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REGULAR ULTRAFILTERS AND FINITE SQUARE PRINCIPLES 

JULIETTE KENNEDY*, SAHARON SHELAHt, AND JOUKO VAANANEN* 

Abstract. We show that many singular cardinals X above a strongly compact cardinal have regular 
ultrafilters D that violate the finite square principle Of"D introduced in [3]. For such ultrafilters D and 
cardinals X there are models of size X for which Mx/D is not A++-universal and elementarily equivalent 
models M and N of size X for which M /D and NA/D are non-isomorphic. The question of the existence 
of such ultrafilters and models was raised in [1]. 

§1. Introduction. In [3] and [4] the equivalence of a finite square principle D^"D 

with various model theoretic properties of structures of size k and regular ultrafilters 
was established. 

The model theoretic properties were the following: Firstly, if D is an ultrafilter, 
then of"D is equivalent to Mx/D being /l++-universal for each model M in a 
vocabulary of size < k. Secondly, if 2X = k+, then of"D is equivalent to Mx/D and 
Nx/D being isomorphic for any elementarily equivalent models M and N of size k 
in a vocabulary of size < k. The existence of such ultrafilters and models is related 
to Open Problems 18 and 19 in [1]. 

The consistency of the failure of of"D at a singular strong limit cardinal k was 
proved in [4] relative to the consistency of a supercompact cardinal. The drawback 
of the result in [4] was that only a regui&rfilter D with -iQf"D was obtained, while the 
existence of such an ultrafilter D would be relevant from the point of view of model 
theoretic consequences. When we have failure of of"D for an ultrafilter, we get the 
failure of A++-universality of Mx/D for some M, as well as failure of isomorphism 
of some regular ultrapowers Mx/D and Nl/D. In this paper we indeed construct 
regular ultrafilters with -Of # for singular k above a strongly compact. And thus the 
present paper answers negatively problems 18 and 19 of [1] modulo large cardinal 
assumptions. The use of large cardinals is justified by [3], [4] and [6] as the failure 
of of"D for singular strong limit k implies the failure of D^, which implies the 
consistency of large cardinals. 
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818 JULIETTE KENNEDY, SAHARON SHELAH, AND JOUKO VAANANEN 

A filter D on a set I is said to be fi-regular if there is a family E C D, such that 
\E\ = n and f ) F = 0 for all infinite F C £ . We then say that £ is a ^-regular 
family in D. If ju = \I\, it is omitted. Regular filters have given rise to hard set 
theoretical problems but at the same time they are very useful in model theory. 

§2. An equivalent condition for uf"D. The following finite square principle was 
introduced in [3]: 

ofn
D : D is a filter on a cardinal X and there exist finite sets Cj and integers n<j for 

each a < X+ and it, < X such that for each £, a 
(i) C « C Q + 1. 

(ii) If B c X+ is a finite set of ordinals and a < 1 + is such that K a + 1, 
t h e n { £ : H C Cj} e D. 

(iii) 0 e Cj implies CJ = C£ n (j8 + 1). 

(iv) | C J | < n { . 

By results in [3] and [6], on the one hand, X<x = X implies ofn
D; and on the other 

hand, for singular strong limit X and any regular filter D generated by X sets, DyD 

implies D | (For a definition of D | see [2, Section 5.1]). 
Regularity is considered the ultimate denial of countable completeness of the 

filter: not only is some infinite intersection of filter-elements empty, but every infinite 
intersection of elements of the subset E, which is as big as the domain of the filter 
itself, is empty. We now introduce an even stronger denial. Suppose we have a filter 
on a set of size X. The condition (1) below states the existence of longer and longer 
regular sequences {Xa: a < /?}, P < X+, which moreover cohere. It turns out that 
the existence of such a sequence is equivalent with of"D: 

THEOREM 1. Suppose D is a filter on X. Then the following conditions are equivalent: 

(1) There are sets {Bap: a < ft < X+} in D such that 
(1.1) If a < P < y, then BUiy n B^y = Ba$ n B^y. 
(1.2) Ifa„ < an+l < pfor n<co, then f]n #«„,/( = 0. 
(1.3) / / £ < X, thensup{\{a < p: <J e Bap}\: P < X+} < N0. 

(2) Dg,. 
PROOF. Let us first assume (1) and derive (2). For £ < X, a < X+, let Cj = 

{P < a: £, e % a } U {a}. We show that (i)-(iv) of af"D hold. Clause (i) holds by 
construction. To prove (ii), assume X C a + 1 is finite. Note that 

n * / » . a C { £ : A r c C J } . 

Since D is a filter, we get {£•: X c Cj} e Z). To prove (iii), assume a € C^. If 
^ e C f and (5 < a, then 

£ G ̂ , a n Bay = fi^,, n 5a,j,, 

whence <5 e C*. Conversely, if 8 € C^ and<5 < a, 

^ e l ?^ n Bay = 5^>a n Ba 
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REGULAR ULTRAFILTERS AND FINITE SQUARE PRINCIPLES 819 

whence 5 G C j . Finally, (iv) is true by condition (1.3) above, since the sets Cj are 
finite for each a and moreover, the number sup{ | Cj |: a < X+} is finite. 

Let us then assume (2) and prove (1). Let Ba$ = { ^ < 2 : a e c | } . By (ii) 

of U{"D, Ba,p G D. To prove (1.1), let a < B < y. If £, G 5a,y n Bp,y, then a G C« 

and P G C/. By (iii), c j = C/ n {fi + 1). Thus we may conclude a G Cf and 

/? G Cjf, i.e., £ G 5 a ^ n % y . Conversely, if £, G 5a>jg n %,,, then a G C | and 

j? G C/. Again by (iii), CJ = C/ n (fi + 1). Thus a G C/ and 0 £Cf, i.e., finally, 
£ G Bay fi ify.j,. 

To prove (1.2), assume a„ < an+\ < /? for « < co, but p|„ ̂ a„,/S ¥" 0. saY 
(J G n« -#«„,£• Then each a„ is in ci, which is impossible because the latter is 
finite. H 

In Theorem 7 below we will construct a regular ultrafilter which does not have 
the strong regularity property of Theorem 1. 

§3. A partition property. We define a particular partition property PT2{X,K) 

which turns out to be useful when we show that the ultrafilter we construct in the next 
section does not have Of"D. A similar partition property is used in [5, Theorem 6.1]. 

DEFINITION 2. Let PrjiX,«) denote the following property of X and K with K < X 
[See Figure 1): 

Suppose c: [X]2 —> E, where E is a filter on n. Then there is an i < K 
such that for all / < X there is an increasing sequence £p, fl < %, of 
ordinals < X such that for all P\ < /?2 < X there is ( > £#, such that 

/ec({C^,,C})nc({Cfc,C}).1 

FIGURE 1. The partition property Pr2(X,K). 

Alternatively, we could define and use the partition property Pr'jiX, re): 
Suppose c: [A]2 —• re. Then there is an i < re such that for all / < X there is an increasing 
sequence Cp, P < x, of ordinals < X such that for all P\ < Pi < X there is £ > f̂  such that 
/ = c({C/J|,C}) = c({CA,C}). 
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820 JULIETTE KENNEDY, SAHARON SHELAH, AND JOUKO VAANANEN 

If X is weakly compact, then Pr2(X, K) holds for all K < X. What is interesting 
about Pr2(X, K) is that it can hold also for successor cardinals X: 

PROPOSITION 3. Suppose K < X andW is a K+-complete uniform ultrafilter on X+. 
ThenPr2{X+tK,). 

PROOF. Fix { < X+. Then [{ + l,X+) e g\ Obviously, 

[£ + i,X+) = \Jbi(0e%, 
i<K 

where 

bt(C) = {£: C < e < X+ and i € c({£,£})}. 

Since % is «+-complete, there is / ( £ ) < K such that bf^iC) € W. Since X+ is 
regular, there is a stationary Y C X+ such that / \ Y is constant, which we denote 
i. If C G r , let ^ f = 6,(C). Suppose & < C2 G F. Then fc,(fi) n ft,(f2) 7̂  0 in gr. 
LetC e 6,(Ci) nZ>,({2). By definition of bt, i G c({Ci,C}) n c({{2,C}). H 

REMARK 4. Proposition 3 establishes Pr2(X
+, K) (and Pr'2(X

+, K)) in a particularly 
strong form as we get even a sequence of length X+ with the required weak homogeneity 
property. 

COROLLARY 5. Suppose K < 8 < X where 6 is strongly compact. Then Pr2(X
+, n) 

holds. 

PROOF. Let F be the ^-complete filter {A C X+: \X+ \ A\ < X+}. By strong 
compactness of 6, there is a #-complete uniform ultrafilter % on X+ extending F. 
Now we use Proposition 3. H 

In our application we need Pr2(X,n) in the case A is a successor, in fact the 
successor of E,<K/z,, (yU,),<K increasing, and in this case it suffices to consider the 
case# = juf+. 

§4. Main result. We now use the partition property Pr2(X
+ ,K) for singular X of 

cofinality K to construct a regular ultrafilter D on X+ such that uf"D fails. 

DEFINITION 6. Suppose X = sup^<K X%, D% is a filter on X% for £ < K, and E is a 
filter on K. We then define 

ZED^IACX: {f.AnXs e Z){} e J?}. 

It is easy to see that S E A J is always a filter on X, and moreover an ultrafilter, if E 
and each D% are. 

THEOREM 7. Let us assume 

(a) Pr2(X
+,K). 

(b) X = sup{A<j: £ < K}. 
(c) D^ is a regular ultrafilter on X^ such that X^ \ Ur<{ ^{ G Z>£. 
(e) E is a regular ultrafilter on n. 

Then D = D^Aj is a regular ultrafilter on X with ^Of"D. Moreover, (1.1) and (1.2) 
of Theorem 1 cannot be satisfied. 
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REGULAR ULTRAFILTERS AND FINITE SQUARE PRINCIPLES 821 

PROOF. We first show that D is regular. Let A,* = k$ \ \Jr<^ h. Let {Da: a < k^} 
be the regular family in D$. W.l.o.g., Va < k^(Da C A,*). Let {Jr. £ < «} be the 
regular family in E. W.l.o.g. /{ C [£, K). For a < k(, £, < K, let 

Hi = U Dl 

Let H* be the set of all H^, a < k(, and H = \Ji<K H^. Clearly, \H\ = k. To prove 
H CD, let Hi e H. Now 

{C<K:HinkceDc}2J(. 

Thus H% e D. Finally, we show that H is a regular family. For this end, suppose 
M is an infinite subset of H such that f] M ^ 0. Let S e f)M. Let /? be the unique 
P for which S e Ap. Let us first assume M C H^ for some £ < K. Then <S is in D^ 
for infinitely many a, contrary to the regularity of the set {Da : a < kp}. Thus we 
may assume that there is an infinite set {£,„: n < a)} such that M meets each H^". 
So for each n there is /?„ € /{„ and an < k^n such that<5 G Da\- By the choice of /?, 
/?„ = /? for all «. But this contradicts the regularity of the set {Jr- £ < K}. 

We assume now D satisfies condition (2) of Theorem 1, and derive a contradiction. 
Let Ba,p, a < ft < k+, be as in Theorem 1. Since Ba$ G D, 

a(aj) =df{Z<K: BU:p n ju( G Z>{} S E. 

CLAIM 1. If ft < ft < ft, then a(ft,ft) n a(ft,ft) C a(ft,ft). 

To prove the Claim, assume ft < Ci < d and £, G a (ft, ft) n a (ft, ft). Thus 
iff,,k n/i£ e D^ and .%,£, n / ^ e i ) ( . Hence 5^, ^ n 2?{2>{3 n / ^ e f l ( . Now we use 
the fact that Brur} n .%,£, = 5^,^ n .%,£,, i.e., (1.1) of Theorem 1, to conclude that 
5f,,f2 n fi( e D%, and thereby ^ G a (ft, ft). The Claim is proved. 

Let c({ft £}) = a (ft <?) G £•. Recalling that [i++ < k, by Pr2(k+, K) there are an 
i < K and an increasing sequence ft?, /? < /, / = ju^+, of ordinals < k+ such that 
for all ft<ft</we have / G c({ftj,, £}) n c({£h, {}), for some £ G [C&, ^ + ) - Let 
7 = { f t - / ? < * } . 

CLAIM 2. If Ci < C2 in Y, then 2?flif2 n/*,- G A , i.e., «' G a (ft, ft). 

To prove the Claim, assume (1 < £2 in Y. Then for some { > ft, C2 we have i G 
a(Ci,C)nfl(C2,C). By Claim l ,a(d,C)na(C2,C) Ca(Ci,C2), whence/Gfl(Ci,C2) 
i.e., 5f,,{2 n Hi G A . The Claim is proved. 

Let £ G Y such that | Y n £| > ,«,, and for a < ,u, let 

Z„ = {CG r n { : a e % n f t } . 
CLAIM 3. 7 n £, = \J{Za: a < fit}. 

To prove this, assume ( g 7 D ft By Claim 2, / G a (ft £)> i.e., Br^ n /z,- G A , 
which implies that we may pick a e Br^ n /*,-. Now f G Z a . Claim 3 is proved. 

As IF n £,\ > fit, there is a such that Z a is infinite. Let ao < ai < . . . be an 
infinite increasing sequence in Za. Then a £ f | B #«„,<?• This contradicts (1.2) of 
Theorem 1, as f]n Ban^ = 0. H 
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822 JULIETTE KENNEDY, SAHARON SHELAH, AND JOUKO VAANANEN 

COROLLARY 8. Suppose 9 is strongly compact. Then every cardinal X > 6 of 
cofinality < 9 has a regular ultrafilter D such that D-f"D fails. 

§5. Model theory. The background of Dj^, is the following question, asked by 
Chang and Keisler as Conjecture 18 in [1]: 

Let M and N be structures of cardinality < X in a language of size < X 
and let D be a regular ultrafilter over X. IfM = N, thenMx/D ^ Nx/D. 

The question is a natural one as most of the model theory regarding ultrapowers is 
centered on the regular ultrafilters. It is reasonable to assume GCH in this question, 
although it is not part of the question. 

Another open problem that motivated the formulation of Df"D is Conjecture 19 
of[l] : 

If D is a regular ultrafilter over X, then for all infinite M, Mx/D is 
l++-universal. 

The original motivation for the study of of"D was its equivalence with the above 
conjectures: 

THEOREM 9. [4] Assume D is a regular ultrafilter on X. Then the following conditions 
are equivalent: 

(i) •&• 
(ii) IfM andN are elementarily equivalent models of a language of cardinality < X, 

then the second player has a winning strategy in the Ehrenfeucht-Fraisse game 
of length X+ on Mx/D andNl/D. 

(v) If M is a structure in a language of cardinality < X, then Mx/D is X++-universal. 
By means of Theorem 7 we can get the relative consistency of the failure of the 

above conjectures: 

COROLLARY 10. Suppose X is a singular strong limit cardinal of cofinality K, and 
Pr2{X+, K) holds. Then X has a regular ultrafilter D such that for some structure M 
in a language of cardinality < X the reduced product Mx/D is not X++-universal. 

COROLLARY 11. Suppose X is a singular strong limit cardinal of cofinality K, and 
Pri{X+, K) holds. Then X has a regular ultrafilter D such that for some elementarily 
equivalent structures M and N of cardinality X in a language of cardinality < X, the 
reduced products Mk/D andNl/D are non-isomorphic. 

In the above corollaries the vocabularies of the structures M and N can taken to 
be finite. 
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