Ay, A}, AL, ...)  if and only if
s €', (Vn € [Ih(s), 1h(s"))(s'(n) € Ap—in(s)) and
(Vn < w)(A], € Ak4n), where k = 1h(s") — Ih(s).

The difference between D and E comes from deciding the meaning of “large”: for
the former forcing we just demand that all sets A, are co-finite, in the case of E we
demand that the sets w \ A, are finite and their sizes have a common upper bound.
Thus the two forcing notions fit the scheme of subsection 1.1 for local creating
pairs (so no X+; in relation with E see Example 1.5.9).

In a similar way we may look at the Mathias forcing with an ultrafilter. Let D
be an ultrafilter on w. A condition in the forcing notion Mp is a pair (u, B) such
that u € [w] <%, B € D and max(u) < min(B). The order of Mp is such that

(u,B) < @',B") ifandonlyif uCu’, BBCB, andu’\u C B.

We may think of this forcing notion as adding a real WMD € 2% and then treat
conditions in the forcing as sequences (s, Ag, A1, A2, ...), where s € 2<W A, €
{{0}, 2} and “large” means “equal to 2”, but here we demand also that A,’s are
large on a set from the ultrafilter. This type of constructions is considered in the
first part of subsection 2.2.

But we have also ccc forcing notions with conditions of a different nature: forc-
ing with trees. Let us recall the “Laver with an ultrafilter” forcing notion. Suppose
that D is an ultrafilter on . A conditionin Lp isatree T € o =% withroot root(T')
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and such that if v € T then the set {n : v"(n)} is in D. Thus again, we may think
that a condition T € ILp gives us a finite part of the generic real W, p (itisroot(T))
and then it gives some possibilities for the successive values of Wy, » (1), but this
time the possibilities for WJLD (n) depend on WJLD [n. Still, if v € T (so it may be
the initial segment of Wy, »)- then the set of all possible values for Wi, ,h(v)) is
“large” - it belongs to the ultrafilter D. Note also that conditions 7 € Lp may be
thought of as systems (A, : v € T') where A, = succr (v) (and our demand is that
each A, belongs to D). This is exactly the setting of subsection 1.2. (The particular
case of Lp is also covered by the construction of subsection 2.1.)

Yet another type of classical ccc forcing notions is represented by the Universal
Meager forcing UM. A condition in UM is a pair (N, T) where N < o and
T C 2<® js a tree such that [T] is a nowhere dense subset of 2¢. The extension
relation is defined by

(N, T) <ym (N',T') ifandonlyif N <N’, TCT', and
7'n2=N =1 n2=N,
The generic object here is a nowhere dense subtree of 2<%, and to really reflect all
the properties of this type of forcing notions, in subsection 2.3 we introduce another

variation of our method: tree forcings determined by universality parameters. (For
the representation of UM as one of those forcing notions see Example 2.4.7.)

1. Building Souslin ccc forcing notions

In this section we will review methods for building ccc forcing notions announced
or present in some form in [8], [15], and [16].

1.1. Glue and cut

Here we re-present the method of building ccc forcing notions with use of (semi—)
creating triples from [16]. We will slightly modify the definitions loosing some
generality. However, we will gain more direct connection to the method of [15] and
(hopefully) a better clarity of arguments. Note that the main difference is that here
we do not worry about “the permutation invariance” of our forcing notions, so the
creatures get back their mén, m,’Jp (and they are like those of [15]).

Definition 1.1.1. Let H : o« —> H(wy).
(1) (See [15, Def. 1.1.1, 1.2.1]) A creature for H is a triple

t = (nor, val, dis) = (nor[¢], val[¢], dis[7])

such that nor € R, dis € H(w1), and for some integers mgn < mﬁp <w

p#val C {(u.v)e [[ HG x [] HG) :u <o)
i<ml i<mip

The set of all creatures for H will be denoted by CR[H], and for mg < m| < w
we let CR,o , [H] = {r € CR[H] : m}}, = mo & mflp =m).
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(2) (See [15, Def. 1.1.4, 1.2.2, 1.2.5]) Let K < CR[H]. We say that a function
¥ [K]=?® — P(K) is a composition operation on K whenever the follow-
ing conditions are satisfied.

(a) IfS € [K]1=% and Z(S) = (), then for some enumeration S = {to, . .. , t;}

i
we have myp = ’“ for all i < k [from now on, whenever we write

X(tg, ..., ty), we mean the enumeration in which mup = mfj’;"] and
(b)ifs € (1o, ..., 1), then m}, = mdn and m;
(c)t € Z(I)foreacht ekK, X)) =0, and
(d) [transitivity] if s; € (G, ... , 1) (for i <n), then

wp = mup, and

(50, - . - ,s,,)gz(t;i:ign&jgki),

(e) [niceness & smoothness] if s € X(t, ... , k), mup = mg;1 (fori < k),
then dom(val[tp]) = dom(val[s]) and

(V{u, v) € val[s])(Vi < k)((v[ml, vimfi) € val[f;]).

p>

(3) (See [16, Def. 1.1]) A function >l K — [K]=® \ {@} is called a decompo-
sition operation on K if for eacht € K :

(a)* ifS e (1), then for some enumeration S = {so, ..., sk} we have
mLlp = md’gl (fori < k) [from now on, if we write {so, ... , s} € 2(),
we mean the enumeration in whlch mup =m d’; '] and

(b)L if{so,...,Sk} € =L(1) then mdn = mdn, mup = mup,

(o)t {t} e =+@),

(d)* [transitivity] if S = {s0, ..., st} € () and S; € +(s;) (fori < k),
then SyU...US; € zi(z)

(e)t if{s0,... 51} € (), my, = md’n+l (fori < k), then

dom(val[t]) = dom(val[sg]) and
Vi < k)(rng(val[si]) - dom(val[s[+1])),

and

{{u,v) : u € dom(vallsg]) & u <v &
i < k)((v[mfj"n, vim up) € val[s;])} C val[z].

(4) If K € CR[H] and X is a composition operation on K, then (K, X) is called
a creating pair for H. If, additionally, £+ is a decomposition operation on K,
then (K, ¥, £1) is called a ®—creatmg trlple for H.

(5) Iftg, ..., t, € K are such thatmup = md';l (fori < n)and w € dom(val[zy]),
then we let
pos(w, to, ... , ty)

©ive ]_[ H(j): w < v & (i < m)((v]mly, vimfE) € vall;])).

J <mup
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Definition 1.1.2. Let (K, =, ©1) be a ®—creating triple for H. We say that

(1) £+ is trivial if £+ (1) = {{t}} for eacht € K

(2) (K, X) is simple if £(S) is non-empty for singletons only; if additionally ¥+
is trivial, then we say that (K, 2, El) is simple;

(3) K (or (K, ) or (K, 2, T1))islocal ifmy, = mgy, +1 for each creaturet € K
(so then necessarily (K, £, 1) is simple);

(4) K is forgetful if for every creature t € K we have

[(u,v) eval[t] & w € 1_[ Hi)] = (w, wvl[m),, mﬁp)) e val[t];
i<mly

(5) K is full ifdom(val[t]) = [] H() for eacht € K.

i<ml

Definition 1.1.3 (See [15, Def. 1.1.7, 1.2.6], [16, Def. 1.3]). Let (K, =, =) be a
®—creating triple for H and let C(nor) be a property of w—sequences of creatures
from K (so C(nor) can be thought of as a subset of K% ). We define a forcing notion
Qamr)(K, ¥, =) as follows.

Ahcondition in Qé(nor)(l(, S, isa sequence p = (wP, t(’;, tlp, tzp, ...) such
that

4 tf .
(a) tip € Kandmg, =my" (fori <w),

(b) w € dom(val[t}]) and (1], 10,17, ...) € C(nor),
(c) pos(w”, 1, ... .ty € dom(vallt] 1) for each i < w.

QE(K, >, )i defined similarly, but we skip the demand “(té’, tf’, ...y €C(nor)”
in clause (b) above (or we just let C(nor) = K%, it is perhaps unfortunate to use
@ in this context, but that notation was established in [15]).

The relation < on Qé(mr)(l(, ¥, =) is given by:  p < q if and only if
(w, tg, tf, tg, ...) can be obtained from (w?, t(f, tf), tzp, ...) by applying finitely
many times the following operations (describing the operations, we say what
are the results of applying the operation to a condition (w,tg,t1,t2,...) €
Q¢ (nory (K- £, 1)),

Deciding the value for (w, to, t1, t2, ...): a result of this operation is a condition
(W*, ty, tht1, tyg2, ---) € Qz(nor)(l(, %, =) suchthatw* epos(w, to, ... , th_1)
for somen < w.

Applying X to (w, ty, t1, t2, ...): aresultofthis operation is a condition (w, t(’)", tf,
n . .

15,...) € Qz(nor)(l(, Y, X-) such that for some increasing sequence 0 = ng <

ny<ny<---<wo,foreachi < w, we have ti* € Z(tuys v s tny—1)-

Applying >l (w, 9, 11, 12, ...): aresult of this operation is a condition (w, t(’;,
.y, .)€ Qé(nor)(l(, %, =) such that for some increasing sequence 0 = ng <

ny<ny<--- <o, foreachi < w, we have {t;';l,, .. ’t:m*l} e =L@).
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Remark 1.1.4. In the definition of the relation < on Qé(nor)(l( , 2, =4y we do
require that the intermediate steps satisfy the norm condition C (nor). However, one
may consider a variant when the intermediate stages are just from Qj(K, %, =h).
Many properties of the resulting forcing notion will remain unchanged.

If £ is trivial we may omit it; note that then we are exactly in the setting of
[15, §1.2].
Definition 1.1.5. We will consider the following norm conditions C(nor):
o A sequence {t; : i < w) satisfies C°°(nor) if lim nor[z;] = oo

1—> 00

[the respective forcing notion is called Q% (K, Z, hH.
o Let F C w®; a sequence (t; : i < w) satisfies ¢7 (nor) if

Af € FYV™i € w)(mor[t;] > f(mhi )

[the respective forcing notion is denoted Q%(K, %, ESYA
oLet f:wXw—> w; asequence (t; i < w) satisfies C' (nor) if

(Vn € ®)(Y™i € o)(mor[;] > f(n, m))
[the respective forcing notion is denoted Q;‘C(K, =, =h

We will consider the norm conditions C” (nor), Cf (nor) only for h—closed families
F and fast functions f, see 1.1.6 below. Later we will introduce more methods for
building ccc forcing notions, including more norm conditions.

Definition 1.1.6. (1) A function f : & x w —> w is fast if
(Vk, L e w)(fk,O) < flk, e+ 1) &2 f(k,0) < f(k+1,0)).
(2) A function h : @ x @ —> w is regressive if
(Vm € w)((Vk > 1)(1 < h(m, k) < k) & (Vk < £ < ©)(h(m, k) < h(m, £))).

(3) Let h : v x @ —> w. We say that a family F C o® is h—closed if for every
f € Fthereis f* € F such that (V>°n € w)(f*(n) < h(n, f(n))).
(4) A family F C ® is >*—directed if

~Vfo, fi € HYES" € FH(Yn € o)(f*(n) < min{fo(n), fi(m)}).
Similarly we define <*—directed families (just reversing the inequality).

Remark 1.1.7. Let f(n, m) = 22" (forn, m € w). Then the function f isfastand the
norm conditions C/ (nor) and C* (nor) agree (and thus Q’;(K ,2) = Qi (K, %)
for a local creating pair (K, ¥)). In practical applications, when we consider the
norm condition C/ (nor), the function f is such that f(n,m) < f(n,m + 1) (for
all n, m € w) and thus the norm condition C/ (nor) is stronger than C°°(nor).

Proposition 1.1.8. If (K, ¥, 1) is a ®—creating triple for H, C(nor) C K?, then
Qé(mr)(l(, %, ©1) is a forcing notion (i.e., the relation < onZ,(mr)(K, >, =h
is transitive).
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Definition 1.1.9 (See [15, Def. 1.2.4]). Let (K, =, =1) be a ®—creating triple for
H. We define finite candidates (FC) and pure finite candidates (PFC) with respect
to (K, %, T1):

FC(K, =, ) = {(w, 10, ... ,t,) : w € dom(val[ty]) and for eachi <n :
ek, m{{p = mg;” and pos(w, fg, ... ,t;) € dom(val[t;;1])},

PFC(K, =, 1)
={(to, ..., ty) : Gwedom(val[r]))((w, 19, . .. , 1) € FC(K, =, T1H))}.

We have a natural relation < on FC(K, =, £1) (defined like in 1.1.3). [Note that
>, T+ haveno influenceon FC(K, X, >, that is they are not present in the defini-
tion of finite candidates, and we could have written FC(K, X) or FC(K). However,
they come to the game when the relation < on FC(K, X, EJ-) is considered.]

A sequence (to, t1, t2, . .. ) of creatures from K is a pure candidate with respect
to(K,=, 2 if

(Vi < w)(mi, =mg'") and
(Aw € dom(val[#])) (Vi < w)(pos(w, tg, ... ,t;) € dom(val[t;1])).

The set of pure candidates with respect to (K, £) is denoted by PC(K, =, £1).
The relation < on PC(K, X, EL) is defined naturally.
For a norm condition C(nor) the family of C(nor)-normed pure candidates is

PCenon) (K, £, B5)
={{to,t1,...) € PC(K, =, SY): (10, 11, ... , ) satisfies C(nor)}.
Definition 1.1.10. Let (K, =, =) be a @—creating triple for H.
(1) For a condition p € Qj(K, %, =) we let

POS(p) & (u e U HH(i) L (3 < w)@v € posw”, 1, ... 1! Q).

n<wi<n

(2) For a finite candidate c = (w, tg, ... , t;) € FC(K, X2, 1) we define

def

POS(c) = {ue | [[HG : Gv eposw, t, ... 0))u D v)).

nfmtu]L i<n
Proposition 1.1.11. Suppose (K, £, 1) is a @—creating triple for H.

P

(D) Ifp.q € QK. £, 51), p < q thenPOS(p) € POS(q), andif h(w?) = my,
for some € < w, then w? € pos(w”, 1}, ..., t]).

(2) The same holds if one replaces conditions from Qy(K, X, 1) by finite candi-
dates from FC(K, 2, =h).
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Proof. Note that each of the three operations described in 1.1.3 shrinks POS
(remember 1.1.1(2e) and 1.1.1(3e1)). ]

Definition 1.1.12 (See [16, Def. 2.1], [15, Def. 2.1.7]). Assume that (K, =, =1) is

a @—creating triple for H.

(1) We say that (K, ) (or (K, =, £1)) is linked if for each ty, t1 € K such that
nor[f], nor[t;] > 1 and mg’n = mfi'n, m.’fp = mffp, there is s € X(tg) N X (1)
with

nor[s] > min{nor[z], nor[z]} — 1.

Let h : w x @ —> . The pair (K, X) is said to be h-linked if for each
k > 1, and creatures tq, t; € K such that nor|[ty], nor[t;] > k and mffn = mfjln,
myp, = myp, there is s € T(ty) N T(ty) with nor[s] > h(my., k).

(2) Wesay that (K, X) (or (K, Z, EL))isgluing ifitisfull andforeachk < w there
is ng = no(k) < w such that for every n > ng and (tg, ... ,t,) € PFC(K, X),
thereis s € X(tg, ... , t,) such that

nor[s] > min{k, nor[#], ... , nor[t,]}.

We say that (K, X) is straightforward gluing if for every (to,....t,) €
PFC(K, X) there is s € X(to, ... , t,) such that

nor[s] > min{nor[z], ... , nor[z,]}.

(3) We say that (K, =+) (or (K, =, £1)) has the cutting property if for everyt € K
withnor[t] > 1 and an integer m € (mfin, mflp), there are sq, s1 € K such that
(c) i, = mly iy = m = i miy =

(B) nor[s¢] > min{nor[t] —1,ml } (fort =0,1),

(v) {s0,51} € Z-(K).

Definition 1.1.13. A forcing notion Q is o-n-linked if there is a partition (A; : i <
) of Q such that

if qoy...,qn—1€Aj,i€w then HqgeQ@=<qg& ... &gu—1 <q).
We say that Q is o-+—linked if it is o -n—linked for every n € w.

Proposition 1.1.14. Let H : w — H(wy) and let (K, X, 1) be a ®—creating
triple for H.

(1) If (K, =, =) is linked, gluing and has the cutting property, then the forcing
notion Q% (K, X, >1) is o -s—linked.

2)If f : o xw —> wis fastand (K, £, 1) is local and linked, then the forcing
notions Q} (K, %, >4 and Q’;-(K, >, =1 are o -s—linked.

(3) Assume that h : w x @ —> o is regressive and F C (w \ 2)% is an h—closed
family which is either countable, or >*—directed. Suppose (K, X, EJ-) is local
and h-linked. Then the forcing notion Q;_-(K , 2, El) is o -%—linked.

Proof. Straightforward (and the proof of the first part is essentially the same as that
of [16, Thm 2.4]; compare the proof of 1.3.4.1). O
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1.2. Tree-like conditions

Here we recall the setting of [15, §1.3] and [8]. Since in getting the ccc we will have
to require that the tree—creating pair under considerations is local, we will restrict
our attention to that case only. So our definitions here are much simpler than those
in the general case, but we still try to keep the notation and flavour of the tree case
of [15].

Definition 1.2.1. Let H : © —> H(wy).

(1) A local tree—creature for H is a triple
t = (nor, val, dis) = (nor[¢], val[¢], dis[¢])

such that nor € RZ0, dis € H(w)), and for some sequence n € [ H(@),
i<n
n < w, we have

0 val € {(n,v):n<ve][H®.

i<n

For a tree—creature t we let pos(t) def rng(val[z]).
The set of all local tree—creatures for H will be denoted by LTCR[H], and for
ne J []H@) welet LTCR,[H] = {t € LTCR[H] : dom(val[r]) = {n}}.
n<wi<n
(2) Let K € LTCR[H]. We say that a function ¥ : K — P(K) is a local tree
composition on K whenever the following conditions are satisfied.

(a) Ift € LTCR,[H], n € [T H(i), n < o, then X(t) € LTCR,[H].

<n
(b) If s € X(t) then val[s] C val[z].
(c) [transitivity] If s € X(¢) then X(s) C X(¢).
(3) If K € LTCR[H] and X is a local tree composition operation on K then (K, X)
is called a local tree—creating pair for H. We may forget the adjective local as
other cases will not be considered in the present paper.

Definition 1.2.2. Let (K, X) be a (local) tree—creating pair for H.

(1) We define the forcing notion Q*(K, ) as follows.
A condition is a system p = (t; : n € T') such that
(a) T < U [] HG) is a non-empty tree with max(T) = @,

newij<n

(b) t, € LTCR,[H] N K and pos(t,) = succy (n) (forn € T),
(c)1 for every n € [T] we have:

the sequence (nor[z, ] : Th(root(T)) < k < w) diverges to infinity.

The order is given by:

(t,} neTly < (t,? :n € T?) ifand only if

T2 c 1l and t,? € E(t,%)for eachn € T2

If p = (ty : n € T), then we write root(p) = root(T), T? =T, t} =1, etc.
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(2) Similarly, we define forcing notions Qt]r_f’e(K, %) for a family F C «® and
Qt;ee(K, ) for a function f : w X w —> w, replacing the condition (c); by
(©)F, (¢)y, respectively, where:

(c)r Gf € FYAN < w)(¥ € T)(h(n) = N = norlr,] = f(Ih(n))),
(c)f (Yn € w)@N < w)(¥n € T)(h(n) = N = nor[1,] > f(n, 1h(n))).
(3) If p € QU¢(K, %) then, for n € TP, we let p" = (¢} 1 v e (TP)),

Definition 1.2.3. Assume that (K, X) is a tree—creating pair for H.
(1) We say that (K, X) is linked if for each n € |J [] H(i) and tree—creatures

n<wi<n
fo, 1 € K NLTCR,[H] with nor[ty], nor[t] > 1, there is s € (1) N X(t1)
such that nor[s] > min{nor[7], nor[z;]} — 1.
(2) Let h : w X o —> w. The pair (K, X) is h-linked if for each ty,t; € K N
LTCR,[H] such that nor[tg], nor[t] > k, k > 1, there is s € X(tp) N X(t1)
with nor[s] > h(lh(n), k).

Proposition 1.2.4. Let H : ® — H(w1) and let (K, X) be a local tree—creating

pair for H.

(DIf f: o xw — wisfast and (K, X) is linked, then the forcing notions
Q**(K, X) and Q;ECC(K, ) are o -x—linked.

(2) Assume that h : w X @ —> w is regressive and a family F C (o \ 2)® is
h—closed and either countable, or >*—directed. Suppose (K, X) is h—linked.
Then the forcing notion Qt]r_?e(K , X) is o -x—linked.

Proof. Straightforward. O

1.3. The complexity of our forcing notions

Definition 1.3.1. (1) A forcing notion (P, <p) is Souslin (Borel, respectively) if P,
<p and the incompatibility relation 1 p are Zf (Borel, respectively) subsets of
Rand R x R.

(2) A forcing notion (P, <p) is very Souslin ccc (very Borel ccc, respectively), if it
is Souslin (Borel, resp.), satisfies the ccc and the notion

“Arp 1 n < w) is a maximal antichain ”
is Ell (Borel, resp.)

On Souslin forcing notions and their applications see Judah and Shelah [5] and
Goldstern and Judah [3] (the results of these two and many other papers on the topic
are presented in Bartoszyriski and Judah [1]). A systematic treatment of definable
forcing notions is presented in [19], [20] (note that very Souslin ccc forcing notions
are w—nw-nep). Here we are going to show that the forcing notions built according
to the schemes presented above typically are Borel ccc and (sometimes) even very
Borel ccc. Thus we have tools for constructing new ccc w—nw—nep forcing notions
(the only examples known before were those coming from random forcing, the
Cohen forcing and their FS iterations; see [22, §4] for a discussion of this topic).
Note that, by Shelah [21], ccc w—nw-nep forcing notions cannot add dominating
reals. Thus the forcing notions that are covered by 1.4.4 cannot be represented as
very Souslin ccc forcing notions.
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Definition 1.3.2. A ®—creating triple (K, ¥, ©+) for H is regular if the following
condition is satisfied.

() Assume (w, 19, ... , ty), (U, S0, - .. , sm) € FC(K, =, 1) are such that
emli <mP < myy < my for some £ < n,
e nor(ty] > 3 (for the £ as above), and

o (W, 10, ..., ty) < (U, 80,.--,Sm) mﬁﬁ < mffp, and nor[so] > 3.

/ "
Thentherearet’, " suchthat {t', 1"} € L (1), mflp =my =m},, nor[t"] >
2 and u € pos(w, tg, ... ,te_1,1t").

Definition 1.3.3. Let H : w —> H(w1) and let (K, X) be either a creating pair
for H or a (local) tree—creating pair for H. We say that (K, X) is really finitary if
the following conditions are satisfied:

(a) H(n) is finite for all n < w (so val[t] is finite for all t € K ), and
(b) for each n € w, the set {t € K : mg(val[t]) C [] H@)} is finite.
i<n

Theorem 1.3.4. Let H : o —> H(wy).

(1) Let (K, ¥, %) be a ®—creating triple for H such that K is countable.

(a) If (K, X, 1) is regular, linked, gluing and has the cutting property, then
the forcing notion Q% (K, Z, 1) is Souslin ccc.

B)If f: oxw — wis fast and (K, X, =) is local and linked then
Qi (K, X, >1) and Q’;(K, ¥, 1) are Borel ccc.

(c) Assume that h : @ X @ —>  is a regressive function and F C (w \ 2)% is
a countable h—closed family which is >*~directed. If (K, =, 1) is local
and h—linked, then Q;_-(K , Xz, ZL) is Borel ccc.

(2) Assume that (K, X) is a local tree—creating pair for H and K is countable.

(a)If f:oxw— wis fastand (K, X) is linked, then QBECC(K, ¥) is Borel
ccc.

(b) Suppose that h : @ x w —> o is regressive and F C (w \ 2)% is a
countable h—closed family which is >*~directed. If (K, X) is h-linked,
then Q°(K, X) is Borel ccc.

(3) If in 1(c) and 2(b) above the pair (K, X) is really finitary, then the respective
forcing notions are very Borel ccc.

Proof. 1(a) Let X = (|J [] H(@)) x K® be equipped with the product topol-
n<wi<n
ogy (of countably many countable discrete spaces). So X" is a Polish space and

it should be clear that Qj(K, %, ), Qi (K, Z, 1) are its Borel subsets. To
express “p < g” we have to say that there is a sequence p = pg, ..., pp = q of
elements of Q(K, X, ¥ 1) such that p; | is obtained from p; by one of the oper-
ations described in 1.1.3. Each of these operations corresponds to a Borel subset
of X x X, so easily SQi(K.x, 31 SQi (K, 3, Tt are Ell subsets of X x X. The

main difficulty is to show that the incompatibility relation L (x x 51 is a Ell
subset of X x X. But this follows from the following observation (note that this is
the place where we use the assumption that (K, £, £1) is regular).
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Claim 1.3.4.1. Conditions p,q € Q% (K, X, X1) are compatible if and only if
there are N, £, m < w, t), t{, 1], 1] € K and u such that

t? ! q q
emy <N < my, mfj’;’l <N < mf,"f,

o (i), 11y e ALY, (), 1)y e TE@h), mi =ml =N,
e nor(7{] > 2, mnor[#/]>2,
o u € pos(w?, tg, ,té:], 15) N pos(w, tg, . ,tZl_l,
e (Yn > ¢)(nor[t)] > 2) and (Yn > m)(nor[t]] > 2).

P
(If N = mzfn then 1) is not present; similarly on the q side.)

"
i)

Proof of the claim. First assume that conditions p, g € Q% (K, X, EJ-) are com-
patible and let r € Q% (K, =, X1) be stronger than both p and g. Passing to a
stronger condition we may demand that if £, m are such that

p r p q r
t 13 1 1)

mt < m? < mi m <m0 < pin
dn — ""*dn up» dn — ""dn up

r

tf 1 q tr
then myp < myp, m{{'f, < my), and that nor[zj] > 5 and
t;f r P t,‘,] r q
myy > lh(w") = nor[f;]>5, and myy > lh(w") = mnor[t;] > 5.

Now we may apply the regularity of (K, =, ©1) (see 1.3.2) to get t§,, 1], 1}/, 1] € K
such that

{th 1} € =)y, {1y, 1]} € =L@, mor[r]] =2, mor[r]]>2 and
p 14 / q q /7
u=w" e pos(w?, A 7S 1Y) N pos(w?, Tyseee by 1500)-

Put N = lTh(w") and check that all demands are satisfied.

For the other implication suppose that N, £, m, t;, t{, 17, t{ and u are as in the
second statement. Just for simplicity, let us also assume that (K, X) is straightfor-
ward gluing (see the second half of 1.1.12(2); the case of “gluing” requires a small
change in the choice of 71, k below). Choose increasing sequences i1 = (n; : i < w)
and k = (kj : i < ) suchthatng > € +5,ky > m + 5 and

o (Vn > n;)mor[t)]1>i+5) and (Vn > kj)(mor[s] > i +5), and

1l P
i i ki+1 it
® My, < my, < Mup, HMyp < my,

Apply the cutting property to choose (for eachi < ) s/, s/’ € K such that
t! ”

P
s In i

’
ron 1,9 S ki
{s;,s;} € X (tki), mg, =my,, Mg, =my, and

nor[s/], nor[s'] > i + 4.

Iy 1, . .
(Ifmy, =m Cﬁ’l then the s/ is not present.) Next use gluing to choose r;, s; so that

/P p 1"4q q !
rg € E(tl,gzﬂ, "'l’jt’lo—l)’ so € X(t), tm+ql’ ,tko_ql,so)
" /
riy1 € E(tn,-a ’tni+1—1)’ Si+1 € E(Si ,tkiJrl, ,tki_*_]il,siJrl),

nor[r;], nor[s;] > i + 2.
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Since (K, X) is linked we may choose #; € X (r;) N X (s;) such that nor[#;] > i+ 1.
Now look at (u, fg, t1, ... ). Itis a condition in Q} (K, X, =) stronger than both
pandgq. O
1(b,c) and 2(a,b) Similarly (and much easier).
3. Leth € w® be a regressive function and let 7 C (w \ 2)® be a countable
h—closed family which is >*—directed. Suppose that (K, X) is a local, h-linked and
really finitary creating pair (because of the “local” £~ can be omitted as it is trivial).
We are going to show that “being a (countable) pre-dense subset of Q;_-(K , 2)7 s
a Borel property.
Let X = (U ] H(G)) x K®, X® and Y = P(FC(K, X)) be equipped with

n<wi<n

the natural (product) Polish topologies (note that FC(K, X) is a countable set). For
p=(pn:in<o eX? pcQrK, 2, we (J []HG@and f € F we

m<wi<m
define
_ P
NP(n) = mln{mdn (V]>z)(n0r[tp”]>2)}

and
TP, ={(w.10.... . %) € FC(K, T) : (Vi <k)(mor[t;] = f(m},)) and
(Vn < a))(Np(n) < mup = pos(w,ty, ..., ) NPOS(p,) = ?)}.
Note that (Q% (K, ¥))? is a Borel subset of X® and the functions

p> N7 (QR(K,2)® — o® and p> T”f Q%(K, ZN? — Y
are Borel. Now, each 7, f, 1 is essentially a finitary tree, so

’Tf’ 7 is well founded  if and only if ’Tf’ 7 s finite.

Consequently, for each w and f, the set
(e @K, 2N?: T 1 is well founded }

is Borel. Since there are countably many possibilities for w and f, we easily finish
the proof using the following observation.
Claim 1.3.4.2. Let p = (p, : n < ») € (Q%(K, X))®. Then
p is pre-dense in Q%-(K, X) if and only if
foreachw € |J [] HG) and f € F the tree Tpf is well-founded.

m<wi<m
Proof of the claim. Suppose that, for some w and f, the tree 7;’7 7 has an w-branch
and let ¢ = (w, to, t1, . ..) be such a branch. Necessarily g € Q}-(K ¥) (as wit-

nessed by f). If follows from the definition of ’Tp N that POS(g) N POS(p,) is
finite for each n € w and therefore ¢ J_Q* (K,%) Pn (remember 1.1.11).

Now assume that p is not pre-dense in Qf(K Y)andletg € Q]_-(K Y)bea
condition incompatible with all p,,. We may demand that for some f € F we have
Vi € w) (nor[t.q > f (mgn)) It should be clear that ¢ determines an w—branch in

the tree 7%, wd, f (remember that (K, X) is h-linked). ]

Similarly we deal with the respective variant of 2(b). O
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1.4. Unbounded and dominating reals

Lemma 1.4.1. Let V C V* be universes of ZFC*. Assume that {f; :i < w) € V
and g € V* are such that

(a) g € 0%, fi € @®, fiy1 <* fiforalli € w,
(b) (Vi € )(3%k € w)(g(k) < fi(k)),
(c)ifh € w® NV is such that Vi € w)(h <* f;), then h <* g.

Then w® NV is bounded in V*.

Proof. Tt follows from the assumptions (a), (b) that we may find an infinite set
K ={ko, k1, ko, ...} € V¥ N [w]® such that for each i € w we have

) folk) > fiki) > --- > fi(k;) > g(ki).

Let ¢ € w® N V* be such that (Vn € w)(|K N (n, p(n))| > 27+1) We claim that
the function ¢ dominates ®® NV, i.e.

(Vf € 0® NV)(V*n € 0)(f(n) < p(n)).

If not, then we may choose an increasing sequence (n; : i < w) € V of integers
such that ng = 0 and

(i) @i € w)(|(ni, niy1) N K| > 2%),
(i) (Vi € @©)(Yn = nip1)(fir1(n) < fi(n)).

Define h € @ NV by hl[n;, niy1) = fillni, niy1) (fori € w). It follows from (ii)
that h <* f; for each i € w, so we may apply the assumption (c) to conclude that
h <* g.Butlook at the clauses (x) and (i) above. Whenever |(n;, n;+1) N K| > 2",
there is £ € w such that k; € (n;, n;j4+1), £ > i and

Jotke) > -+ > filke) = h(ke) > --- > folke) > g(ke),
so easily we get a contradiction. O

Definition 1.4.2. Let (K, X) be a creating pair or a (local) tree—creating pair.

(1) (See [15, Def. 5.1.6]) We say that (K, ) is reducible if for each t € K with
nor(t] > 3, there is s € (1) such that "% < nor[s] < nor[r] — 1.
(2) The pair (K, X) is normal if it is reducible, linked and if

(B) foreach s,t € K:
nor[s] < nor[t] = (Yu € dom(val[z]))(3v)((u, v) € val[r] \ val[s]).

(3) A creating pair (K, X) is semi—normal if it is linked, and for each n € w and
t € K such that nor[t] > 2"2 m{lp
(s¢ : £ < n) C K satisfying
(@) 50 =1, Ser1 € T(se), 2"t < mor[se1] < 2" 2 (for £ < n), and

n+4 .
— mgn > 22 , there is a sequence
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(B) if s € K, my, = mly, my, = m and nor[s] > 2m=t3 ¢ < n, then

(Vu € dom(val[s]))(Fv)((u, v) € val[s] \ val[se1]).

(4) A ®@—creating triple (K, X, =14 (or just (K, X)) is super—gluing if it is gluing
andfor every sg, ... ,Sx € K and N € w such that mup < mcln ' fori < k and
mllp <N, there is s € K satisfying:
omy = mdn, up = N, dom(val[s]) = dom(val[sg]), and
e nor[s] > min{nor[s;] : i <k} — 1, and
e (V(u,v) € val[s])(Vi < k)((v[mffn, v[mf]’i)) € val[s;]).

Remark 1.4.3. Note that “normal” implies “semi—normal”. What we really need
in the proofs of 1.4.4(1,2) is semi—normality (or rather a suitable variant of it).
However, the normality is more natural and only in the case of ®—creating triples
(which are gluing and have the cutting property) the natural norms are semi—normal
but not normal; see Examples at the end of this section.

Theorem 1.4.4. (1) Let f : w X w —> w be a fast function, and let (K, X) be a
local creating pair (alocal tree—creating pair, respectively). Assume that (K, X)
is normal and (@?(K, )£D (Qt;ee(l(, ) # @, resp.). Then the forcing notion
Q’}(K, ) (Q‘}ee(K, X)), resp.) adds a dominating real.

(2) If (K, £) is a normal (local) tree—creating pair and Q{** (K, X) # ), then the
forcing notion Q*°(K, £) # ¥ adds a dominating real.

(3) Assume that (K, =, £1) is a semi—normal @—creating triple which is super—
gluing and has the cutting property (and Q% (K, ¥, X LY = ). Then the forcing
notion Q% (K, X, Zl) adds a dominating real.

Proof. In all cases we will use Lemma 1.4.1 for functions f; € [ (n + 1) defined

new

by fil[0,i) =0, fi(n) =n —i forn > i (fori € w) and a suitably chosen name
g for a functionin [] (n + 1).

new
(1) We consider the case when (K, ) is a local creating pair only.

Let p € (@* (K, ¥). Using the normality of (K, ¥), choose an increasing

sequence (m, : n < w) € w and a sequence (s ( 4 <n, n <w) C K such that
foreachn € wand ¢ < n:

@) s0=tb nor[th 1> f(n+2, ”"")

s st
) s e GhH, f(n—e+1,m} ) <mor[sit < f(n—C+2,m] ).
Let W be the name for Q"}-(K , E)—generlc real, i.e.

Fayae.m W= Jtw’ : g € Tgsx.3)

(see [15, Def. 1.1.13, Prop. 1.1.14]). Let ¢ be a Q*}-(K, ¥)-name for a function in
[1(n + 1) defined by

new
. e, [
pIF“(¥n € o) (V€ < n)(g(n) = € & (Wim, Wimg) € val[si]\ val[sit']) ”

GE (W m' W Imib) € val[s"] then g(n) = n).
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Claim 1.44.1.(«) p IFQv}(K,E) (Vi € )(3%n € w)(g(n) < f;(n)),
(B) Assume that h € w® is such that h <* f; foralli € w. Then p \F“h <* g 7.

Proof of the claim. («) Leti € wandlet pp > p, N € w. Taken > N +i so that

. IPO .
forsomek < wwehavet/ € (¢}, )andnor[t/°] > f(i+3,m§, ). Since (K, ¥)
. tp() tPO
is normal, we may find w € pos(w??, 1, ..., t°) such that (w|mg , wimd, ) ¢

val[s" '] (remember nor[s" '] < f(i + 3, mé’rfj)). Clearly the condition ¢ =
(w, 2, 1%,....) forces that g(n) < n —i = fi(n).
(B) Leth € w® be such that h <* f; foralli € w and let py > p. Let £

be such that 1}° € =(t}) (so 1} € E(t,fM) for each k). We may assume that if

pPo
m, > £ then h(n) < n — 5 and that (Vk < a))(nor[t,fo] > f(5, mg‘n )). For each
k € w choose t; as follows:

o ifk+0¢{m,:ncw)thent =1,
o ifk+€=myn € o thenn € (t°) N =(sn™ ™) is such that nor[#] >

min{nor[¢”°], nor[s; "'} — 1

0
(remember that (K, X) is linked). Since nor[s,},’(")H] > f(n—h() +1, mfﬁl) we

easily see that ¢ = (w?°,19,t,...) € Q“}(K, 3), and clearly it is a condition
stronger than pg. As g ”‘Q’}(K,Z) Vn € w)(m,, = € = g(n) > h(n)), the claim
follows. O

Now, the first clause of the theorem is an immediate consequence of 1.4.4.1 and
1.4.1.

(2) The proof is similar to the one above. Let p € Qtlm(l( , ¥). Choose fronts F),
of T? (for n € w) such that for each n:

o (Vne Fur)@v e Fy)(v <),
e (Vn € Fy)(mor[t]] > 2"12)

(clearly possible; see [15, Prop. 1.3.8]). For each n € w and n € F, choose a
sequence (sf; : £ <n) C K such that

sp=t0, sitlexn(s)) and 2" <nor[s/t] <272

Let W be the name for the QY*(K, ¥)—generic real and let ¢ be a Q{*°(K, X)-
name forarealin [] (n+1) such that (the condition p forces that) if n = Wim € F,

new
(for some m, n € w)and Wi(m + 1) € pos(sg) \pos(s,?“), then g(n) = £.
Claim 1.4.4.2. () p ”_Qtlree(K’E) Vi € 0)(A%®n € w)(g(n) < fi(n)),
(B) If h € w® is such that h <* f; foralli € w, then p |FQtlree(K’E)“ h<*g”

Proof of the claim. (o) Like 1.4.4.1(x).

(B) Let ¢ > p. We may assume that for some m > 2 we have: root(q) € Fy,,
nor[t!] > 8 forall v € TY, and h(n) < n — 5 for all n > m. We build
inductively a tree T C T7 and a system (¢, : n € T) as follows. We declare
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that root(q) = root(T) € T. Suppose we have declared that n € T.1If n ¢
J Fu, then we let t, = t,? and we declare pos(t;) € T.If n € F, for

new

some n > m, then we choose t,, € E(t,?) N E(s,};(n)ﬂ) such that nor[#,] >
min{nor[tg], 2n=hm+1y _ 1 and we declare pos(t;) S T.

Finally, we let ¢* = (t,, : n € T) and we notice that g* IF & <* g. O

. t? tf
(32+4 Let p € Qi (K, £, £1). By “gluing”, we may assume that m{, — mJ, >
22" foreach k < w. Using semi—normality we may choose an increasing sequence
(my, : n < w) and a sequence (s,’f : ¢ <n, n <w) C K such that

(@) 50 = th ,mor[ty 1 > 2"12 s e 2(sh), 20~ < nor[sit!] < 212
(for ¢ < n < w),

t

0
wp = mf,’fj, and nor[r] > 2" ¢*+3 ¢ < n < w, then

0
(b) ifr € K, m}j =mfi’rl1,m
(Vu € dom(val[r]))(3v)((u, v) € val[¢] \ val[s‘™1]).
Now we define the name ¢ like before, so forn € w and £ < n,

“ - X Sﬁ X SI(l l L4117 »
p |FQ§O(K’E’EL) gn) =L & (Wimg, Wimyp) € valls,] \ val[s, "] 7.
(B) If h <* fi foralli € w, then p |FQ§O(K‘2’2L) “h<*g”

Proof of the claim. () Suppose g > p, and i, N < w. Passing to a stronger
condition (using “gluing and cutting”) we may assume that
e nor[7]] > 2" and

lq t]’ lq Zl’
o my =mg", mf =myy forsomen > N +i+ 1.
Choose w € pos(w?,#J) such that (w?, w) ¢ s7~' and look at the condition
q = (w,t;’,tg,...).
(B) Letg > p.Passing to a stronger condition if necessary, we may assume that
for some increasing sequence (Ny : k < w) € w we have:

/ 7. q
e mf =my “,mlp=my ' nor[t]] > 5forallk < o,
e if n > Nythen h(n) <n —35.

P
tm N
dn

Using “super—gluing” choose creatures s € K (for k € w) such that

P
t)?‘l tm
Sk __ Ny Sk __ Ni+1
o my =my ", Myp=mgy , and

e nor[s;] > min{nor[sg(")+l] Ny <n < Ngg1}—1, and
0 0
o (Y(u,v) € val[sg])(Vn € [Ni, New)((ulm, vlmgs) € vallsy ).

Apply “linked” to choose creatures #; € X (sx) N E(t,?) such that
1 + nor[#] > min{nor[s], nor[t,f]} > min{nor[tg], 21 N << Npqa).

Then ¢* = (w?, 5o, 51, 52, ...) is a condition in Q% (K, X, =), ¢* > ¢ and it
forces that (Vn > Ny)(h(n) < g(n)). ]
O
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Remark 1.4.5. Note that 1.4.4(1) applies to forcing notions Q% (K, X) too, see
1.1.7.

Definition 1.4.6. A ccc forcing notion P is nice if there is a partition (P, : m < w)
of P such that

(%) if (pn : n < w) € P is a maximal antichain in P, m € w, then thereis N < w
such that

Vp € P,)(3@n < N)(p, pn are compatible ).

Theorem 1.4.7 (Miller [12], Brendle and Judah [2]; see [1, Thm. 6.5.11]). If
F C ® is an unbounded family and P is a nice ccc forcing notion, then

lFp “ the family F is unbounded .

Remark 1.4.8. Since no dominating reals can be added at limit stages of FS itera-
tions of ccc forcing notions (see [27, Con. VI.3.17]), it follows from 1.4.7 that FS
iterations of nice forcing notions do not add dominating reals.

Definition 1.4.9. (1) Let (K, X) be a local creating pair (or a local tree—creating
pair) for H. We say that (K, ¥) is Cohen—producing if for each n € w there is
a set A, € H(n) such that
ift € K, nor[t] > 1, u € dom(val[t]), Ih(u) = n,
then there are vy, v such that {u, vy), (u, v1) € val[t] and vi(n) € A,
and vo(n) ¢ Ay.
(2) A creating pair (K, X) is of the BCB-type if it is local, forgetful and satisfies
the following condition:
(®BCB) for every sequence (s, : n < w) of creatures from K with miﬁl =1,
nor(s,] > 2 (foralln), there are ay, . .. , a, € H(i) and an increasing
sequence (ny : k < w) C w such that

(Va € H() \ {ag, ... ,a, )Yk € w)
(Yu € dom(val[s,, 1)) ({(u, u"(a)) € valls,]).

(3) A local tree—creating pair (K, X) is of the BCB"**—type if
(®BCBY  foreveryn e |J [] H(i) and a sequence (s, : n < w) C LTCR, N

tree
n<wi<n

K such that nor[s,] > 2, there are ay, ... ,a, € H(h(n)) and an
increasing sequence (ny : k < w) C w such that

(Va € H(th(n) \ {ao, ... , an}(¥*k € 0)(n"(a) € pos(sp;)).

Remark 1.4.10. (1) Note that if H(7) is finite for each i € w then any local forget-
ful creating pair (local tree creating pair) is of the BCB—type (BCB'*—type,
respectively).

(2) The difference between BCB and BCB"®® is not serious, the two notions are
just fitted to their contexts.
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(3) “BCB” stands for “bounded — co-bounded”. The “bounded” part reflects what
is stated in (1) above, and the “co-bounded” is supposed to point out the anal-
ogy to the co-bounded topology on w in the case when each H(7) is infinite;
compare Miller [12].

Theorem 1.4.11. Assume that h : w X @ —> o is a regressive function and
F C (w)\ 2)? is a countable h—closed family which is >*—directed.

(1) If (K, %) is a local Cohen—producing h-linked creating pair (tree—creating
pair, respectively), then the forcing notion Q% (K, X) ( Qt]rfe(K , X), resp.) adds
a Cohen real.

(2) If (K, 2) is an h—linked tree—creating pair of the BCB"*—type, then the forcing
notion Q¢ (K, ) is nice.

(3) If a creating pair (K, X) is h-linked and of the BCB—type, then the forcing
notion Qx(K, ) is nice.

Proof. (1) Let (K, X) be a creating pair for H and let sets A,, € H(n) (forn € w)
witness that it is Cohen—producing. Let ¢ be a Q% (K, ¥)-name for a real in
2% defined by

Fosk.z) (Vn € @)(en) =1 & W(n) € Ay)

(where W is the name for the Q;_-(K , 2)—generic real). Suppose that a condition
pE Q*}-(K, %) is such that nor[t}] > 1 foralln € w. Leto : [lh(w?), N] — 2,
Ih(w?) < N < o. It should be clear that there is w € pos(w”, 1}, ..., tf,flh(w,,))
such that

(Vn € [lh(w?), ND(w(n) € A, & o) =1).

Hence easily ¢ is a name for a Cohen real.

(2) Letv e |J [] HG), f € F and let

newi<n

def tree

P,y = {p € Qz (K, ) :root(p) = v & (Yn € TP)(mor[t;] = f(h(m)}.

Suppose that (p, : n < w) C Qt]r_-ee(K , X)) is a maximal antichain such that, for
eachn € wand n € TP, we have nor[t,f”] > 2.

Claim 1.4.11.1. There is N < w such that
(Vg € P, r)(3n < N)(g, pn are compatible ).

Proof of the claim. Assume not. Then we may choose a sequence (g : k < w) C
P, s such that for each n < k < o the conditions g; and p, are incompatible.
We inductively build a tree 7 and a system (s, : n € T) together with a sequence
(X, Yy i n < w) so that

(@ X, € U [l HG), Yus1 Yy € [0]?,

mewi<m



Sh:672

Sweet & sour and other flavours of ccc forcing notions 605

(B) (Vn € Xp)(VFk € Yy)(n € TT),
(y) mor[sy] = f(h(m), T = U Xa.

new

Fix a bijection # : |J [] H({) — w such that ny < n; implies #(170) < #(n1).
mewi<m

We declare that v = root(T'), Xog = {v}, Yo = .

Suppose we have arrived to the (n + 1) stage of the construction and X,,, ¥,
have been already defined so that the clauses («), (8) above are satisfied. Letn € X,
be such that

#(n) = min{#(n') : 0’ € X,,}.

Let Y, € [w]® consist of these k € Y, thatn € T% (remember (B)). Apply (@EeceB)
of 1.4.9(3) to the sequence (£} : k € Y}) to choose an infinite set ¥, 11 € Y, such
that, letting k* = min(Y,4+1) and s, = tf]l"* we have

(V' € pOS(Sn))(VOOk €Y € pos(tgk)),

Finally, we let X,,11 = (X, \ {n}) U pos(sy). This finishes the description of the
inductive step.

After the construction is carried out we let g* = (s, : n € T). It should be clear
that ¢* € QF°(K, £) (and even ¢* € P, r). Consequently we find n < w such
that the conditions p, and ¢* are compatible.

Suppose that v < root(p;,). Then necessarily root(p,) € T It follows from our
construction (remember clause (8)) that we may find & > n such that root(p,) €
T . But then, using the assumption that (K, X) is sA-linked and F is h—closed
and >*—directed, we immediately get that the conditions p,, gx are compatible,
contradicting the choice of the g. Similarly, if root(p,) < v then taking any k > n
we get that the conditions g, p, are compatible, again a contradiction. O

Since the conditions of the form used above are dense in Qt]r_?e(K , 2) one easily
concludes that the forcing notion Q‘]r_?e(K , 2) is nice.

(3) Similarly.

1.5. Examples

Our first example recalls the forcing notion of [16, §3]. Let us start with presenting
the main tool for this type of constructions — norms determined by Hall’s Marriage
Theorem.

Definition 1.5.1. Let H : o« —> H(wy).

(1) Let ICH be the collection of all finite non-empty families A of finite partial func-
tions f such that ) # dom(f) € w and f(n) € H(n) for alln € dom(f). For
integers mo < mq let

KH A e KM (Vf € A)(dom(f) C [mo, mi))).

mo,mi
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(2) Let A € KH, k € w. A function F : A —> [w]F is a k—selector for A if
(Vf, f' € A(F(f) Sdom(f) and f# f' = F()NF(f)=0).
(3) For Ay, A1 € KH we write Ag < Ay whenever
(Vf € Aop)(Fg € AD(g S /).
(4) We define the Hall norms of a set A € K™ as follows:

hn™(A) def max{k + 1 : k € w and there is an k—selector for A},

hn(A) def max{k + 1 : k € w and for every A" C A thereis A" C A’

such that elements of A" have pairwise disjoint

domains and | | dom(f)| > k- |A'|},
Fen”

HN(A) & max{hn(A)) : A < A).
Lemma 1.5.2. (1) If A € K™ and kg € w then
hn*(A) > ko if and only if (VA" € A)(] U{dom(f) cf e} =ko-|A))
and 1 <hn(A) < hn(A) < HN(A).
(2) If Ag, A1 € KM and xx € {hn, hnt, HN} then

xx(Ag) xx(Aj)

xx(Ag U Ay) > [min{ T 5 H.

0 0 1 1 k k H
(3) Ifmo <ml mo ml mo <m1 < w, Al G]Cmb’

xx € {hn, hn*, HN} then

(fori < k) and

(.
m

XX(U A;) = min{xx(A;) : i < k}.

i<k

(4) Suppose that mg <m < m; < w and A € KH Let

mo,mip*

Ao = {f[lmo.m) : f € A & |dom(f) N [mg,m)| = %Idom(f)l},
Ay ={fllm,my): f e A&|dom(f)N[m,m)| = 5|dom(f)}.

Then, fori <2, either A; = # orhn(A;) > Thn(A).

Proof. (1) It follows from Hall’s Theorem (see Hall [4]) and the definitions of
the norms.
(2)—(4) Straightforward (compare [16, Claim 3.1.2]). m]

Example 1.5.3. Let H : « — H(w1), |[H®)| > 2 forall n € w.
We construct a ®—creating triple (Kg, Xq, Eé) for H which:

(1) is semi—normal (see 1.4.2(3)), forgetful (see 1.1.2(4)) and super—gluing (see
1.4.2(4)),

(2) has the cutting property (see 1.1.12(3)),

(3) is really finitary (see 1.3.3) provided H(n) is finite for each n € w.
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Construction. Let Ky consist of all creatures r € CR[H] such that

o dis[t] = (mfln,m{lp, ;) for some A, € IC,IJO my, Y {0} such that, if A, # @,
hnt(A) > 1,
evallr] ={(u,v) e J] HEG x J] HEO :u<v & Vf € A)(Sf Q v)},
i<ml, i<mi,
o if A, = () then nor[t] = mfin + 1, otherwise nor[¢] = logg(hn(A;)).
(Note that hn™(A,) > 1 implies val[f] # @.) For tg,... ,t, € Kg such that

1 .
mup = mé;’ (fori < n) let

Su(to, ... 1) ={t € Ku : mly, =ml§ &mly =mip & | J A, S A

i<n

It should be clear that X is a composition operation on Ky, Ky is countable and
forgetful, and if each H(n) is finite then KH is really finitary.

For a creature 1 € Ky we define - 7 (1) as follows. It consists of all finite sets
{so0,...,sn} € Kqg (asuitable enumeratlon) such that

eml =mP <md =m’l <. <mi5 =m < md m! ,  and
dn — "*dn up — "*dn up - dn UP_ u

-
o (Vf € A)EL < n)(fllmy,, mup) € Ay).

It is clear that Eé is a decomposition operation on Ky, so (Kq, ZH, Eé) is a
®—creating triple.

It follows from 1.5.2(2) that (Kg, Xy) is linked, and using 1.5.2(3) one easily
shows that it is super—gluing. Similarly, (Kx, XH, Zﬁ) has the cutting property by
1.5.2(4).

Note that

mi—1
(%) if f € ]_[ H(@), then hn({f}) = HN({f}) = m; —mo + 1.

i=mg
Hence, using 1.5.2(2), we may easily conclude that (Kg, Xg) is reducible. How-
ever, it is not normal — one can build s, € Kg such that nor[s] < nor[¢] but
val[¢] C val[s] (which is in some sense paradoxical, and this is why we modify
this example in 1.5.5).

Claim 1.5.3.1. (Kqg, >q, Zﬁ) is semi—normal.

Proof of the claim. Letn € w,t € Ky be such that nor[t] > 2M+2 4y {1p — mdn >

22" We may assume that A; # @ (remember (x)). We choose inductively a
sequence (Ag, Ag : £ < n) such that
Llp 1

(1) A¢ e KH, ,,AeC ]_[ H(i), A < Ay,

dn i mdn
(2) Ao = Ay,
(3) 81 <hn(A¢1) = HN(Aggq) = HN(Agp) < 8
@) (VfeA)Vg e kUe A L f).

<

on+2—t

(for £ < n),
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There are no problems for £ = 0 (note that there are practically no restrictions on
Ag, and Ay is determined). So suppose that we have arrived to a stage £ + 1 < n

of the construction. It follows from 1.5.2(1,2) that hn( | Ay) > 8272 et

k<t
mip—1
={fe [] HO: vee A Z N
i=ml, k<t

Necessarily HN(A*) < 2. Now, using (*) and 1.5.2(2), we may choose Ag4; C A*
such that 827 "~1 < HN(Agxy ) < 8% et . Next, we pick Ay € IC Ly sat-
isfying Ap11 < Ag41 and HN(Ap4+1) = hn(Agy1) = HN(Ag41). ThlS ﬁnlshes

the construction.

For £ < nlets; € Tu(t) be such that A;, = |J Ag. It should be clear that
k<t

(&) 50 =1, 5041 € B(s¢), 2" < mor[spp1] < 2" ¢+2 (for £ < n).
We claim that additionally

(B) ifs € Kn, my, = mly , m}, = mj, and nor[s] > 2n=t+3 ¢ <, then
(Yu € dom(val[s]))(3v)((u, v) € val[s] \ val[sy,1])

(what will finish the proof of the claim). So suppose s € Ky, mj, = m), my, =
m{lp and nor[s] > 2" t3 ¢ < n. Letu € ]_[r H(). If A, = @, then we
i<mg,
may take v € [] H() such that u < v and (3f € A)(f € v), so clearly
i<m!
up
(u, v) € val[s] \ val[s;+1]. Assume now that Ag # @, so hn(Ay) > 82n_£+3. Since
HN(Ag1) < 877" < hn(A,), there is f € Agyy such that (Vg € Ag)(g & f).
Clearly (u, u"f) € val[s] \ val[sy11]. O

Finally note that the forcing notion Q% (Ku, ZH, Zﬁ) is not trivial. O

Conclusion 1.5.4. Let H : @ —> H(w1) be such that |[H(n)| > 2 for all n < w.
Then the forcing notion Q% (Ku, ZH., Eﬁ) (where (Ky, XH, Zﬁ) is as defined in
1.5.3) is o-*—linked and it adds a dominating real. Consequently it is not w—nw—nep
(by [21]).

If one looks at val[¢] for t € Ky in 1.5.3, then it is clear that HN is more
appropriate to determine the norms of creatures. We presented 1.5.3 as it is a direct
relative of the forcing notion of [16, §3]. However, it seems that the following
example presents a nicer member of this family.

Example 1.5.5. Let H : « — H(w1), |[H®)| > 2 foralln € w.
We construct a ®—creating triple (K 5.5, Z1.5.5. 2is 5) for H which:

(1) is almost normal (see the construction), regular (see 1.3.2), forgetful and super—
gluing,
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(2) has the cutting property,
(3) is really finitary provided H(n) is finite for each n € w.

Construction. Itis similar to 1.5.3, but instead of hn we use HN. So K| 55 consists
of t € CR[H] such that
A,) for some A, € KH U {@} such that, if A; # @,

o dis[t] = (mén,m mo,mj

hnt(A,) > 1,
e vallf] ={(u,v) e [[ HG) x [[ HO :u<v& (Vf € A)(f L v},
i<ml, i<miy
e if A, = ¢ then nor[t] = logg(my, — mh) + 2m} + 1, otherwise nor[r] =
logg (HN(A,)).

t
up’

Fort, ... ,t, € K155 such that my, = mggl (fori < n) let

R’ 1 ‘
Y155(t0, ... 1) ={t € K155 :my, =mg, &mﬁp =mg, & U Ay C ALY

i<n

Fort € K155, Eﬁs.s(t) consists of all finite sets {sg, ... , s} € K.5.5 such that

t

up’ and

eml =m <mQ =m’l <. <ml5'=mT <mly=m
dn = ""dn up — "dn up  — "dn up —

o (Vf € A)EL < n)(fllmg,, mup) € Ag)).

Clearly (K155, X155, ijsj) is a forgetful super—gluing ®—creating triple. It is
linked, and it is really finitary provided H(n) is finite for each n € w.

Claim 1.5.5.1. Suppose s, t € K155 are such that nor[s] < nor[t¢]. Then

(Vu € dom(val[?]))(Fv) ({u, v) € val[z] \ val[s]).
Proof of the claim. We may assume that my, = mg,, my, = mj, (otherwise triv-
ial). It follows from the assumptions (and the definition of nor[s]) that Ay # @. If
A, = ¥, then the conclusion is immediate, so assume A; # . Thus Ay, A, € KH
and HN(A;) < HN(A;). Choose A € KH such that A, < A and hn(A) =
HN(A,). Note that, by 1.5.2(1), we have hn(A) = HN(A) = hn*(A). Conse-
quently, we may choose A’ € KH such that elements of A’ have pairwise dis-
joint domains, A < A’ and hn(A’) = hn(A). Now, for some f € A we have

mflp—l

(Vg € A')(g € f). By the choice of A’ we may build f* € [] H(i) such that
i=mg,

f S f*and (Vg € A)(g € f*). Since A; < A" we are done. O

Using 1.5.5.1 we see that (K55, X155) is almost normal in the following
sense: the reducibility demand (see 1.4.2(1)) holds for those ¢ € K 5.5 for which
A; # (. However, this is enough to carry out, e.g., the proof of 1.4.4(3) with almost
no changes.



Sh:672

610 A. Rostanowski, S. Shelah

Claim 1.5.5.2. (K155, X155, Eﬁs.s) is regular and has the cutting property.
Proof of the claim. First we show the regularity. So suppose that
(wa t07 LA ) tn)a (M, SOa cee Sm) € FC(KISS’ 2:1555 Ef_s 5)

are such that (w, 10, ... ,ty) < (U, S0, ..., Sm), Myy < mi,, norfsog] > 3, and
nor[z;] > 3, where £ < n is such that md < mdn < m{fp < ms0 It follows from

the definition of < (see 1.1.3) that
(Vf e A (flmp € u or (3g € Ag)(g S 1))

{J[p = mg/ my, m’/p = myj, and
Ay = {medn’ mdn) fen, & f[mfﬁl SZ uj,
Ay —{medn,mup).fEAzg&ff ;%gu}

Then {¢/,t"} € 2 Is5(te) and clearly u € pos(w, tg, ... ,t_1,t"). The only thing
left is to show that the norm of ¢” is at least 2. If A;» = @, then it is clearly true as
mg; > 1. So suppose that A,» ## ) and we have to argue that HN(A,») > 64. But
this is clear as Ayr < Ag,.

Now let us show that (K 55, 21 5.5, 2 1 5 5) has the cutting property. Let ¢ €
Ki55, nor[t] > 1, mcln <m < m Choose A e ICYPnI o such that elements
of A have pairwise disjoint domains, A, < A and HN(A,) i hn(A) (like in the
proof of 1.5.5.1). Put

= {f1lmly,,m) : f € A & |dom(f) N [my,, m)| > %Idom(f)l}
D= {fIlm,mly) : f € A&l|dom(f) N [m,miy)l = 5ldom(f)]}.

up)
Let s, 51 € K155 be such that mg, = mly , myy, = m = my , myp, = m!, ) and

up
so = {gllmhy.m) : g€ A, & 3f € AN (f S )},
s = {gf[m,mﬁp) tgeN&AfeADN(f S o))

Now check. O

/ 14 l _ 173
Lett',t"” € K155 be such that my, =mgy,, m

]

Conclusion 1.5.6. The forcing notion Q% (K55, 155, Eij_S) is o -x—linked Sous-
lin ccc and it adds a dominating real. Consequently it adds a Cohen real (by [25])
and it is not o—nw—nep (by [21]).

Hall’s norms are of special interest because of “gluing and cutting”, but we may
use them to build local creating pairs to.

Example 1.5.7. Let H* : o — H(w1), 2 < |H*(i)| < o for all i € w. Suppose
thatn = (ny : k < ) C wisanincreasing sequence such thatklim k41 —Ng = 00
— 00
ng41—1
and let H = H*[71] : @ — H(w) be defined by H(k) = [ H*(@).
i=ng

We construct a really finitary creating pair (K 5.7, X1.5.7) for H which is local,

forgetful, normal and Cohen—producing (see 1.4.9(1)).
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Construction. Let K1 57 consist of creatures t € CR[H] such that

o dis[z] = (m;, A;) for some m; < w and A; € ICnHr:,,nm,H U {@} such that, if
A; # 0, hnt(A;) > 1,
e vallt] = {(u,v) e [ HO) x [[ HG) :u <v & (Vf € A)(f € vimy))},

i<my i<m;
o if A; # {, then nor[¢] = logg(HN(A;)), otherwise nor[t] = logg(rnm,,+1 —
nm, +1).

The operation X1 57 gives non-empty results for singletons only and
157() = {s € K157 :mby, = mjj, & Ay € Ag).

Clearly, (K157, X1.5.7) is a really finitary creating pair which is local, forgetful
and linked (remember 1.5.2(2)).

Claim 1.5.7.1. (K157, £1.5.7) is normal and Cohen—producing.

Proof of the claim. First note that (K157, X15.7) is reducible (remember () of
the construction for 1.5.3; note that here there are no problems caused by A; = 0).
Next note that (the proof of) 1.5.5.1 applies here too.

To show that (K1 5.7, 21.5.7) is Cohen—producing fix (fork € w)ana; € H*(ny)
and let

ng+1—1

Av={fe [] B®: f) = a) < HK).

i=ny

Suppose that t € K57, nor[t] > 1, mén = k and let u € dom(val[z]). If A, = @,
then we easily choose vy, v € rng(val[¢]) extending u and such that vy(k) ¢ Ay,
v1(k) € A (remember |H*(ng)| > 2). So suppose that A; # ¢ and thus HN(A;) >

8. Then we may find A’ € £ such that A, < A’, elements of A’ have pair-
Nk N+

wise disjoint domains all of size > 2. Now we easily build vg, vi € dom(rng[z]),
both extending u and such that vg(k) ¢ Ag, v1(k) € Ag. O
O

Conclusion 1.5.8. Assume H*, 7, Hand (K| 57, X|57) are as in 1.5.7.

(1) Suppose f : w x w —> w is a fast function such that
(Vk € ©)(Vl € 0)(f(k, £) < logg(nes1 —ne))

(e.g. f(k,0) = 22]‘). Then Q? (K157, £1.5.7) is a non-trivial o -x—linked Borel
ccc forcing notion which adds a dominating real (so it adds a Cohen real and it
is not w—nw-nep).

(2) Let h(n,m) = max{0,m — 1} (so h : ® X ® —> w is a regressive function).
Suppose that F C (w \ 2)% is a countable h—closed >*—directed family such
that (Vf € F)(VL € w)(f(£) < logg(ngy1 —ne)) (e.g. F ={fix 1 k < w},
Jir(€) = max{2, L% logg(ne+1—n¢)]}). Then Q?_-(Kqu, 31.5.7) is anon-trivial
o—x—linked very Borel ccc forcing notion, it adds a Cohen real and it is nice
(so it preserves unbounded families).
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Our next examples generalize (in some sense) the Eventually Different Real
Forcing of Miller [12].

Example 1.5.9. LetH : o — H(w1), |[H(k)| > 4. For k < w, let Ny be |H(k)| if
H(k) is finite, and 2K*2 otherwise. Assume klim Ny =o0. Leth:wxw— o
[=do.e]

be given by

n—1 if n > Ng,
h(k,n) = { 2n — Ni if Ny <n < N,
1 otherwise.

(Note that £ is regressive.) We construct an s-linked creating pair (K159, X1.5.9)
for H which is local, forgetful, Cohen—producing and of the BCB—type (see 1.4.9).

Construction. Let K| 5.9 be the collection of all r € CR[H] such that

o dis[t] = (k;, E;) for some k; < w and E; € H(k;) such that 0 < |E;| < Ng,,
o val[r] = {(u,v) € [ HG) x [] HG) : u < v & vks) ¢ E,},

i<k i<k;

o if |E;| > 1Ny, then nor[t] = 1; otherwise nor[t] = Ny, — | E/|.
The operation X 59 is natural: it gives non-empty results for singletons only and
Zi159() ={s € K159 : ks =k & E; € E}.

It should be clear that (K159, 21.5.9) is a local forgetful creating pair for H.

To show thatitis A—linked suppose thatk > 1,%y, 11 € K1.5.9,n0r[#], nor[s] >
kand ¢ = m =mf . Then|E,|, |E,| < N;andthus0 < |E, UE, | < Ny.Let
s € K1s59besuchthatk, = ¢, E; = E;) U E;,. Clearly s € 2159(t) N X1.5.9(11).
If h(€, k) = 1 then clearly nor[s] > h(¥, k), so suppose h(€, k) > 1. Necessarily
%Nl <k < Ng,s0 |Eyl, |Ey| < %N( and therefore |E| < %N@. Hence

nor(s] = Ny — |Eg| = N¢ — |Ey| — |Eyy| = 2k — Ne = h(€, k).

Let us show now that (Kj59, X1.59) is Cohen—producing. For each n € w
choose a set A, € H(n) such that |A,| = L%|H(n)|J if H(n) is finite, and A,
is infinite co-infinite if H(n) is infinite. Suppose that r € K59, nor[s] > 1.
Then E, C H(k,), |E{| < }‘Nk,, so we may choose a; € Ay, \ Ex, and ag €
H(k;) \ (Ag, U Ey,), and we easily finish.

Finally, let us argue that (K159, X1 5.9) is of the BCB—type, To this end suppose
that (s, : n < w) € K159, mfjl'r'1 = ks, = ¢, nor[s,] > 2. Then |Ej, | < %Nz for
each n.

If H(¢) is finite, then the demand in (®BCB) of 1.4.9(2) is trivially satisfied (just
take {ao, ... ,an} = H)).

So suppose that H(¢) is infinite and to simplify notation let H({) = w. Let E;, =
{bys - s bZn _,} be the increasing enumeration; k, = | Ey, |. We may find an infinite
set Y € wand k* < k < w such that

e k, =kforeachn eV,
o

? :n €Y)is constant for each i < k*,
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e (b :n €Y) is strictly increasing for each i € [k*, k).

Suppose a € H(¢) \ {b} : i < k*} for some (equivalently: all) n € Y. Then, for
sufficiently large n € Y, for every i € [k*, k) we have b! > a. Consequently
(Y*®n e Y)(a ¢ Es,), so we may easily finish. O

Conclusion 1.5.10. Let H, (N : k < w), h and (K59, X159) be as in 1.5.9.
Suppose that F C (w \ 2)¢ is a countable h—closed >*~directed family such that
for some f € F we have (V°k € w)(f(k) < Ng) (e.g. F = {fe : £ < o},
fe(k) = Ni = 2%if Ni > 29F1, fy(k) = 2 otherwise). Then Q*%-(K |59, £159) is
a non-trivial o—x—linked Borel ccc forcing notion which adds a Cohen real and is
nice (so it preserves unbounded families).

If H and F are as in 1.5.10, and H(k) is finite for each k, then we may use
1.3.4(3) to get that the forcing notion Q*}-(K],S,g, ¥15.9) is very Borel ccc. We
may prove the same conclusion without the additional assumption on H (see 1.5.11
below). Unfortunately, this proof is very specific for Q?_-(K 1.5.9, 21.5.9) and it does
not generalize to cover more forcing notions of the form Q% (K, ¥)

Proposition 1.5.11. Assume that H, (Ny : k < w), h, K = K159 and ¥ = X159
areasin 1.5.9, and F C (w\2)? is a countable h—closed <*—directed family such
that

Af € HYNV®k € w)(f (k) < Np).
Then the forcing notion Q;_-(Kl_ig, ¥1.5.9) is very Borel ccc.

Proof. The only thing that should be shown is that being a maximal antichain is
a Borel relation (remember 1.5.10 and so 1.3.4(1¢c)). Put Z = |J J] HG) \ {()}.
i<w j<i
X =(ZU{)}) x K, and Y = X® and Z = 0% x oZ.
Then X, ), Z are Polish spaces (each equipped with the respective product
topology), (@E(K , %) and (@*]_-(K , X)) are H? and Eg subsets of X, respectively,
and for our conclusion it is enough to show that

p {(pn n<w)e)Y:(Vn <w)(p, € Qx(K, X)) and

{pn : n < w} is pre-dense in Q%=(K, X) }

is a Borel subset of ).
Plainly we may assume that

Vf e F)Vk <w)2 = f(k) < Ni)

(as we may modify suitable the family F without changing the forcing notion).
Now, for f € F we define

Cy={(ho,h1) € Z:(¥n € Z)(ho(n) <1h(n) & h1(1) < Npyey) — f (ho(m))}.

Clearly each C is a compact subset of Z.
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Claim 1.5.11.1. Suppose that p = (p, : n < w) € Y, where p, € Q’z(K, ) are
such that mor[t;"] > 1 (for all k,n < w). Then the following are equivalent:
(A)p There is a condition p € Q;_-(K, X)) incompatible with every p, (forn < w).
(B)j There aren € Z and f € F and (ho, h1) € Cy such that

(i) for every v € Z, if n < v then ho(v) > lh(n), and

(ii) for every vo, vi € Z, if n < vo, n < vy and vy, v € |J POS(py) and

n<w

ho(vo) = ho(v1) and hi(vo) = hi(v1), then vo(ho(vo)) = vi(ho(v1)).
Proof of the claim. Assume (A); and pick p € @*}-(K , ) and f € F such that

(Vk < w)mor([t]] = Niwr)+k — |Ep| = f(h(w?) +k)),

and p is incompatible with all p, (forn < w).For £ = lh(w?)+k,k < w, let (xf;l :
m < N¢— f(£)) be an enumeration of Et[. Note that, as p_L p,,,if v € POS(p,,) and
w? < v, then for some hg(v) € [lh(w?), h(v)) and h1(v) < Npoo) — f(ho(v))
we have v(ho(v)) = x}i’?((:)) Letting n = w?” we may now easily define (hq, /1) so
that n, f, (ho, h1) witness (B)p.

Suppose now that n, f and (ho, h1) witness (B);. Let w” = n and for £ =
lh(w?) +k,k <wandm < Ny — f(£) let xfn € H(¢) be such that
() ifv e |J POS(pp), w? <tvand ho(v) =€ and hi(v) = m,

n<w
then x’ = v ().
(The choice of the xi’s is possible by (B);(ii).) Now, for each k < w pick t,f ekK
so that

p
Mgy =lh@?) +k and  Ep = {on®@O m < Nipwryox — £h@?) +K).

Notice that for sufficiently large k we have f(lh(w?) + k) > %Nlh(wp)_l,_k, so for
those k we will also have nor[t,f] = f(h(w?) + k). Hence p € Q_*F(K, ¥) and
easily it is a condition incompatible with all p,,’s. O

Forne Zand f € F, let B/ consist of all (ho, h1, p) € Z x Y such that
o (ho,h1) € Cy, p = (pn:n < ®) € Y, where p, € Qj(K, X) are such that
nor[t,f”] > 1 forall k,n < w, and

e YweZ)n<v = lh(n) < ho(v)),and
e forall vg, v € ZN |J POS(p,) we have

n<w
ho(vo) = ho(v1) & hi(vo) = h1(vi) = vo(ho(vo)) = vi(h1(v1)).
It should be clear that B™/ is a closed subset of C; x ) and hence (as C; is
compact) the set
A ={p e Y: @Alho, h1) € Cy)((ho, hy, p) € B™V))

is a closed subset of ), and A"/ N (Q(K, E))w is Borel. Now, pick a Borel
function v : ) —> Y such that ®

ifp=(p,:n<w)e (Q;—(K, E)) and g = (g, : n < w) = 7 (p),

then
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e foreachn < w, g, € Q;_-(K, ¥) and (Vk < w)(nor[z;"] > 1),
e foreachn < w, for some m < w and k < w we have

w? € pos(wP 15", ... if") and g, = Wi 1 00,
o ifm <o k <w, wepos(w?lm 1" ... t/"), and (V¢ > k)(nor[t]"] > 1),

then (w, 7}, t,i”_}, ) €Efgnin < ).
Clearly, p € (Q%(K, Z))w is pre-dense if and only if so is 7 (p). Hence, for
pE (Q*}-(K, E))w we have
p not is pre-dense if and only if
there are € Z and f € F such that 7(p) € A"/
(remember 1.5.11.1). Since both Z and F are countable, the proof of the proposition
is completed. O

The construction presented in 1.5.9 is a particular case of a more general method
of building linked creating pairs from some of the examples presented in [15]. First
let us recall the following definition.

Definition 1.5.12 (See [15, Def. 5.2.5]). Let (K, X) be a creating pair. We say
that a creature t € K is (n, m)—additive if for all 1y, ... ,t,—1 € X(t) such that
nor(t;] < m (fori < n)thereis s € X(t) such that

t0, ..., th—1 € 2(s) and mnor[s] < max{nor[t;]: ¢ <n}+ 1.

Example 1.5.13. Suppose that (K, X) is a local and forgetful creating pair for H,
and it satisfies the demand (B) of 1.4.2(2). Lett* = (1, 1], 1}, ...) € PCoo(K, X)
be such that each 7} is (2, nor[¢,])—additive and mffn = 0. We construct a local
linked creating pair (th*, th*) (the t*—dual of (K, X)).

Construction. For n < w and a creature t € X (z,) let a creature ¢ be such that

e nor[¢“] = max{0, nor[;] — nor[¢]},

o val[*] = ([T HG) x [ H() \ vallz],

i<n i<n

o dis[t] = (dis[?], ¢).

[The creature ¢¢ is defined only if val[z“] # @.] Let K [5; be the collection of all
(correctly defined) t¢ (for t € (1), n < w). For t° € K tf; (defined as above for
t € X(t))) we let

L) ={s" 1€ Z(s) &s € (1))
O

The examples of local creating pairs have their (local) tree—creating variants
too. They can be constructed like the following example.

Example 1.5.14. Let H € o® be a strictly increasing function such that H(0) > 2.
We construct a really finitary, normal (local) tree—creating pair (K15.14, X1.5.14)
for H which is Cohen—producing.
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Construction. The family K514 consists of tree—creatures t € LTCR[H] such
that

o dis[t] = (m;, n;, E;) such that my, < w, n; € [] H(@) and @ # E; € H(m,),
E: # H(m,),
o vallr] = {(n;,v) s <v e [ HG) &v(my) ¢ E;}.

e nor|t] = 1og4(H,g;,r>).

The tree composition ¥ 514 is natural: it gives non empty results for singletons
only and then

Y1514@) ={s € K1514 : 015 =10 & E; C Ey}.
Now check. O

Conclusion 1.5.15. Suppose H € w® is strictly increasing, H(0) > 4.

(1) The forcing notion Qtlree(l(lj“, %1.5.14) is non-trivial, o ——linked and it adds
a dominating real.
(2) Assume that f : v X @ —> w is a fast function such that

(Vn,m < w)(f(n, m) < log,(H(m))).

Then the forcing notion Qtjr-ee(K 1.5.14, 21.5.14) is non-trivial, o —x—linked, Borel
ccc, and it adds a dominating real.
(3) Suppose that F C (@ \ 2)% is a countable >*—directed family such that

@Af € F)(¥°n € o)(f(n) < logg(H(n))) and
(Vf e F)[EFg e H(¥Fn € 0)(gn) < f(n) — ).

Then the forcing notion (@t]r_-ee(l( 1.5.14, 21.5.14) 1s non-trivial, c——linked, very

Borel ccc, and it adds a Cohen real and is nice.

2. More constructions

In this section we introduce more schemes for building ccc forcing notions as well as
more norm conditions that can be used in conjunctions with the methods presented
in the previous section.

2.1. Mixtures with random
Definition 2.1.1. Let H : ® —> H(w1). We say that (K, X, F) is a mixing triple
for H if

(a) (K, X) is a (local) tree—creating pair for H,
(b) foreachn € |J [ HG) there is ty € K such that

mewi<m

(Vt € LTCR,[HIN K)(t € E(t;‘)),
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(c)F=(F,:ne J [l H®)), where foreachn € |J [ H@):

mewi<m mewi<m
*
(d) F, : 10, 11°°0) — [0,1),
*
(e)if (ry : v € pos(t), () v € pos(e)) € [0, 11P%0), 1, < 1/ for all

v
v € pos(ty), then Fy(ry : v € pos(t;)) < Fy(r : v € pos(t))),
*
(f) if (rv = v € pos(ty)) € [0, 11POWn) e = 0, then there are ro< ry (for
*
v € pos(ty)) such that for each (] : v € pos(ty)) € [0, 1]P05(f,7)
ry, <1y <r(forve pOS(tf;)) we have

satisfying

Fy(ry 1 v € pos(ty)) — & < Fy(ry = v € pos(r))),
(8) ifry = & > 0 for v € pos(ty) then Fy(ry : v € pos(t;)) > e.

Definition 2.1.2. Let (K, X, F) be a mixing triple for H.
(1) Let T* = Tg + © U [] HG) be a tree such that

root(T*) = () and (Vn € T*)(succr=(n) = pos(t;;)).

2)IfX C pos(t;‘), neT*and (r, : v e X) C|0,1], then we define Fy(r, : v €
X)as Fy(ry v e pos(t,’;‘)), where

«_ | ifveX,
"0 ifvepost) \ X.

(3) Suppose that p = (t,f :n e TP) € Qt@ree(K, ) and A C TP is a front
of TP. We let T[p, Al = {n € TP : (3p € A)(n < p)}, and we define
ME‘A = up,a : T'[p, A] — [0, 1] by downward induction as follows:

o ifne Athenpupa(n) =1,
o if Ly (V) has been defined for all v € pos(t,f), n € Tlp, A]\ A, then we
put pp a(m) = Fy(p a(v) : v € pos(ty)).

(4) For p = (t :n € T?) € Q§*(K, ¥) we define

wF(p) = inf{up a(root(p)) : Aisa front of T"}.

(5) Let QI@‘“(K, 5, F) ={p e Qgee(l(, ) : uF(p) > 0} be equipped with the
partial order inherited from @gee(K, Y). Similarly we define forcing notions
QM(K, %, F), @r}"(K, 2, F), QF(K, %, F) (for suitable f and F).

Definition 2.1.3. A mixing triple (K, X, F) is ccc—complete if

(a) foreachn € Tl?,): and A C pos(t;;), there is a unique tree—creaturety € E(t,’;‘)
such that pos(ta) = A,
(b)ifn e TI’QE, ACBC pos(t,’;), thenty € X(tg) and nor[t4] < nor[zg],

(c)ifry=r,+r), ry,r,rl €l0,1] (forv e pos(t,’;), ne TI’;E), then

Fy(ry 1 v € pos(ty)) = Fy(r,:ve pos(#,)) + Fy(ry v e pos(t,)).
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Lemma 2.1.4. Let (K, X, F) be a ccc—complete mixing triple for H. Suppose that
DOs---Pm € me‘(K, %, F) are such that ) w¥(pe) > Landroot(pg) = ... =

{<m
root(py ). Then for some £ < n < m the conditions pg, p, are compatible in

QM(K, %, F).

Proof. Let v = root(pg) = --- = root(p,,). For each £ < n < m such that
[TP]IN[TP] # @ choose a tree Ty ,, © T;,z satisfying

max(Ty,) =0, toot(Tyn) =v and [Te,]=[TP]N[TP].

Let pg, € Qgee(K, X)) be such that TPt = Ty , (defined if [TP¢] N [TP] # @,
£ < n < m). Our aim is to show that for some £ < n < m, py, is defined and
belongs to (@g“(l(, 2, F) (e, ,uF(p@,n) > (). So suppose that foreach ¢ < n < m,

either [TP(]N[TP"] =B or uF(pen) = 0.Lete =2V (Y uF(p)—1) > 0
£<m

and let p € Qj*(K, X) be such that root(p) = vand T? = TP U...UTPn

(clearly min{,uF(pg) 1 <m} < ,uF(p) < 1). Choose a front A of T? such that for

each £ <n < m,if py, is defined and Ay, = AN TP, then puy,, 4,,(V) <,

and if [TP]N[TPr] =@ then TPt N TP C T[p, A]\ A).

Claim 2.1.4.1. For each n € T[p, A] we have
(®)  wpaln) = 3 pp, ac() = D thpy, A, (),
{<m

L<n<m

where A = ANTP (for € < m), and if € < n < m and py., is not defined or
n & Tlpen, Aenl then we stipulate iy, , a,, () = 0 (and similarly K py, A€ =0

ifn ¢ Tlpe, A

Proof of the claim. We show this by downward induction on lh(n).
First suppose that n € A. Letk = [{{ <m :n e AY}| = Wy, at (). Then
<m

2 MpenAca (M) = (]5) and

t<n<m

k k —
ZMPZ’A[(n) - Z Pepen.Aen (M) = ( D <1=pupa(m.

{<m l<n<m

Suppose now that (®) has been shown for all p € pos(t,,) neTlp, A]\ A.
Let

X={pepost!): > tpac®)= D ip,.a0,(0)

L<m l<n<m
and Y = pos(t )\ X. It follows from the inductive hypothesis and 2.1.3(c) that

Fy(p.a(p) :p €X) = Y Fy(y, ac(p): p € X)

L<m

— > Fyippnac,(p) i p € X).

l<n<m
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[Note that though 2.1.3(c) guarantees the additivity of F;, only when r, = r| +r/,

/ 4

ry, 1, 1, € [0, 1], we can first prove that

1 1
FU(M “ry iV E pos([;;)) = MF,](}”V V€ pOS(l:)).

Next, we may reduce the needed additivity to the one postulated in 2.1.3(c) by
dividing all terms by suitably large M.] Now, by 2.1.1(e),

D Fypatp)ip €YY D Fylipy,.an,(p):p €Y),

£<m l<n<m

and hence

Fy(pa(p) i p €Y) = > Fy(ty, a(p):p€Y)

L<m

— > Fy(p,an,(p)ip€Y).

t<n<m
Since

,up,A(n) = Fn(ﬂp,A(p) peX)+ Fr)(ﬂp,A(,O) p€eY),
Mpe,A[(n) = Fﬂ(upz’Az(p) pe X) + F)’](MPZ,A[(IO) pe Y)5
:u[?({n,A({n (7)) = FU(M[?(J,,AL,, (P) LpE X) + Fn(ﬂpzyn,A({yn (:0) P E Y)v

we may easily finish. O

Now we apply 2.1.4.1 to v = root(pg). We get then

U= ppa®W) = Dty acW) = Y py,an, )

L<m l<n<m
> Y i -2 e =1,
{<m
a contradiction. O

Corollary 2.1.5. Let (K, 2, F) be a ccc—complete mixing triple for H.

(1) The forcing notion Q" (K, =, F) satisfies the ccc.

(2)If f : w X o —> w is a fast function and (K, X) is linked, then the forcing
notions Q?t(K, 2, F) and QM(K, =, F) are ccc.

(3)Ifh : ® x o —> w is regressive, (K, X) is h-linked and F C (v \ 2)® is
either countable or >*—directed, then Q?(K , 2, F) is ccc.

Remark 2.1.6. (1) Forcing notions determined by mixing triples are in some sense
mixtures of the random real forcing with forcings determined by tree—creating
pairs. The “mt” in QM (K, X, F) stands for “measured tree”.
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(2) Because of 2.1.5(1) (and the proof of 2.1.4) we can be very generous as far
as the demands on the norms are concerned, and still we may easily ensure
that the resulting forcing notion satisfies the ccc. For example, if (K, ¥, F) isa
ccc—complete mixing triple, (K, X) is semi—linked in the sense that the demand
of 1.2.3(1) is satisfied whenever 1h(n) is even, and

2K, 2, F) = {p € QG (K, =, F) : (v € [TPD(lim nor[1,), ] = oo},

then ern/tz(K, ¥, F) is ccc too.
(3) This type of constructions (i.e., mixture—like) for not-ccc case will be presented
in [14] and [17, §2].

Let us finish this subsection with showing that the forcing notions (@’@m (K, %2, F)
tend to have many features of the random real forcing.

Definition 2.1.7. Let (K, X, F) be a mixing triple, p € Qj'(K, T, F).
(1) A function u : TP — [0, 1] is a semi—F-measure on p if
(¥ € TP)(1(n) < Fy(u(v) : v € pos(t]))).
(2) If above the equality holds (for each n € T?), then p is called an F—measure.
Proposition 2.1.8. Assume (K, 2, F) is a mixing triple, p € Qgee(K , 2).

(1) If uw : TP — [0, 1] is semi—-F—measure on p, then for each n € TP we have
w(n) < uF(ptm.

(2) The mapping n — u¥(pt"y : TP — [0, 1] is an F—measure on p.

(3) If there is a semi—F—measure 1 on p such that pu(root(p)) > 0, then p €
QB“(K, 2, F).

Proof. Straightforward. O

Proposition 2.1.9. Suppose that (K, X, F) is a ccc-complete mixing triple, and
POs -+, Pm € Qg“(l(, 3, F) are such that root(pg) = --- = root(py,,). Let p €
Q)" (K, %, F) be such that TP = TP U - ..U TP Then:

(1) 1u¥(p) < 3 uF(po),

<m
(2) if [TPIN[TPr] =@ for € < n < m (or just po, ..., pm are pairwise incom-
patible in Q' (K, £, F)), then u¥(p) = 3 uF(po),
<m
(3) {po, ... , pm} is pre-dense above p.
Proof. Like 2.1.4. O

Lemma 2.1.10. Let (K, X, F) be a ccc—complete mixing triple.

(1) Suppose that conditions p, q € Qg“(l(, %, F) are such that root(p) = root(q),
p < q, 1u¥(q) < u¥(p), and let 0 < ¢ < 1. Then there is a condition
r e Qg‘t(K , %, F) stronger than p and incompatible with q and such that

root(r) = root(p), u¥(r) > (1 — &) - (uF(p) — n¥(@)).
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(2)Ifp € Q9K =, F), & > O then there is n € TP such that u¥ (p!") > (1—e).
Proof. 1) Letv =root(p). Choose a front A of T? such that

tg.anre () < uF (@) + - X (p) — ¥ (@) < uF(p)
(so necessarily A \ T9 # (). Take ro, r| € Qgee(l(, ¥) such that

T ={neTl:(3Fpec A\TH(nIporp <}
T"={neTl:(F3peANTH(m I porp<In}

Clearly root(r;) = v, ANT" isafrontof T", A = (ANTO)UANTMN)
and T9 C T"'. Hence, r; € Qg‘t(K, 2, F) and u¥(g) < u¥@r) < u¥@) +¢-
w¥(p) — u¥(g)). Now, using 2.1.3(c), we may conclude that wF@ro) > (1 —¢)-
wW¥(p) — u¥(g)), finishing the proof.

2) Straightforward. O

Proposition 2.1.11. Assume that (K, X, F) is a ccc-complete mixing triple, p €
Q' (K, Z.F). Let m < o, ¢ > 0 and let t be a Q)" (K, X, F)-name such that
p Ik © < m. Then there are X C m and conditions q; € Qg‘t(K, 2, F) (fort € X)
such that

(@) gqelFt =4,

(B) root(gy) = root(p),

) EZX w¥(gqe) = (1 —e)uF(p).
€

Proof. Let v = root(p). For each ¢ < m define py : T? — [0, 1] by:
pe(n) = sup{u®(q) : ¢ € QF'(K, B, F) & g = pl" &root(q) =n & q I ¢ = ¢)

(with the convention that sup @ = 0). It follows from 2.1.1(f) that each w, is an
F—measure on p.
Claim 2.1.11.1. u¥(p) = 3 e (v).

L<m
Proof of the claim. First note that, by a suitable modification of 2.1.4, we have
w¥(p) = X pe(v). So suppose that u¥(p) > 3 we(v), and let n € w be such

l<m l<m

that (1 — 2) - uF(p) > 3 pe(v). Let

l<m

S=lneTr: (- 1y uFpby = > e,
n l<m

and let T C S be a tree such that root(7) = vandn € T, p € succrr(n) N S
imply p € T. Clearly max(T) = ¥, so we may choose r € Qgee(l(, %) so that
T=T"1f MF(r) > 0, then (r € Qr@“‘(l(, %, F) and) we may choose a condition
q € Q‘wm(K, 2, F) stronger than r which decides the value of 7. By 2.1.10(2) we
find n € T such that ¥ (g!") > (1 — 1) > (1 — LuF(pl"), what contradicts
T9 C T" C S.Therefore u¥ (r) = 0, and like in 2.1.10(1) we may build a condition
g > p and a front A of T such that
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root(g) =v, ANT" =0,
TT={neT?:3peAndporp<an}
(1= HuF "y < 3 pue(n) < uF(p) for each n € A, and

L<m

1¥(q) > 1 — HuF(p).

Now, we may easily conclude that Y pe(v) > (1 — %) . [LF(p), getting a contra-
l<m
diction. O

The conclusion of the proposition follows immediately from 2.1.11.1 and the def-
inition of w,’s (so we take X = {£ < m : ug(v) > 0} and suitable g;’s for £ € X).
O

Proposition 2.1.12. Suppose that (K, X, F) is a ccc—complete mixing triple and ©
is a Q" (K, ¥, F)—name for an ordinal. Let p € Q" (K, £,F), 0 < ¢ < 1. Then
there is a condition q > p and a front A of T? such that

(@) root(q) = root(p), 1*(q) > (1 —e)u’(p),
(B) for each 1) € A the condition q'" decides the value of t.

Proof. Let

B ={n e T? : for some p* > p we have: root(p*) =1,
wWF(p*) = (1 - %),uF(p[”]), and p* decides t on a front}.

It follows from 2.1.10 that, if g € Qg“(K , ¥, F) is a condition stronger than p, then
T9 N B # (. If root(p) € B, then we are clearly done, so suppose root(p) ¢ B.
Note thatif n € T? \ B then succrr(n) \ B # @. Thus

TE (el (YW ¢B))
is a tree with max(T) = @, T N B = @, root(T) = root(p). This T determines a
conditionr € Qgee(K , X), root(r) = root(p). It follows from the previous remark
that ¥ () = 0. Take a front A of T'? such that Wr, AnTr (Toot(r)) < é—lt e - uf(p)
and A € T" UB.Foreachv € A\ T" fix a condition ¢, such that p’! < ¢,
MF(qU) > (1— %)MF(p["]), and g, decides 7 on a front. Let ¢ be such that

Ti={neT? . FveA\T)(ne T orvdn)}

It should be clear that ¢ is a condition as required O

2.2. Exotic norm conditions

The norm conditions introduced in the first section have their counterparts in the
non-ccc case (as presented in [15]). Here we formulate more norm conditions which
may be used to build ccc forcing notions from linked creating pairs (or tree—creating
pairs), and which seem to be very ccc—specific. Let us start with a norm condition
that allows us to include into our framework the “Mathias with ultrafilter” forcing
notion.
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Definition 2.2.1. (1) A local creating pair (K, ¥) for H is strongly linked if it is
full (see 1.1.2(5)), linked and

(®) there are téni“ € K (for ¢ < w) such that mzfn =Llandift € K, mly, ={,
then t"™ € (1).
If additionally for each £ < w we have

(Vu € dom(val[z"™]))(3! v € rg(val[£""])) (u < v),

then we say that (K, %) is strongly™ linked.
(2) A local tree—creating pair (K, X) for H is (tree-) strongly linked if it is linked

and
(®)ike there are 1™ € K N LTCR,[H] (forn € \J [] H()) such that if
mewi<m
t € KNLICR,[H], n e J [] HG), then 1™ € E(1).

mewij<m
If, additionally, |pos(t,r]nin)| = 1 for each n then we say that (K, %) is strongly™
linked.

(3) Let D be a non-principal ultrafilter on w. We define norm conditions C(D) and
C''® (D) (for the contexts of creating pairs and tree—creating pairs, respectively)
and the corresponding forcing notions Q% (K, £), Q5°(K, X) as follows.

e A sequence (t; : i < w) satisfies C(D) if for some £ < w we have:

(Vi <o)(mi =0+i) and lim(norft;¢] : € < j < w) = o0.

For a local creating pair (K, X), Q},(K, X) is the forcing notion
Q¢p) (K. Z) ={p € Q4(K, ) : (t] :i < o) satisfies C(D)}.

o A system (t, : n € T) € LTCR[H] satisfies C"(D) if T is a tree, t, €
LTCR,[H] and pos(ty) = sucer(n) S [[ H(@) for each n € T, and
i<lh(n)
(Vn € [T])(Iimp (nor[z, ] : Ih(root(T)) < k < w) = 00).
For a local tree creating pair (K, ), Qtlr)ee(K, X)) is the forcing notion

QU (K. 2) = {p € QY(K, %) : (1] : 5 € TP) satisfies C"*(D))}.

Remark 2.2.2. Strongly linked (and especially strongly ™ linked) creating pairs resem-
ble omittory creating pairs of [15, Def. 2.1.1] — in both cases the practical examples
are such that we may “omit” some of the creatures from a condition p. Here the
“omitting” is done by replacing tl.p by the suitable t?“" (see 2.4.5).

Proposition 2.2.3. Let D be a non-principal ultrafilter on w. If (K, X) is a local
strongly linked creating pair (tree—creating pair, respectively), then the forcing
notion Q},(K, %) ( Q%“(K , ), respectively) is o—centered.

Proof. Straightforward. O

Forcing notions Q7},(K, X), though similar to the Mathias forcing notion, do
not have (in general) as many nice properties as this one. For example “deciding
formulas without changing the root” may easily fail, even though we may have
some kind of continuous reading of names.



Sh:672

624 A. Rostanowski, S. Shelah

Definition 2.2.4 (See [15, Def. 1.2.9]). Let D be a non-principal ultrafilter on w,
(K, %) be a local strongly linked creating pair and t© be a QF,(K, X)-name for
an ordinal. We say that a condition p € Q7, (K, ¥) approximates t at tf (oratn)
whenever the following demand is satisfied:

(%) for each wy € pos(w?, t(f, .. ,t,f_l), if there is a condition r € Q}, (K, X)
stronger than p and such that w™ = wi and r decides the value of t, then the
condition (w1, P, t:f+1’ ...) decides the value of ©

Proposition 2.2.5. Assume that D is a Ramsey ultrafilter on w and (K, X) is alocal,
really finitary and strongly™ linked creating pair. Then for each p € QpH(K, %)
and a name t for an ordinal, there is a condition q > p which approximates t at
every n and such that w? = w4.

Proof. The proof follows the lines of the appropriate proof for the Mathias forcing
notion (see e.g. [1, §7.4]). Let (témn : € < ) witness that (K, ) satisfies (®)% of
2.2.1(1), (Yu € dom(val[#""]))(3!v € mg(val[rM™"]))(u < v). For simplicity, we
assume that nor[té“i“] <1 (for £ < w).

For a condition p € Q},(K, X) andn € w let

p
supp” (p) = {mi i < w &nor[t’]>n+ 1} € D.

Choose inductively conditions p, € Q*D(K , ) such that for each n < w:

(1) po=p, pn < put1, W' = wP, and """ =" fori <n,

(2) if w € pos(w?,tf, ..., ¢’ |) and there is p* > p such that w?" = w and p*

Pn+1 tPnJrl

decides t, then (w, t,"", ] o .) decides 7.

(Note that “strongly linked” implies that if w?% = w?!, then qq, ¢ are compat-
ible; also remember that (K, X) is full.) Since D is Ramsey, we may choose an
increasing sequence (i, : n < w) € w \ lh(w?) such that

{in:n<wyeD and (Vn € )iy +2 < int1 € supp™ T (pi,—tnwr)+2))-

For j < wlet

Piy —Ih(wP

o ¥ "f j =ipyt —Th(wP), n € o,

I t;.nin if j+1Th(wP) ¢ {ipp1 :n < w}.

It should be clear that ¢ e we, td.1],...) € Q% (K, ) is a condition stronger

p
than p and for every w € pos(w?, 3, ..., ti,,—lh(wl’))’ n € w we have
q q Piy—lh(wP)+2 , Piy—lh@wP)+2
W, 1 pwry1o liy—thry+2e ) = W5 B D umy 115 Gy Dy 420 - )

Hence easily g approximates ¢ at all points of the form i,4; — Ih(w”) + 1 (for
n < ), and by the additional demand on 7, (in “strongly ™) we conclude that g
approximates ¢ at all n < w. O
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Proposition 2.2.6. Suppose that (K, X) is a st_rongly"' linked local creating pair
(with )™ witnessing this). Assume that nor[t;™"] < 1 (forn < w) and

() for each n € w there are disjoint sets A,, B, € H(n) such that
o if (u, v) € val[t™"], then v(n) ¢ A, U By,
e ift € K, nor[t] > 1, u € dom(val[¢]), h(u) =n
then there are vy, v1 such that {u, vy), (u, v1) € val[t] and vi(n) € A, and
vo(n) € By,.

Let D be an ultrafilter on w. Then the forcing notion Q},(K, ¥) adds a Cohen real.

Proof. Let W be the name for Q% (K, £)-generic real and let K = {k, : n < }
be a name for a subset of w such that

K={kew:W(k) e Ax U By).

(Clearly K is infinite.) Let ¢ € 2% be given by ¢(n) = 0 if and only if W (k,) € A,.
It should be clear that ¢ is a name for a Cohen real over V. O

Now we will give some norm conditions that can be used in the context of local
and forgetful creating pairs. Note that if (K, ¥) is of that type, then for each t € K
we have (unique) set P, C H(mfjn) such that

(u,v) € valltr] ifandonlyif wv(ml,) € P, u<<v and lh(v) =1h(u) + 1

(for some, equivalently all, # € dom(val[t])). The set P; corresponds to pos(¢) in
the tree—creatures context, and below we will use the notation pos(¢) for it (hoping
that this does not cause any confusion). Our next definition is a variant of 2.1.3(a,b)
for the case of local forgetful creating pairs.

Definition 2.2.7. A local forgetful creating pair (K, ) for H is complete if
(a) foreachi € w and a nonempty set A C H(i), there is a unique creature ti& ek

such that m:él =i and pos(tj;) = A,
(b)ifi € w, AC B C H(i), then t', € S(ty) and nor[t',] < nor[t}].

Definition 2.2.8. Let H : w —> H(w) be such that (Vn € w)(|H(n)| > 2") and
let (K, X) be a complete creating pair for H.

(1) A 1-norming system (for H) is a pair (K, g) such that
(@) K = (K¢ : £ € ) is a sequence of infinite pairwise disjoint subsets of o,
min(Ky) > ¢,
(B) g = (gp: p €2=?), where for each £ < w:
(y)ifpe 28 then go € [] H(m), and
mekKy
(8) for every m € Ky, there are no repetitions in (g,(m) : p € ZZ).
(2) Let C(nor) be a norm condition for K and (K, g) be a 1-norming system. We
define (K, g§)-modified version C(nor)*¢ of C(nor) by
a sequence (t; i < w) satisfies C(nor) & if and only if
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it satisfies C(nor) and for some po, ... , px € 2%, k < w we have

(Vi £ < w)(Vp € 2 (Imf, € Ko & g,(my,) & pos(i)] =
[o<tpoV...Vo<p]).
(3) IfC(nor) is one of C* (nor), C (nor) or C/ (nor) (for suitable f, F; see 1.1.5),
then the forcing notions corresponding to (K, g)—modified versions of C(nor)
will be denoted by (@fo’g(K, %), Qljf-’g(K, %), Q[f(’g(K, Y), respectively.

Proposition 2.2.9. Let H : ® —> H(w1) be such that (Vn € w)(|H(n)| > 2").
Assume that (K, X) is a complete creating pair, and (K, g) is a 1-norming system

(for H).

(DIf f: o x©o — wis fast and (K, X) is linked, then Q
Qf’g(l(, Y)) are o-x—linked Souslin forcing notions.

K8k, %) and

(2) Assume that h : w x @ —> w is regressive and F C (w \ 2)% is an h—closed
family which is either countable or >*~directed. Suppose (K, X) is local and

h—linked. Then the forcing notion Q;’g(K , X)) is o -x—linked, and if F is count-
able and >*—directed, then Q;’g_(K, Y) is also Souslin.
Proof. Straightforward. O

Definition 2.2.10. Ler (K, X) be a local forgetful creating pair for H.

(1) A 2-norming system is a sequence U = (Upr : p € 2<® & k < w) of
pairwise disjoint infinite subsets of w such that lh(p) < min(U, ).

(2) For anorm condition C(nor) and a 2-norming system U we define U-modified
version C(nor)Y of C(nor) by )
a sequence (t; : i < w) satisfies C(mor)V ifand only if
it satisfies C(nor) and for some po, ..., pr € 2% and ko, ... ke < w, £ < w,
foreveryi, k < wand p € 2<% we have:

[ml, € Uy i & pos(t;) # H(m!i )]
=[p<poV...Vp<dpgandk € {ko, ..., ke}].

We will use notation ng(K, %), ng_-(K, %), QfU (K, X) for the respective forc-
ing notions (and suitable f, F).

Proposition 2.2.11. Let (K, ) be a complete creating pair, and U be a 2—norming
system.

(1) If f : oxw — wisfastand (K, X) is linked, then (@go(K, ) and@?(l(, )
are o -x—linked Souslin forcing notions.

(2) Assume that h :  x @ —> o is regressive and F C (w \ 2)% is an h—closed
family which is either countable or >*—directed. Suppose (K, X) is local and h—

linked. Then the forcing notion QL}_]-(K , X) is o -x—linked, and if F is countable
and >*—directed, then Qg]_-(l( , X)) is also Souslin.

Proof. Straightforward. O
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2.3. Universal forcing notions

Here we introduce constructions involving very peculiar norm conditions. As a
matter of fact, norms are not important in that type of constructions, but they still
provide examples. Prototypes for the method described here are the Universal Mea-
ger forcing notion UM and forcing notions related to variants of the PP—property
(see [27, Ch.VI, §2.12], [15, Ch.7]).

Definition 2.3.1. Let (K, X) be a tree—creating pair for H. A finite candidate for
(K, X) is a system (ty : n € 3’) such that
(i)S < U []HG) is a tree of height 1ev(S) < w, each node in S has a
k<lev(S) i<k
successor at the last level lev(S),
(ii) §S=¢S \ max(S) (i.e., non-maximal nodes of S),
(iii) t, € LTCR,[H] N K and pos(t;) = succs(n) (forn € 3‘).

The collection of finite candidates for (K, X) is denoted FC(K , X). It is equipped
with the following order (similar to that of Qj**(K, )):

(t0:nel8% <(l:inelY) ifandonlyif lev(s°) <lev(S') and
(vn e SH(h(p) <lev(s?) = nes®&tl e =().

Remark 2.3.2. Finite candidates for tree—creating pairs correspond to that for cre-
ating pairs (see 1.1.9). In general, finite candidates do not have to be finite (just the
respective tree is of finite height), but if (K, X) is finitary then they are.

Definition 2.3.3. Let H : « — H(w1). A universality parameter p for H is a tuple
(KP, 2P FP GP) = (K, T, F,G) such that

(@) (K, X) is a really finitary local tree—creating pair for H,
(B) F C (w\ 2)? is either countable or <*—directed [note the direction of the
inequality!],
(y) elements of G are quadruples ({t,, : n € 3‘), Rdn, Nup, ') such that
e (t, :n € 8) € FC(K, ), root(S) = (),
® ngy < nyp < lev(s),
o= (r;:i €dom(r)), r; € w, dom(r) C [ndn, nupl,
(&) if:
° ((t,? 'n e 3‘0),ngn,n8p,f0) eq,
o (t):nell) eFC(K, %), (10:nel% < (t):nel)and
ol = (r! 1i € dom(Fh)), r! € », dom(®) C dom(!), and r) < r} for
i € dom(7°), and
enl <nY, ngp <nl) <lev(S!) and dom(F') C [n], n1
then: (( 'n e §1 ) ndn,nup,r heg,
(e) for some mcreaszng functton F = FY € 0%, if:
o ((th:ne §4,n4,.n w7 €G (fort < 2) lev(S%) = lev(Sh),
o(tn.neS)eFC(K z) (ty:nel) < <t} n e 8Y (fort <2),

o lev(S) < ngn, ngp < ndn, F(n ) < lev(Sh),
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then: there is ({1 1 1 € 5%, ni,, nfjp, r*) € G such that

o nhy = ngy, niy = F(nyy), domF*) = [nf, ni)), 7* 2 FOUF!, and rf < 1
foralli €[}, ni,1\ (dom(7#%) U dom(71)),

o lev(5*) =1ev(8) =lev(S"), S € $* and 1} =1, forn € §,

o(t;‘:neS‘*)g(lﬁ:neS’Z)(forﬂ<2).

Remark 2.3.4. In Definition 2.3.5 below, we may think about the forcing notion
Q™°¢(p) in the following way. We have a criterion for “small trees” provided by G
and F (these are (G, f)—narrow trees, see 2.3.5(c)). We try to add a small tree that
will almost cover all small trees from the ground model. So, naturally, a condition
p consists of a small tree (it is the system (t,f : n € TP)),in which some finite part
(“below NP”) is declared to be fixed. Now, when we extend the condition p, we
cannot change the tree below the level N7, but above that level we may increase it.
The function f” controls in some sense the “smallness” of the tree 77. See more
later.

Definition 2.3.5. Let p = (K, X, F, G) be a universality parameter for H. We
define a forcing notion Q" (p) as follows.
A condition in Q"¢ (p) is a triple p = (NP, (t,f :n € TP), fP) such that

(a) (ty :n € TP) € Q§(K, %), root(T?) = (),

(b) NP € w, fP € F,

(c) the system (t,f :n € TP is (G, fP)-narrow, which means:
for infinitely many n < w, for some ((t; : n € 3'), Ndn, Nup, 7) € G we have
e ngn = n, and (Vi € dom(r))(r; < fP(i)) and
e ifne TP, 1h(n) <lev(S), thenn € S and t) € X (t,).

The relation < on Q'*¢(p) is given by:
(NO (10 :neTO), O < (N'. (t) :neTh), f1) ifand onlyif

e NO<NL (10 :neT = () :neT") (inQj*(K, %)), and
eifneT! 1h(n) < N®thenn e T° cmdl,? = t,;, and
o (Vi € w)(fO0) < £1()).

Proposition 2.3.6. If p = (K, X, F, G) is a universality parameter, then Q" (p)
is a o—centered forcing notion. If additionally F is countable and <*-directed then
QY (p) is Borel ccc.

Proof. Itis easy to check that the relation < of QU¢(p) is transitive (so QU (p) is
a forcing notion). Let us argue that it is c—centered when F is countable (the case
of <*—directed F can be handled similarly).

For (t; : n € §) e FC(K, X), f € F let

(ty:nes

Qf )={peQ“ee(p):N”=leV(S) and S C T? and f? = f and

(Vn € TP)(lh(n) < NP = ne S&th =1}
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Claim 2.3.6.1. Each Q {tme lS a directed subset of Q" (p).

t,7 nes)

Proof of the claim. Let (N, (t} : n € T*), f*) (for £ < 2). (Thus

=1ev(S), f' = f.)
Let FY9 € o® be the increasing function given by 2.3.3(¢). Pick a sequence

_ 00 0,0 1,0 1,0 0.k 0,k 1,k 1,k
lev(S) +1=ny, <ngy <ngy <y, <o <ngy <Ay < Rgp < Mgy < e

such that F9(ngy) + 1 < nQ**" and (for € < 2 and k € w)
(2 n e T & Ih(n) < nfh).ngl nlk, fling nlk) e g

(possible by the definition of the forcing Q"¢ (p) and 2.3.3(5)). Now build induc-
tively a system (tj]‘ neT* e Q‘w“"e(K, 3) as follows.

We declare that root(7*) = root(S) = (), and if n € T*, Ih(n) < lev(S), then
t,*; = t, and succr+(n) = pos(t*)

Suppose we have defined 7* up to the level n° dn — 1, so we know t* forlh(n) <
”d

. — 1. Let S be the tree of height n’ dn — 1 built from these t* (so it is the respec-

tive “initial part” of our future 7*), and assume that (t* in e Sk) (te nerTh
(for £ =0, 1). Apply 2.3.3(¢) to get (t,;k ‘n e §k+1) such that
({7 2 1 € Sen). ngyt niek, FlIng nlkD) € G,

and S C Si41. 1ev(Sig) = ngy H — Tand (1} 1y € Sgq1) < (1) 10 € TY) (for

¢ < 2). We declare that 7* up to the level ng;lk+ — 1is Sx+1 (and the respective tf;
are as chosen above).

Plainly, (lev(S), (t:)‘ neT*), f)e QU'7 es) is a condition stronger than both
(N°, (60 :n e T?), £ and(N1,<r,7.neT ) . O
The rest should be clear. O

2.4. Examples

Example 2.4.1. Let H(i) = w. Suppose that D, B, S are functions such that

o dom(D) € w=<%, D(y) is a non-principal ultrafilter on @ (for n € dom(D)),

o dom(S) = dom(B) = =% \ D() and for each n € dom(B):
2<BpewUlw), Sm=(s):keBm) SO, and Y s/ =1

keB(n)

We build a ccc—complete (see 2.1.3) mixing triple (K2.4.1, 22.4.1, F2.4.1) for H (for

the parameters B, D, S).

Construction. Let K> 4.1 consist of all tree creatures + € LTCR[H] such that

o dis[t] = (n;, 0y, A;) for some n, € w, 0, € | H() and A; € w such that

i<n;

A; € D(p;) ifn; €edom@D), and @ # A; CB(p) if n, € dom(B),



Sh:672

630 A. Rostanowski, S. Shelah

e nor(t] = ny,
o vallt] = {(n;,v) :py <v e [] HG) &v(ny) € A}

i<ng

The operation X7 4.1 is natural:
Yo41(t) ={s € Kog1:ns=n &ns =1 & Ay C A}
Forn € [ H@) let t,’;‘ € K341 NLTCR,[H] be such that

i<n

AI* =

n

w  if n € dom(D),
B(n) if n € dom(B),

*
and for (ry : v € pos(ty)) € [0, Hpos(tn) let

24.1 * P ) if n € dom(B),
Fp* (ry 1 v € pos(ty)) = { keB()
limp ) (ry~k) * k € o) if n € dom(D).

Let Fo41 = (F,72'4'1 :n € |J [] HG)). Check that (K24.1, £24.1,F24.1) is a

newi<n
ccc—complete mixing triple for H. O

Conclusion 2.4.2. Let H,D,B and S be as in 2.4.1. Then the forcing notion
Q" (K2.4.1, 2.4.1, F24.1) (for the parameters D, B, S) is ccc (and non-trivial).

Remark 2.4.3. If dom(D) = =% then Q)" (K2.4.1, £2.4.1, F2.4.1) is equivalent to
the “Laver with ultrafilters” forcing notion.

If dom(D) = @ and B(n) is finite (for each n) then Qg“(KZ_M, Y241,F241)
is the random real forcing (with weights determined by S in an obvious way).

Between these two extremes we have cases of “mixtures of random with ultra-
filters” and our next observation applies to most of them. It could be formulated
with a larger generality (e.g. regarding dom (D)), what should be clear after reading
the proof.

Proposition 2.4.4. LetH(n) = wforn € w, andlet X C w be an infinite co-infinite
set. Suppose that

(a) D is a function such that dom(D) = {n € ®=% : 1h(n) € X} and D() is a
non-principal Ramsey ultrafilter on w (for n € dom(D)),

(b)n = {(n¢: € € w\ X) is a sequence of integers, ng > 1,

(c) B, S are functions such that dom(B) = dom(S) = {n € @<= : lh(n) ¢ X},
B(n) = nm@) and S(n) = sk < ).

Let (K24.1, 22.4.1, F2.4.1) be the mixing triple built for the parameters D, B, S as
in2.4.1, and let f € w® be such that f(n) > 2 (forn € w).
Then for every (@‘@m(l(“.l, 241, Fa4.1)-name t for areal in T] f (i), there
icw
are an increasing sequence (mj : j € w) S w and a function g € [ f(i) such
iew

Mh(n)

that

“_QW(KZA.I’ZZAJ,F2A4Al) CVFjeo)Ellmj,min) # gllmj,mjn) .
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Hence, in particular, forcing with @(I,)m(IQA,], Y241, F2.4.1) does not add Cohen
reals (but it clearly adds a dominating real).

Proof. For notational convenience, let (K241, 22.4.1, F24.1) = (K, X, F).

Note that we may assume that f(n) > 22" (as we may work with the map-
ping n — f[[ky, kn,+1) for some increasing (k, : n < w) instead). Let X = {x,, :
m < w} be the increasing enumeration, and let my be defined by: mg = 0 and
My = mg + 2k I+ T1 ng)k (for k € w). [Here we keep the convention that

Lexi\ X
ifxp \ X =0,then [] ng; =1, orjustassume that xp > 0.]
Lexp\X
Lett bea Q@mt(K , &, F)-name for an element of [| f (i), and let p be a condi-

iew
tion in Qg“(K , 2, F). We may assume that lh(root(p)) € X, and just for simplicity
let Th(root(p)) = xo.

We define inductively atree T € TP?, mappings Y : TN |J ¥ T L (w],

i<w
T:TNY " +1 w, a function g € [] f(i), and a system (g, : n €
i<w icw
Tn|Jehit 1) of conditions from Q' (K, , F).

i<w
We declare root(7) = root(p). Using 2.1.11 and 2.1.9 we choose an increasing
sequence of conditions (quoot(T) . k < w) and values for g(my) < f(my) (thus

defining g [{my : k € w}) such that

® Grbon(r) = P 100U Gyi0q)) = 100L(T) and ¥ (g 7)) > 315 (p).

o houp I TR # g(mp).

Since D(root(7')) is a Ramsey ultrafilter we may choose a set {a; : k < w} €
D(root(T)) (the increasing enumeration) such that

~ : - 3
r00t(T) ag) € T4 and  1F (@)™ ") > 20 (p).

We declare that root(7") "ay € T for all k < w and we let
m(root(T) ax)) =k,  Groot(T)~(ar) = (qfOOt(T))[root(T)A(ak)]_

Next we choose pairwise disjoint sets Y (root(7) ax)) € w \ {my : £ € w} such
that my41 N Y (root(T) {ax)) = ¥ and

(V€ < o)(|Y (root(T) {ak)) N (meyit1, meris2)| = 1).

Suppose now that we have already defined T N i + 1, I < w, together with
Y() S o\ {my : k € 0}, 7(p) € 0, gy € QPU(K, =, F) (forn e TN T
j <i)and

g Cgl(mk<o}uJrm meTno® 1 j<iyp

so that the following conditions are satisfied:
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(@) if v < n, and w(v), w(n) are defined, then 7 (v) < 7 (),
(B) if v e T Nw'i, j < i, then there are no repetitions in the sequence (1 (1) :

v<1neTﬂa)xf+1),
() ifneTnw’i t1 j<i then

YoNmeayr1 =0 and (V€ < 0)(|Yy N [mzaprert, Maaprer2)l = 1),

(8) the (defined) Y (n)’s are pairwise disjoint,
(¢) foreachn e T Nw"i +1 we have: root(g,) = n and

qy I= (Yk < T () (gi [lmp, mg1) € ©),

) if g € me[(K, 3, F) is a condition such that root(q) = root(T), T9 N
it = 7ot and g = qy forall n € w¥i T ! then uF(q) >
(5 + 57215 (p).

[Check that these conditions are satisfied at the first stage of the construction.]

Note that it follows from clauses («) and (8) that for each k we have

meTno=%+1ina) <ty <2a+ [] not.
Lexi\X

and hence (by clause (y))

&) s, ms) VY e TNnow=%it1 <ok 4+ [T np*
Lexi\X

Fixn e T Now"i +1 (and note that w(n) > i). Choose an increasing sequence
(q,’j :w(n) < k < w) of conditions in Qg“([(, >, F) and values for g[Y; such
that

* gy > gy, 1oot(gqy) = nand uF(gy) > (1 =27l (g,),

o if j € Yy N [my, mpy1), 7(n) < k < o, then gf IF (j) # g()),

k . .
e the sequence (T% N @i+l : 7(n) < k < ) is constant (and let {v, : £ < £*}
) x ) ) Xig1—1
be the enumeration of 7% N @¥i+1; necessarily £* < [T nx),
k=x;+1

o7y def klim ,uF((q,];)[W]) > 0 for each £ < £* (note that the limit exists as the
—00

sequence is non-increasing).

[Why possible? Use 2.1.11 and 2.1.9, remember our additional assumption on f.]
Choose a,f € w (for £ < £* and k > 7 (n)) so that:

° {a,f :w(n) < k < w} € D(vy),
o v (af) € T% and MF((CI,/;)["A<”1€>]) > (1 =270y,

(remember that each D(vy) is a Ramsey ultrafilter). Now we declare that v, “a,f eT
forall £ < £* and w(n) < k < w and we let

. ~ L
T @) = ke gy = (@t
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This finishes the definitions of 7 N &= ¥i+1+1 and of 7(v),qy forv e T N
w¥i+1t 1 . It should be clear that (the respective variants of) clauses («), (8), (¢) and
(¢) are satisfied. Using (X, ) we may easily choose sets Y (v) (forv € T Nawri+1 + 1)
so that the demands (y), (§) hold. The construction is finished.

The tree T is perfect and it determines a condition ¢ € Qgee(l( , ).

Claim 2.4.4.1. ;LF(q) >0(soq € Qg‘t(K, 2, F).

Proof of the claim. First note that the clause (¢) is not enough to show this, as there
are fronts in 79 which are not included in any 79 N =%t 1. However, we may
use the specific way the construction was carried out to build a semi—-F—measure
u: T? — [0, 1] such that w(root(g)) = %/,LF(p) > 0 (what is enough by 2.1.8).
So.ifn e TN’ 1 i < w, thenwelet u(n) = (1 — 5)uF gy if n € T,
xi +1 < 1h(n) < x;41 then u(n) = F,(u(v) : v € succr (n)). Now check. O

Thus ¢ is a condition stronger than p and it forces that (Vk € w)(z [[my, mr4+1) #
glmy, myy1)). Since Qg“(K, 3, F) satisfies the ccc, we may easily finish. O

Our next example is a small modification of 1.5.14. In a similar way we may
modify other examples from the previous section to produce more strongly linked
creating pairs.

Example 2.4.5. Let H € w® be a strictly increasing function such that H(0) > 2.
We construct a really finitary, strongly™ linked creating pair (K».4.5, £2.4.5) for H
which satisfies the demands of 2.2.6 (in particular (x) there).

Construction. The family K3 4.5 consists of creatures ¢t € CR[H] such that

e dis[t] = (my, E;) such that m; < w and @ # E; € H(m;) \ {0},
e vallt] = {{u,v) € ] HG) x [] HG) :u < v & v(m,) ¢ E;},

i<my i<m;

e nor[t] = 1og4(%).

The operation X 4 5 is natural:
Yo45() ={s € Koas:my=m; & E; C E;}.

Now check. O

Conclusion 2.4.6. Suppose that H € »® is strictly increasing, H(0) > 2 and

(K245, X2.45) is built as in 2.4.5 for H. Let D be a Ramsey ultrafilter on w. Then
the forcing notion Q},(K2.4.5, ¥2.4.5) is o—centered, adds a Cohen real and adds a
dominating real.

Now we turn to universality parameters. As said before, one of the prototypes
here is the Universal Meager forcing notion UM. Let us represent it as Q' (p) (for
a suitable p).

Example 2.4.7. We construct a universality parameter p such that Q¢ (p) is equiv-
alent to UML.
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Construction. Let H : @« — o \ 2 and let K consists of tree creatures ¢t for H
such that

o dis[t] = (my, s, A;) for some m; < w,n; € |J H(@) and @ # A, € H(my),

e nor(t] = |A;|, o
o valr] = {(n;, n,(a)) : a € As}.

The operation X is natural, so s € X(¢) if and only if n; = n; and A; C A;. Let
F={f}, fG)=2.

G consists of quadruples ({t, : n € 3‘), Ndn, Nup, ') such that

(ty :n € 8) e FC(K, %),

Ndn < Nyp =< lev(S),

7= (r;:i €dom(r)), r; < w,dom(r) C [ndn, Rupl,

if n € S, 1h(n) = ngn then for some v € § we have n < v, Ih(v) < nyp and
nor[t,] < H(h(v)).

Easily p = (K, X, F, G) is a universality parameter and Q' (p) is the Universal
Meager forcing notion, O

Remark 2.4.8. Our next example 2.4.9 captures a number of constructions related
to the PP—property. Under the assumptions on (K, ¥) as there, we may think that
we have a way to measure how large splittings are, and this fully determines what
are the tree-creatures in K (and what are the norms). The function F is used to
define (possibly totally not related) norms of sets of nodes of the same length. Thus
F may just count how many elements are in max(S) (in this case the universality
parameter given by 2.4.9 is related to the PP—property). Other possibilities for F
include taking the maximum value of nor[#;], or taking the product of all relevant
nor|z;]’s.

Example 2.4.9. Assume that H : @« —> w \ 2 is strictly increasing and a fam-
ily F C (w\ 2)® is either countable or <*—directed [note the direction of the
inequality]. Let (K, £) be a local, really finitary, tree—creating pair for H such
that

o for each n € [] H(i), n < w and a nonempty A € H(n) there is a unique
i<n
ty,a € LTCR,[H] N K with pos(ty.4) = {n"{a) : a € A}, and
e if |[A| =1, then nor[t; 4] < 1, and
oif ) £ B C AC H(n),thent) p € X(t; o) and nor[t, g] < nor[z, 1.

Furthermore, leE F:FC(KK, X)) — R=9 be such thatA .
if (t :n € §) e FC(K, ), nor[t;] < 1 (forn € S), then F({¢;, : n € §)) < 1.
We construct G = QI{-( '% Such that (K, 2, F,G) is a universality parameter.

Construction. For a nonempty set Y € [] H(j), i < w, we define NOR(Y) as
Jj<i

the value of F((t;, : n € 3’)) for S such that max(S) = Y and root(S) = (). (Note

that under our assumptions on (K, X) there is exactly one such (t, : n € S ) €

FC(K, X).)
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Let G consists of all quadruples ({(t, : n € §>,ndn,nup, r) satisfying the
demands of 2.3.3(y) and such that
for some sequence (Y; : i € dom()) we have

e Yi € [ H(j), NOR(Y) <ri,

j<i
e VneSn [] H))Ei € dom(#)(n]i € ;).
j<nup
Now check. 0O

Example 2.4.10. A universality parameter p such that Q®(p) is the “universal
closed measure zero” forcing notion.

Construction. Let H, (K, ¥) and F be as defined inAthe construction for 2.4.7.
Let G consists of all quadruples ({(t, : n € S), ndn, Rup, 7) satisfying the
demands of 2.3.3(y) and such that

S0 T HG)| 1
i<nup
THEO S 2 G

i <nup iedom(r)
Let p = (K, X, F, G). Note that the forcing notion Q' (p) is equivalent to Q
defined as follows.

A condition in Q is a pair (N, T) suchthat N < wand T C |J [] H() is a tree

n<wi<n
such that [T'] is a measure zero subset of [ H(i);
i<w
the order of Q is the natural one: (N, Tp) < (Ny, Ty1) if and only if Ny < Ny,
ToCTiand Ty N J] H@E) C Tp. O

i<No
3. Interlude: ideals

Here we introduce o—ideals determined by forcing notions discussed in this paper.
Most of the content of this part is well known and belongs to folklore (some of this
material is presented in Judah and Rostanowski [7], [6]).

3.1. Generic ideals

We will show how a Souslin ccc forcing notion adding one real produces a ccc Borel
o—ideal on some Polish space. While we could do this in a larger generality (e.g.,
considering any name for a real, not only the ones of the form specified in 3.1.1(3)
below, compare [22, §4] and [19, §6, §7]), we have decided to use the specific form
of the forcing notions we want to deal with and simplify the notation and arguments
(loosing slightly on generality, but it will be clear how possible generalizations go).

Context 3.1.1. (1)) H : o —> H(wy), [H(n)| > 2foralln € w; 7, = [] H@)
i<n
(forn e w)yand 7 = |J 7,.Let X = [] H(n) = [7] be equipped with the
new

n<w
natural product (Polish) topology.
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(2) Pis a Souslin ccc forcing notion with a parameter r € 2% (which also encodes
H), so we have E}—formulas wo(-, 1), 1(, -, 1), @2(-, -, r) defining P, <p and
Lp, respectively.

(3) W = (p, : n € T) C Pis such that
(@) py =9¥p,andif n <v € 7 then p, <p p,,

(B) {Py~) : a € H(lh(n))) is a maximal antichain above p,,
(y) for each p € P there is n < w such that

l{n € 7, : p, p, are compatible }| > 2,

() if p,q € P are incompatible, then there is n € 7 such that p, p, are
compatible but g, p, are incompatible.

[We will treat W as a P-name for a real in X" such that p, I n < W, and so

I-W ¢ V.]

Definition 3.1.2. ForP, W, H, X asin 3.1.1, let IIP’,W be the collection of all Borel
subsets B of X such that

p “W ¢&B”

Proposition 3.1.3. (1) Zp v, is a ccc o—ideal of Borel subsets of X.
(2) Ip yy contains all singletons.
(3) Let ¥ (p, c¢) be the formula

“p ePandc € 2% is a Borel code (for a set ic € X) and p |- W € fic 7.
(a) If M is a transitive model of ZFC*, p,r, c, W e M, then
v(p,c) & MEVYpo).

(b) There are a Zé—formula Yo and a Hé—formula Y1 (both with the parameter
r) such that

v (p,c)=1olp.c) = ¥i(p, o)
(i.e., the equivalences are provable in ZFC).
(4) The formula “c € 2% is a Borel code (for a set tc € X) and fic € Ip " is

absolute between transitive models of ZFC* (containing r, W, c).

Proof. (1), (2) Straightforward.

(3) See (the proof of) [1, Lemma 3.6.12].

(4) Follows from (3) and the definition of Zp y;, (remember that “being a maximal
antichain of IP” is absolute; see [1, Lemma 3.6.4]). O

Definition 3.1.4. Let P, W, H, X be as in 3.1.1.

(1) Let x € X and M be a transitive model of ZFC*, r, W e M. We say that x is
Ip yy—generic over M, if x & B for every Borel set B from I y, coded in M.
(2) For a condition p € P let

S(p) = Sy (p) o {n €T : py, p are compatible }.
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(3) For a maximal antichain A C P let
def
Bg= By 4 = (xeX :(Vpe AEn <w)(xn & S(p))}.

Let Z]g W be the family of all subsets of X that can be covered by a set of the
form B 4 (for a maximal antichain A C P).

Proposition 3.1.5. (a) For each p € P, S(p) is a perfect subtree of T. If p < g,
then S(q) € S(p). If p,q € Pand S(q) < S(p), thenq I+ p € I'p.

(b) If G C P is a generic filter over V, then V[G] = VIW].

(c) Z]g W is an ideal of subsets of X ; sets B4 (for a maximal antichain A C P) are
.

2 .

(d) Let x € X and M be a transitive model of ZFC*, r, W € M. Then x is Ip v~
generic over M if and only if there is a PM—generic filter G € PM over M such
that WO = x.

(e) Lp yy is the o—ideal generated by Z]l(l)’ W Every set from Lp y, can be covered by

a 2(3) set from Tp .
Proof. Straightforward (or see [7, §2]). m]

Conclusion 3.1.6. The quotient algebra Borel(X') /Zp y;, is a ccc complete Boolean
algebra. The mapping

7P —> Borel(X)/Zp y, : p > [[S(p)]]fu».w

satisfies:

(1) rng(7r) is a dense subset of the algebra Borel(X')/Zp .
(2) (Vp.qg eP)(pLlg < n(p)Nr(g) =0),
() (Vp,q eP)(ql-peTp & nlg) S n(p)).

Consequently, the complete Boolean algebra RO(PP) (of regular open subsets of IP)
determined by P is isomorphic to Borel(X) /Zp ;. Moreover, 7 maps W onto the
canonical name for the generic real in Borel(X')/Zp ,, so for a Borel code ¢ (for

a Borel subset fic of X') we have [W € gcllrop) = [jic]IPW.
Remark 3.1.7. Tt follows from 3.1.6 that we have nice description of names for reals
in the extensions via P.

(1) If ¢ is alP-name for an element of X, then there is a Borel function f : X — X
such that lFp f(W) = t.

(2) If B is a P—name for a Borel subset of X', then there is a Borel set A € X x X
such that IFp B = (A)yy, where (A), = {y : (x,y) € A}

(See [1, Lemma 3.7.1].)
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3.2. Universality ideals

For a forcing notion Q"¢ (p) (where p is a universality parameter) we may consider
the ccc ideal defined as in 3.1.2, however there is another Borel o—ideal related to
Qe (p) (justifying the term “universality forcing notion™).

Definition 3.2.1. Let p = (K, X, F, G) be a universality parameter for H.

(1) We say that p is suitable whenever:
(a) for every f € F andn < o there is N > n such that
if ((t; : n € S), nan, nup, f[[Ndn, nupl) € G, N <nagnandn € [] H(@),

<n
then (v e [[] H@O)n<v&v¢s),
i<lev(S)
(b) for every f € F andn < w there is N > n such that
if (r; :n € 3‘) € FC(K, %), root(S) = (), lev(S) = n, n € [] H(G) and
i<N
nin €S,
then there is ((t] : v € S*),ndn,nup, Sflnan, nupl) € G such that n <
Ran < nyp < N, S C §*andt, =t forv € S’andn € S*
(2) Zg is the collection of subsets A of []| H(i) such that for some f € F and
I<w
a (G, f)-narrow system {t;, : n € T) € Qgee(K, Y) (see 2.3.5(c)) with
root(T) = () we have A C [T].
Trees T as above will be called (G, f)—-narrow.
(3) Iy is the o—ideal of subsets of || H(i) generated by Ig
I<w

(4) Ty is a Q" (p)—name such that

”‘Qtree(p) Tp = U{Tp N l_[ H(l) . pe FQtree(p)}.
i<NP

Remark 3.2.2. The universality parameters constructed in Examples 2.4.7, 2.4.10
are suitable. Also the parameters given by Example 2.4.9 can be easily made suit-
able: condition 3.2.1(1)(b) easily follows. To ensure 3.2.1(1)(a) we may require
that F, F satisfy

(x)ifn <o, f € F.ne [ HG) and ¥ € ] H() satisfy NOR(Y) < f(n),
i<n i<n

then (Jy € H(n))(n"(y) ¢ ¥).

(But clearly much less is enough.)

Proposition 3.2.3. Let p = (K, X, F, G) be a suitable universality parameter for
H.

(1) Every set in Ig is nowhere dense (in the product topology of [] H(@)); all
i<w
singletons belong to Ig .
(2) Iy is a proper Borel o—ideal of subsets of ] H(i).
i<w

(3) If F is <*—directed then Ig is an ideal.
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(4) In VQm(p), Tp is a tree with no maximal branches which is (G, h)—narrow for
some function h (possibly h ¢ F). If F is a singleton, then h € F.

(5) Suppose that (Py, Qq : a < 8) is finite support iteration of ccc forcing notions
such that for some increasing sequence g < o] < o < -+ < 6, Qa,, is
(forced to be) Q"¢ (p). Let T, be the name for the tree Tp added at stage ay,.
Then, in VPa, if T € Vis (G, f)-narrow for some f € F then T C T, for
somen < .

(6) If in 5 above we additionally assume that F = {f} then, in VP, there is a set
Sfrom I, which contains all Borel sets from Iy coded in V.

4. Sweet and Sour
4.1. On amalgamation

One of the major problems in set theory of the 20th century was the following: sup-
pose (P, <p,), (P2, <p,) are ccc partial orders and IP; x [P, is equipped with the
coordinate-wise order (so (p1, p2) < (q1, q2) iff p1 <p, q1 & p2 <p, q2). Does
(P x P, <) satisfy the ccc? The interest in this question came from topology as
well as from its close relation to the Souslin Problem. The intensive investigations
of the productivity of ccc for forcing notions (or Boolean algebras, or topologies)
resulted in many interesting concepts and discoveries. Several strong ccc prop-
erties implying that the product of respective partial orders satisfies the ccc were
introduced. Examples of those properties include

e The Knaster Property: A partial order (P, <p) has the Knaster property if
for every uncountable family A C P there is an uncountable B C A such that
members of B are pairwise compatible.

e The pre-caliber w: (P, <p) has pre-caliber w; if for every uncountable A C
P there is an uncountable B € A such that every finite subfamily of 3 has a
common upper bound in P.

(Note that pre-caliber w; = Knaster Property = productive ccc.) Lastly,
the Souslin Problem was completed by Solovay and Tennenbaum [30] who proved
that it is consistent that every ccc forcing notion has the Knaster Property (and thus,
consistently, ccc is productive).

Since the productivity question occurred to be so productive, one can ask if
we may generalize the problem by replacing the product by the amalgamation of
forcing notions. Let us recall the definition of this operation.

Definition 4.1.1. (1) Suppose P, Q are forcing notions such that P <« RO(Q). Then

(Q : P) is a P-name for a forcing notion which is a suborder of Q,

plkp “qe(@Q:P)” if and only if
every p' € IP stronger than p is compatible with q in RO(Q).

(2) Suppose that P, Qg, Q1 are forcing notions and f; : P —> RO(Qy) (for € < 2)
are complete embeddings. The amalgamation of Qq, Q; over fy, fi is
Qo x fo. 11 Q1 = {(g1,92) € Qo x Q1 :
@peP)(plk“q0€ Qo: foIlPD & q1 € (Q1 : filPD ™)}
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ordered in the natural way (so (90, q1) < (qy.q}) if and only if qo < q(, and
q1 < q}).

It can be easily seen from the definition of the amalgamation that Qg X g, Qg

is equivalent to [P % ((Qo : fo[PD x (Qq : f [IP’])). So,if P < Qg, P < Q; (and
fo, f1 are the identity mappings) then

Qo xp Q1 &« Qo xfp. 1, Q1 =P ((Qo : P) x (Q; : P))

and the amalgamation can be thought of as a generalization of the product. Thus the
question when amalgamation of ccc forcing notions satisfies the ccc can be thought
of as a generalization of the productivity problem. However, there is no nice answer
here. By Shelah [24, §1], a Cohen real adds a Souslin tree, so let S be a C—name for
a Souslin tree (ordered naturally). The forcing notion Q = C * § satisfies the ccc,
but the amalgamation Q x¢ Q = Cx ($ x ) does not satisfy the ccc (this example
exists in any universe of ZFC, of course). Even demanding stronger variants of
ccc (which clearly worked for products) may not help for amalgamations: Roitman
[13] gave an example of PP, Q1 , Q2 such that

(a) Px Q1 , P x Qg have pre-caliber w1, but
(b) IFp*“ Q1 x Q3 does not satisfy the ccc ”, so
(©) (P*Qq) xp (P Q2) does not satisfy the ccc.

However, there are sweet (=strong ccc) properties of forcing notions which are
preserved by amalgamations.

Definition 4.1.2_ (Shelah [24, Def. 7.2]).
A triple (P, D, E) is model of sweetness (on P) whenever:

(i) P is a forcing notion, D is a dense subset of P,
(ii) E = (E, : n < ), each E, is an equivalence relation on D such that D/ E,
is countable,
(iii) equivalence classes of each E, are <p—directed, E,+1 C E,,
(iv) if {pi :i S} CD, p; Ei po (fori € o) ,then

(Vn € )(3q = pw)(q En po & (Vi Z n)(pi < q)),
(v)ifp,q € D, p < qandn € w then there is k € w such that

¥p" € [ple)(3q € lqle) (P’ < q).
If there is a model of sweetness on P, then we say that P is sweet.

Definition 4.1.3 (Stern [31, Def. 1.2]). Let P be a forcing notion and t be a topol-
ogy on P. We say that (P, t) is a model of topological sweetness whenever the
following conditions are satisfied:

(i) the topology t has a countable basis,
(it) @p is an isolated point in T,
(iii) if a sequence (p, : n < w) C Pis t—convergingtop € P,q > pand Wisa
t-neighbourhood of q, then there is a condition r € P such that
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(a)r e W, r >gq,
(b) the set {n € w : p, < r} is infinite.

A forcing notion P is topologically sweet, if there is a topology t on P such that
(P, t) is a model of topological sweetness.

Definition 4.1.4. (1) Let (P, Dy, Eo) (for £ < 2) be models of sweetness. We say
that (P1, Dy, E1) extends the model (Py, Do, Eo) if
o Py < P, Dy C Dy and ES = Enl Dy for each n € w,
o if pe Dy, n € w,then[plg < Do,
eifp<gq,peDi,gq e’Do,trizenpeDo.

(2) Let Py, 1¢) (for £ < 2) be models of topological sweetness. We say that (P1, 11)
extends the model (P, 79) if Po < Py, Py is a t1—open subset of P1 and
T1 [Po = T0.

Theorem 4.1.5. (1) (Shelah [24, 7.51) Suppose that (P, Dy, Ey) (for £ < 2) are
models of sweetness, and f; : P —> ROPy) (for £ < 2) are complete embed-
dings. Then there is a model of sweetness (Po x g, 1, Py, D¥, E*) based on the
amalgamation Py X g, r, Py and extending each (P, Dy, Eg)f()r L <2

(2) (Stern [31, §2.2]) Suppose that (Py, t¢) (for £ < 2) are models of topological
sweetness, and f; : P —> RO,) (for £ < 2) are complete embeddings.
Then there is a model of topological sweetness (Py x g, 7, P1, T*) based on the
amalgamation Py X g, 1, Py and extending each (Py, ¢) for £ < 2.

The real interest in preserving ccc in amalgamations comes from the inde-
pendence results related to regularity properties of definable sets. Assuming the
existence of an inaccessible cardinal, Solovay [29] showed the consistency of the
following two statements

(M) every projective set of reals is Lebesgue measurable,
(B) every projective set of reals has the Baire property.

The key ingredient of Solovay’s proof was the observation that the Collapse Algebra
is very homogeneous. Shelah [24] proved that

e (M) implies w is inaccessible in L, but
e the consistency of (B) can be established without inaccessible cardinals.

For the latter result one builds a homogeneous ccc forcing notion adding a lot of
Cohen reals. Homogeneity is obtained by multiple use of amalgamation (see [6]
for a full explanation of how this works), the Cohen reals come from compositions
with the Universal Meager forcing notion UM or with the Hechler forcing notion
D. An important feature of sweetness is that it is preserved in compositions with
UM, D.

Proposition 4.1.6. (1) (Shelah [24, §7]) If P is sweet then both P« UM and P s I
are sweet.

(2) (Stern [31, 3.3]) If P is topologically sweet then both P« UM and P + D are
topologically sweet.
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4.2. More on sweetness

The original model of Shelah [24] for (B) (i.e., “all projective sets of reals have
the Baire property”) satisfies also CH. Can we have (B)+—CH? Judah and Shelah
[9] aimed at exactly this, but the proof there has an irreparable gap. However, a
recent work in progress [18] gives a totally different way of building models for
(B)+—CH. Then we may ask for models of ZFC in which (B) holds and some
cardinal characteristics of the continuum are large. Thus we would like to use (in
addition to UM or D) other forcings in the constructions as in [24], [18]. However,
the proofs for 4.1.6 were very specific and it has not been clear if there are more
forcing notions which could be composed with sweet ones. In this subsection we
show that sweetness of 4.1.2 is essentially everything we need. We also show that
our methods may lead to sweet and/or topologically sweet forcing notions.

Definition 4.2.1. Let B be a countable basis of a topology on a forcing notion P.
We say that (P, B) is a model of iterable sweetness if

(i) B is closed under finite intersections,
(ii) each U € B is <p—directedand p <qg e U = pe U,
(iii) if (pp : n < w) C U € B and the sequence (p, : n < w) converges to p
(in the topology generated by B), then there is a condition p € U such that
(Vn < @)(pn < p).

Proposition 4.2.2. Assume that (P, D, E ) is a sweetness model on P, E = (Ep -
n < w), D = P. Furthermore, suppose that any two compatible elements of P have
a least upper bound, i.e., if po, p1 € P are compatible, then there is ¢ > po, p1
such that Nr e PY(r > po &r > p1 = r >gq). Forp =(p¢ : £ <k) CPand
n={ng: € <k)Cwlet

UGG.i) S (g e P: (Ve <@g’ € [pddE, ) <)),

and let B be the collection of all sets U(p, n) (for p C P, n C w, Ih(p) = lh(n)).
Then (P, B) is a model of iterable sweetness.

Proof. Plainly, B is closed under finite intersections. Since the equivalence classes
of each E, are directed and any two compatible members of P have a least upper
bound, we may conclude that the elements of 5 are directed and downward closed.
Before we verify the demand 4.2.1(iii), let us first note that if p € U(p, n),
p=(pe: € <k),n=(ng:~€ <k), then for some N we have U ({p), (N)) C
U(p, n). [Why? Use 4.1.2(v) to choose N such that
(V¢ < k) (Yq € [pley) (34" € [pelE,,) (g < 4).

ng

Clearly this N is as required.]

Now suppose that a sequence (p, : n < w) converges to p,, in the topology
generated by B, and p,,, p, € U(g,n) € B forall n < w. Take N such that
U({po), (N)) C U(g, n). Choose an increasing sequence {m; : i < w) such that

(Vi < w)(Vn = m;)(pp € U((po), (N +141))).
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Next pick conditions p* € [pw]Ey, ., such that

(Vi < w)(VYn € [mj, mi11))(pn < p;)

(remember that each [py] gy, is directed). It follows from 4.1.2(iv) that we may
find a condition ¢ > p,, such that ¢’ € [p,]gy and (Vi < w)(p} < ¢’). Then

(Vn = mo)(pn <q') and ¢’ €U(q,n).

Since U (g, n) isdirectedand ¢’ po, ... , pm, € U(q, nn),the conditionsq’, po, .. .,
Pmo have an upper bound in U (g, n) — let g be such an upper bound. Then q is as
needed to justify 4.2.1(iii). O
Lemma 4.2.3. Assume that (P, t) is a model of topological sweetness.

(I)If p,q eP, p <qandq € U € t, then there is an open neighbourhood V of
p such that

~Mre VY@ eU)r <r).

(2)Ifm € w, p € U € 1, then there is an open neighbourhood V of p such that
any po, ... , pm € V have a common upper bound in U.

Proof. Straightforward. O

Theorem 4.2.4. Suppose that (P, ) is a model of topological sweetness and B, Q
are P-names such that

Fp “ (Q, B) is a model of iterable sweetness .

Then there is dense subset R of the iteration P x Q and a topology T on R such
that P C R and (R, t*) is a model of topological sweetness extending the model
P, 7).

Proof. Let V, be P-names such that

IFp Vo = {@Q} and {V, : 0 < n < w} enumerates 55 \ {#} ”

(note that IF “ (@, {V, : n < w)}) is a model of iterable sweetness ” and also
I« (ZJ@ € V, for all n ”, remember 4.2.1(ii)). Let I be a countable basis of the
topology 7 and let

RE ((p.g) € P+ Q: p#0pand Gn < w)(p -4 € Vi) U0, ).

ForU € U, U = (Up,...,Up—1) € U and i = (ng,... ,nu—1) € » and
k= (ko,... ,ky) Cow(m, M < w) we put

USU, U, 1,50 & {(p.g) eR:peU and (V¢ < M)(plFge Vi,) and
(Ve <m)3p € U)(p < p' & p'IFq € V).

Let(_Z be tl_le collection of all sets of the form U* (U, U,n, IE) (for suitable parameters
U,U,n,k).
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Claim 4.2.4.1. (1) The family C forms a countable basis of a topology on R; we
will denote this topology by t*. (R is an isolated point in T*.

(2)If (p.9). (P'.¢) € R (p.¢) = (p'.¢") and (p'.q") € U* € C, then there is
V* € C suchthat (p,q) € V*and (Yr € V¥)@r' € U (r <71').

Proof of the claim. 1) Should be clear.

2) Let U* = U*(U, (Uy,...,Un-1),{no,... ,nm—-1), ko, ... ,kpy)) and let
p), € Ug (for £ < m)be such that p’ < p, and p} I+ ¢’ € V,,. Choose U, € U such
that pj, € U, € U, and every two members of U, have a common upper bound in
Uy (possible by 4.2.3(2)). Next pick U’, U” € U such that p’ e U C U’ C U
and

e every member of U’ has an upper bound in each of the sets U, ... , U, _,,
e every M + 1 elements of U” have a common upper bound in U’.

Let UT € U be such that p € U™ and each element of U™ has an upper bound in
U”, and let k be such that p I ¢ € V. Put

VE=U*U", (U, ... U

m

_1» U”,‘.‘ ,U”), <}’10,... ,}’l,-,,,l,ko,... ,kM), (k)) eC.

First we show that (p, ¢) € V*. By our choices, p € U* and p I ¢ € Vi. For
¢ < m, p, € U} is a condition stronger than p’ > p and p; I+ ¢ < ¢’ € Vj,,
sopy IFq e Vn[ (remember 4.2.1(ii)). Next, for i < M, we have p’ € U” and
PG <q e€Vi,sop'l-geV,.

Now, suppose that (p*, ¢*) € V*. Then p* € U* and we have conditions
p; € U, (for £ < m) and conditions p;* € U” (fori < M) such that

e p; = p*and pi* = p¥, '
o p;lFg* € Vy, and p* IF g* € V,.

Pick a condition p™ € U’ stronger than all pi* (for i < M). We claim that
(p*,¢*) € U*.Clearly p™ € U and p™ I ¢* € Vj, (fori < M). Fix £ < m. By
the choice of U’, we find p; € U, stronger than p™. By the choice of U}, we find
a condition p; € Uy stronger than both pz and pj. Then py IF ¢* € V,,, and we
are done. m|

Claim 4.2.4.2. Suppose that a sequence {(pr,qx) : k < w) C R is t*~converg-

lng to (pw, C]w), Clnd (pa)v Clcu) € U*(U’ <U07 AR UWL*l)r (”l(), LRI nn’lfl)s ]E) € C
Then there are an infinite set X C w and conditions p; > p, (for £ < m) such
that for each ¢ < m and k € X:

(i) p; € U, pi = P
(ii) pt IF gk € V.

Proof of the claim. Pick pf) e Uy, f) > pe such that pf) IF g, € Vn[ (for £ < m).
Fix sequences (Wf 1 J] < w) €U (for £ < m) such that

L 4 l
° prWj_Hng,

° {Wf : j < w} forms a basis of neighbourhoods of pf).
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Clearly (py., ¢o) € U*(U, (W]Q, el Wj’."_l), (no, ... ,nm_1), k) for every j <
w, so we may pick an increasing sequence (k; : j < w) C w such that

(Vj < @)((pr;» 4k;) € USWU WD, o, WY, (no, o m1), K)).

Let pf;j € Wf be such that py; < pf;j, p,fj - gx; € Vy, (for £ < m, j < w). Bach
sequence ( pfj : ] < w) T—converges to pﬁ) so we may find an infinite set A C w
and conditions p; € Uy (for £ < m) such that

Pz Py = po and (Vj e AV <m) (P} = py)-
Let X ={k;: j € A}. m|

Claim 4.2.4.3. Suppose ((pn, gn) : n < @) C R is t*~converging t0 (pw, Gu)-
Then there is X € [w]® such that:

(&) if (p(D7 Qw) € U*(U9 <U07 s Um—l>7 (n09 R | nm—l)» Ig) € C,
then for some N € w and p; € Uy (for £ < m) we have:
(i) Py Z por (Yn € X\ N)(p} = pn),
(ii) (Vn € X \ N)(VL < m)(p} IF G € Vi,).

Proof of the claim. Let (U : i < w) enumerate all sets U* € C to which (py, §w)
belongs. Apply 4.2.4.2 to choose inductively a decreasing sequence (X; : i < w) C
[@]® such that for each i < w:

it U = U*(U, (Uo, ..., Un—1), (no, ... ,np—1), k), then there are
conditions pé > po (for £ < m) satisfying

(V€ < m)(¥n € X;)(py € Up & py = pu & iy IF G € V).
Next pick an infinite set X € w almost included in all X,,’s. O

Claim 4.2.4.4. Suppose that ((pn, 4n) : n < w) € R t*—converges to (py, 4o») €
U* € C. Then there is a condition (p*, q*) € U* stronger than (py, §,,) and such
that

3%n € ©)((Pn. gn) < (P*. ).

Proof of the claim. LetU*=U*(U,(Uy, ..., Un—1),{no, ..., im—1), ko, . . ., kp)),
and let p¢ € Uy (for £ < m) be such that pt > p,, and p’ I g, € V,,. Pick
U',Ug, ..., U, _, €U such that

m

* poeU CU,pl,eU;C Uy,
e any 3 elements of U; have a common upper bound in Uy,

e every element of U’ has an upper bound in each of Uy, ... , U, _,.
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Apply 4.2.4.3 to choose X € [w]® such that the condition (X) of 4.2.4.3 holds.
Note that then

Po I the sequence (g, : n € X) is B—convergent to g, .
[Why? If not, then we may pick a condition r > p,, and an integer N such that
rlF“gey € Vy & (3%n € X)(gn & VN) ™.

Pick W € U such that r € W and any 2 members of W are compatible, and apply
(X)of4.2.43t0 U*(U, (W), (N), {ko, - - . , kpr)). We get a condition r* € W such
that

V®n e X)r* = p, &r* Ik g, € Vy).

Since r*, r are compatible, we get a contradiction.]
Since (p, : n € X) t—converges to p,, we may find an infinite X’ C X and a
condition p* € U’ such that

p* = pw & (Yn € X')(p* = pn).
Next use (X) of 4.2.4.3 to pick conditions p, € U, and N € w such that
(Vn e X"\ N)(Pl/z > pn and py - g, € Vne and (Vi < M)(py Ik 4qn € Vki))-

By the choice of U’, U, ... , U,,
pi = py. i = pl, (for € < m). .
Now we are going to define a P-name ¢* for a condition in Q. Let A be a

maximal antichain of P such that for each £ < m and r € A:

_; we get conditions p; € Uy such that pj > p*,

e cither r > pZ‘ orr, pz are incompatible, and
e cither r > p* or r, p* are incompatible.

Fix r € A. If r, p* are incompatible, then let g, be (?J@. Assume r > p* and let
I={ng:t<m&r>=p;}Utki:i <M} (#9).

The condition r forces that the sequence (g, : n € X’ \ N) converges to ¢,,, and

4w € (N Vj,and g, € () V; (foralln € X'\ N). Applying 4.2.1(i+iii) we find a
jel jel

P—name ¢, for an element of Q such that

b (Yne X'\ N)Gn < dr & Go < G- & gr € (| V).
jel

Now, let ¢* be a P-name such that r IF ¢* = ¢, (for r € A).

Look at the condition (p*, ¢*) € R. Clearly p* I ¢* € Vk,- (foralli < M)
and p; > p*, p; Ik ¢* € Vy, (for £ < m), so (p*,¢*) € U*. Moreover, if
n € (X'\ N) U {w}, then p* > p, and p* IF ¢, < ¢, so (p*, ¢*) > (pn, ¢n) and
we are done. O
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Claim 4.2.4.5. If (p, g) € U* € C, then there is V* € C such that (p, ¢) € V* and
any two conditions (po, 4o), (p1, g1) € V* have a common upper bound in U*.

Proof of the claim. LetU*=U*(U,(Uy, ..., Upn—_1),{no, ... ,fm—1),ko, ..., kny))
and let py € Uy (for £ < m) be suchthat p < pyand py IF g € Vni. Pick Ulf el
such that p; € U; € Uy and every three members of U, have a common upper
bound in Uy. Also choose U’, U” € U such that p € U” € U’ C U, and each
member of U’ has an upper bound in every U, (for £ < m) and every two members
of U"” have a common upper bound in U’. Put

V* — U*(U”, (U(,), e Ur/nfl)’ <I’l(), ,nm_1>, (ko, ,kM)) eC.

Clearly (p, ¢) € V*. Suppose now that (pg, §o), (p1,¢1) € V* and let pé € U, be
such that p!, I g; € V,,, and p; < p} (fori =0, 1 and £ < m). Also let p* € U’
be stronger than both pg and py, and for each £ < m let pj € U, be stronger than
both p* and p? and pé. Now, like in the proof of 4.2.4.4, choose a P-name ¢* for
a condition in Q such that

p*IF“g* > go & ¢* > ¢ 7, and
p; IFq* e V,, " fort < m,and
prIF g € Vi, " for & < M.

(Remember that the sets [ Vj are forced to be directed by 4.2.1(i+ii).) Then
jel
(p*, ¢*) € U* is a condition stronger than both (pg, go) and (p1, ¢1). O

Now we may put together 4.2.4.4, 4.2.4.1(2) and 4.2.4.5 to conclude that the
topology t* satisfies the demand 4.1.3(iii), finishing the proof of the theorem.

Note that (p, @Q) € R for each p € P and the mapping p — (p, (?)Q) is a
homeomorphic embedding of (P, t) into (R, ), so we may think that t is the
restriction of t* to P € R. Moreover, under this interpretation, IP is an open subset
of R. O

Proposition 4.2.5. (1) In the cases discussed in 1.1.14(1,2), the forcing notion un-
der considerations is topologically sweet, provided K is countable.

(2) If (K, X) is a really finitary (see 1.3.3) linked tree—creating pair, and f is a fast
function, then the forcing notion Qt;ee(K , ) is topologically sweet.

(3) Letp = (K, X, F, G) be a universality parameter for H. Assume that
(a) F is either countable or <w) — <*—directed, and
(b) foreachn € | [] H@) there is ™ € LTCR,[H] N K such that

n<wi<n

(Vt e LTCR,[H] N K)(t € E(tf]nax)).

Then the forcing notion Q"¢ (p) is sweet (and thus iterably sweet, provided
elements compatible in Q¢ (p) have the least upper bound).

Proof. 1) Let (K, X, 1) be a ®—creating triple for H : @ —> H(w1). Suppose
that (K, £, ©1) is linked, gluing and has the cutting property.
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Forc = (w,fg, ... ,t,) € FC(K, =, ¥ and N < w let

U, N)={peQi (K, 2, 2wl =w & Vk=<n)t]=1t) &
(Vk > n)(nor[t]] > N)}.

Let 7 be the topology generated by the sets U (c, N) (for ¢ € FC(K, ¥, 1) and
N < w) and{?)@go(K,):‘El)}. Itis straightforward to check that (Q%_ (K, X, =), 1)
is a model of topological sweetness.
Other instances of 1) and 2) can be handled similarly.
3) We consider the case when F is countable only (if F is <w; — <*—directed
the proof is similar). We put D = Q"®(p) and we define relations E,, (forn < w)
on D as follows:

po En p1 if and only if

NPO = NP1 fP0 = fPI and

(Vn e TP)(h(p) < N +n = peTP &7 =),

We claim that (Q*¢(p), D, (E, : n < w)) is amodel of sweetness. Plainly, each E,
is an equivalence relation with countably many equivalence classes, E,+1 € E,.
Similarly as in 2.3.6.1 one can show that the equivalence classes of each E,, are
directed and that the clause 4.1.2(v) is satisfied. Let us show that the demand
4.1.2(iv) holds.

So suppose p; E; p, (fori > n,n < w). Thus fPi = fPo = f NP =
NP = N (for i > n). We build inductively a system (1, : n € T) € Qj**(K, Z)
as follows.

First we let My = N + n and we declare

neTr &lh() <My = neT&ty=rtl.

Suppose that we have defined (¢, : n € T &lh(n) < M) € FC(K, %) already. Pick
M; > M; such that for some nﬁn, nﬁp we have M} < nﬁ < nk < Fg(n p) < M;

and
(the - n e TP &1h(y) < Mp). ng,. ngy. f 1. ni,)) € G.
Next, choose My and nﬁni, nﬁp' (fori € [n, M’]) such that M < nﬁn”, ﬁnl

net < F9(nky) < nkitlo, Fg(nup 4 < My and

(el = € TP & Th(n) < Myp), ngy,nbyl, f 1ngy . néi 1) € G.

Let (tk n e Sk) € FC(K, X) be such that root(Sx) = (), lev(Sx) = My4+1, and
t77 = 17 when Th(n) < M; and t,’y‘ = ;"™ when M; < 1h(n) < lev(Sk). Apply
repeatedly 2.3.3(¢) to get (1, : n € T & 1h(n) < My41) € FC(K, X) such that

<

kM| kM,
({ty :n € T &Ih(n) < Myq1), nly nup . flInky nup “D) € G,
and (t) : n € T & Ih(n) < Miq1) < (1€ € §), and
(ty :n e T &1h(n) < My41) < (tg’i in e TPy foralli € [n, M}].

Note that then (¢, : n € T & lh(n) < My41) < (t,f" :npeTPi)foralli € [n, w].
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After the construction is carried out one easily checks that g = (N, (t;, : n €
T), f) € Q"(p) is a condition stronger than all p;’s (fori € [n, w])and g E, pe.
O

Definition 4.2.6. Suppose that a function h : © X w —> o is regressive, F C
(w\ 2)%, and (K, X) is a local creating pair for H. We define Q?(K, Y) as the
suborder of Q%=(K, X) consisting of conditions p € Qx(K, X) such that

Af € F)Vk < ) (Vn < o) WO @m™ | [nor[s1]) = f(m™)),
where hR* D (i, j) = h® G, h(i, j)), KOG, j) = j.

Remark 4.2.7. Note that the norm condition introduced in 4.2.6 is in many cases
nothing new. If for each f € F thereis f € F such that

Yk < 0)(V®n < o)W (n, f(n)) > fT(n)),
then clearly Q}(K, Y) = th(K, ).

Proposition 4.2.8. Let h : w x @ —> w be regressive and F C (w \ 2)® be a
countable family. Assume that (K, 2) is a local h-linked creating pair for H such
that K is countable and

(x) ifs,t € K and s € X(t), then nor[s] < nor[¢].
Then the forcing notion Q’}-(K , 2) is topologically sweet.
P_roof. For a finite candidatg ¢ = (w,t,...,t4ty) € FC(K, ) and sequences
f={(fe: <€y Fandk = (kg : £ < £*) C wwelet
U, fh)={peQuK.D):wP=w & (n<m) =1) &
(Ve < €)(¥n > m)(h (mfy, nor[i7 1)) = fem)) &
(Ve < £)(Vk < 0)(¥°n < @) (h® (ml},, norl11]) = fu(m'®) ).

Plainly the sets U (¢, f, k) (for suitable ¢, f, k) and {@Q’} ( K’E)} constitute a basis

of a topology t on Q}}(K, ). It is not difficult to check that (Q}]‘_-(K, ¥), T)isa
model of topological sweetness. O

4.3. The sour part of the spectrum

The main point of the sweet properties is that amalgamations of sweet forcing
notions are ccc, see 4.1.5. A kind of opposite behaviour is when amalgamating
results in a forcing notion that collapses w1 . This effect will be called sourness, and
we have a number of variants of it (see 4.3.2 below).

In this part, whenever we use Q-names for elements of a space X = [ H(i),
i<w
we assume that they are in a standard form. Thus, a Q—name 7 for areal in X is a
system

(q:]”k:n<a)&neHH(i)&k<Nn),

i<n
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where qi’; « €Q Ny <wandforeachn <

(aps:ne ] [HG &k < Ny)

i<n
is a maximal antichain of QQ, and

1h
van = (Vk < Ny)@Em < N,) ("W < qn’}j)).

vm —

(The intension is that q,’;,k IFn < t.) If (Q is ccc and) 7p is a Q—name for an
element of X then there is a standard name ¢ such that |- 79 = t. The point of
using standard names is that their specific forms allows us to bound the complexity
of some formulas; see, e.g., [1, 3.6.12].

Context 4.3.1. Let P, W, X be as in 3.1.1, and let Qg, Q; be Souslin ccc forcing

notions. Suppose that, for £ < 2, 7, is a standard Q;—name for an element of X’
onto

Furthermore, suppose that there are isomorphisms f; : RO(P) — (RO(Qy))+,
mapping W onto 7 (i.e., f¢([n < Wlrow)) = [n < tellro@y))-

Let r be a real encoding all parameters required for the definitions of the above
objects (including partial orders and the respective incompatibility relations).

Definition 4.3.2. Let P, W, X, Q;, t¢, fe, r be as in4.3.1.
(a) The amalgamation Qq x g, 7, Q1 will be also denoted Qo x =+, Q.
We say that

(b) (Qo, o) is weakly sour to (Qq, 1) if the amalgamation Qg X ¢y—¢, Q1 fails the
cce;
(c) (Qo, to) is sour to (Qq, 1) whenever the following condition holds:

(@) if V C V' are universes of ZFC,r € V, Gy, G1 € V/, Gy C (@X is generic
over V and t'OGO = r'lG', then V' = a)}' is countable ”’;

(d) (Qo, 7o) is explicitly sour to (Qq, t1) if there are sequences (E,, : m < w) and

(qéyn ta < w &n < w)(for £ < 2)such that

(i) each E,, is an equivalence relation on w1 with at most countably many
equivalence classes,

(ii) {qﬁ,n :n < w} € Qy is predense in Qq (for each a < wy, £ < 2),

(iii) ife < B < w;,m < w, a E, B and no,ny < m and both (qg‘no,qoltynl)
and (qg’no, q;j’nl) are in the amalgamation Qg X ;y—=¢, Q1,  then the con-
ditions (qg’no, q;m), (‘1,(3),;10’ qé’nl) are incompatible (in Qo x =z, Q1);

(e) (Qo, to) is very explicitly sour to (Qy, 71) if there are a closed perfect subset

C of w® and Borel functions g; : C x @ —> Qq such that

(i) {ge(x, n) : n < w} is predense in Qq (for each x € C, £ < 2),

(ii) if xo, x1 € C are distinct, xo|m = x1[m, ko, k1 < m, then there aren < w

and disjoint sets Ay, A1 C [] H(i) such that for £ < 2:

i<n

(Vg € Qo) (lg = ge(x0, ke) & g = ge(x1, k)] = g l-1ln € Ayp).
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We say that Q is sour to Q1 over (P, W) if there are names t, t| (as above) such
that (Qo, to) is sour to (Qq, t1) (and similarly for the variants).

A forcing notion Q is sour over (P, W) if it is sour to itself over (P, W) (and simi-
larly for the other notions).

We may skip W and say “over P” if it is clear what W we consider.

Remark 4.3.3. Sourness (4.3.2(c)) is a strong way to say that the amalgamation
Qo %=, Q1 collapses w;. Explicit sourness (4.3.2(d)) guarantees that we have a
nice witness for the collapse, see 4.3.4 below. What is the point of “very explicitly
sour”’? On one hand that condition implies that the amalgamation collapses the
continuum, and on the other hand the name for the collapsing function is encoded
in a nice way by a real. Note that the properties of the functions gg, g required
in 4.3.2(e)(i,ii) are H{ (remember that 7, are standard names), and thus we have
suitable absoluteness.

Proposition 4.3.4. Let (Qo, t0), (Q1, ©1), (P, W) and r be as in 4.3.1.

(1) If (Qo, t0) is explicitly sour to (Qy, 1) in every universe V of ZFC containing
r, then (Qo, o) is sour to (Qq, t1).

(2) If (Qo, 7o) is very explicitly sour to (Qy, t1) with functions go, g1 witnessing
this, then (Qq, to) is explicitly sour to (Qq, 11) in every universe of ZFC con-
taining r and (the Borel codes for) go, g1.

Proof. 1) Suppose that V C V' are universes of ZFC, r € V, Gy, G| € V/,
Gy C QX is generic over V and r'OGO = i'lGl.

Assume V' = a)}/ = w.

Claim 4.3.4.1. (1) If g¢ € Q¢ and (qo, 1) ¢ Qo X¢,=¢, Q1, then for some disjoint
Borel sets By, B1 C X we have qg IF t9 € Bg and g1 I ©1 € By. Consequently,
if qo € Go and q1 € Gy, then (qo, q1) € Qo X =7 Q1.

(2) If (q0.41)- (@) 4}) € Qo Xsg—t, Qi are incompatible in Qo X 1y—t, Q1 then
for some disjoint Borel sets By, By € X we have (for £ =0, 1):

VpeQi(pzq&p=q; = pl-teBy.
Proof of the claim. Straightforward if you remember 3.1.6. O

Now, let (E,, : m < w), <‘1£,k Ta < w}/, k < w) € V witness that (Qg, p) is
explicitly sour to (Qq, 1) (in V). By 4.3.2(d)(ii) we know that, in V’,

(Yo < 1) Ghg. ky < ©)(gg 0 € Go & g, 41 € G).

o’ o
For some k%, k! < w the set
Y=o <o k) =k &k, =K'}

isuncountable. Letm = k%+k'+1. It follows from 4.3.2(d)(i) that there are distinct
, B € Y suchthata E,, B. By 4.3.4.1(1) we know (g2 5,4} 1) (qg 40 q}s o) €
Qo x #y=, Q1, so by 4.3.2(d)(iii) these two conditions are incompatible in Qg X z,=1,
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Q1. But then, using 4.3.4.1(2), we find disjoint Borel sets By, By € X such that
r'OGO € Bp and flG' € By, a contradiction to r’OGO = ‘i'lGl.
2) LetV contain r and g, g1. Working in V, pick a sequence (x4 : & < wq) of

pairwise distinct members of C. Put:
L4 QS,n = gO(x(x» n), qol,,,, = &1 (Xq> 1),
o o E, Bif and only if xo [m = xg[m.

Now check. O

Proposition 4.3.5. Let r, P, W, Qe¢, t¢ (for £ < 2) be as in 4.3.1. Moreover, let
Qe, We, X, Hy (for £ < 2) be as in 3.1.1 (with the real r encoding all the needed
parameters). Assume that

(a) wy is not an inaccessible cardinal in L,

(b) (Qo, 7o) is sour to (Q1, 71),
(c) for every real s and a Borel set B C Xy coded in L[r, s], if B ¢ I@@,Wz then
there is an ZQZ’W[—generic real over L[r, s] belonging to the set B.

Then there is a Z; set which does not have Ip ,—Baire property.

Proof Since Q¢, W, are as in 3.1.1, we have a nice description of Qg—names for
reals, see 3.1.7. So we have Borel functions h : Xy —> & such that IFg, 7, =
he(Wy). It follows from the assumed properties of 7, that

(*)1 forevery Borel set A C X,if A ¢ IIP’,W then h;l [A] ¢ IQz,sz'

(Note that &y is coded by the real r as well.) Since w; is not inaccessible in L, for

some real a we have a){“[”] = wj. Let

X¢={x e X :for some ), \y; —generic real y € X; over L[a, r] we have h(y) =ux}.

(Note that if y is IQ(’ W, —generic over L[a, r], then it determines a Qz‘[“’r]—generic

filter G C Q;ﬁ[“’r] over L[a, r] and h¢(y) = t7; remember 3.1.5 and the choice of
he.)

(*2) X isa X subset of X;.

[Why? Note that, by 3.1.3(4), the formula “c is a Borel code for a set fc € & and
fic € I@z, W/z” is (equivalent in ZFC to) a H; formula. Hence easily the formula “y

is IQ[’WK—generic over L[a, r]” is Hé.]

(x3) Forevery Borel set B € X, if B ¢ Zp yj, then X N B # {.
[Immediate by (*1) and the assumption (c).]

(x4) XoN X1 =40.

[It follows from the sourness and the assumption that a)%[a] = wi.]
Finally note that (x3) + (*4) implies that both sets X¢, X; do not have the
Ip yy—Baire property. O
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Corollary 4.3.6. Suppose that r, P, W, Qq, ¢, Wy are as in4.3.5, and clauses (a)-
(c) there hold, and Qg = Q1, Wo = Wy. Assume additionally that, for some k < w,

there are Q(()k)—names ,('),?, pl} (for £ < 2) and a Qo—name t such that
(d)IFg,“t € Xis IP’W—generic overV 7,
(e) ”_Qg‘) “ pg, p'} e Xy are IQO’WO—generic over V 7, and for £ < 2 and every

IQO’WO—positive Borel set B C Xy there is q € Q(()k) such that q |- ,(')2 eB”,
() ”‘ng) “t[pd] = telp}] .

(Above, @(()k) stands for the iteration of length k of the forcing notion Q.)
Then there is a projective subset of X that does not have the I@o, yy,—Baire property.

Let us turn to getting sourness for some of the forcing notions discussed in
this paper. Of course, because of 4.1.5 the forcing notions covered by 4.2.5 are not
sour (they are in the sweet kingdom, after all). However, there are sour examples
around. Let us introduce them starting with exotic norm conditions which were
chosen specially with the sourness in mind.

Proposition 4.3.7. Let (K, X) be alocal forgetful and complete (see 2.2.7) creating
pair for H.
(1) Assume (K, X) is linked and
(@) (Vn < ) (H@)| > 2", ]
(B) (K, g) is a I-norming system for H (see 2.2.8), K = (K; : { < w),
g§=1(gp:p€2=9),
(y) if AC H(n), a € A and nor[t’;] > 1 then nor[t/’}\{a}] >nor[r}] -1,
(0) letting Ay, = H(n) \ {gp(n) : p € 2€}f0r n € Ky, and A, = H(n) for
n ¢ |J Kq, we have lim nor[t); ] = oo.
l<w n—o00 n
(Above, forn € wand A € H(n), t;{ is the unique creaturet € K with mgn =n

and pos(r) = A; see 2.2.7.)

Then the forcing notion Qfo’g(l(, ) (see 2.2.8) is very explicitly sour over
Cohen. )
(2)If(K,X),(K,g)andH are asin (1), and f : ® X o —> w is fast and

(Vn < )(¥i = n)(f(n, i) < norltly; D,

then Qlf’g(K, X)) is very explicitly sour over Cohen.

(3) Assume that h : @ x @ —> w is regressive, F C (w \ 2)% is h—closed, count-
able and >*—directed. Suppose that (K, X) is h-linked and clauses (o) — (y)
hold true, and
(81) for A, as in (8), for each f € F we have (Y*°n € w)(f(n) < nor[tl’z”]).

Then the forcing notion Qg’g(l(, X)) is very explicitly sour over Cohen.
(4) Assume that (K, X) is linked, satisfies the demand 1(y ), and lim nor[tﬁ(n)] =
n—oo
o0. Let U = (Uy i : p € 2<% & k < w) be a 2-norming system (see 2.2.10).

Then the forcing notion QOUO(K, 3) (see 2.2.10) is very explicitly sour over
Cohen.
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(5) Similarly for forcing notions Q? (K, %), Qg-(K, Y)) (under assumptions par-
allel to that in 2,3 above, with clause (87 ) replaced by just f(n) < nor[tI”{(n)]
forn < w, f eF).

Proof. 1) Let us think about the Cohen forcing C as the set of partial functions
from 2= to 2 with the relation of extension; H¢(p) = 2 for p € 2<% (so we
interpret @ as 2= %), and W¢ is the natural name for the C~generic real in 227,

Let W be the name for Q54 (K, ¥)-generic real, ie., IF W = J{w? : g €
FQ“(K 2)}' Let 79, 7 be standard Q%8 (K, )-names for functions from 2<¢
to ZOosucﬁ that

e i(p) = lifand only if (Im € Kin(p)+1)(W(m) € {gp~0)(m), gp~1y(m)}),
e 71(p) =1—1(p).

Claim 4.3.7.1.

I+

(T3 > b »
R 19, t1 are C—generic over V ”;
Qu*(K, %) ’ &

moreover ([T, € B]| 0 # 0 for any non-meager Borel set B C 22" Hence

okt T
(C, We), (QSA(K, ), 1), (QNA(K, ), 1) are as in 4.3.1.

Proof of the claim. Letq € Qfo’g(l(, ) and let pg, ... , px € 2% be such that

11 14
0 EZZ&mén € Ky & gp(my,) ¢pos(tiq) = p<pp V...V p<pk.
Pick N > lh(w?) such that pg[N, ..., px [N are pairwise distinct and

q
(@) m;"n >N = nor[t/]>2, and
bd)n>N = nor[tf‘n] > 2, where A, is as in the assumption (4).

Suppose M > Nand h : {p € 2<% : N < lh(p) < M} —> 2. Build a condition
p= (w”,tg,tf’,...) such that
q

(©) w? < wP,wP(m) e pos(t;l) ifm = mz{n < Ih(w?), and tip € E(t]q) whenever
14 t?

My = My
(d) if N < 1h(p) < M, h(p) = 1, then for some m = m(p) € Kin(y)+1 we have

q

m < lh(w?) and w?” (m) € {g,~0)(m), go~1)(m)} ﬂpos(tl.q), where mgn =m,

q
(e) if mi{n > lh(wP) then norf[t] > 2M+3,
(f) if m < Ih(w?) is not any of the m(p)’s from clause (d) above (for 2(p) = 1),
m e K¢, £ > N (som > N), then wP(m) € pos(tl.q) \ {gp(m) : p € 26},
q

where mgn = m (remember: (K, X) is linked and (a)+(b)),
q

(g) ifm=lh(w?P)+iec Ky, N <€ <M-+1and m:{n = m, then tip € E(t;]) is
such that
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nor(t/] > nor[tj] —2M*1and  pos(t’) N {g,(m) : p € 2t = ¢
(remember assumption (y) and clause (e)),

M g
(h) ifm =th@?) +i¢ J Kem=mg, then” = 1.
{=N+1

It should be clear that we can build p € @éi;g (K, X) satisfying the demands (c)—(h)
and thattheng < pand p IF h C 7.
Now we easily conclude that 7 is Cohen over V; the rest should be clear too. O

Forp € 2 and k < wlet p, i € Qfo"é(K, ¥) be such that wPr:k = (), if
icKypi>k, thenpos(lipp’k) =H(@) \ {g,¢(i)}, and if eitheri <kori ¢ |J K¢

lew

then POS(lipp’k) = H(i). Note that the function g* : 2© x 0 — QX%(k, %) :
(107 k) = Pp.k is Borel.

Claimﬁ4.3.7.2. (1) For each p € 2% the set {ppox : k < w} is predense in

Q&4 (K, %),
(2) If po. p1 € 2%, polm = p1lm = o, po(m) =0, p1(m) = 1 and k < m, then

(Vg € QX5 (K, )@ > ppok &4 > s = qlF to(0) = 0).

Proof of the claim. (1) Straightforward.

(2) Note thatif ¢ > ppy k> ¢ = pp, k then foreachi,n = mfi’t; € K41 implies
(n >=m+1 > kand) gp1omt+1)(1), oy [m+1) () & pos(tiq) (and, of course,
o 0) = pol(m+1),0 (1) = p1[(m + 1)). Also, it n < lh(w?),n € K41, then
(n >k and) w7 (n) ¢ {gpy1m+1)(M), &py [m+1)}- o
Now one easily shows that (@fo’g(K , X), tg) is very explicitly sour to (Qfo’g
(K, %), 7).
2),3) Similarly.
4) Here we think about the Cohen forcing C as the set of finite partial functions
from 2<% x w to 2 ordered by the extension; H¢, W¢ are interpreted suitably.
For each n < w pick a, € H(n). Let W be the name for ng (K, X)—generic
real, and take standard ng(K , ¥)—names 7o, ] for functions from 2<% x w from
2 such that

e iy(o, k) = 0if and only if (Vi € Us~)x U UGAU),]{)(W(YZ) #* ap),
o t1(0,k) =1— 19(0, k).

Claim 4.3.7.3.

H—QU (K.5) “ 19, t1 are C—generic over V ”;
o¢] )

moreover [ty € B]]Q[/ # 0 for any non-meager Borel set B C 227 Hence

(K.%)
(C, We), (QU(K, =), %), (QL(K, X), 1) are as in 4.3.1.
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Proof of the claim. Quite similar to 4.3.7.1. O

Now, for p € 2? and n, k < w let pz’k € QQO(K, Y)) be such that w”Zk = (),

n n,k
andifi € Uy i, m < w,n < i, then pos(tip”’k) = H() \ {a;}, and pos(tl.p” ) =
H(i) is all other cases.

Claim 4.3.7.4. (1) For each p € 2% and k € w, the set {pz,k 1 n < w} is predense

in QU (K, %).
(2) Ifk < w, po, p1 € 2%, polm = p1lm = o, po(m) # p1(m) and n < m, then

(Vg € QUK. ) (q = Pl &q =Pl = qlkt(o.k)=0).
Proof of the claim. Straightforward. O

Now we easily finish.
5) Similarly. O

Definition 4.3.8. Let (K, X) be a local creating pair for H and let F C (w\ 2)%.
A sourness system for (K, X, F) is a pair (g, £) such that

(@) € = (ly : k < w) C w is increasing,
(B) & =1(g0:p€2=?),if p € 2K then g, € T] P(H()), and
i<ty

p<p = g gy,

(y) for each n € [{y, bry1), k < w, the sets {g,(n) : p € 2k + 1} are pairwise
disjoint and non-empty, and H(n) \ | J{g,(n) : p € 2k + 1} # 0,
@) iff e F,{to,11,...) € PC(K, X) (see ].I.9),mffn = Ly, mor[t,] > f(n+Ly,)
forn < w then:
(i) for some N < w, for each k > ko, we have

Hpe2X T 1 jin € [l tug) + 8o NPOS(r—e,) # B} <21 < N,

(ii) for some k1 > ko we have
(Vk = ki)(¥n € [6. s 1)) (pos(tu—g, )\ | lgp () - p € 28T 1y 2 )

Theorem 4.3.9. Suppose that h : w X w —> w is regressive, and F C (w \ 2)? is
a countable h—closed and >*—directed family. Let (K, X) be a local, h—linked and
complete creating pair for H such that

(a) for some f* € F we have that (Vn < a))(nor[tﬁ(n)] > f*(n)) (see 2.2.7),
(b) t_here is a sourness system (g, Z) for (K, 2, F); letg = (g, : p € 2= W)
L=l : k < w),

(c)if ACH®), b <n < lier, p € 28T Land A\ g,(n) # 0, then

s

nor[tg’\gp(n)] > h(n, nor[r}]).
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Then the forcing notion Q%= (K, X) is very explicitly sour over Cohen.

Proof. Here we interpret the Cohen forcing notion C in the standard way, i.e., it is
(2<%, <) (and H¢, W are natural).
For p € 2% let g, = | gpi € [] P(H()) (remember 4.3.8(8)). Let W

iew icew
be the canonical name for the %’}(K , ¥)—generic real and let 7y, 7] be standard
Q% (K, ¥)-names for reals in 2% such that

e 79(k) = 0 if and only if there are pg, p; € 2% such that pglk = p |k,

po(k) # p1(k) and (Yn = €) (W (n) & gpy(n) U gp, (1))
e t71(n) =1—19(n).

Claim 4.3.9.1. (C, W¢), (Q%(K, %), 70), (Q(K, ), t1) are as in 4.3.1.

Proof of the claim. We will show that 7y is (a name for) a Cohen real over V; then
the rest should be clear.

So suppose p = (wP, 1§, t],...) € Q¥%(K. X) and we may assume that
Th(w?) = £y, ko < w. For k > ko let

def
T =TS p ek T jn e 1t i) s gom) Nposti!, ) # B} < 241,
and let NV be such that (Vk > ko) (| x| < N) (remember 4.3.8(5(i)). Let

up ={i <k:@3po, p1 € Yr)(poli = p1li & po(i) # p1(i))}-

Clearly, for all k > ko, |ux| < N, and thus we may choose an infinite set A C w
such that {u; : k € A} forms a A—system with the heart, say, u*. Take k; >
max(u™®) + kg + N such that

(k1) (Vk = k) (¥n € [ex, L) (pos(e)_y, )\ Ulgp(m) : p € 26T 1} 7 9)

(remember 4.3.8(4(ii)) and suppose that v € [k1, k2), ko > ki. We are going to
build a condition ¢ > p such that

q - (Vj ek, k2)(T0(j)) =0 & jev).
To this end, pick i > k» such that

(x2) u; N[ky, kp) = @, and
(x3) for some f € F we have

(V= Lig)(f (1) < h™) (. morls,, 1),

where h*tD (1, m) = h(n, KO (n, m)).

(Possible by the choice of k; and the assumption that F is h—closed.) Since |Y;| <
N < 2k we may find p* € 2% such that p*[k; ¢ {0 k| : 0 € Y;}. For k € v fix
pr € 2¢ such that p [k = p* [k, pr(k) = 1 — p* (k).

Let(o; : j < 2/*!1—|v|—1) enumerate 2! I\ (p*1G+1), pelG+1) 1 k € v).
By induction on j < 21+l _ |y| — 1 define nj‘ € [4i, £i+1) U {x} as follows:
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if thereisn € [€;, £i+1) \ {nj., : j/ < j} such that 8o; (n)N pos(tr’l:[ko) #* 0,
then nj is the first such number,
otherwise nj is *.
Now we choose w?, 1, 1, ... so that:
() Th(w?) = €41, wP <wi; A
@) if n € [4;,4i41), n = nj j o< 2t — v — 1, then wi(n) € 8o;(n) N
pos(t,i’,gko);
(iii) if €y, < n < £y,, then w?(n) € pos(t,f%ko);
@iv) ifn e [Lr,, £) U ([£;, Lit1) \ {n;‘- j< 21+l _ |y| = 1}), then

w(n) € pos(t!_, )\ [ Jlgpm :p e 2 T,

) 1l e E(tf+li+1—fk0) is such that nor[#,/] > f(n + £;41) and

(802 + Lix1) U g (n + £ig1)) N pos(e) = 0

kev
(where f is given by (k3)).

[Why is the choice possible? Demands (i)—(iii) are easy; (iv) can be satisfied by
(1), remember 4.3.8(8); (v) is possible by the assumption (c) of the theorem and
(*3).] One easily checks that the demands (i)—(v) imply ¢ = (w9, tg , tf’, ...)isa
condition in Q% (K, X) stronger than p. Also, by (ii)+(iv)+(v),

g IF (Yk € v)(Yn = L) (W (n) ¢ gp+(n) U gp, (n))

(remember 4.3.8(y); thus 8o, (n) Ngpx(n) = 8o, (n) N gp, (n) = ¥ in clause (ii)).
Hence g I+ (Vk € v)(ip(k) = 0). Now we argue that ¢ I+ (Vk e.[kl,kz)\
v)(to(k) = 1). If not, then for some k € [k1, kp) \ v we find ,00+, ,o]Jr el t 1 such
that

po Tk =pi Tk, py (k) # pf (k) and
(Vn € [l igD)) T (1) ¢ g, () U g, ().

Necessarily, {p(‘)", ,01+} ZA{p*1+1), pr (i + 1) : k € v}. Moreover, ifp[ €foj:
J <2 —|u| = 1}, then p € Y; (as if p = o; ¢ Y; then n* € [£;, Liy1)
and wq(nj) € gp;(njf)). Since p*k) ¢ {o ]k : 0 € Y;}, we may conclude that
pg, ,01+ €foj:j< 2i+1 _ |y| — 1} (and thus both are in Y;). However, then we
get k € u;, what contradicts (x7). m|

Forp € 2® andn e wlet p, € Q% (K, ¥) be such that wPrn = (), t,f”’"

for k < n, and t]fﬂ.n = zﬁ(k)\gp(k) for k > n. Let

_ ok
= @y

80.81:2Y xw —> Q%(K, ) : (p,n) = ppn.
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It is straightforward to check that gg, g1 witness (Q*}-(K , 2), Tp) is very explic-
itly sour to (Q*}-(K, %), t1) (note that if k, K < m, po, p1 € 2%, polm = p1|m,
po(m) # p1(m) and g > go(po. k), g1(p1, k'), then g IF* 79(m) = 0 & t1(m) =
17). O

Remark 4.3.10. In 4.3.9, in the assumptions on the family F, instead of demand-
ing that “ is countable h—closed and >*—directed”, we may require that “F is
h—closed and either countable or >*—directed”, and then conclude that Q;_-(K ,X)
is explicitly sour. The “countable and >*—directed” assumption is needed only to
be in the context of 4.3.1 (i.e., to make sure that Q}(K, Y)) is Souslin).

4.4. Conclusions

Conclusion 4.4.1. (1) Let H : @ —> H(w1). The following forcing notions are
topologically sweet:
(2) Q% (K, Tn, By) of 1.5.3 and Q% (K155, T155. Bi's.5)s
(b) Q?(K].Sj, ¥15.7) for f asin 1.5.8(1), and Q}(K]j], Y157) for F as
defined in 1.5.8(2) (the “e.g.” part).

Conclusion 4.4.2. The forcing notions Q"°¢(p) for the universality parameters p
defined in 2.4.7, 2.4.9 and 2.4.10 are iterably sweet.

Conclusion 4.4.3. LetH : « — w, H(@{) > 22! ,and let & be as in 1.5.9.

(1) Let fko(n) = max{2, H(n) — 2"} and Fy = {fko : k < w}. Then the forc-
ing notion Q}O(K 159, 215.9) (constructed for H as in 1.5.9) is topologically
sweet.

(2) Let fkl (n) = max{2, H(n) — 2k}, F| = {fkl : k < w}. Then the forcing notion
Q;_-l (K159, X1.5.9) is very explicitly sour over Cohen.

Similarly if sz(n) =max{2, H@n) — (k2")}, F», = {fk2 k< w).

Proof. (2) We are going to apply 4.3.9. First note that even though (K59, ¥1.5.9)
as defined in 1.5.9 is not complete we can easily make it so, or restrict our attention
to the forcing notion below some condition (the problems with completeness come
from the technical requirement in the definition of r € K| 5.9 that E; # ¢).

We are going to build a sourness system (g, ?) for (K159, £15.9, F1) such that
the demand 4.3.9(c) holds.

Let o =0, £gy1 = £ + 22" For p € 2<? pick g, such that

(@) if p e 2K theng, € [[ H(i).and p <1 p' = g, < g
i<ty
(b2) if n € [€k,2k+1), kK < w, then there are no repetitions in the sequence

(gp(m): p e 2k + 1),
We claim that, letting £ = (¢, : k < o) and g = (g, : p € 2=?), (g, ) is as
required (we identify H(7) with [H(i)] 1 , of course). Clauses 4.3.8(«)—(y) are clear.

Suppose that (fo, 11,...) € PC(K159, Z159), m" = n, dis[t,] = (n, E,),
nor(z,] > f;,(n). Then, for large enough n, |E,| < 2V, so let M = max{|E,]| :
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n < w}. Assume that p; € ok +1 (for i < M) are pairwise distinct. By (65), for
each n € [€y, £xy1) thereisi < M such that g, (n) ¢ E,. Hence for some i < M

G — b 2%
M+1  M+1
Hence we easily conclude that 4.3.8(5(i)) holds. The demands 4.3.8(48(ii)) and

4.3.9(c) are even easier.
n
For J; we proceed similarly, but we choose g, so that g,(n) € [H(n)]2 ..o

Hn € [k, €xt1) = gp;(n) ¢ En}| =

5. Epilogue

A general problem that we have in mind in this paper is classifying “nice” ccc
forcing notions, in particular finding dividing lines in this family, or at least natural
properties. We should explain what we mean. A forcing notion is “nice” if it has
a quite absolute definition, so Borel is natural, but Souslin is more central (see
1.3.1 and also [19]), but we may be happy with just “one of the form presented in
this paper”. A dividing line is a property of such definitions, so that both it and its
negation is meaningful (that is we can prove theorems from both). Thus a dividing
line may serve as a division to cases in solving problems. (On parallel in Model
Theory see [26] and [23].)

The first (possible) dividing line we considered here is determined by “being
w-nw-nep” (or just “being very Souslin ccc”). In some sense, one can consider
very Souslin forcing notion as those which are really close to random and Co-
hen. We have examples of very Borel ccc forcing notions (see 1.5.8(2), 1.5.11,
1.5.15(3)), and forcing notions which are not w—nw—nep (see 1.5.4, 1.5.6, 1.5.8(1),
1.5.15(1,2)). The argument for “not being w—nw-nep” was in all cases the same:
adding a dominating real. So we arrive to the following question.

Problem 5.1. Suppose P is a Borel ccc forcing notion which is not equivalent to a
w-nw-nep forcing. Does P add a dominating real?

If one looks at 1.3.4(3) and 1.5.11, then the following (perhaps less central but
still intriguing) question related to w—nw—nep forcing notions arises.

Problem 5.2. Assume H, K, 3, F and & are as in 1.3.4(1c) or as in 1.3.4(2b). Is
the forcing notion Q’=(K, ¥) (or Q‘jr_-ee(K , ), respectively) very Borel ccc? (Of
course, we are interested in non-finitary (K, X).)

The second dividing line originates in [24] and studies of the Baire property (and
measurability) of projective sets. To get a model in which all projective sets have
the Baire property, [24] uses sweetness while [31] applies topological sweetness.
However, the use of the two variants of sweetness might be slightly confusing. What
we really need for this type of construction are two properties, say, (a)-sweetness
and (b)-sweetness such that

(i) if Pis (a)-sweet and Q is a P-name for a (b)-sweet forcing notion, then Px Q
is (a)—sweet,
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>ii) if Py, P are (a)-sweet then for sufficiently many forcing notions Q and their
two complete embeddings f; : Q — RO(IP;), the amalgamation Py x 7, £,
P is (a)-sweet,

(iii) the Universal Meager forcing notion UM is (b)—sweet,

(iv) (a)-sweetness implies the ccc.

(Note that in (ii) we do not require that all amalgamations are (a)-sweet, we just
need to cover the amalgamations needed to ensure suitable homogeneity of the
Boolean algebra we construct; see [6]) To some extend this approach was materi-
alized in 4.2.4: the topological sweetness may serve as (a)-sweetness and iterable
sweetness is a good candidate for (b)-sweetness. It should be remarked here, that
it is quite surprising that compositions of (topologically) sweet forcing notions
with the Universal Meager UM (or the Hechler forcing notion D ) are topologically
sweet because the second iterand is sweet. (The respective proofs in [24], [31] were
somewhat less general.) Still, it is very reasonable to ask

Problem 5.3. Can 4.2.4 be improved by weakening the demands on Q? Can you
find (a)-sweetness and (b)—-sweetness satisfying (i)—(iv) and weaker than topolog-
ical sweetness and iterable sweetness, respectively?

The sweet/sour division is sometimes very surprising — compare 4.4.3(1) and
4.4.3(2). The forcing notions Qj;_—o (K1_5,9, 21_5.9) and @;_—2 (K1_5.9, 21_5.9) (0f4.4.3)
look very similar and one could expect that both are like the Cohen forcing. How-
ever, the first is topologically sweet (so not so far from Cohen) while the other is
very explicitly sour (so one could even say that worse than random).

Topological sweetness occurs to be not so seldom (see 4.4.1), however it does
not imply that we could make real use of these forcing notions in constructions
like [18]. These forcings seem to be quite far from the iterable sweetness, so we
conjecture that the following has an affirmative answer.

Problem 5.4. Let QQ be one of the forcing notion covered by 4.2.5(1,2) and 4.2.8.
Is there k < w such that the (k—step) iteration Q(k) is sour over Cohen? Over Q?

Proposition 4.2.5(3) gives sweet forcing notions, so they could be of some use
in constructions like that in [18]. However, do we really need to force additionally
with these forcings? In particular:

Problem 5.5. Ts there a universality parameter p satisfying the requirements of
4.2.5(3) such that no finite iteration of the Universal Meager forcing notion adds a
Q!¢ (p)—generic real? Does the Universal Meager forcing add generic reals for the
forcing of 2.4.10? Of 2.4.9?

An intriguing thing is that in the cases we proved sourness over the Cohen, we
actually got that the considered forcing notion is very explicitly sour over Cohen
(so in particular the amalgamation collapses ¢).

Problem 5.6. Let QQ be a Souslin ccc (or just nep ccc) forcing notion, and (PP, W)
isasin 3.1.1.

(1) Assume that Q is sour over (P, W). Is it explicitly sour over (P, W)? Very
explicitly?
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(2) Suppose that Q is not topologically sweet and adds a Cohen real. Is it (weakly)

sour over Cohen?

Since sweet/sour division is related to the Baire property of projective sets, let

us finish with the following general problem.

Problem 5.7. (1) Let (P, W) be as in 3.1.1, P be of the type studied in this paper.

For a cardinal «, let I];’W be a <k—complete ideal generated by Zp v

What is the consistency strength of the statement “every projective subset of X’
has the I]’I‘D’ W—Baire property” ?

(We conjecture that it is always either ZFC or “ZFC + there exists an inaccessi-
ble cardinal ”, and we would like to characterize and/or describe this dividing
line.)

(2) Similarly for (typically non-ccc) ideals Z, determined by suitable universality

parameters p (see 3.2.1).
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