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We show that the members of a certain class of semi-proper iterations do not add
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1. Introduction

Given an ordinal ~, a function f:w; — Ord is a canonical function for v if the
empty condition (i.e. wy) in the forcing P(w;)/NS,, forces that j(f)(w}) = 7,
where j is the elementary embedding induced by the generic. For each a < wq, the
constant function with value « is the canonical function for a. For o € [wy,ws), a
canonical function f for « is obtained by taking a bijection ¢g:w; — « and letting
f(B) be the ordertype of g[g]. In this paper we let Bounding denote the statement
that every function from w; to w; is bounded on a club subset of w; by a canonical
function for an ordinal less than ws. It is fairly easy to see that if the nonstationary
ideal on wy (NS,,) is saturated, then Bounding holds. The second author has
shown [11] that given the existence of a Woodin cardinal there is a semi-proper
forcing making NS, saturated, and it has been known for some time that there is
a simpler forcing making Bounding hold from a weaker large cardinal hypothesis.
The most quotable result in this paper is that this standard forcing to make every
function from wj to wy bounded by a canonical function is (w, co)-distributive (i.e.
it does not add w-sequences of ordinals), and so this statement is consistent with the
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Continuum Hypothesis, even in the presence of large cardinals. This is in contrast
with saturation, as Woodin [14] has shown that if NS, is saturated and sufficiently
large cardinals exist, then there is a definable counterexample to CH. We give a
more general theorem stating that the members of a certain class of semi-proper
iterations are (w, 0o)-distributive. This class includes the standard forcing to make
Bounding hold, and is general enough to show that a generalization of Bounding
for certain sets of reals is also consistent with CH, answering a question in [14].

The key construction used in the proof generalizes the notion of a-properness
from [11, Chap. V] to semi-proper forcing. Briefly, a forcing is a-semi-proper if for
any €-chain of countable elementary submodels of length «, there is a condition
which is simultaneously semi-generic for each model in the sequence. The problem in
applying the method to show that a given improper iteration is (w, co)-distributive
is that for a given model N in the sequence, N[G] N k can be a proper superset
of N Nk, where k is the length of the iteration and G is generic for some initial
segment, so that new steps appear. For the forcings in this paper, however, we have
a good understanding of how to enlarge each such NV, as well as how to produce
the appropriate tower of models to overcome this.

This can be generalized further, getting the consistency of certain forcing
axioms, using ideas from [11, Chaps. V and VIII] and [13]. The reader is referred
to [10] for more on this topic and on RCS in particular.

Interest in this question derives also from the study of Woodin’s Py, forcing
[14], which produces a model in which CH fails and all forceable I sentences for
H (w2) hold simultaneously. It is not known whether all such I sentences forceably
consistent with CH can hold together with CH. The generalized form of bounding
in this paper is a candidate for showing that this is impossible. Candidates for the
other half of the incompatibility appear in [12, 15], and in [14, Section 10.6].

2. Skolem Hulls

Given a structure M with a predicate <* for a wellordering of the domain of M,
and a subset X of the domain of M, we let Sk(ps ¢ <+)(X) denote the Skolem hull
of X in (M,e,<*). If X is a countable elementary substructure of some H ()
and 7 is an ordinal in X, then we let D)X be the set of all a € [§]<* such that
f(a) € X for all f:[n)l?l — w; in X. The point is that if <* is a wellordering of
H(x), X < (H(x),€,<") is countable, and z is a subset of some ordinal n € X,
then

Sk(rro.e,<)(X U2) = {f(a) ra€ [z]<“ A fe Hx)™ ) nx}
and so if z is such that [2]<% C DY,
SK(r(y),e,<) (X Uz)Nwp = X Nwy .
Note that if n < 1’ are ordinals in an elementary submodel X, then

X _ X w
Dt = Dy 0 [n]=~.
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In order to verify that our forcings satisfy the semi-properness condition we
require, we need to repeatedly apply a certain simultaneous-extendibility property.
The following lemma will be useful in this regard.

Lemma 2.1. Say that M is a structure and <* is a wellordering of the domain
of M. Let X be a countable elementary substructure of (M,€,<*). Let n be an
ordinal in X and let zg, z1 be countable subsets of n such that [z0]<* C D,)f and
[21]<¥ C D,)f/, where X' = Sk(ap,e, <) (X U zp). Then [20U z1]<* C D).

Proof. Let a € [2]<% and b € [21]<%, and let f:[n)l*/*I°] — w;. Then f,:[n]""! —
w1, defined by letting f,(y) = f(aUy), is a function in

X' = Sk(ar,e,<+)(X Uzo),
so flaUb) e X' Nwy = X Nuws. O

Say that X,Y are countable elementary submodels of some (H(x), €, <,) with
X € Y. Let 5 be an ordinal in X and let v+ € Y N 7. Then even though
Sk(m(x),e,< ) (X U{7}) is not directly definable in Y, the set itself is in Y, since it
is equivalent to {f(vy) | f € X A fin— H(x)}.

Remark 2.2. Similarly, many of the arguments in this paper prove facts about
sequences of elementary submodels by induction on the length of the sequence. Of
course if X,Y are countable elementary submodels of (H(x), €, <,) with X € Y,
Y does not see that X is an elementary submodel, and so the induction hypothesis
cannot be applied directly in Y. However, the statement about whether an object
exists with a certain relation to X, a semi-generic extending a certain condition,
say, is formalizable in Y, and so if one exists in H(x) then one exists in Y.

3. A Class of (w, c0)-Distributive Iterations

Each step of the iterations we are considering is a forcing which shoots a continuous
increasing sequence of length w; through a given stationary set of countable sets
of ordinals. Under certain assumptions on the stationary set, such forcings are a
typical example of improper forcings which preserve stationary subsets of wy, and
they have been well studied in recent years (see, for example [3]). For the iterations
in this paper, we require that these stationary sets be definable from sets from the
ground model with the help of functions from w; to wi added by initial segments
of the iteration.

Definition 3.1. Let (A, : p < k) be a continuous increasing sequence of ordinals,
and let A = (Ag :p < K,B8 < wi) be such that each AZ C [Apg1]=¥'. Given
p < kand frw; — w, let Q, ¢ be the forcing whose conditions are countable,
continuous, increasing sequences (zg : 8 < 7) such that for each 8 < 7, zgNw1 € w1y

and zg € A;(mﬁnwl), ordered by extension. Then an A-iteration is a structure

Q= (Py,Q,, fp: p < k) such that
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(a) (P, Qp: p < k) is arevised countable support iteration,
(b) each f, is a P,-name for a function from w; to wy,

(c) forall p <, 1p, IF Q= Q, 1 -

The stationary sets in our iterations must also satisfy certain extendibility con-
ditions with respect to the countable elementary submodels of a sufficiently large
initial segment of the universe.

Theorem 3.2. Let (A, : p < k) be a continuous increasing sequence of strong
limit cardinals with supremum k. Fiz a regular cardinal x > (2%)*, and let <,
be a wellordering of H(x). Let A = (A : p < K, < wi) be such that each
AZ C Pp1]<91, and let Q = <Pp,§2p,fp 1 p < K) be an A-iteration, such that the
following hold.

1) Forall p < k, B < w1, if E € A% and E' € [A\,41]<“* with E C E' then
B p
E' € Af.
2) For all p < K, 1p, forces that for all countable X < (H(x VPP,E,S with
; X
Apt1s Q € X, and for all B < w; there exists a countable z C Apt+1 such that

|<“ is a subset of

. .
{DZ,  Z<HKN) " € <)A N, Q€ ZE X}

[z

and, letting Y = Sk (X Uz),

(HO)V'™ €50
(1) XNuw =Y Nuwy,
(i) Y N Aps1 € AL
(3) For all countable X < (H(x), €, <y) with Q € X, and for all p € XNk, B < w1,
there exists a countable Y < (H(x), €, <y) such that
(i) X v,
(ll) XN V)\p_;,_g =YnN V)\p_;_g,
(iii) ¥ N App1 € A

Let P be the Revised Countable Support limit of <vaQp :p < k). Then P is
(w, 00)-distributive.

Remark 3.3. By standard RCS arguments, if in the statement of Theorem 3.2, we
assume in addition that « is strongly inaccessible, then P is x-c.c. (see Theorem 4.6).

Theorem 3.2(2) and (3) could easily be subsumed into one condition; indeed,
in our applications we verify both conditions at the same time. The conditions
correspond to separate parts of the proof, however. Condition (2) is needed to
show that each successor step of the iteration is a-semi-proper for all countable
« (Theorem 4.13), and could in fact be replaced by this requirement, though this
would mean more work in applying the theorem. Condition (3) is used to construct
the systems of models which we use to show that no countable sets of ordinals are
added (Lemma 4.20).
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Since in the end we show that P does not add w-sequences, these are actually
Countable Support iteration. Nonetheless, at this time we do not have a proof of
(the corresponding version of) Theorem 3.2 which avoids RCS.

For the rest of this paper, sets denoted by &, (A, : p < K), X, <y, @p.f, @,
P, A and (Ag i p < K, < wy) are supposed to have the properties given in the
hypotheses of Theorem 3.2. This policy will be modified in two ways. First, in the
application sections, we will add extra properties for these terms. On the other
hand, in proving the main theorem we sometimes state our lemmas more generally
in terms of certain properties of these objects, temporarily forgetting the others.
We hope that it is clear when we are doing this, so that there will be no confusion.

4. Proof of Theorem 3.2

Proof of Theorem 3.2 breaks into two largely disjoint parts, which come together
only in Lemma 4.21. In the first part, we define a-semi-proper forcing, where « is a
countable ordinal, and show that for each countable ordinal o, a-semi-properness is
preserved under RCS iterations. In Theorem 4.13, we use Theorem 3.2(2) to show
that each successor step from one of these iterations is forced to be a-semi-proper
for all countable o, which then carries over to the entire iteration. In the second
part of the proof we use the end-extension property given in Theorem 3.2(3) to
find a system of elementary submodels suitable for proving (w, 0o)-distributivity,
which is shown in Lemmas 4.17, 4.18, 4.20 and 4.21. By Theorem 4.7, the iteration
is k-c.c.

4.1. Rewvised countable support

The reader is referred to [10, 11] for the definition of Revised Countable Support
and its basic analysis. Alternate presentations of RCS can be found in [2, 7]. We
will show that the arguments here follow in all three versions. The only facts about
RCS that we need outside of this section are Theorems 4.1, 4.7 and 4.11, and
Property 4.3. These are (essentially see Remark 4.4) proved in [7, 8] for the version
of RCS presented in [7]. We present proofs of these facts that work for the versions
of RCS in [2, 11].

The following two theorems hold for all presentations of RCS. The first gives
an important property of RCS which distinguishes it from Countable Support, that
names for conditions are essentially conditions themselves.

Theorem 4.1. Say that (Py,Qa : o < k) is an RCS iteration with RCS limit P.
Fizp e P and v < k. Suppose that A is a mazimal antichain in P, belowp | v and
f:A— P is a function such that for each a € A f(a) <p and f(a) | v =a. Then
there is a condition p' < p such that p’ < p,p|v=9p" | v and each a € A forces

that p’ 1 [v,k) = f(a) I [, &).
Theorem 4.2 follows from Theorem 4.1 and [11, Chap. X, Corollary 2.8] (and
the corresponding theorem from [2]).
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Theorem 4.2. Suppose that (Py, Q. : v < k) is an RCS iteration with RCS limit
Py such that each Q- is forced to be semi-proper and each Q- forces the correspond-
ing Py to have cardinality X1. Then the following hold.

(1) P, is semi-proper.
(2) For all reqular cardinals x > 27| for all countable X < H(x) with P, € X,
forallyv<din XN(k+1), if
(a) p € Py,
(b) g is an (X, P,)-semi-generic condition in Py below p | v,
(¢c) q forces “there exists r in P, N X such that p | [y,k) =7 [ [v,K)”,
then there exists an (X, Ps)-semi-generic condition ¢' € Py such that q' |
y=qandq <plo.

In [2], RCS is characterized by the following property.

Property 4.3. If (P, : a < k) is an RCS iteration with RCS limit P and p € P,
then for all ¢ < p in P there exist v < w, 7 € P, such that » < g | v and either
r - cof(k) = w or r IFVa € (¥, /) pla) = 19,

If (P, : o < k) is an RCS iteration with RCS limit P then for each condition p
in P there is an associated P-name supp(p) for the support of p, the set of o < k
such that

ple) #1g,.,

as decided by the P-generic filter. One can easily prove by induction on k that
Property 4.3 implies that for each p in P supp(p) is forced to be countable.

Remark 4.4. Property 4.3 is shown in [7] for the version of RCS in [7], for the
special case where k = wy (so the first possibility for r cannot hold), en route to
(essentially) proving Theorem 4.6. Together these two facts give Property 4.3 for
this version of RCS,; since in the remaining case (where |P,| < cof (k) for all o < k)
a maximal antichain deciding the supremum of supp(p) for some condition p must
have maximal restriction in some initial segement of the iteration.

In [11], we have the following property (see [11, Chap. X, Definition 1.1 and
Claim 1.3(1)]).

Property 4.5. If (P, : a < k) is an RCS iteration of limit length with RCS limit
P and p € P, then there exist P-names 7; (i < w) for ordinals less than x such that

1p Ik supp(p) = {7 : i < w}

and such that for each ¢ < w and each ¢ < p in P there exist v < k, r € P,y such
that r < g [ (y+1) and rIF 1, = 7.

If we assume that in addition each @, forces that the cardinality of the corre-
sponding P, is N;, then Property 4.5 implies Property 4.3. We need only check the
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limit case. Fix p and ¢, let {7; : ¢ < w} be the sequence given by Property 4.5 with
respect to p, and suppose that there is no pair ~,r such that

e V<K,
ercP,

e <ql,
o Ik cof(k) = w.

If some P, has cardinality greater than the cofinality of x, then (assuming that ¢
is in the generic filter), x will have cofinality w; in the extension by P,y;. Then,
working in the P,i-extension, let X be a countable elementary substructure of a
large enough H(x) with P, p, q, {7; : i < w} € X. Define ¢ = |J(X N k) and let
¢ <q||a+1,k) be (X, P/P,i1)-semi-generic. Then ¢’ forces that supp(p) will be
contained in ¢. This means that for each i < w every condition ¢” < ¢’ in P/P,14
will be compatible with an r € P;/P,; forcing that 7, < (. But then ¢’ [ ¢ will
also have this property, and thus ¢’ | ¢ also forces that supp(p) C (. Therefore,
there exists a condition r € P, for some v < & such that » [ (a + 1) forces that
~ will have the properties of ¢ as above, and that r [ [a + 1,7) will satisfy the
properties of ¢’ [ . Such an r suffices.

On the other hand, if cof(k) > |P,| for all o, then there is a sequence of pairs
(i, ;) (i <w) such that

e the ~;’s are increasing,

e cach r; € P,, forces a bound below ~ on 7;,
o foralli <j,rj[vi=nm,

e cach 7, <p [ .

Then the limit of the r;’s is the desired condition. To find 7;41, 741, find a maximal
antichain A in P,, below r; such that for each a € A, there is a 7, < x and an
rq € P,, such that

® Tq r’}/z =a,
e 1y <p,
e 1, decides ;.

Then apply Theorem 4.1 to A and the function a +— r, to find r;11, and let
Yi+1 = sup{", : a € A}, which must be below « since cof(k) > |P,,|-

Similar considerations give the following (see also [5, Lemma 36.5]). The point
is that the RCS limit of an iteration of cofinality w; is just the direct limit, and
the ordinals of cofinality wy are stationary below cof(x) as below. Then for any
maximal antichain A in P as below there is some v < & of cofinality w; such that
AN P, is a maximal antichain in P,. But then |A4| < |P,|.

Theorem 4.6. Say that <P7,g27 iy < k) is an RCS iteration with RCS limit P
such that cof (k) > |Py| for all vy < k, and such that each Q~ forces the corresponding
P, to have cardinality Ry. Then P is cof(k)-c.c.
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Applying Theorems 4.2 and 4.6, we have reduced the proof of Theorem 3.2 to
showing that each P3 (8 < k) is (w, co)-distributive.

Theorem 4.7. Let <Pg,9g : B < k) be an RCS iteration of strongly inaccessible
length with RCS limit P, such that

each 1p, forces the corresponding Qﬁ to be semi-proper,
each Qg makes the corresponding Pg have cardinality Ry,
each rP5| < K,

each Pg is (w, 00)-distributive.

Then for all p < 8 < Kk, Pg/P, is semi-proper and r-c.c. Therefore P, is (w,00)-
distributive.

4.2. Semsi-generics for sequences

The following are generalizations of ideas from [11, Chaps. V, X and XII].

Definition 4.8. Let o be a countable ordinal.

(1) The set SEQ, () consists of all N = (N : 3 < «) such that
(a) each Ng is a countable elementary substructure of (H(x), €, <y),
(b) foreach y < a, N [y=(Ng:3<7) €N,.

(2) Let N € SEQ,(x) and let P be a forcing construction in Ny. A condition p € P
is (N, P)-semi-generic if

pl- Né[GP} Nwi; = N5 Nwq

for all § < «a, where Gp is a P-name for the generic filter. The condition p is
(N T [v, 8], P)-semi-generic if this holds for all § € [y, 3.

(3) A forcing construction P is a-semi-proper if for every N € SEQ,(x) with
P € Ny and for all p € PN Ny there is an (N, P)-semi generic ¢ € P such that

P2q.
Given N € SEQ,(x) and P € Ny, if G C P is a generic filter then N[G] is the
sequence (Ng[G] : § < «). Both parts of the following lemma are immediate. Note

that in the second part there is no need to find a p € Gp which is (N, P)-semi-
generic.

Lemma 4.9. Let a be a countable ordinal and fit N € SEQ,, ().

(1) Let P be an a-semi-proper forcing in No, and let Q be a P-name in Ny for an
a-semi-proper forcing. Let ¢ € P be (N, P)—semz'—ggneric and letZN) be a P-name
for a condition in (|JN[Gp]) N Q. Then there is a P-name 1, for a condition
in Q such that 1p -1 <p and (q,1) is (N, P % Q)-semi-generic.

(2) 1p N[Gp] € SEQ4(%)"C7).
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Lemma 4.10. Let « be a countable ordinal. Say that P, is the RCS limit of an
RCS iteration (P,,Q, : p < K) in a in a set forcing extension V* such that each
1p, forces the corre?sponding Q, to be semi-proper, and each @, forces P, to have
cardinality Xy. Then the folloZuing hold in V*. -

(1) P, is a-semi-proper.
(2) Fiz B8 <~ < K, and fit N € SEQ,,(x) with P, and 3, v € |JN. Let p € P,
q € Pg and § < « be such that

B € Ns,
pis (N | 9, P.)-semi-generic,

q is (N ][4, &), Pg)-semi-generic,

plB=gq
q forces that for some r € P, N Ns, p | [8,k) =7 | [3,K).

Let 6* € [0, ) be such that -y € Ns-. Then there exist ¢* € P, and p* € P, such
that

*

is (N | 6*, P,)-semi-generic,

*is (N | [6*, ), Py)-semi-generic,

f<pt I,

*<p

"1 B=q

* forces that for some r € P, N Ng«, p* | [v,6) =7 | [7,K).

ESTSTR S IS RIS TS

Proof. We prove (2) by induction on «, working in V*. The first part follows
immediately. We fix the notation that G, is the generic filter for P,, for p < &.
The case o = 1 is given by Theorem 4.2. For the case where o = o’ + 1, there
are two subcases. If §* < o/, then we may assume by the induction hypothesis
that 6* = § and that there is a (N | [6*, ), P,)-semi-generic ¢’ € P, such that
¢ | B =gqand ¢ < p [~ Then since g forces that N,/ [Gg] will be elementary
in H(x)" [ where Gj is the generic filter for Pg, we can replace ¢ with a ¢”
with the additional property that ¢ forces that ¢’ [ [3,) will be equal to r | [5,7)
for some r € Ny N P,. By Theorem 4.2(2), then, there is a ¢* € P, such that
¢* 1 B=4¢q, ¢ <¢" and ¢* is (Nu, Py)-semi-generic. Such a ¢* suffices.

For the subcase * = o/, by the induction hypothesis there is a (N | o/, Py)-
semi-generic ¢ € P, such that ¢’ | 8 = ¢ and ¢’ < p. Then since ¢ forces that
No [Gg] will be elementary in H(x)V %8l where G is the generic filter for Pg, we
can replace ¢’ with a ¢ with the additional property that ¢ forces that ¢ | [5, k)
will be equal to r [ [3, k) for some r € Ny N P, and we can let p* = ¢’. Then as
in the previous paragraph, by Theorem 4.2(2), there is a ¢* as desired.

The case where « is a limit and x = k' +1 is similar, now fixing « and inducting
on k. By the induction hypothesis for a, we may assume that § = §* and by the
induction hypothesis for x we may assume that there is a (N | [§*, ), P./)-semi-
generic ¢ € Py such that ¢ [ 8 = g and ¢' < p [ . Since Qv is forced to be
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a-semi-proper, by Theorem 4.1 (or Lemma 4.9(1)), there is a (N, P, )-semi-generic
q* below p such that ¢* | k = ¢'.

For the case where a and x are both limits there are two subcases (in each of
which we may assume that 6 = ¢*). If x has cofinality w or w1, or if |P,| < cof(x)
for each p < k, then we fix an increasing sequence (&; : i < w) cofinal in «, with
& = 9. If the cofinality of x is countable, fix an increasing sequence of ordinals
(B; : 1 < w) € Ny cofinal in k, with Gy = (. Otherwise, let 8; be any ordinal in
N, greater than sup(|J N | & N k), again with 8y = (3. Let po = p and let gy = q.
Alternately choose conditions p;11, ¢i+1 (¢ < w), such that

1
2

(1) each p;41 is a condition in P,
(2) each g;11 is a condition in Pg,,,
(3) each q; < p; [ Bi,

(4) each p;y1 < pi,

(6) foralli <j<w,q; I Bi=q,
(6) each p;yq is (N | &41, Pe)-semi-generic,
(7)

(8)

each giy1 is (N [ [§i41, @), P, ,, )-semi-generic,
each g; forces that for some condition r € P, N N¢,, r | [Gi, k) = ps | [Gs, ).

For the case where no condition in any P, makes cof(k) < wq, we modify condi-
tion (8) as follows:

(8a) each ¢; forces that for some condition r € P, N Ng, such that for some v < &
1p, Ik supp(F) C 7, 7 [ [Bi, k) = piBis k).

That such conditions exist is immediate by the induction hypothesis ((8a) fol-
lows from Property 4.3). Then the limit of the ¢;’s (call it ¢*) will be the desired
(N, P,)-semi-generic, as long as it is below each p;. This fact follows from the fact
that ¢* forces that {§; : i < w} will be cofinal in [J{supp(p;) : ¢ < w}. This is clear
if cof (k) = w, and if cof(k) = w1, it follows from the fact that each N¢, Nk will be
cofinal in N¢,[Gg,] Nk since ¢; is (Ng,, P, )-semi-generic. For the remaining case it
follows from condition (8a).

If |P,| > cof(k) for some p < k, then we may assume that 8 > p and so
cof (k) < wn in the Pg-extension. Then we may apply the previous argument in the
Pgs-extension, along with Theorem 4.1. O

Theorem 4.11. Let a be a countable ordinal. Say that P, is the RCS limit of an
RCS iteration (Pg,Qp : 8 < k) such that each Pgy1 = P x Qg forces |Pg| < ¥y
and each 1p, forceswthat Qg 1s a-semi-proper. Then for all ﬂ~< v <k, P,/Pg is
«a-semi-proper for every o <wi.

To show that each @, s is a-semi-proper for all o < wy, we show that we can
extend sequences of models in a suitable way.
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Lemma 4.12. Assume that A < x, Q, and (Ag : B < w1) C [N|<“! are such that

o forall B <wi, E € Ag, if EC E' then E' € Ag,
e for all countable X < (H(x),€,<y) with A\, Q € X, and for all 3 < wy there
exists a countable z C X\ such that [2]<% is a subset of

({D:Z<(H(x),e,<)AQ A€ Ze X}

and, letting Y = Sk (y),e,<,)(X U2),

(1) XNw =Y Nuwy,
(ii) Yﬂ/\EAg.

Let N € SEQ¢(x) (for some § < wi) with Q, A € Ny, and let g:w; — wi be a
function in No. Then there exists N € SEQ¢(x) such that

(a) each N, C Ny,

(b) each Nj Nwi = N, Nwi,

(c) each Ny N A€ Agnyrwn)s

(d) letting N' = U{N; :n < &} N N € Agvinw,)-

Q

Proof. By induction on ¢. If N has a last model, then we are done by the extension
assumption on countable elementary submodels of H (). For the limit case, apply-
ing the induction hypothesis we may assume that every condition already holds,
except Part (d). Let

N=J{Nyin<g)
Applying the end-extension assumption, let z be a countable subset of A such that
[2]< ¢ (VD% : Z < (H(x),€, <) AN Q€ Z € N}
and such that, letting N = Sk((y),e,<,)(INV U 2), we have

(1) NC N/,
(2) NﬂwlzN’ﬂwl,
(3) N'Nnie Ag(N/ﬂw1)~

Let h:w — z be a bijection, and fix an increasing sequence ({; : ¢ < w) cofinal in £
with (o = 0. Now let each

N7/7 = Sk(H(x),e,Sx)(Nn U h[in]) s

where i, is the largest ¢ such that {; < n. Since these are all finite extensions, each
initial sequence of the new sequence is an element of the later models. By the choice
of z, each Ny Nwy = N,’, Nwi, and so N’ is as desired. O

Theorem 4.13. If P, is as in Theorem 3.2 and f:wi — w1 is a function added by
P,, then Q. is c-semi-proper in the extension by P, for all o < w;.
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Proof. By induction on «, using the Lemma 4.12 and working in the extension
by P,. Fix N € SEQ,(x) and p € Q, ¢ with p, @, A € No, and let N’ be as in
Lemma 4.12, with respect to (AZ : < wy). If N’ has a final model (i.e. if a is
a successor), then we can choose a (N’ | (a — 1), Q,, s)-semi-generic p’ € N/,_,
extending p by the induction hypothesis (see Remark 2.2). Then since

N(;—l NAp+1 € A?(N(',,lﬂwl)’

any N/,_;-generic for @, ¢ extending p’ will suffice as the desired condition. For
the case where « is a limit, we let N and N’ be as in the proof of Lemma, 4.12,
and fix an increasing sequence &; (i < w) of ordinals cofinal in «. Then letting
p be po, we can successively pick conditions p; (i < w) such that each p;41 is a
(N | &y, Q,, f)-semi-generic in Néiﬂ extending p;, and such that the last member
of each p;11 contains Néi NAp+1. By Lemma 4.12(d), the limit of the p;’s (adjoined
by their union) will be a condition in @, ¢, and it will be (N, @Q,, f)-semi-generic
since it extends an (N | 3,Q, ¢)-semi-generic for each 3 < a. O

4.3. Systems of models and conditions

To show that each initial segment Pg (8 < k) is (w, 00)-distributive, we choose a
suitable pair (M, N) where M is a countable elementary submodel of H(x) and N €
SEQ,.+.(mnp)(X), and find an (N, Pg)-semi-generic condition in Pz which extends
an M-generic filter. As defined below, a (Q, p, 3)-system is a partial construction
of such an object (minus the M-genericity requirement), where p is the length
of the initial segment for the iteration for which the desired condition has been
constructed, and [ is the target length.

Definition 4.14. Given ordinals p < 3 < k, we say that (M, N,p,q) is a (Q, p, B)-
system if (letting 0 = o0.t.(M N p) and v = o.t.(M N B)):

1) M < (H(X), € <),
) Q, p, B belong to M,
3) N € SEQ,(x) and Q € Ny,
4) g€ P, and q is (N | [0, 7), P,)-semi-generic,
5) for all p" € pN M, q | p"is (No.t.(rnyp), Py )-semi-generic,
) forallne Mnp,

(a) for all v € Noy (pnn) Nwi, M N A4 € A,

(b) M NVy, 12 € Not.(mrn)s

(7) p€ Ps,plp>qandforallne(p,B)NM,p|ne Noyirnm-

Remark 4.15. Note that if 3 = p+ 1 and (M, N,p,q) is a (Q, p, 3)-system, then
(M, N,p,q) is also a (Q, 3, 3)-system, as (the second part of) (4) becomes vacuous
in the second case, and (4) in the first case completes condition (5) in the second.

Definition 4.16. Let M < (H(x),&,<y) and 8 < s with P3 € M. A filter
g C PsNM is M-generic if for all dense sets D C Pg in M the intersection of g and



Sh:746

J. Math. Log. 2003.03:193-215. Downloaded from www.worldscientific.com
by UNIVERSITY OF MICHIGAN on 02/01/15. For personal use only

Bounding by Canonical Functions, with CH 205

D is nonempty. A condition p € M is a potential-M-generic for Py if there exists a
g C PgN M M-generic for Pg such that for all p € M N G, 1p, forces that if

P
MnN )\p+1 S Afp(Mﬂuu)

then p(p) = g(p)~(Ug(p)), and if for all p & M N3, p(p) =1¢) .

P

Note that if g C Pg is M-generic and p is in ¢ then since supp(p) is a Pg-name
for a countable subset of § the support of p as determined by g is contained in
M N 3. We need to see that potential-M-generics exist in suitable generality.

Lemma 4.17. For any 3 < k, if (M, N,p,0) is a (Q,0, 3)-system with p € M, then
there is a potential-M-generic p < p such that p [ 1 € Ny 4. (nanry for allm € M N S.

Proof. Given g C PN M M-generic for Pg, one can easily build a corresponding
potential-M-generic p, letting p(p) be the empty condition when

p
M N )\p+1 € Afp(Mﬂuu) .

The point then is just to find an M-generic filter g C M N Pg with p € g, such that
gN Py € Ny (nonry for allnp e M N S.

Inducting primarily on 8 € M N k, and secondarily on v € M N @, we show
that if p* € Pg N M and g* € Nyt (mny) is an M-generic filter for P, such that
p* [ v € g and g* NPy € Nyyanyy for all v € M Ny, then there exists an
M-generic g C Pg such that gN P, = g*, p* € g and gN P € Ny ¢ (mny for all
n € M N (. Note that for each v € M N 3, since

P(P(Ay)) N M € Nyt (ninm)

(and |P,| < 2*), the M-genericity of g* can be verified in N, 4 (arny) (M itself is
not in any member of N, so this is not automatic).

The base case f = 0 is trivial. For the successor step, we may assume that
v+ 1 = . Then since for the successor case there is no restriction on the last
coordinate of the M-generic filter (other than M-genericity), ¢g* can be extended
in any fashion to an M-generic for Pg.

For the limit, fix an increasing sequence 7; (i < w) cofinal in 8N M, and let
p = po. Now in w many steps alternately pick

e M-generic g; C Py, in Nyt (avnn,) (applying the induction hypothesis plus the
elementarity of N, (arny,) Plus the fact that N ot (MnNmn) € No.t.(Mam:)> a8
in Remark 2.2) with p; [ 7; € g; such that

— giN Py € Nyt (v for all np € M N,
— giN P, =g; forall j <1,

® pit1 < p; in M meeting the ith dense set in M for Pg such that p; 1 [ n; € g;
(such a p;11 exists because g; is M-generic for P,,).
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Since each p;+1 € M, its initial segments are automatically in the corresponding
N¢’s. Then {p; : i < w} generates an M-generic filter g for Pg, and for each 7;,
gN Py, = g;- Then by the induction hypothesis, gN Py, € N, 4. (nny) for alln € MNE,
since for all i < w with 7, > 7, gN P, = g; N P,. O

Lemma 4.18. Fiz 3 < k. If for all pg € Pg there is a (Q, 3, 3)-system (M, N, p, q)
with po € M and p < po a potential-M -generic, then the forcing Pg is (w,00)-
distributive.

Proof. Towards a contradiction, fix the least § for which the lemma fails, and let
po be a condition in Pg forcing that P3 adds a new w-sequence of ordinals. Let
(M, N,p,q) be a (Q, 3, 3)-system with py € M and p < py a potential-M-generic,
as given by the hypothesis of the lemma. Then there exists a Pg-name 7 in M such
that po forces that 7 will be a new w-sequence of ordinals. Let ¢ C Pg N M be an
M -generic filter witnessing that p is a potential-M-generic. We wish to see that ¢
is below each member of g. Then we will be done, as for each integer ¢ there is a
member of g intersecting the antichain in P3 determining the ¢th member of 7. So
we will show by induction on p € (B+1)NM that ¢ [ p < p' [ pforall p’ € g
(simultaneously). The cases where p = 0 or p is a limit and M N p is cofinal in p
are clear.

For the successor step from p to p + 1, IP(M Nwi) is a P,-name in Ny ¢ (rrnp)
for a countable ordinal, so by Definition 4.14(5) and (6), ¢ | p forces that

MNMA41 € Al]:”p(mel) .

Then g | p forces that p(p) = g(p) ™ (Ug(p)). By Definition 4.14(7), ¢ | (p+ 1) <
pl(p+1),s0q ] p forces that g(p) extends p(p). Now fix p’ € g. Since ¢ | p forces
that p(p) extends p’(p), we have that ¢ [ (p+ 1) <p' | (p+1).

Lastly, for the case where p is a limit and M N p is not cofinal in p, note that
p has uncountable cofinality, and also that we have shown that each P, p/ < p
is (w, co)-distributive. By Property 4.3 then, densely many conditions in P, (and
therefore gN P,) are conditions in some P, p’ < p, and so densely many conditions
in g N P, are in some P, with p’ € pN M. O

Given a countable X < (H(x), €, <y) with A € X, and given i < A, we say that
Y < (H(x), €, <y) is a minimal (1, A)-extension of X if the following hold.

(1) Xnnp=Ynn.
(2) Y= Sk(H(X),Eyﬁx)(X U A), for some A C \.

The fact about these extensions that we will use is given in the following lemma.

Lemma 4.19. Let X < (H(x),€,<y), and let A < v be ordinals in X with v a
reqular cardinal. Let Y be a minimal (n, A)-extension of X for some n < A. Then
X N~ is cofinal in' Y N~y.
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Proof. Since v is regular, each f:[\]<“ — 7 has bounded range below 7. If f is in
X then this bound exists in X. |

Lemma 4.20. For any set x € H(x) and any ordinal 3 < k, there is a (Q,0, 3)-
system (M, N,1p,,0) with x € M.

Proof. Let My < (H(x), €,<y) be countable with {Q, 3,2} € M. For some ¢ <
w1, we build (M : € < (), (7e : € <) and (N¢ : € < () satisfying the following
conditions.

(1) Each M¢ is a countable elementary submodel of (H(x), €, <y).
(2) Each N¢ is a countable elementary submodel of (H(x), €, <y).
(3) Each 7¢ is the &th ordinal in M¢ (0 being the Oth ordinal).
(4) Q € Ny.
(5) Forall § < (¢, (N, :n<&) € Ne.
(6) Forall § < (¢, M NV 42 € Ne.
(7) For all § < ¢ and for all v € Ne Nwy, Mey1 N Ay g1 € AJE.
(8) For each & < (, M¢4q is a minimal (22M§ s Aye+1)-extension of Me.
(9) If £ is a limit ordinal, then Mg = |J{M,, : n < &}.
(10) If there exists a £ < wy such that ¢ = [, then ( is the least such &; otherwise
C = w1
Given Me, by applying Theorem 3.2(3) repeatedly, once for each A)¢ with v =
N¢Nwi, we can choose each Mgy to meet (7) and (8). While the model Y resulting

from this repeated application may not be a minimal (22 h s Aye+1)-extension of Mg,
Y = Sk(r(,e,<0 (M U (Y N A1)

will be, as Y NVy, , =Y*NVy .,
of the construction is straightforward.

We claim that for each ¢ < ( the sequence (v, : n < &) lists the first £ + 1
ordinals of M in increasing order. This follows by induction on . It is clear when
& =0, and when £ = ¢’ + 1, it follows from (8) and the fact that

so we can take this Y* as our Mg, 1. The rest

Aver
22 > Yer
(so in this case v = e + 1). If £ is a limit ordinal, we have from the fact that
Me = U{M,, : n < &} and the induction hypothesis that (v, : n < &) lists the first
& ordinals of M¢ in increasing order. Then the definition of . finishes the proof of
the claim.

Next we claim that ¢ = B for some £ < wq, and so ¢ < wi. Given this we are
done, letting M = M¢ and N = (N¢ : £ < ¢). All the conditions of Definition 4.14
are satisfied trivially, aside from (6). Condition (6) is satisfied since for each n €
M¢ N B, there is some § < ¢ such that = v, (and so § = 0.t.(M Nn)). Then N¢
and Mg were chosen to satisfy Definition 4.14(6) and (7) of the construction, and
this relationship was preserved for all later M¢ by (8).
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Assume to the contrary that ¢ = wy. If v, = 3, then since every ordinal in
M, N B is equal to some g, there is a limit ordinal { < w; such that

{mn<&=MNp.
But then ¢ = 3, contradicting ( = wi. So we may assume that v, < 3. We will
show that the cofinality of M, N~,, is countable, which is a contradiction since
(7e + € < w1) is increasing and cofinal in it. If v, < A, for some ~¢ with v, € Mg,
then M Ny, = M¢N7,, which is countable. If not, v, = A, . If 7, is singular,
let p be the cofinality of v,,. Then p < A, for some ¢ with {p,7,,} € Me, and
there exists a cofinal map f:p — ., in M. Since pN M, = pN M, f[Me N p)
is a countable set cofinal in M, N 7,,. The last remaining case is that v,, is a
regular limit cardinal. Let £ be least with ~.,, € M¢, and fix a cofinal sequence in
Me N 7o, . By Lemma 4.19 and (8) of the construction, this sequence is cofinal in
My, N Yo, - O

We finish by applying the following lemma to the case p = 0,7 = 3, from
Lemma 4.20. By Lemma 4.18, then, we are done.

Lemma 4.21. Fiz 3 < k. Let (M, N,p,q) be a (Q, p, 3)-system with p < v < 3
i M, and assume that p is a potential-M -generic. Then there exists a condition
q' € P, such that

W dTr=q )
(2) (M,N,p,q) is a (Q,~, B)-system.

Proof. We first note that the lemma follows from the restricted version of the
lemma where v = 3. To see this, fix M, N, p, q, p, 7, B as given by the hypothesis
of the unrestricted version, and note that the restricted version then gives a ¢* € P,
such that ¢* | p=qand (M,N [ ot. (M N7), p|7,q")is a (Q,,7)-system. Now,
if G, C P, is V-generic with ¢ € G, then M[G,] N Ord = M N Ord (since p is a
potential-M-generic and ¢ < p) and the following hold.

. Vfoz <ot (BN M) NoG,) Nwi = N, Nwr,
e N[G,] = (N.[Gy] <ot (MNp)) e SEQO‘t'(MﬂB)(X)V[GP].

Furthermore, in V[G,],

° q" [[p,7) € Py/Pp,

e VY € (y\p)NM, q* [ [p,7) is (No.t.(riny) [Gy), Py / P,)-semi-generic,

e pllp.7)=q" Ip.,7)

Applying the elementarity of N, ;. () [Gp] in H (x)VI97], we see that there exists a
condition ¢ € Nyt (nny) [Gp]NPy / P, satisfying these conditions. By Lemma 4.10(2),
then, there is a condition ¢’ € P, such that ¢’ [ p = ¢ and ¢ forces that ¢’ | [p, )
is a

(N[G,] I [ot.(M N7),0.t.(M N B3)), P,/P,)-semi-generic
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condition extending such a ¢. This ¢’ suffices. We have Definition 4.14(5) and (7)
by the properites listed above for ¢* | [p,~), condition (4) by our extension, and
the others by the assumptions of the lemma.

The restricted version of the lemma follows by induction on o.t.((8 \ p) N M).
Note that our induction hypothesis entitles us (once we have fixed § and p) to
assume that the unrestricted version holds whenever v < 3.

Now, when p = (3 there is nothing to show. The argument for increasing
o.t.((B\ p) N M) by one follows from the case where 3 = p + 1, and this case
is also trivial (see Remark 4.15).

The only remaining case then is when p < 3 and 8 = v is a limit ordinal. Fix
an increasing sequence 7); (i < w) cofinal in M N S with 79 = p, and succesively
apply the induction hypothesis (in V', as opposed to some submodel). That is, let
qo = ¢, and given g;, let ;11 € Py, , be such that ¢;11 [ n; = ¢; and (M, N,p,qit1)

is a (Q, 41, B)-system. Then each ¢; is (V [ [0.t.(M Nn;),0.t.(M N B3)), Py, )-semi-
generic, and the limit of the g;’s is the desired ¢’. Definition 4.14(4) is then easily
satisfied (the second half being vacuous), and Definition 4.14(5) and (7), being local
properties, are satisfied by the induction hypothesis. O

5. Applications
5.1. Bounding

The following is a a minor modification of a standard fact.

Theorem 5.1. Let A\ be a measurable cardinal, let 8 be a regular cardinal such
that Vayo C H(0), and let <* be a wellordering of H(0). Then for every countable
ordinal 3 and every X < (H(0),€,<*), there is a z € [\]® such that

[2]<“ c(\{DX: Z < (H(0),€,<" )N Z € X}, (5.1)
and such that, letting
Y = Sk(mp),e,<+)(X Uz),
X N is a proper initial segment of Y N .

Proof. It suffices to prove the theorem for the case 8 = 1, since then we may
repeat the construction any countable ordinal number of times. To see that (5.1)
is preserved, note that if after repeating the construction some countable num-
ber of times we have the A-end-extension X’ of X and we have added 7o, ..., Vn
(possibly among other ordinals) to z and Z < (H(6),€,<*) is in X, then Z' =
Sk(r(0),e,<+)(ZU{70,..-,m}) € X'. Further, if v, 41 € Df/, then by Lemma 2.1,
{05+, my1} € DY

Now, to prove the theorem for the case 8 = 1, let u be the <*-least normal
measure on A, and fix X as in the statement of the theorem. Let v be any member
of (X Nu), and let

Y = Sk(rg),e,<) (X U{7})-
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The key point is that if f: A — X is a regressive function in any elementary submodel
of (H(0),€,<*), then f is constant on a set A € u, and since p is <*-least, u and
therefore A and the constant value are also in the model. Along with the fact that
NXNnp € NZnNpu) for any Z < (H(),€,<*) with Z € X, this shows that
~ satisfies (5.1). To see that Y N X is a proper end-extension of X N A, note that
v ¢ X, and since any ordinal n € Y N\ is of the form f(v) for some f: A\ — X in
X, if n € Y N~ then any corresponding f is regressive on a set in u, and so n € X,
by the key point. O

Putting together Theorems 3.2 and 5.1, we have the following.

Corollary 5.2. Say that there exists a strongly inaccessible limit of measurable
cardinals. Then there is a semi-proper forcing extension in which Bounding holds,
along with the Continuum Hypothesis.

Proof. Let (A, : p < k) be a continuous increasing sequence of cardinals with
supremum k strongly inaccessible such that each A,y; is a measurable cardinal.
Fix a regular cardinal xy > (2%)", and let <, be a wellordering of H(x). Let

A= (AL CDpa]™ i p <k, B <wi)

be such that each A‘ﬂ’ is the set of countable subsets of A, of ordertype greater
than . Then by Theorem 5.1, Theorem 3.2(1)—(3) are satisfied (condition (2) by
the fact that small forcing preserves measurable cardinals), so any forcing P as
in the statement of Theorem 3.2 is semi-proper and (w, oo)-distributive. We may
further require that for every function f added by some initial stage of the iteration
there is a p < k such that f = f,. Each Q, ; forces that |A\,y1| = N; and that any
canonical function for A,11 dominates f on a club, so P forces Bounding. Further,
since 2% < k in V and P forces k = wy, P forces CH. O

Deiser and Donder have recently shown [1] that Bounding is equiconsistent with
a strongly inaccessible limit of measurable cardinals.

5.2. Suslin bounding

The previous application can be generalized to show that the following statement
can be forced without adding reals, answering a question in [14].

Definition 5.3 ([4]). Suppose that A C R. Then A is universally Baire if for
any compact Hausdorff space X and any continuous function 7: X — R, the set
{a € X | m(a) € A} has the property of Baire in X.

Definition 5.4. Suslin bounding is the following statement. Suppose that A C R
is universally Baire, and fix a function f:w; — A. Then there is a tree T' on w X wy
such that A = p[T] and such that {a < w; | f(&) € p[T | (w x «)]} contains a club.

Theorem 5.5. Bounding is equivalent to Suslin bounding for 111 sets.
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Proof. For the forward direction, we adapt the proof that II} sets are projections
of trees on w xwy (see [9]). Let S be a tree on wxw, let B = p[T] and let A = w*\ B.
Recall that for all x € A,

S.={oew™ | (a|lo],0) € 5}

is wellfounded. For each x € A, let 8, be the least ordinal (necessarily countable)
such that there exists a function 7,:w<¥ — (8, with the property that if o,¢0’ € S,
are such that o is a proper initial segment of ¢/, then r;(0) > r,(¢’). Fix fiw; — A,
and for each a < wy let h(a) = By(a). Now fix 7 < wo and a bijection g:w; — 3
such that for every a in a fixed club C' C wi, o.t.(g[a]) > h(a). Let o:w — w<¥
be a bijection such that |o(i)] < i+ 1 for all ¢ < w. Let T be the tree on w x wq
consisting of all pairs (p, 7) such that if i, 7 < |p| (= |7]) and o (%) is a proper initial
segment of o(j) with

(p Te (@), (@), (p I 1o(i)l; o))
both in S, then g(7(i)) > g(7(j)). Then p[T] = A, and, for each z € A, if ¢, is
the least (again, necessarily countable) ordinal ¢ such that o.t.(g[d]) > B, and i, is
an order preserving embedding of 3, into g[d.], then (x,97 ! 0i, o7, 00) is a path
through 7' [ (w x d,). Since (o) < a for all a € C, this shows that 7" satisfies the
definition of Suslin bounding for f.

For the other direction, let W C w® be the set of functions coding wellordings
of w under some fixed coding with the property that for each g € w* andn € w, g |
(n+1) codes how n+1 compares with each m < n+1. Each function from w; to w;
induces a corresponding function from wy into W. Let f:w; — W be such a function,
and let T be the tree given by Suslin bounding, with C' the witnessing club set. We
have a partial, not necessarily transitive, order <, on the sequences in 7', where
09 <, o1 if one extends the other, and, o; being the longer one, the first cordinate
of the last element of o; codes that |og| < |o1] in the corresponding ordering. Let
<; be the least transitive ordering containing <,. Then <; is a wellfounded partial
order. Seeing this requries checking that the resulting order is antireflexive and
wellfounded. To see antireflexivity, assume that

TSOUOSO'.'SOO-RSOT

is the shortest possible counterexample. First note that oy and o, cannot be com-
parable in <, (or identical) since then there would be a shorter counterexample,
removing the 7’s and placing either o(n) and the beginning of the sequence or og
at the end if they are unequal. Therefore oy and o, must be incompatible exten-
sions of 7, and o7 must be comparable with 7 and distinct from ¢,. But then
depending on whether o1 >, 7 or 7 >, 01, there is a shorter counterexample, re-
moving either oy or os...0, from the original sequence. To see wellfoundedness,
let 0; (i < w) be a descending sequence in <,. First note that if some 7 € T
has infinitely many extensions in the sequence, then all but finitely many of them
must be extensions of a fixed immediate successor of 7, since otherwise initial seg-
ments of 7 are visited infinitely often by the sequence, which is impossible (using
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antireflexivity of <), there being only finitely many of them. But the empty
sequence has infinitely many extension in the sequence, which means that we can
build an infinite chain though 7" all of whose members have this property. We claim
that infinitely many members of this chain must be in the sequence, which gives a
contradiction since the chain codes a wellordering. To see the claim, fix a member 7
of the chain, and an arbitrary integer n. Then there is some o, i > n, extending 79,
and a member 71 of the chain with length greater than |o;|. Let o be an extension
of 71, for some j > ¢. Then if ¢; is not on the chain, there must be some k in the
interval (7,j) such that o) is an initial segment of 71. Since n was arbitrary, the
claim follows.

Now extend <; to a wellordering < of T, and let v be the length of <p. Let
h:wi; — T be a bijection, and define g:w; — w; by letting g(«) be the ordertype
of <r restricted to h[a]. Then g is a canonical function for v. Furthermore, for a
club ' C C of a < wy, T | (w X ) = h|a]. For these a, g() is greater than the
ordertype of every wellordering in the projection of T' | (w X «), and thus greater
than f(a). O

Remark 5.6. Note that Suslin bounding for IT} sets and Suslin bounding for II}
sets are identical.

Instead of working directly with the definition of universal Baireness, we will
consider the equivalent (in the presence of large cardinals) form given by Theorem
5.8. Given a set X, we let m(X) denote the set of countably complete ultrafilters on
X. Recall that a sequence of measures (u; : i < w) such that each u; concentrates
on k' is a countably complete tower if for any sequence (A; : i < w) such that each
A; € p; there is a sequence z € k* such that each z | i € A;. See [6, 14] for more
detail.

Definition 5.7. Suppose that x is a nonzero ordinal and that T is a tree on w X k.
Then T is §-homogeneous if there is a partial function m: w<“ — m(x<*) such that

(1) if s € dom(7) then 7(s) is a d-complete measure on x!*l and 7(s)(T,) = 1,
where T, = {t € sl* : (s,t) € T},

(2) for all x € w¥, x € p[T] if and only if
(a) {z 1k:kew}Cdom(n),
(b) (m(z | k) : k € w) is a countably complete tower.

A set A C R is d-homogeneously Suslin if A = p[T] for some §-homogeneous

tree T'. A is *°-homogeneously Suslin if it is §-homogeneously Suslin for arbitrarily
large §.

Theorem 5.8 ([4]). Suppose that there is a proper class of Woodin cardinals and
that A C R. Then the following are equivalent.

(1) A is universally Baire.
(2) A is °°-homogeneously Suslin.
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We use the following fact to ensure that our forcing iteration considers all uni-
versally Baire sets.

Lemma 5.9. Let P be an (w,00)-distributive partial order, and let G C P be V-
generic. Then in V[G), for all A C R and all v > (21PNt A is y-homogeneously
Suslin if and only if A €V and A is y-homogeneously Suslin in V.

Proof. This follows from the following standard facts about measures, where V[G]
is an extension by a forcing P such that (217" <y < k.

(1) For every ~-complete measure U on <% in V[G], U NV € V. (Otherwise,
densely often in P there is a set in V' whose membership in the measure is
undecided; by genericity, then there will be a subset of the measure of size
< |P| with empty intersection.)

(2) For every y-complete measure on £<“ in V[G], every positive set contains a
positive set in V. (For each P-name for a positive set and each condition in P,
consider the set of sequences p forces into the positive set.)

(3) Every «-complete measure on k<% in V extends to one in V[G]. (All sets con-
taining positive sets from the ground model.)

For the forward direction, let T' be a y-homogeneous tree on w X & in V[G]
such that p[T] = A, for some v > (2IFP)*t. Let m:w<¥ — m(k<*) witness that
T is y-homogeneous. Each (o) extends a measure in V on <%, and since P is
(w, 00)-distributive, the corresponding function 7’ taking each o to the restriction
of m(o) to V exists in V. For each « € R\ p[T], let (A} : k < w) be a witness to the
fact that (w(z | k) : k < w) is not countably complete. For each s € w<¥, let

Be=[{Af |z € R\p[T| As Cz}.

Since every positive set for each 7w(z | k) contains one from V, and since P is
(w, 00)-distributive, we can assume by shrinking if necessary that (Bs | s € w<¥) is
in V. Now let 7" € V be the set of pairs s,t such that ¢ € Bs. Since the measures
are all v-complete, each B is positive for 7(s). Then T is y-homogeneous (with 7/
as a witness) with the same projection as 7.

For the other direction, assume that T (on w X k) and 7 in V' witness that A is
~v-homogeneously Suslin. Extend the 7(0)’s to V[G]-measures, inducing a function
7w — m(k<¥). Since each positive set in V[G] contains one in V, and since
no w-sequences of ordinals have been added by P, for each x € w® the countable
completeness of the corresponding tower is not changed by P. Since no countable
sets of ordinals have been added the projection of T is the same, so T' (along with
7') witnesses in V[G] that A is y-homogeneously Suslin. O

Let T be a tree on w x £ and let f:wy; — p[T’]. Our one-step forcing Ry 7 is the
set of continuous increasing sequences (z, € [K]<“* : @ < ) of countable length
such that for all & < 3, 2o Nw1 € w1 and f(ze Nw1) € p[T | (w X 24)], ordered by
extension.
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Given a §T-homogeneous set of reals, we use the measures witnessing homo-
geneity to suitably expand countable elementary substructures of H(x).

Lemma 5.10. Fiz § > wy, and let T be a §T-homogeneous tree on w X Kk, witnessed
by mw<Y — m(k<¥). Let x > 2" be a regular cardinal with <, a wellordering of
H(x), and let X < (H(x), €,<y) with T, 7 € X. Then for any countable a C p[T]
there exists a countable z C K such that letting Y = Sk (g (y),e,<,)(X U 2), we have
that

1) XNd=YNs,
(2) acpl | (wx(YN&)),
(3) ]~ Cc({DZ:Z < (H(x),€,.<x)AN{T\w} € Z € X}.

Proof. Fix T, m, X and a = {a; : i < w}. By Lemma 2.1, it suffices to show that
we can deal with ag, as we can just repeat the process w times. For each k < w, let
A = N(X N7(ag | k)). Then by the definition of §-homogeneity (i.e. countable
completeness) there exists z € (k \ §)* such that for all k < w, (ap [ k,z [ k) €T
and z | k € Ay. Now z is as desired, since by the § T-completeness of each 7(ag | k),
if k € w and h:k*¥ — 6 then h is constant on a set Cj, € m(ag | k), and so this
constant value must be an element of any elementary submodel of (H(x), €, <y)
with & and 7 as members. Further, if 4 is in X, then z [ k € Cj, so h(z | k) is the
corresponding constant value. O

Given Y as in Lemma 5.10 where f(Y Nwy) € a, the union of any Y-generic for
Ry 1, adjoined by its union, is a condition.

To get the consistency of Suslin bounding from Theorem 3.2, we start from a
proper class of Woodin cardinals, and let x be a strongly inaccessible cardinal such
that every *°-homogeneously Suslin set of reals is *°-homogeneously Suslin in V.
The assumption of the Woodin cardinals is just to make *°-homogeneous Suslinity
equal to universal Baireness. Let F:w; — R be a wellordering of the reals. Let our
bookkeeping for P be such that each pair (A4, f), where A is a universally Baire
set (from the ground model) and f:w; — A is added by some initial segment of
the iteration, is associated to some p greater than the stage at which f was added,
such that A is the projection of a |[P(P(),))|"-homogeneously Suslin tree 7' € V;
on w x K for some kK < Apyq. For this p, we let each Ag be the set of countable
x C Apy1 such that F(B) € p[T | (w x (x N k))], so that Q, (r-105) = Ry 7. By
Lemma 5.10, these sets also satisfy Theorem 3.2(1)—(3). This scheme then gives the
following corollary.

Corollary 5.11. Suppose that there is a proper class of Woodin cardinals and let
K strongly inaccessible be such that every °°-homogeneously Suslin set of reals is *°-
homogeneously Suslin in V. Then there is a semi-proper (w, 0o0)-distributive forcing
of size k in whose extension the Continuum Hypothesis and Suslin bounding hold.
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