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A Definition : Suppose ~ = lP(P,Q) (i.e. %~ is first order  depending on 

the predicates  P =<P~:g  < n > ,  Q =<Q~:g < n > ,  If the t r u t h  value of 

(A,P,Q) l = ~0(P,Q) depend on the isomorphism types of (A,P) and (A,Q) only, 

we call lp(P, Q) decomposable.  

If this  holds for all finite models we call "@(P,Q) finitely decomposable.  

Let K# = |(A,Q); ~P such tha t  (A~,Q)  ~ @l 

B. Claim: If ~(P,~?) is decomposable t hen  there  are @~(P), ~ ( Q )  such 

tha t  we can compute  the t ru th  value of (A,P,Q) ~='0 from the t ru th  

values of (A,P) ~.#e(P) and (A,Q) ~ ~e(~).  

Proof : Use sa tu ra ted  models. 

C. Conclusion: If ~b(P, Q) is decomposable then  there  are 

~m(Q)(m < m 0 )  such tha t  each K~ = [MeK¢IIMII = x /  is the  class of 

models of -Om(Q ) where m depends on X (and is the same for all infinite 

cardinals).  

1. E x a m p l e :  We deal with models with universe n = IO,1 . . . . .  n - l l ,  

(n < co arbi trary) .  

We shall find sentences ~p(P,Q),9(P) (not depending on n) such that 

i) the truth value of (r~,P,Q) ~ ~(P,Q) depend on the isomorphism 

type of (~%,P) and (~%,Q) only 

2) ~ (p ,  ~) ~- ~(p) 
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3) in e a c h  f ini te  power  9 ( P )  h a s  a un i que  mode l .  

4) For  n < a~ (qu i te  

K~ = I(n,~)  : (~P)[(n,P,Q) ~ ~(P,Q)]t 

l a rge) ,  t h e  s e t  

is no t  de f inab le  ( a m o n g  m o d e l s  of t h e  r i g h t  s i g n a t u r e  a n d  power  n )  by  a n y  

f i r s t  o r d e r  s e n t e n c e  of s ize  = 200~/~ ( and  e v e n  s u c h  q u a n t i f i e r  dep th . )  

R e m a r k :  We do n o t  t r y  to  i m p r o v e  t h e  b o u n d s  a p p e a r i n g  he re ,  c l e a r l y  

n (1/~+~) suf f ices  ( for  a n y  pos i t i ve  e). 

2. C o n s t r u c t i o n :  Let  9 ( P )  j u s t  say  t h a t  (n,P) is a m o d e l  (n ,+ ,x ,0 ,1 ,< )  

s a t i s fy ing  the  r e a s o n a b l e  r u l e s  of a r i t h m e t i c  (add i t ion  , p r o d u c t )  (bu t  n o t  

n e c e s s a r i l y  t he  s t a n d a r d  ones) .  Le t  ~b = ~0(Q) be s u c h  t h a t  

(A,Qo, Q1,Q2, Qa,F1,F2,+',x',O', 1') ~ l~o i f f  Qo, Q1,Q2 are  m o n a d i c  r e l a t i o n s  

which  f o r m  a p a r t i t i o n  of A, Q3 a m o n a d i c  r e l a t ion ,  Qa ~ Q1, also 9°2(+' ,x '  . - • ) 

h o l d ,  F 1 F  2 are  one p l a c e  f u n c t i o n  f r o m  Q1 on to  Q3. (so ?~(x) is u n d e f i n e d  fo r  

x ¢ Q1), and:  

(v= ¢0a)[==FI(=) = Fz(=)] 
(Yx ,y  ¢ QO[x=y~(Fe(x )=Fl (y )  ^ Fe(z ) = Fz(y ) ) ]  
(V=,y ¢ #3) (3z e q~)[ F d z )  ==^ ~ ( z )  =y]  

Let  K n = ~M" IIMI] = n ,  M ~ P o ,  IQ~1100 < IQlI  and  lQol is even]  (we c a n  

r e p l a c e  " e v e n "  by a n y t h i n g  r e a s o n a b l e .  

Before  we shall  def ine  a ~, s u c h  t h a t  K n = ~ we h a v e  to  deal  with 

3. Ques t ion :  If ( n , P )  ~ ~(P) ,  Q ~ M, c a n  we def ine  (by a s h o r t  f o r m u l a )  

I Q I in (n,P,Q),  i.e. we wan t  as f o r m u l a  9 ( x Y , Q )  s u c h  tha t :  

( n , P )  ~ ~(.D), Q c n  ~---------> ( n , P , , Q )  ~ (Vx) [IlY:Y < x ] { = t Q I  ~ ~ ( x , P , Q ) ]  

The following a p p r o x i m a t i o n  (and  m o r e )  for  th i s  a p p e a r e d  in D e n e b e r g  

G u r e v i c h  and  She lah  [2], and  is i n c l u d e d  for  c o m p l e t e n e s s .  

4. Fac t :  The re  is a f o r m u l a  9(x ,P ,Q)  s u c h  t h a t  for  e v e r y  n and  P,  if 

( n , P )  ~ ~ ( P )  and  Q c n t h e n  (n ,P,Q)  ~ (ax)~(x,P,Q) and ~ ( x , P , Q )  i m p l i e s  

1QI <- I ly :y  < x | l  ":: I Q I 2 l l n n l  2 + 10 
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P r o o f  : L e t  9o(x,P,Q) s a y s  t h a t  x is  t h e  f i r s t  p r i m e  n u m b e r  s u c h  t h a t  

fo r  e v e r y  y ~ z E Q : y g z rn0d  x (a l l  a r i t h m e t i c  s t a t e m e n t s  a r e  i n t e r -  

p r e t e d  b y  P ) .  

L e t  (n,P)  be  f o r  n o t a t i o n a l  s i m p l i c i t y  t h e  u s u a l  a r i t h m e t i c .  So c l e a r l y  

t h e r e  is  a t  m o s t  o n e  s u c h  x a n d  I Q[ - - -x .  S u p p o s e  tha t .  T < n a n d  fo r  e v e r y  

p r i m e  IQI  < - p  IQ] - < p  - T, t h e r e  is  a p a i r  y # z c Q so  t h a t p  d i v i d e s y - z .  

T h e n  A = ~eQ(z--y) is  d i v i s i b l e  b y / 7  = I I{p  :p p r i m e ,  I Q I <- P < TI.  H e n c e  
Y, 

g > y  

B -- A; b u t  A --< nIQ[a,  w h e r e a s  t7-> ] Q I ' ,  w h e r e  n is  t h e  n u m b e r  of p r i m e s  in  ( 

[Q [ ,T),  So e IOl~lnn= rr [ola _~ I Q] r/In T-IQI/ln(Q) = (e Tlnlq[lln T )e - lO [  ' h e n c e  

[QI e l n n  + [ Q I - ~  T l n I Q l / l n T  

H e n c e  if e .g.  T = ] QIg ( ln  n )  e ,n  -~ 10 we g e t  c o n t r a d i c t i o n .  

5. F a c t :  In  4) we c a n  a l s o  d e f i n e  a o n e  t o  o n e  f u n c t i o n  f r o m  Q i n t o  

| y : y  < x ] ,  a n d  t h e n  we c a n  do  t h e  s a m e  a n a l y s i s  on  t h e  i m a g e ,  r e p l a c i n g  n b y  

~y:y < x l )  (o r  e v e n  if  y o u  w a n t ,  T =  I Q l e O  n n ) e ) ; s o w e g e t a n e w b ° u n d  

IQI <- I{y:y < x ' ] l -  I Q I e  ( ln  T )  e 

So if e .g.  IQ] < - a ~ / ~ n ,  we c a n  f ind  a o n e  t o  o n e  m a p  f r o m  Q o n t o  a n  in i -  

t i a l  s e g m e n t :  a s  b y  t h e  p r e v i o u s  a n a l y s i s  w. l .o .g .  Q c a x l ~ n ,  t h e  f u n c i o n  

q: Q --, n ,  el(x ) = I{Y e Q: y < x ] [  is  r e p r e s n t e d  in  ( n , P ) .  

6. F a c t :  T h e r e  is  a f o r m u l a  "~(x,y,P,Q) s u c h  t h a t  if (n,P,Q) ~= ~(P,~2), 

~ ( P )  ^ Ip0(P ,Q ), t h e n  "8(x,y,P,Q) d e f i n e s  a n  i s o m o r p h i s m  f r o m  (Qe ,+ ' ,x ' ,  • • - ) 

o n t o  a n  i n i t i a l  s e g m e n t  of ( n , P ) .  

P r o o f  : By (5) we c a n  do  t h i s  fo r  l a r g e  e n o u g h  i n i t i a l  s e g m e n t ,  of p o w e r  

]c = ~ / ~  n ; t h e n  we k n o w  t h a t  in  a m o d e l  of f i n i t e  a r i t h m e t i c ,  2 ~ is  d e f i n a b l e  

a s  wel l  a s  t h e  r e p r e s e n t a t i o n  of e v e r y  ~ ~ 2 ~ b y  a s u b s e t  of k ( u s i n g  b i n a r y  

r e p r e s e n t a t i o n ) .  D o i n g  i t  t w i c e  we f i n i sh .  

7. T h e  s e n t e n c e  ~ :  So we h a v e  t o  d e s c r i b e  t h e  s e n t e n c e  ~ s u c h  t h a t  

K n = ~ f o r  e v e r y  f i n i t e  n .  I t  wil l  he  t h e  c o n j u n c t i o n  of ~ ( P ) ,  ~ 0 ( Q )  a n d  

a n o t h e r  s e n t e n c e  w h i c h  we d e s c r i b e  w h a t  i t  s a y s ,  r a t h e r  t h a n  w r i t e  i t  down.  
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So l e t  M = (A,_P,Q) ~ ~b0(Q) ^ ~o ( P ) ,  IAI = n .  F o r  s i m p l i c i t y  we i g n o r e  t h e  

c a s e  s o m e  Q£ is  e m p t y .  W.!.o.g. (A,/~) i s  t h e  s t a n d a r d  m o d e l .  All c o n s i d e r a -  

t i o n s  are uniform in the sense they do not depend on n. 

By (6) we c a n  d e f i n e  t h e  n u m b e r  I Q21 h e n c e  t h e  n u m b e r s  

I Q0] + I QI]  = n - I  Q21- By (4) we c a n  d e f i n e  a n  x s u c h  t h a t :  

I Qol ~ =  <- I Qol = (in n) 2 

We can also define the number In n. We recall that I QII is a perfect square 

(by the functions Fo,Ft). So there is a number y <n, y2= I QII. Can we 

define y in 7/1? 

I t  s a t i s f i e s :  

(*) n - l  Qzl _ yZ <_ x <- (n-I Qel-y2)a(ln n)  2 

We h a v e  a l r e a d y  d e f i n e d  a l l  n u m b e r s  a p p e a r i n g  h e r e  ( b y  s u i t a b l e  f o r m u l a s )  

e x c e p t  y .  So i t  s u f i c e s  t o  s h o w  t h a t  (*) h a s  a u n i q u e  s o l u t i o n  w h e n  M c K n ( a s  

t h e n  we c a n  d e f i n e  i t  a n d  w r i t e  o u r  d e m a n d  o n  I Q01 w h i c h  i s  n -  I Q21--Y2); if 

h o w e v e r  t h e r e  a r e  two s o l u t i o n s ,  t h e n  M ¢ K~).  

Now if M e K n, l q01 I°° < I QII and Y l  # Y2 are solutions, we get a contrad- 

iction or Y -~ (In n) I0, but then we can define I Qol directly. 

8. Non definability of ~ : 

It is well known that two models of the theory of equality of power > n 

satisfies the same first order sentence of quantifiers depth n. So by the Fefer- 

man Vaught theorem (see [CK]), if Mt Q2 =NF Q2, M~ QI =Nr QI and 

[Q~'I = I Q0~[ ÷ i, (and M,N are finite) then M,N, satisfy the same first order 

sentences of quantifier depth < }QoNI, but M c U K~ ~ N~' U K~. 

[i] 

[2] 

So we f i n i s h .  
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