
More on  S t a t i o n a r y  Coding 

We here continue our investigations in [Shl] on stationary coding sets 

(introduced and investigated by Zwicker [Z]) making some improvements 

and additions. 

The various claims are not so connected. Theyinc[ude: 

A If m: ~0 A: X ~ then there is a (m+,k+)-stationarycoding (see 23) 

I] If A: k I% is regular, S G I(5< k+: cf (5:I~01 is stationary but does not 

reflect then there is an (I~1,k+)-stationary coding (see 24, 25) 

C If X : k I% then \//\ (J~) 1(k+)) (see 28); for more on diamonds see 13, 14, 

15. 

D We note that Martin Maximum implies that "there is no (~l,k)-weak sta- 

tionary coding for every k" and we show that statement for k = I~ a when 

~:~0_> i~3, (see 3). We note also that for m first inaccessible, strong stationary 

coding may not exist (see 4). 

]~ We also give an elementary presentation of "a normal fine filter on k (or 

P<~(A)) concentrating on the wrong cofinality is not X+-saturated '' (see 

6,7,8). /\ (~)) has an even stronger conclusion (see 17). \/ 

F On strong stationary coding see 18. 

1. Notat ion:  

1) If < *  ~ a well  o r d e r  t h e  s e t  a l e t  otp (a ,  <*) be t h e  o r d e r  t ype .  If a is a 

s e t  of o r d i n a l s ,  < * t h e  u s u a l  o r d e r  t h e n  we w r i t e  otp (a). 
Let  ord be  t h e  c l a s s  of o r d i n a l .  

2) H< ~(a) is  
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/ a ' l a l < ~ a n d f o r e v e r y n  a n d x l  . . . . .  xn , 

if X l C X 2  C X S "  " " C X n  C ~ , 

t h e n  x l  is an  o r d i n a l  < a o r  

a s e t  of p o w e r  < ~ / 

H< ~(0) is w r i t t e n  H(m). 

3) 0 b s e r v e t h a t  IH<~(a )  l = 12+at <~ w h e n  ~ is r e g u l a r .  

4) F o r  ~--X l e t  P = ~ , x  be  a s u b s e t  of H<~(X) of p o w e r  h, s u c h  t h a t  f o r  

s o m e  M*, M* < es (H((2x)+) , c),  ~ c M',  ] IM'I = A, X c M*, x c M* a n d  

]3 = M*nH<~(X), h e n c e  

( i )  if X < ~ :  X t h e n ~  = H<~(X) 

(ii) if h<e> k b u t t h e r e  i s ~  c2 H<~(~) 

IBi = x, (v~ cP<Ax)) (~b crY) (a c b) 

t h e n  ]~ s a t i s f i e s  t h i s  

5) Let cd~, x be a one-to-one function from ~,x onto X, and let dcd~,k be its 

inverse 

Let dog'" (~) = faca(=):  = c ~ f  
6) Le t  ~ )e  ( 0 a n  u n c o u n t a b l e  r e g u l a r  c a r d i n a l ) ,  b,e t h e  f i l t e r  g e n e r a t e d  b y  

t h e  c l o s e d  u n b o u n d e d  s u b s e t s  of e, D cb is t h e  f i l t e r  of c o - b o u n d e d  s u b s e t s  
e 

of e. 

7) For  f , g  : I - ~ o r d ,  f <  g m e a n s  I t  c : I  f ( t ) <  g ( t ) l  c D ,  f / ~ 3  < g / ~ 3  
i) 

h a s  t h e  s a m e  m e a n i n g  
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8) If ~) is an ~l-complete filter on a set [, f :[-~ ord then the ~)-rank of f is 

denoted by ]~k (f ,D), is an ordinal. We define it by defining by induction on 

a w h e n  Rlc (f,D) = a : 

R;c(f ,~f))  = a iff a : u l # + l  :f l< a, a n d  fo r  s o m e  g/~c])< f/~,~),  R k ( g , ~ )  : a.l 

9) tf D o n  f : 0 a r e g u l a r  u n c o u n t a b l e  c a r d i n a l ,  l e t  I~.k ( f )  : Rk ( f  ,~.C/9 cb). 
o - 

10) F o r ~ )  a f ine  n o r m a l  f i l t e r  o n / 9 < ~ ( A ) ,  B ~ A le t  

D~B= {la~Ba cI~ [~!:D} 

J~) ['B is a f ine  n o r m a l  f i l t e r  o n / 9 <  ~(B) 

2. Lemma: 

i) The following are equivalent for a regular uncountable m and station- 

ary T C ~: 

(i) t h e r e  a r e  f u n c t i o n  ga(a<K.+),g f r o m  ~ to  ~, s u c h  t h a t  ( v /  < ~) 

g(i) < (~o + I i[)+andg~/~9~< g~/~fora< fi< ~+andg/~ga/~ 

(v) for any cardinal p~ such that (v6< T) [cf 6> ~/% 161~< m], cardinal X > ic 

and subsets P{ { k({ < 1~) fhere ate functions g{ :~-~ ~({ < pt) such that 

the following set is stationary (i.e., # Cmod ~)<~(k)) 
la c19<~(k) : ar~; is an ordinal and for { < ~ the order type of ac~P i is 

g{(an¢), and if 5 is an accumulation point of a, 

cy 6# c/(anlc) then 6c a] 

2) Assume (i) of i) holds (for ~,T), A: m+a lal+< m and (vy< m) 

[ 171 la; < m]. If T is a set of inaccessibles (not necessarily strong limit) then 
there is a (re,A) -stationary coding. 

2 . A  R e m a r k :  

L e m m a  2 (1) s a y s  t h a t  in  [ S h l ]  12, 12A we  c a n  a d d  c o n d i t i o n  (v) t o  t h e  

f o u r  e q u i v a l e n t  c o n d i t i o n s .  L e m m a  2 (2) s a y s  we c a n  s t r e n g t h e n  [ S h l ]  13 

( w h i c h  u s e s  t h e  s a m e  a s s u m p t i o n  a n d  d e d u c e  t h e  e x i s t e n c e  of a (~ ,k) -weak 

s t a t i o n a r y  c o d i n g  (wi th  n o  a d d i t i o n a l  c o n d i t i o n  on  T)). 

P r o o f :  

I) We use [Shl] 12A which has the same proof of [Shl]12. Now (v) here 

implies (iv) there trivially. The proof there of (ii)=--> (iv) gives (ii)=--> (v). 
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2) Like the proof of [Shl]13. 

3. F a c t :  

1) tf 2t%>S 2 t h e n  t h e r e  i s  a s t a t i o n a r y  S C S~S0(I~2) w h i c h  d o e s  n o t  

r e f l e c t ,  i .e . ,  S # C m o d  D~Io(I~2) b u t  fo r  e v e r y  a < ~2 ( b u t  >- 1~1), 

S (~ S<_t~o (a) : c~mod D ~ s o ( a  ) 

2) If s c  / a  : a c ~+, a n ~  a n  o r d i n a l ,  J a ]  < h i  c S<~(~  +) is  a s t a t i o n -  

a r y  set which does not reflect ~ regular uncountable, t h e n  for some 

C c ~)_< ~0(~c+), C n S is a weak (mjc+)-stationary coding for (Ic,m +) 

Proof :  

i) Let for an ordinal i, h~ be a one to one function from ]iJ onto i. In 

V'~fL[ (h i "i < ~02/~ ] there are at rnost Se v countable subsets of ~2 v (and 

~1 v= ~1 ~, ~2 V= ~2 v" [V' b " a  e,o<_Rok 2) =---'2 V ~ " a  ~S~Ro(~2)]) B u t  i t  is  

k n o w n  t h a t  e v e r y  C ~ ~)~i%(l~e) h a s  p o w e r  -- 2 ~° > l~ e. So 

S ~ f a  : a  ~ S ~ s ~ ( S 2 ) ,  a ¢ V'{ is  :# CmodD_<So(so).  B u t  f o r  e v e r y  a <  I~ 2 

u s i n g  h a t h e r e  is  C a ~ D ~ s ~ ( a  ), C a c  V' ( e a c h  m e m b e r  of C a h a s  t h e  f o r m  

fha( i )  : i  < 61 f o r  s o m e ~ <  ~ ) .  So  S d o e s  n o t  r e f l e c t .  

2) Let S C S<~(~ +) be # Cmod ~)<~(~+), but 

S&S<~(c 0 : Cr~zod~)<~(c 0 when ~-< a< ~:+. Let h9 be a one to one func- 

tion from IflJ onto ft. When m <- a< m + let a = U ~a, a~ increasing con- 
{<m 

(Possible by the choice of S). Let C a = li < m: ha 

C a is a club of m. Let ga: ,c-+m be defined by 

tinuous in i, a/a ¢ S. 

maps i onto a~{ so 

g~(i) = M~ (0. -0. 
L e t  C * :  I a  c S < ~ ( ~ + ) :  

n a l /  

a i s  c l o s e d  u n d e r  h a, h ~  1 a n d  g a  a n d  a n ,v i s  a n  o r d i -  

O b v i o u s l y  C* c~ )~ l%(~0) .  So  S Ch C ' i s  # ¢ m o d  D ~ o ( K +  ). 

S u p p o s e  (*) a,b  ~ S nC*, a ~ b, a n w 1 = b n w l ,  a # b, a n d  we s h a l l  

g e t  a c o n t r a d i c t i o n .  

L e t  6 =  a n K =  b nK.  :If a c : a  n b,  a -  ~, t h e n  a h a =  I h a ( i ) :  

i < 6~ = b n K .  We k n o w  b -~# ¢~ l e t  f l =  M/n ( b - a ) ;  b y  t h e  p r e v i o u s  s e n -  

t e n c e  a ~ fll h e n c e  a = b n i l .  Now as  b is  c l o s e d  b y  g~, c l e a r l y  6 c  Cf, 

h e n c e  ( u s i n g  h a a n d  t h e  d e f i n i t i o n  of C~) a = a ~ ,  so  a ~ S,  c o n t r a d i c t i o n .  
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So (*) is imposs ib le  h e n c e  S n C* is a weak (¢ ,¢+) - s t a t iona ry  coding.  

Remark: The proof is similar to some proofs in [FMS]. 

4. Fact: 

It is consistent that e.g. the first inaccessible cardinal A, is a strong 

limit and for no (regular uncountable) ¢ < A, a strong (¢, k)-stationary cod- 

ing exists (assuming the consistency of suitable large cardinals) 

Proof: Woodin constructs a model of set theory in which the first inaccessi- 

ble k is s t r o n g  l imi t  and  / \  x/A fail. By [Sh t ]  7A for tc < h, s t r o n g  (~,A)- 

stationary coding does not exists. 

Why 7A holds? By the known (folk?) proof that club implies diamond i.e. 

4.A Fac t :  (= 7A of [Shl]) 

If there is a strong (m,h)-stationary coding, re<A, k=k<k> 2 <~ then 
/\ 

Proof: As k : k <x let IA t : i < A I be a list of all bounded subset of m. Let 

la6: ~6' I be a strong (m k)-stationary coding, for some stationary S£ 

t6<k:cf6<Jc] C A, 6= s u p a  6 and  1~61<~. Let ]96= t i ~ b A i b  C a{, so for  

6aS, ]9~ is a f ami ly  of --< 2 <~ s u b s e t s  of 6. Now we shall  p rove  t h a t  

(" ]96 : 6 C S > sa t i s f ies  

(*) for X C A, /5< A: Xn~'fl~I is a stationary subset of k. 

For let h: k~ kbe defined by 

A(/)  : M i n / j  : Aj (%i = X ~ i~ 

So for stationarily many ffs, aa is 

X n S =  U ( \ h i ) =  U A~(~)= u I A ~ , ' y e a ,  

3< e < k we a re  f in i shed  by a T h e o r e m  of Kunen.  

c losed  u n d e r  h h e n c e  

y c Rang (h~a)I cp~. As 

5. Lemma:  

1) It  is c o n s i s t e n t  (in f ac t  follows f rom the  ax iom f rom F o r e m a n  Magidor  

and  She l ah  [FMS] Mart in  Max imum)  that:  for  no k > 1¢ I is t h e r e  an  (~t, k)- 

weak  s t a t i o n a r y  coding  
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2) I t  su f f i ce  to  a s s u m e  t h a t  ~ ) ~  is l~2-saturated,  a n d  for  e v e r y  s t a t i o n a r y  

s c f)<~,(x), IA E P<~2(X): s n f)<~,(A) ~ ¢ rood D<~,(A)t  ~ ¢ 

rood D<I%(X ), 

Proof:  

1) We p r o v e  1) by  2), t h e  a s s u m p t i o n s  of 2) ho lds  by  [FMS], and  for  2 ) w e  

m a y  r e p e a t  [Sh l ]  20. 

A l t e r n a t i v e l y  a s s u m e  S is a weak  ( l~ l ,h) -s taUonary  coding ,  l e t  I 1 be  t h e  f a m -  

ily of T £ ~l s u c h  tha t :  t h e r e  is an i n c r e a s i n g  c o n t i n u o u s  s e q u e n c e  

( a t : i <  ~1 ) of c o u n t a b l e  s u b s e t s  of k sa t i s fy ing :  

[ i < ~ l : i f i  e T t h e n ( 3  bES)  [i = a t a ~ i c b ~ a t ] t  c o n t a i n s  a c lub  C. 

Fo r  Y c I  i l e t  ( a i (T) :  i <  co i/x , C(T) be  w i t n e s s e s .  Now 11 is a n o r m a l  idea l  on 

~i, h e n c e  m o d u l o  t h e  n o n - s t a t i o n a r y  ideal  on w I has  a m a x i m a l  m e m b e r  T* 

(as  ~ ) ~  is l~z - sa tu ra ted  ). 

I /  T ° = w 1 (or  j u s t  c o n t a i n s  a club),  t h e n  

S ° =  Ib e P < i ~ , ( k ) "  (3i) [b r~ ~ a j ( r  °) = ai(T* ) ^ i  • C(T*)] 
J< ~1 

a n d  b ¢ LJ a i(T*) t 

is a c lub  of ]9<l~(X ), and  a n y  m e m b e r  of S* r~ S c o n t r a d i c t  t he  a s s u m p t i o n  

"S is a w e a k  ( l~ l ,h) -s ta t ionary  coding" ,  bu t  s u c h  an e l e m e n t  exis ts .  

] f  ~ l - T * i s  s t a t i o n a r y ,  S 1 = /b • S  b ~ [ L) ai(T*)] = at(T*) for  s o m e  
J<~a 

i ~ T*] c a n n o t  be  s t a t i o n a r y  o t h e r w i s e  by  the  s e c o n d  h y p o t h e s i s  of 5(3) we 

g e t  c o n t r a d i c t i o n  to  t h e  m a x i m a l e t y  of T*. So for  s o m e  C 1 E~)<t~(h) ,  

C n S l =  ¢ 
Let  C e = Ib ef)<I%(X):  b ~ w ai(T*), a n d  

b (~ n[ u a i ( T  °] is a t ( T * ) f o r s o m e i  < ~01~. 
Y< ~1 

Clea r ly  C 2 e ~<bl~(X). H e n c e  C 1 a C a • ~ < ~ ( h )  h e n c e  t h e r e  is 

b e C lr~ C 2 ( ~ S .  As b • C 1 we know b ~ S i ,  a n d  as b • C a for  s o m e  i < c0 i 

b n [jU<~ ai(T ' )]  = ai(T*), b # at(T*). This i m p l i e s  as  b ~fS~ by  t h e  def in i -  

t i on  of S 1 t h a t i  E T*, h e n c e  t h e r e  is ai  • 5" i ai(T*) ( ~  ~ a c at(T*). As by  

t h e  c h o i c e  of b a n d i  b ~ ~i E a~(T °) E b, at(T*) ¢ b we g e t a , b  c o n t r a d i c t -  

ing "S  is a weak  ( ~ , X ) - s t a t i o n a r y  coding".  

Sh:247



230 

We g i v e  a n  e l e m e n t a r y  ( i .e .  w i t h  n o  f o r c i n g )  p r e s e n t a t i o n  of t h e  p r o o f  of 

[ S h l ]  14. 

6. T h e o r e m :  

[ f ~ )  i s  a f i ne  n o r m a l  f i l t e r  on  I =  f a  C k :  c f ( s u p a ) ~ c f  t a l ~ ,  a n d X i s  

r e g u l a r  t h e n  t h e r e  a r e  f u n c t i o n s  f i  f o r  i < X + s u c h  t h a t :  D o m  f i  = I ,  

f{(a) {a andfori ~: j, [a el: f{(a) = fj(a)I : emod~) 

Proof: We can find A{({ < h +) such that: 

(*) At is a subset of A, unbounded in X, and for j < {, A~ •Aj is bounded 

inA 

[just let At(i<k) be pairwise disjoint subsets of k of power X, and then 

define At (k_~i < X +) by induction on {: for each i let lJ :J < {{ bG 

/ J a  a <  X{, a n d  l e t  A t : [7} '  f l<A] w h e r e  - /~= Min ( A i ~ - a < u ~ A f . )  ,) i t  e x i s t s  

as  IAj ,nAjol  < X f o r  ~ < ~]. 

L e t  f o r i  < A +, g{ : { - ~ k b e  s u c h  t h a t  IAj - g { ( j )  : j  < i l  a r e  p a i r w i s e  d i s -  

j o i n t .  L e t  f {  b e  a s t r i c t l y  i n c r e a s i n g  f u n c t i o n  f r o m  X o n t o  At ( fo r  i < X +) 

h e n c e  f i ( a )  ~- a. So C{ : l a  : a i s  c l o s e d  u n d e r  f{{ b e l o n g s  t o  ~) .  F o r  e a c h  

a e/leta= /x~'a< la l / .  
Now fo r  each ,  a c Ci, a n A t is  u n b o u n d e d  is  a, (by t h e  d e f i n i t i o n  of ,Ct) 

so  f o r  s o m e  oct(a) < l a l ,  A n l x ~ ' a <  a~(a) t  is  u n b o u n d e d  in  a (as  

~f(sup =)~ ~f t=1). 
N e x t  f o r i  < X + l e t h ~  b e  a o n e - t o - o n e  f u n c t i o n  f r o m  X o n t o  X u / j  : j < i~ 

a n d  d e f i n e  b y  i n d u c t i o n  o n  i :  

Ci 1 : t a  c i ~ k :  a c l o s e d  u n d e r h ~  , h (  ~ , a n X c I  

a c ~ k c l o s e d  u n d e r f ~  , f i  -¢ ,  

a c l o s e d  u n d e r f f j  , ( j  e : a  o r j  = i )  

a n d  f o r j  c a  , a n ( j u k )  c C j  1{ 

C l e a r l y  Ct 1 ~k = la (~k:acCt l l  i s  in  ~ ) ,  a n d  fo r  e a c h  a c I t h e r e  is  a t  m o s t  o n e  

a '  c C~ 1 s a t i s f y i n g  a ' n h  = a , n a m e l y / N "  " ( a ) .  
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Now we d e f i n e  fo r  i < k + a f u n c t i o n  d i w i th  d o m a i n  I.  

( o ~ ( ~ ) .  o t p ( f j ~ h ~ " ( ~ )  : ~ j ( a )  = a t ( ~ ) l  ) , 

~ ( ~  ) = 

Min a 

if h./'" (a)c~A= a 

o t h e r w i s e  

Now we sha l l  f i n i sh  b y  s h o w i n g :  

A :  f o r  i 1 # i s, l a  c [ ' d q ( a )  = dis(a){  = C m o d ~ )  

B :  f o r  a c I ,  t d i ( a  ) : i < X + {  h a s c a r d i n a l i t y - <  a 

Why t h i s  s u f f i c e ?  As fo r  e a c h  a c [ we c a n  f ind  a o n e - t o - o n e  f u n c t i o n  e a 

from l d i ( a )  : i < k+{ into a and now use the k + functions 

< e a (di(a)) i < k + ) 

P r o o f  o f  A: W,l.o.g. i 1 < i 2 a n d  A_< i 1 fo r  n o t a t i o n a l  s i m p l i c i t y .  C lea r ly  

R : ~Z C /r: his-,  (~Z) C ~/1  i l  C h i s ' '  ( a )  ( h e n c e  h h ' "  ( a )  = h%'"  ( a )  n i 1 c C~ t, 

b e l o n g s  to  ~) .  Le t  a be  in  it, a n d  d h ( a  ) = dis(a) .  C l e a r l y  d ~ ( a )  # Min a 

h e n c e  b y  t h e  f i r s t  c o o r d i n a l e  in d t ( a  ), a q ( a )  = a%(a) .  Now / ~ c h q " ( a )  : 

a t ( a  ) = a t , ( a ) t  is a n  i n i t i a l  s e g m e n t  of t~ch%'"  ( a )  : a ~ ( a ) =  a%(a) l  (as  

a c R)  a n d  a p r o p e r  o n e  (as  i 1 b e l o n g  to  t h e  l a t t e r  b u t  n o t  t h e  f o r m e r ) .  As 

t h e  o r d i n a l s  a r e  well o r d e r e d ,  t h e i r  o r d e r  t y p e s  a r e  n o t  equal .  T h a t  m e a n s  

t h a t  t h e  s e c o n d  c o o r d i n a t e  in t h e  d%(a),  dis(a ) a r e  d i s t i n c t .  So 

d%(a)  # d~(a)  is t r u e  fo r  i 1 # i  ~, a c R ,  as  r e q u i r e d .  

P r o o f  o f  B: As t h e  n u m b e r  of p o s s i b l e  a t ( a  ) is -< t a  I, a n d  t h e  n u m b e r  of 

o r d e r  t y p e s  of well  o r d e r i n g s  of  p o w e r  < ] a  I is I a  l i t  s u f f i c e  to  p r o v e :  

(*) fo r  i < h  +, a c C t  1, t h e  s e t u  = ~j c a  : a i ( a  c~X) = ¢ct(ac~h)~ h a s  p o w e r  

< l ~ I  
Why (*) h o l d s ?  B e c a u s e  fo r  j c u t h e  s e t  

A3.~Ix ~ - a <  o~(ar~x)l 

is u n b o u n d  in a n X  

b u t  A i K~g~(J) is b o u n d e d  in ac~k (as  a is c l o s e d  u n d e r  g i )  

h e n c e  
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is an  u n b o u n d e d  s u b s e t  of a n ),, h e n c e  n o n  e m p t y .  

B u t  £ rj  • j c a, a j ( a n X )  = a~(an) , )  ) is a s e q u e n c e  of p a i r w i s e  d i s j o i n t  

a t ( a n x )  s u b s e t s  of Ixa • a < / (by  t h e  c h o i c e  of g~). As t h e y  a r e  n o n  e m p t y  

t h e i r  n u m b e r  i s -  < I t x ~  a < a / ( a n X ) l  I < I a l .  

7. Claim:  

Le t  D be a f ine  n o r m a l  f i l t e r  on  I C /9<~(X), X s i n g u l a r  a n d  ( v a  c [ )  

(I a I -> c f  x ^ c f  l a I ~ c f  X ^ c f  X= s u p ( c f  Xna ) )  a n d  
cb ]+ 

T h e n  t h e r e  a r e  f u n c t i o n s  f~  fo r  i < X +, Dora f i  = 7, ( v a  c_ [ ) [ f i ( a ) c a ]  

a n d  f o r i ~ j  la c I "  f i ( a )  = f j ( a ) l  = e m o d  

P r o o f :  Le t  a = c f  X, X= ¢2<aX ¢, e a c h  X e r e g u l a r ,  ~<P'{A~< X¢< ), fo r  ~< G. 

We c a n  f ind  fo r  i < ~+ f u n c t i o n s  At f r o m  a r c  X, Z ~ <  At(0  < ) , ¢ s u c h  t h a t  
~< 

f o r i  < j < X+ t h e r e  is ~< cr s u c h  thaL 

~-< ¢< ~ = = >  & ( 0  < Aj (0 

Let  a g a i n  a = t x a a ' a <  l a l l ,  so fo r  e a c h  i < X+, a c /  if R a n g e  A/ is 

u n b o u n d e d  in  a t h e n  fo r  s o m e  a t ( a  ) < a ,  ( R a n g e  At) nlxa~" a<at (a )~  is 

u n b o u n d e d  in a ( a n d  a~(a )  = Min a o t h e r w i s e ) .  

Now fo r  i < h + we d e f i n e  a f u n c t i o n  d i wi th  d o m a i n  I (h i -  a o n e - t o - o n e  

f u n c t i o n  f r o m  k o n t o  i u k)" 

(at(a), otplj c h ~ " ( a ) '  a j ( a ) =  a t (~ ) l  > 

a~(~) = 

if a = s ~ " ( a )  n x, 

a n d  ( v j  c a )  
a = hj''(a) n k  

Min a o t h e r w i s e  

We f i n i s h  as  in  6. 

7 A  R e m a r k :  

1) R e a l l y  we u se  R / c ( l a l , ~ ) a  cb)<-- ] a ]  + ( w h e r e  a =  c f X )  j u s t  t o  ge t ,  t h a t  

fo r  e v e r y ( <  l a l  fo r  s o m e ~ ¢ <  ] a l  + 
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( '1 t h e r e  a r e  n o f t  " a--> C f o r i  < ~¢, [ i < j  =--> f t  <z)~ f j] 

We s h o u l d  o b s e r v e  t h a t  f o r  a c I, a r~ a h a s  o r d e r  t y p e  ~. 

Note  t h a t  if fo r  e a e h  ~< l a l  t h e r e  is s u c h  6 ¢ t h e n  6(*) = u 6 ~ i s < l a l  + ¢<I~I 

a n d  w o r k  fo r  all Cs. 

S i m i l a r  r e m a r k  a p p l y  t o  8. 

8. Cla im:  

S u p p o s e  ~<- ~ = c f  k <  A, 

I c  t~ c]9<,~(x): cf  l a I#  c f ( s u p ( a  C~ a)), a n d  /~/c(lal, 
cb _ w h e n  c f  ( sup  a )  > ~t 0 a n d  D~.f<~up(~ ~o)) )  < t~1 + 

laj s°= laI when c f ( s u p  a)  = ~0{, 
a n d  D a n o r m a l  f i ne  f i l t e r  on  [. 

T h e n  t h e r e  a r e  f o r  t < X + f u n c t i o n s  f i : [ ~ X ,  f t (c t )Ect  a n d  fo r  { # j  

~ct C I : f~.(a)= f j ( a ) t  = Crnod ~ .  

P r o o f :  Le t  At, Ache  as in  t h e  p r o o f  of 7, a = Ixaa " a <  l a ]  . Le t  h i be a o n e -  

t o - o n e  f u n c t i o n  f r o m h o n t o k u l j  : j  < i t .  Fo r  e a c h i  t h e  s e t  C~ l ~ f l a  c I :  a 

is c l o s e d  u n d e r  A t, a nd  ( R a n g e  At) n a is u n b o u n d e d  in  a ,  h i ' ' ( a ) a h  = a 

a n d  a ~ Cj 1 f o r  j c h i ' ' ( a )  a n d  c f ( s u p  a )  : c f ( s u p  ( a a a ) ) {  b e l o n g s  to  ~) ,  

and for a c C{ I let at(a) < I~I be minimal such that 

( R a n g e  At) n l x a  a : a < o~(a){ is u n b o u n d e d  in a .  We t h e n  l e t  

( a t ( a )  , a t p t j  " j  c h i ' ( a ) , a j ( a ) =  a i ( a ) ] >  i f a  C5~ 1, 

~(a) : 
Min a o t h e r w i s e  

a n d  we p r o c e e d  as  in  t h e  p r o o f  of 6, 7 ( a n d  s ee  7A). 

9. Def in i t i on :  

1) Fo r  m < k, m r e g u l a r ,  a n d  a m o d e l  N wi th  u n i v e r s e  I NI  w h i c h  is a n  o rd i -  

na l  < m, two p l a c e  r e l a t i o n  R1/v, Ra N, a t h r e e  p l a c e  r e l a t i o n  R ~  a n d  a p a r t i a l  

o n e  p l a c e  f u n c t i o n  F N (if one  of t h e m  is n o t  m e m t i o n e d  t h i s  m e a n s  it  is 

e m p t y ) ,  l e t  ( see  n o t a t i o n  1(5)):  

T~,x(N) = ~a c ] 9 < ~ ( h ) :  d c d ' ' ( a )  (~ ~, = a, 
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a n d  t h e r e  a r e  b s ( for  s c 1N l) s u c h  t h a t :  

(v)  

2) For  K a f a m i l y  of m o d e l s  N, T~,~ (K) = 

3) N o = (o) (so R1,Rz,Ra,F a r e  e m p t y )  

N 1 : ( 0 , < )  (so  R a , R a , F  a r e  e m p t y )  
o 

N 2 : (N ,<  ,< ) (so Ra,.F a r e  empty-)  

N 3 = ( O , < , < , R 3 )  w h e r e  R a : I<a,a,7> : a  < 7 < o /  
e 

c4~,~(bs) c a) 

(ii) S/?lNt i m p l i e s  b s C b t 

(iii) sR2t i m p l i e s  cd~,k(bs) c b t 

(iv) fo r  e a c h  t, cd t<  a, cd~,x(bs)> : 

fo r  t < D o m F  N, ] b t ] <~ F(~) 

u T~,x(N) 
N c K  

(so F is e m p t y )  

( e q u i v a l e n t l y  

a c N ,  

We now show t h a t  [ S h l ]  13 ( a n d  12) is a p p l i c a b l e  s o m e t i m e s .  ( see  2, 2A 

a b o v e  for  w h a t  t h e y  say) .  This  is w h e n  ~ = k in 1.0. 

10.  C la im:  

S u p p o s e  ~ =  /z +-< X, 0 r e g u l a r ,  1% < 0 < 1~, a n d  R / c ( # + , D ;  b) = ~+. T h e n  

t h e r e  is a f u n c t i o n  g f r o m  Y = T~,~(A~ 1) to  ~ s u c h  t h a t  f o r  e v e r y  well  o r d e r -  

ing  < * of k 

t a  c P < ~ ( X ) :  o t p ( a , < * ) <  g ( a ) t  D T m o d ~ , ~ ( k )  
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1 1 .  R e m a r k :  

l) We c a n  use  o t h e r  N ' s ,  b u t  t h e n  h a v e  t o  c h a n g e  a c c o r d i n g l y  t h e  f i l t e r  by  

w h i c h  we d e f i n e  t h e  r a n k .  

2) In [Sh2] various sufficient conditions for H~(~t+,~ b) = ~+ are given: 

(When c f ~ #  0): 

( v ~ <  ~)[o~<_ ~] 

a n d  

" ~ >  2~) a n d ]  z -  ( sup l  or" o~-< ]~t)" 

4) As fo r  a ~ Y I f l  fl< g ( a ) l  has p o w e r  Ft, a n d  C ' - -  / a  c P < ~ ( k )  

l a ]  = /z I e D<~(A) ,  we c a n  d e d u c e  t h a t :  

If t h e  c o n c l u s i o n  of 10 h o l d s  fo r  T t h e n  t h e r e  a r e  f u n c t i o n s  g{ • T-*X (for  

i < k + ) g ( a )  c a  s u c h  t h a t  f o r i # j  l a ( - T : g i ( a )  : g j ( a ) l  : C m o d  ~)<~(~) 

P r o o f  of  10: Fo r  e a c h  well  o r d e r i n g  < * of h l e t  

C[<  *] = /a ~p<~ (X ) :  fo r  e a c h i  c_ a, cd~,x(i ) ~ X C a a n d  

otp(cd~,x( i  ) c~X, <*) < o t p ( a ) l  

I t  is c l e a r l y  c l o s e d  u n b o u n d e d ,  i.e., b e l o n g s  to  D<~(X) .  Now if 

a c T(Nol) (~ C[<*] ,  l e t  ( b  a a < o/~ w i t n e s s  " a  c T" (i.e., i a C a ,  

i a =  cd~,x(ba) C ]~,x,  a = U ha, b a is i n c r e a s i n g  in a), so 
a<O 

otp(bt . ,<*)  < o t p ( a )  for  e a c h a .  So c l e a r l y  it s u f f i c e s  t o p r o v e  

12. F a c t :  

If a is r e g u l a r  c a r d i n a l ,  ~0 < o < /4, ~) # c f ~  a n d  /~k(~+,D~ b) = /4 + t hen  

f o r  e v e r y  ~ < /~+ t h e r e  is Q < t, + s u c h  t h a t :  if C-- u At, A t i n c r e a s i n g ,  t h e n  
i<0 

fo r  s o m e i  < Ootp(Ai)>- 

P r o o f :  

S u p p o s e  otp(At)  < ~ f o r i  < o, At i n c r e a s i n g ,  a n d S :  u A i. Def ine  f o r 7  < 
i<o  

a f u n c t i o n  h ~ : o - * ~  by: hT(i ) = o tp(Atn7) .  So e a c h  h ~ i s  a f u n c t i o n  f r o m  e to  

o r d i n a l s ,  a n d  fo r  f? < 7 ( v i  < e) [ht~(i ) _< hT(/ ) ] ,  m o r e o v e r  for  s o m e  j < 0 

f l c A j  h e n c e  ( v i )  [ j  < i < e ~ h ~ ( i )  < hT(t)].  This  c l e a r l y  i m p l i e s  

R~( t, D ~b ) >- ¢ but R~( ~, D ~b ) < M, 
o e 
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t3 .  Def in i t ion  

For ~<-- A, ~ regular ,  ~ a n o r m a l  fine f i l ter  on [ £ P<~(h) ,  

l) v/ \ (~))  m e a n s  t ha t  t h e r e  are  ( A  a : a c I / X ,  A~ C a ,  s u c h  t h a t  for  

e v e r y A  C A, Ia c l A n a  = Aat # C m o d  

Z) v/\ *(D) m e a n s  t h a t  t h e r e  a r e  <P~.~ c z>. , Y~ a fami ly  o f  

_ {a] subsets of a, such that for every A C ;k ~a EfAF~a cpa{ 
cD 

3) We replace ~) by I when D is the filter generated by the family of 

closed unbounded subsets of [. We write I, ~) instead of ~) + [, 

14. Remark:  

We impl ic i t ly  a s s u m e  I # C m o d  ~)< ~(X), 

15. Fac t :  

1) For I ~ J ~ P<~(x) ,  ~Z) 1 ~ D 2 n o r m a l  fine f i l ler  o n p < ~ ( h ) ,  

i) v~\'(D~+J)==> o'(D2+/) 
ii) ~\'(D~+J) =:> , \ ( D j  X /  X/  

iii) v/\ (~Z)2+/-) =_-> (/x (~)1+j )  

iv) v/\ " (~) l+S ) =:_> <x/ ( ~ 2 + [ )  

( r e m e m b e r  ~)< ~(A)+I C D for any fine n o r m a l  f i l ter  on I) 

2) Supposetc<'A= h <~, 
T =  t a :  f o r s o m e 0 ,  a c T~A(%° ), lale= iai 

oracT,o,(NO~),andcfla I # o ( v a <  lal)~°--< fat 
or (3x ,~ ,a )  (ax_< x ^ X =  x +~ A, lal  <~= l a t ^  ( v T <  a) 
[ e l  (~nx+(7 +~) < ~]^ ~ < a)~ 

Suppose  f u r t h e r  T # C m o d  ~)<~(X). Then / \  * (T, ~)~ (X)) k /  

Proof :  By s t r a i g h t f o r w a r d  gene ra l i z a t i on  of the  proof  for  t he  ease  X = ~, due  
to  Kunen  for  1, (i.e., l(ii), t h e  r e s t  be ing  tr ivial)  Gregory  and  She lah  for  2) 
(see  e.g. [Sh3]).  I.e., for 1)(ii), s uppose  ( P a  : a  cp<~(A) /x  exempl i f i e s  

O * ( ~ ) 1  + J).  L e t P a  = IAi a : i  ~ a  I. Let < , > be a p a i r i n g  func t ion  on X, 

and  for e a c h /  < h , a  c P < ~ ( X )  le t  
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Bt,= I ~ ' ~ c a ,  <~,i> clk"t 

So B~ < a{: is < B: a -cp<~(x)> a 0 (D:)-sequenee for some {? if yes 

we finish, if not let B ~ ~ X exemplify this i.e., 

c ~ :  !~cP<Ax) B ~ n ~ m ~ l  cD~ 
H e n c e  

C = t a  c ] 9 < ~ ( h )  ' ( v i  e l a )  a c C ~ , a n d a  is  c l o s e d  u n d e r  < , > /  c ~ )  

a n d  l e t  

A = I<a, i>  a c B ~ l .  

So fo r  s o m e  a c C, A n a  C ] g a  h e n c e  fo r  s o m e  i c A ,  A n a  = At ~ h e n c e  

B i n a  = Bia c o n t r a d i c t i o n .  

16. Remark:  

We c a n  e n l a r g e  T in  15(2) to:  

t h e  s e t  of a c ]9< ~(k) s a t i s f y i n g :  

(*) t h e r e  i s  a f a m i l y  H of -< l a l  f u n c t i o n s  f r o m  a t o  a s u c h  t h a t :  f o r  any  
h : a - ~ a , f o r s o m e  b C a, h~b c H  a n d a  ~ wdcd~.~(i) 

i c b  

Now 15(2) c a n  b e  c o m b i n e d  w i t h  (15( i i )  a n d ) :  

17. Observat ion:  

If D i s  a f i n e  n o r m a l  f i l t e r  on  ]9<~(A),  a n d  / \  ( D )  h o l d s ,  t h e n :  t h e r e  a r e  \ /  

J a  C ]9<~(k)  f o r  a < 2 x s u c h  t h a t :  

Ja ~ Cmod  D ,  Ja (% J~ = C m o d ~  f o r  a #  fl 
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18. C o n c l u s i o n :  

S u p p o s e  2, = A <~, o < K, K r e g u l a r ,  A r e g u l a r ,  a n d  t h e r e  is a s t r o n g  (K,h)- 

stationary coding set S* such that (va.cS*) [cf (sup a) = o] and 
/\ \/ (~)~(k)+S*). Then there are Sac [6< 2̀ : cf 6= o{ for a< 3 x, each sta- 

tionary, the intersection of any two non-stationary (any normal filter ~) on 

k will satisfy this if Isup a : a c S*{ # Cr~od ~ and /\ (~)'+S*) where \/ 

D': D+~I~ : s~paeAI : A <DI). 

19. Conc lus ion :  

I f o  < tc-< 2`,, 'c= ~+,p t  0 : ~, t h e n f o r  T =  T~),(hO° ), T #  C m o d ~ 3 ~ ( 2 ` ) a n d  

~\ (T, DA2`)). \ /  

R e m a r k :  This  is c l o s e l y  r e l a t e d  to  [Sh6] ,  [ShT],  ( see  p a r t i c u l a r l y  l a s t  

s e c t i o n  of [ShT])  w h i c h  c o n t i n u e s  [Sh4]  VIII 2.6. 

P r o o f :  By 15(3), 

20.  L e m m a :  

1) S u p p o s e  o < ~c_< X_< h T C ] ')<x+(k), T# C m o d  ~x+(2`), 
/ \  (T ~)  (k)) and for eacha C T,X < a and: 
\/ , X ÷ 

(i) (Sb C a)[]b  [ < ~ A a  = Udcax*x(a)]  
a~b 

Then we c a n  f ind  Y 1C P<~(2`), T 1 # C m o d  ~ ( 2 ` )  
</x (rl , D~(X))  holds. 

2) Suppose in  a d d i t i o n  that for a c T: 

(i i)  (vc ~ a) [Ic  J< ~ ~ c d x ~ ( ~ ) ~ a ]  

s u c h  that 

Then we c a n  d e m a n d  T I ~ T,~,x(N 2 )  

P r o o f :  1) As in t h e  p r o o f  of c l a i m  7 in [ S h l ] .  

As 0 (T1, Dx+(h)), we c a n  f ind  ( M  a " a c T X/ s u c h  t h a t M ~  i s a m o d e l w i t h  

u n i v e r s e  a a n d  c o u n t a b l y  m a n y  ( f i n i t a r y )  f u n c t i o n s ,  a n d  fo r  e v e r y  m o d e l  M 

w i t h  u n i v e r s e  k a n d  e o u n t a b l y  m a n y  f u n c t i o n s  t a  " Ma = M ~ a l  

Cmoa Dx+(2`) 
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For  a c T w e  c a n  f ind  b= £ ct, I b=l < m s u c h  t h a t  b a is c l o s e d  u n d e r  t h e  

f u n c t i o n s  of M a a n d  ct c u d c d x ~ x ( a  ). By t h e  l a s t  c o n d i t i o n ,  a n d  as  

[ct C ~z ==> dcdx+,x(a) C a ]  c l e a r l y  [ a  1 ~ a 2 ==> ha, ~ ba~ j. We de f ine  

Nb, = M a [ b a, a n d  le t  Y 1 = {b= • a < Y 1. So N b ( b C l ' l )  i s w e l l  de f ined .  Now 

(i) Yl C /9<~(X), 

(ii) T 1 # ~brn.og ~)~(X) [if M is a model with universe X and eountably many 

functions, for some cz { T M a = M [ a, so b a is closed under the functions 

of M and b~ ~- T I 

(iii) For every model M with universe k and countably many functions, for 

s o m e  b 6 T 1, N b = IV] ~ b. [ s a m e  p r o o f  as  in (ii)]. H e n c e  / \  (T 1, ~)¢(k))  \ /  

holds .  

2) E a s y  f r o m  t h e  p r o o f  of 1), c h o o s i n g  b= in T~,x(5~ a) 

21.  L e m m a :  

S u p p o s e  ~)1 is a f ine  n o r m a l  f i l t e r  on  f9<~(2,1), ~ -< 2,1 < k. Le t  ~)  be  t h e  

normal fine filter on P< ~(A) generated by 

{ l a  < / 9 < ~ ( 2 ` ) : a  n X 1 c S / ' S c D J .  S u p p o s e f u r t h e r t h a t  T i C  /9<~(2`t), 

T t # C r n o d  ~)1 , v/\ (T I ,~ ) I )  a n d  T 1 is a (<2 ,1) -weak  s t a t i o n a r y  c o d i n g .  

L a s t l y  s u p p o s e  NS{(ea,h) h o l d s  ( see  [ S h l ]  Def.8) o r  a t  l e a s t :  fo r  s o m e  a l g e b r a  

M will u n i v e r s e  k a n d  c o u n t a b l y  m a n y  f u n c t i o n s ,  M h a s  n o  i s o m o r p h i c  b u t  

d i s t i n c t  s u b a t g e b r a s  M 1 c M e , M 1 • k I = M e c~ 2,1 c Y 

Tlzen t h e r e  is a (¢,2,)-weak s t a t i o n a r y  c o d i n g  s e t  T, fo r  w h i c h  / \  ( 7 , D )  \ /  

holds .  

Proof:  J u s t  l ike 10 of [ S h l ] .  

R e m a r k :  We c a n  c o m b i n e  21 or  22 wi th  23 o r  24, g e t t i n g  e x i s t e n c e  for  m a n y  

c a r d i n a l s .  

22 .  L e m m a :  

S u p p o s e  in t h e  p r e v i o u s  t e r n m a ,  ~ is a s t r o n g l y  Mahlo  c a r d i n a l ,  T is a 

( ~ , k l ) - s t a t i o n a r y  cod i ng .  S u p p o s e  f u r t h e r  t h a t  if b c a a r e  in  T t h e n  f o r  

e v e r y  s u b s e t  c of a of  p o w e r  <- ]b I, cd~,~,(c) c a .  T h e n  P<~(X)  h a s  a (~%A)- 
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s t a t i o n a r y  coding.  

23. Lemma:  

1) Suppose  ~0 < ~ <  X, ~ is r egu la r ,  h <~=  X and ( V a <  ~ ) ~ < ~ ,  ( h e n c e  
2 ~0 < ~). 

Then  t h e r e  is a (~ ,k+) -s ta t ionary  coding  s e t  T. 

2) Also we can  have  \//\ (T, D~(h))  

3) Suppose  t h a t  ;k <~ <-- ),+, ~)1 is a n o r m a l  f ine f i l t e r  on ]9<~(;k), T* c.~)1, T* 

has  c a r d i n a l i t y  ;% and  

(a )  ( v a c i r * ) ( v b  c a ) [ I b l - < S 0 - ~  c d ~ , x ( b ) c a  ] 

Let  ~) be the  m i n i m a l  n o r m a l  f ine f i l t e r  on D<~(A +) s u c h  t h a t  

D ~ ;~ = D I -  Then for  s o m e  ~ ) - s t a t i o n a r y  T, ( ~  + T) ~ k = ~)1, and  T is a 

s t a t i o n a r y  cod ing  set .  

4) For  3) if k = k ~', k < ~ _  k + and  for  some  T O C ]9<~(k) 

I:rol = x , , ( v ~  ~]9<,~(x) ) (3  b c ~'o)[a ~ b] 

t h e n  ~)<~(h) + T is as r e q u i r e d  whe re  

T = l a  c ]9<~(h) :  t h e r e  a re  b i c T O (i < ~1) i n c r e a s i n g  a = u 54, 
i<~ol 

a = k Cl ded~,X'" (a ) ,  cg~,~(bi)  c a i  

Proof:  

l) Let ]9< . (X)=  Ibm: ~ <  i(*)t ,  ~(*)-< X +, and let  for ~ <  ~(*) 
Si C S ° =  16< h+: c f  ~= l~ol be pa i rwise  d is jo in t  s t a t i o n a r y  s u b s e t s  of k +, 

S'= uS~. For6e u S~ leti(6) be the uniquei such that ~eS i- 
i {<i(*) 

Let f,g be such that: f,g two place functions from h + to k +, fori < k +, 

i = I j : j < i  t = t f ( i , j ) : j <  l i l /  a n d f o r j <  l i l < X  + f f ( i , f ( i , j ) ) =  j .  

23.A_ Observat ion:  

If a e ]9<~(A +) is c lo sed  u n d e r  f and  ,.q, zv C a is u n b o u n d e d  in a a n d  

a ( ~ k =  bt t h e n a  is t o t a l l y  d e t e r m i n e d  b y w  a n d i ,  and  we w r i t e a  = a~[w].  
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L e t  f o r  6 ~ S i 

= ~a c P < ~ ( X + )  : s u p a  : 6 ,  a n i x =  b{ , a c l o s e d  u n d e r  f a n d g ,  

a n d  f o r  a n y  b o u n d  c o u n t a b l e w  c a , w i t h  s u p w  c S * ,  

c a ~ , x ~ ( ~ ( ~ p .  ) [.~]) ~ a{ 

~= ~ 

/~= U 
4< i(*) 

23 .B .  Observation:  

I f c  c d , d  ¢ c a n d c , d  • T t h e n c d ~ , x . ( c )  c d  

Proof:  L e t  d n X = b i ,  c ('~ h = b j ,  w ~ c a c o u n t a b l e  s u b s e t  of  c w i t h  

s u p w  : s u p c  ( w  e x i s t s  a s  f o r  e a c h  a c T, c f ( s u p a ) :  ~I0). ) As c c T, 

c n h = b j  n e c e s s a r i l y  s u p w  c @ .  If i = j t h e n  d n A  = c n X a n d  w is  a n  

u n b o u n d e d  s u b s e t  of  b o t h  s o  d = c = a ~ [ w ]  c o n t r a d i c t i o n .  S o  a s s u m e  

i ¢ j ,  s o  n e c e s s a r i l y  s u p  w # s u p  a h e n c e  s u p  w < s u p  a h e n c e  

a ~ ( s u p w ) [ w  ] = c b u t  a s  d c Y b y  t h e  d e f i n i t i o n  of  t h e  : ~ ' s  we  k n o w  t h a t  

a~ (~p~) (w) )  c g. So cd~ ,x fc )  c d. 

23.C. Observat ion:  T # C m o d  D~(X) 

Proof:  By R u b i n  a n d  S h e l a h  [RS] .  (see p r o o f  of  24  after 24A) 

C o n t i n u a t i o n  of  t h e  proof  of 23. 

T h e  o b s e r v a t i o n s  a b o v e  f i n i s h e s  t h e  p r o o f  o f  2 3 ( 1 ) .  

2) We l e t  I ( b i , M i ) : i  < i ( * ) l  l i s t  a l l  p a i r s  ( b , M ) ,  w h e r e  b c [ ) < ~ ( k ) ,  

M = (aM,AM),  a M < ~, A M ~ a. We u s e  Ibm: i < i ( * ) l  a s  a b o v e  a n d  f o r  a c T, 

s u p  a c T~, l e t  A a = t~ c A :  o t p ( a ~ )  cAU~ t. Now / A a : a  C T )  i s  a w i t t n e s s  

f o r  / \  ( r ,  D~:(X)).  \ /  
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3) S a m e  proof .  

4) Left  to t h e  r e a d e r .  

24. L e m m a :  

S u p p o s e ~ 0  < ¢<- X, ¢ r e g u l a r ,  S * c  I 5 <  X+: c f  6 =  ~0{, andS])  is a n o r -  

real fine filter on/9< ~(A) such that: 

(i) x+= (~+)" 
(ii) there is Y* < D of power 

( i l l ) if  k < <x < h +, a n d  ~)~ is t h e  u n i q u e  n o r m a l  f ine f i l t e r  on ~ s u c h  

t h a t  ;~)a [' h = D then :  

f a  e/9<~(~) : t h e r e  is 6 e  S* n a - a  

such that,: sup ( S n a ) t  : Cmod 1)~ 

(iv) 2 < ~ -< X 

Let  ~)1 be the  m i n i m a l  n o r m a l  f ine f i l t e r  on 

]9<~ (X+) s u c h  t h a t D  1 [' ;~ : D 

Then t h e r e  is T C P<~(k+) ,  s u c h  t h a t  T is a ( ¢ ,h+ ) - s t a t i ona ry  coding,  

(DI+T) f X : D a n d  "\ (7,D1) \ /  

Proof :  Let  I(bi,M~):i < i (*) l  (whe re  i ( * ) c f k , X + l )  l is t  t he  pa i r s  (b,M), 
b C Y*, i -: (£~IJ,AM), o( i < ~, A M ~ a M (by (i) this is possible). Let S~ ~ S* 

(for i < i(*)) be pairwise disjoint stationary subsets of k +, ,9" = u Si. For 
~<~(.) 

6eS*leti(8) be the uniquei < i(*) such that ~cSi. Let f, g be two-place 

functions on ~+ such that for i < k + i = If(i,j):j < ]i]I and for j <li] 

g(i,f(i,j)) = j. Let C o = la e]9<~(A+): a closed underf andg andx+II 

For ¢v ~ 7~+ countable with sup w c S" let set [w] be the closure of 

w ubt(supw )underf andg. For/ < i(*),beS ilet 
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~ l t a  c P < ~ ( R + )  • s u p a  = 6,  a n x =  b~(~) 

a is  a c l o s e d  u n d e r  f a n d g  , 

a n d  for  a n y  b o u n d e d  c o u n t a b l e  

w ;2 a" if s u p  zv c S* ( a n d  

s e t  [ w ]  n X = bi(s~p ~)) t h e n  cd~, x ( s e t  [ w ] )  c a t 

~-~ u ~  

F o r  a c T ~ l e t  h a be  t h e  -un ique  o r d e r  p r e s e r v i n g  f u n c t i o n  f r o m  a o n t o  t h e  

o r d i n a l  o t p ( a )  (= t h e  o r d e r  t y p e  of a ) .  Let  Aa = tJ c a : h a ( j )  c AM~], so Aa 

is  a s u b s e t  of a .  

r ~ t  U I~ 

2 4 / ~ O b s e r v a t i o n : I f e  C d ,  c ~ d b o t h a r e i n  T t h e n  c d ~ y ( C )  c d  

As i n  t h e  p r e v i o u s  p roo f  ( i .e. ,  s e e  23A). 

Now l e t  M be  a n  a l g e b r a  w i t h  u n i v e r s e  X + a n d  c o u n t a b l y  m a n y  f u n c t i o n s  

i n c l u d i n g  f , g  a n d A  C X +, a n d  l e t  Y C  P<~(X) ,  Y #  C m o d ~ ) .  We s h a l l  f i nd  

a c T, a n X e :  Y a n d  a is a s u b a l g e b r a  of M s u c h  t h a t A  n a = Aa. Th i s  will 

p r o v e  T ~ C m o d  ~)1, (~)1 + T) ~ X = ~)  a n d  / \  (T,~)~(X)).  \ /  

We i m i t a t e  R u b i n  a n d  S h e l a h  [RSh]: We d e f i n e  a g a m e  G w h i c h  l a s t s  ~) 

m o v e s .  In  t h e  n tu m o v e  p l a y e r  I c h o o s e s  a n c /9<~(X)  a n d  t h e n  p l a y e r  1I 

c h o o s e s  a n  o r d i n a l  an ,  w h i c h  s a t i s f i e s :  

(I) (~) 
(~) 

( ~ )  

(Is) (~) 

a~ is  a s u b a l g e b r a  of M 

a n n X c Y  

a~ n a n _ l =  a n _  1 w h e n  r~ > 0 

t h e r e  is n o  6 c ( s u p  a n )  n S" - a  n , 6 = s u p  ( a  n (~ 6) 

a n  > s u p a  n , a n > ; k a n d w h e n  n > 0 ,  a n > an_  ~ 

The  g a m e  is d e t e r m i n e d  b e i n g  c lo sed .  If p l a y e r  I h a s  a w i n n i n g  s t r a t e g y ,  a 0 

h i s  f i r s t  m o v e ,  l e t  b 0 =  a 0 a n d  s i m u l a t e  a p l a y  £ a  n ,  a n : n  < c0) i n  w h i c h  

p l a y e r  [ u s e s  h i s  w i n n i n g  s t r a t e g y  a n d  u a  n cS~ .  Now a e2! u a n is i n  T 
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and  is a s u b a l g e b r a  of M, What a b o u t  A a = Ac~a? For  e a c h  a <  ~, B ~ a w e  

define a g a m e  g ( a , 5 ' ) ,  s imi l a r  to g ,  bu t  p l a y e r / -  also choose  in his n th m o v e  

an o r d e r  p r e s e r v i n g  h n : an- ,  a, u h m c h n and  (v a < an) 

(a  ~ / t  ~ hn(a)  < B). If for s o m e  a ,B p l a y e r  I has  a winning s t r a t e g y ,  we 

have  no p rob lem.  If no t  t h e n  (as the  g a m e s  a re  c losed  h e n c e  d e t e r m i n e d )  

p l aye r  I f  has  a winning  s t r a t e g y  Fa, e for ~ ( a , B )  for e a c h  a < ~ , B C a. Now 

we def ine  a s t r a t e g y  for  p l aye r  17 in G: 

F ( a  0 . . . . .  an)  = L~ tFa, S (0o, ho, an,  h~ . . . .  a n, h m ) + l :  for l ~ n , h t a 

f u n c t i o n  f r o m  a c 

in to  a, a < ~, 

B c  al 

Clear ly  th is  gives a legal m o v e  for  p layer  ff, and  in the  end  we can  

def ine a =  o t p (  u an), B = /o tp(~n  ua~) :  ~ < A  n u an l ,  and  def ine 

h~ • am-~ a by hm(7) = otp(7nCm) and get contradiction. 

So it is enough to prove that player f wins ~, or equivalently that player 

I f  has  no winning s t r a t egy .  So suppose  F is a winning s t r a t e g y .  Now by 

a s s u m p t i o n  (ii) of 24 w.l.o.g, IYI = k and  (by 24 (iv)) fa  N ¢" o c Y t l  <- X. 

Now le t  for  ¢< ¢~ Me be an e l e m e n t a r y  s u b m o d e t  of H((2x*) +, ¢ )  to  which  

S * , D , . M , F ,  Y belongs,  { i : i < X t  c Me, (M~:$_< {') <Me+> Ila#¢ll = x. Let  

8¢ = s u p ( M c n X  +) = Min(a+qM¢l) ,  and  let 8 =  ~fl¢ So M¢is  i nc rea s ing .  

Choose a c ( ¢ ~ M ¢ )  n X  +, a n X c  Y and  a n /Am+~:  ~<*/  = {figs+C: 

< a  n~{,  a is c losed  u n d e r  f , g ,  and  t h e r e  is no 6 C S * N f l - - a ,  

6 =  sup  (an6).  (This d e m a n d  " a n h c Y "  r e s t r i c t  ou r se lve s  to a pos i t ive  se t  

m a d  ~)~, t he  r e s t  to  a m e m b e r  of ~ a  ( the  las t  d e m a n d  by (iii) of 24) so 

t h e r e  is s u c h  0.) 

As =AN<Y, c l ea r ly  for  e a c h  ~ aNaeM¢,  and  as aN {~m+~: ~ <~t  = 

{ig~m+~: ~ <~:, ~<a{, and  ar~m<M¢, (by the  r e s t r i c t i o n  on Y) and  f , g c M ,  and  

{'Me: ¢<  mrn+(sup m N a ) )  c M~m+~ (as for  sup  (mn a )  < a)  c l e a r l y  we ge t  

aNfc/~(m+l)e-_M~(m+t). Now we can  s i m u l a t e  a play of t he  g a m e  in which  

p l a y e r  I f  uses  h is  winn ing  s t r a t e g y  F, w h e r e a s  p l a y e r  I choose  

an = anM~(~+l). By wha t  we say above  F ( a  0 . . . . .  an)  CMK(n+I) h e n c e  

F ( a 0  . . . . .  an) < fl~(n+l), so a c t u a l l y  p l a y e r  I wins t he  play, c o n t r a d i c t i o n .  
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25.  C o n c l u s i o n :  

S u p p o s e  ~ is r e g u l a r  >S0, X= X <~, a n d  S*C / 6 <  X+: c f  6 =  tl0t is s t a -  

t i o n a r y ,  b u t  for  no 8 < ;~+ of c o f i n a l i t y  ec is S * ~  s t a t i o n a r y  in & Then, t h e r e  

is a ( ¢ , k + ) - s t a t i o n a r y  cod ing  Y c T ~ y  (N~) and  e v e n  ('/x (Y, D~()~)) holds.  

26. R e m a r k :  

t) When does  s u c h  a ,if* ex i s t ?  It. follows f r o m  the  e x i s t e n c e  of s q u a r e  on 

f6< k+: c f  6 <  ~c l, wh ich  -0 # i m p l i e s  ho lds  w h e n  ~c < h ( and  e v e n  fo r  m a n y  

= X's ( see  Mag idor ' s  work).  

2) We can  w e a k e n  the  n o n - r e f l e c t i o n  as in 7 of [Shl ] .  

27.  Claim: 

In 24 if we do no t  r e q u i r e  \//\ T, ~)1) t h e n  we c a n  o m i t  (i) a n d  (iv). 

We c a n  d e d u c e  f r o m  t h e  p roof  of 24 also: 

28.  Lemrna: 

1) \//\ (D<I%(X+)) w h e n  X = X ~° 

3) If D is n o r m a l  f ine f i l t e r  on D<~(X+) ,  D 1 is t he  m i n i m a l  n o r m a l  f ine 

f i l t e r  on /9<l l l (X +) s u c h  t h a t ' )  I [" 1, = D a n d  k = k ~° then \//\ (D1) 

R e f e r e n c e s  

[FMR] 

[RSh] 

[Shl] 

[Sh2] 

M. F o r e m a n ,  M. Magidor  a n d  S. She lah ,  Mar t in  Maximum.,  S a t u r a t e d  

idea l s  and  n o n - r e g u l a r  u l t r a f i l t e r s ,  Annals of  Math. 

M. Rubin  and  S. She lah .  C o m b i n a t o r i a l  p r o b l e m s  on t r e e s :  P a r t i -  

t ions ,  A - s y s t e m s  and  l a rge  f r ee  s u b s e t s ,  Annals of  Pure and Applied 
Logic in p re s s .  

S. She lah ,  " T h e  e x i s t e n c e  of cod ing  s e t s , "  A S p r i n g e r  -Leet.ure n o t e s  - 

.volume.  

S. She l ah ,  A n o t e  on c a r d i n a l  e x p o n e n t i a t i o n ,  g. o f  Symb.  Logic, 
45(1980) 56-66. 

Sh:247



246 

[Sh3] 

[Sh4] 

[ShS] 

[Sh6] 

[Sh7] 

[ShS] 

[Z] 

S. Shelah, On successo r  of s ingular  cardinals,  _Proc. o f  the A.S.L. 

m e e t i n g  i n  Mons, Aug. 1978, Logic Colloquium 78 ed. M. Boffa, D. van 

Dalen and K. McAloon, S t u d i e s  i n  Logic a n d  the F o u n d a t i o n  o f  Math. 

vol.97, North Holland Publishing Co., Amsterdam,  1979, 357-380. 

S. Shelah, Classification Theory, North Holland Publishing Co., 

Amsterdam,  1978. 

S. Shelah, Exis tence  of rigid-like families of abel ian p-groups ,  model  

t heo ry  and Algebra, d m e m o r i a l  t r i bu t e  to A. Robinson,  ed. Saraceno  

and Weisphenning, Lec ture  notes  in Math 498, Springer-Verlag 1975, 

385-403~ 

S. Shelah, A combina tor ia l  pr inciple  and endomorph i sm rings of p -  

groups  I., Proc. o f  the 1 9 8 0 / 1  Je~ t t sa lem m o d e l  t h e o r y  year ,  Israel  J. 

Math. 

S. Shelah, A combina tor ia l  pr inciple  and er~dornorphisrn of abelian 

groups  It, Proc. o f  the c o n f e r e n c e  on  Abe t ian  groups ,  Iudine, Italy, 

April 84. 

S. Shelah, P rope r  forcing, S p r i n g e r  l e c tu re  no tes ,  940, 1982. 

B. Zwicker, ]9~(k) cornbina tor ies  I: S ta t ionary  coding C o n t e m p o r a r y  

M a t h e m a t i c s .  31 (1984) 243-259. 

Sh:247


