Sh:923

Discrete Comput Geom (2009) 42: 132-141
DOI 10.1007/s00454-009-9190-2

The Odd-Distance Plane Graph

Hayri Ardal - Jan Manuch - Moshe Rosenfeld -
Saharon Shelah - Ladislav Stacho

Received: 11 November 2007 / Revised: 18 March 2009 / Accepted: 8 April 2009 /
Published online: 12 May 2009
© Springer Science+Business Media, LLC 2009

Abstract The vertices of the odd-distance graph are the points of the plane R?. Two
points are connected by an edge if their Euclidean distance is an odd integer. We
prove that the chromatic number of this graph is at least five. We also prove that the
odd-distance graph in R? is countably choosable, while such a graph in R? is not.
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1 Introduction

In 1950 Edward Nelson, a student at the University of Chicago, formulated the alfer-
native four-color problem: What is the minimum number of colors for coloring the
points of the plane so that points at unit distance apart receive distinct colors. Nelson
himself showed that at least four colors are needed. Soon after learning about the
problem from Ed Nelson, John Isbell proved that the plane can be colored with seven
colors. Fifty seven years later, and numerous efforts by many researchers, these are
still the best known bounds. Some authors call it a disappointment, a disaster, others
call it frustrating. We would like to call it a great opportunity as evidenced by its high
popularity and interesting history. After all, at least five mathematicians were cred-
ited with it. Without a doubt, its popularity can be traced to its simplicity, its elusive
solution and Paul Erdés who repeatedly publicized it in his presentations and papers.
It is commonly referred to as the unit-distance problem. It produced many variations,
numerous papers, dissertations and head-aches, but no improvements on the original
bounds. Its history was traced by A. Soifer [10]. A nice account of the problem and
its derivatives can be found in the book Research Problems in Discrete Geometry [2].

In this paper we present yet another variation of the unit-distance graph: the odd-
distance graph. It is a simple, natural generalization of the unit-distance graph. We
wish to color the points of the plane so that points at odd distance apart receive distinct
colors. Since four points in the plane cannot have pairwise odd integral distances this
graph does not contain K4 as a subgraph [6, 9]. It is thus natural to ask whether the
plane can be colored with a finite number of colors such that points at odd integral
distance receive distinct colors. In 1994, M. Rosenfeld asked Paul Erd&s this question
during the 25th South-Eastern International Conference. Erdds [4] presented this
problem in his talk. Erd&s also asked to determine the maximum number of odd
distances among n points in R2. It is curious to note that an identical question for the
unit distance was investigated by Erdds already in 1946 [3] but not in the context of
graphs. Since the odd-distance graph spanned by n points does not contain K4 as a
subgraph, this number is bounded by Turdn’s function. L. Piepmeyer [8] showed that
the complete tri-partite graph K, ;. » can be embedded in the plane (actually on a
circle) in such a way that two vertices connected by an edge will be at odd distance
apart. Note that this is a faithful embedding (no other vertices are at odd distance
apart). As an aside, answering a question of Erdés, Maehara, Ota and Tokushige [7]
proved that every finite graph admits a faithful representation in R? in which only
vertices connected by an edge will be at an integral distance apart.

It is interesting to compare the odd-distance graph and the unit-distance graph.
Clearly, the unit-distance graph is a subgraph of the odd-distance graph, its diameter
is 2 while the diameter of the unit-distance graph is not bounded, any two vertices
have countably many common neighbors while in the unit-distance graph any two
points have at most two common neighbors. As a result of these differences, some
problems that are easy for one graph are difficult for the other and vice versa. For
instance, the upper bound for the chromatic number of the unit-distance graph is
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rather easy to obtain while the same bound for the odd-distance graph seems more
difficult. Since any two distinct circles have at most two points in common it is easy
to find many graphs which are not subgraphs of the unit-distance graph. For instance,
K> 3 is such a graph. On the other hand, the only forbidden subgraph of the odd-
distance graph known to us is K4. Finding the maximum number of edges among
all subgraphs of order n is unknown for the unit-distance graph but follows a very
predictive upper bound for the odd-distance graph as proved in [8]. It is interesting to
note that P. Erd6s formulated this question for the unit-distance graph 4 years before
Nelson, but not in the context of graphs, see [3].

In this paper we use the unit triangular grid to construct a graph of order 21 with
chromatic number five which is a subgraph of the odd-distance graph. We could not
find any finite upper bound other than the trivial bound R (we suspect that this
graph cannot be colored with a finite number of colors). We also show that the ra-
tional odd-distance graph is 2-colorable. Furthermore, we study the choosability of
the odd-distance graph. Since the unit-distance graph has finite regular subgraphs of
arbitrarily large degree (such as the d-dimensional cube), it follows from a result by
N. Alon [1] that the unit-distance graph and hence the odd-distance graph are not
finitely choosable. By assuming the axiom of choice we prove that the odd-distance
graph in R? is Ro-choosable. In contrast, we prove that the odd-distance graph in R?
is not Rp-choosable.

2 The Odd-Distance Graph

Let D C N be a set of numbers and let V be a metric space with metric distance d.
We denote by GP (V) the graph whose vertices are the points in V and whose edges
are between points in V whose distance is in D. Odd will denote the set of all odd
natural numbers.

2.1 The Triangular Grid
In this section we use the triangular grid to prove that x (GOdd(R2)) > 5,

Definition 1 The triangular grid is the metric space on the set T = {(n + 7, %\/3) :
n,meZl}C R? with the Euclidean distance.

In G94(T), aside from points at odd distance along the grid lines, there are other
points on the grid at odd distance. In particular, consider the points B and D in Fig. 1.
The triangle ABCD has sides 3 and 5 along the grid, ZBCD = 120°. Hence,

d(B,D)*> =d(B,C)*+d(C, D)> —2co0s(120°)d(B, C)d(C, D)
=524+3243.5=49
ord(B,D)=1.

Lemma 1 Let f be a proper 4-coloring of GOd(T). For any two points X and Y on
the grid line of T at distance 8, we have f(X) = f(Y).
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Fig. 1 A part of the triangular
grid in which each side of each
small equilateral triangle is 1
and hence, the distance from A
to Bis 8

Go oH

AO oB

To

o
&

Proof Let cy, ¢, c3, ca denote the four colors. Let A and B be two points at distance
8 on the same grid line of T such that f(A) # f(B), say f(A) =c; and f(B) =c»,
cf. Fig. 1. In the following, we will consider other points whose relative position to
A and B is depicted in Fig. 1. Then, since d(A, C) =3 and d(C, B) =5, C must
have a different color than ¢; and ¢, say c¢3. Since d(A, D) = d(C, D) = 3, and
d(B, D) =1, f(D) = c4. Similarly, it follows that f(E) =c3, f(F) =ca, f(G) =
c3, and f(H) = c4. Since each of Iy, I, I3 is at distance 3 from one point colored
c3 and one colored c4, we have f(Iy), f(I2), f(I3) € {c1, c2}. This is a contradiction
since they form a triangle with side 1. |

Corollary 1 x(G°4(R?)) > 5.

Proof Take two copies of the points depicted in Fig. 1. Rotate the second copy around
the point A so that the image of B in the second copy will be at distance 1 from B.
By Lemma 1, this configuration is not 4-colorable. g

The graph used in the proof of the lower bound uses only four odd distances
1,3,5,7. It is easy to observe that for any finite set of distances D, x(GP (R?%))
is finite. Indeed, for any d € D, it is well-known that x (G{‘” (Rz)) <7, and therefore
to color GP (R?) we can use | D|-tuples of 7 colors. Hence, x (GP (R?)) < 7!P!.

The following theorem shows that the triangular grid by itself is 4-colorable.

Theorem 1 Let T be the triangular grid. Then x©%(T) = 4.

Proof Tt is easy to show that x94(T) > 3.
The coloring function f is defined as follows:

1, if n and m are both even,

m m 2, ifnis odd and m is even,

f<n+5,5\/§> ~ )3, ifnisevenandm isodd,
4, if n and m are both odd.
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Note that all the color classes of this coloring are translations of the color class of the
color 1. Hence, it is enough to show that any two points colored with color 1, do not
have an odd distance.

Let (n; + 54, 5t V3) and (np + N V/3) be two points colored with color 1.

Then
2
|+ 3 558) - (3 59)

2 2
mi; —m mip—m
=<n1—n2+%> +<%¢§)

= (n1 —n2)* + (n1 — na)(my —ma) + (my —ma)*

which is an even integer. Therefore, their distance is either even or non-integral.
Hence, f is a proper 4-coloring of T and x%%(T) = 4. a

2.2 The Chromatic Number of G944(Q?)

It is known that the chromatic number of G"(Q?) is two [5, 11]. In Theorem 2,
we conclude the same for GO44(Q?). We begin with two simple observations about
Pythagorean triples.

Lemma 2 Let x, y, z € Z be a Pythagorean triple, i.e., x> + y> = z2. Then the fol-
lowing statements are both true.

1. If 7=0 (mod) 2 then x =y =0 (mod) 2.
2. If z=1 (mod) 2 then one of x and y is even and the other is odd.

Corollary 2 Let x,y, z € 7 be a Pythagorean triple. If 2¥ divides z, then 2* divides
both x and y.

We need the following to prove that there are no odd cycles in GO%(Q?).

Lemma 3 Let X = (x,y) = 2*m,2'n) and U = (u,v) = (2Pr,295s) for some
k,l,p,q,m,n,r,s € Z, where m,n,r,s are all odd. If d(X,U) is an odd integer,
then x — u and y — v are both integers with different parity modulo 2.

Proof Assume d(X, U) = o for some odd integer o:
H (x,y) — (u,v) H2 = (ka - 2”1*)2 + (ZIn - 2qs)2 =0, )

It is enough to show that x — u € Z, since then, by symmetry, y — v € Z, and the rest
of the lemma follows by Lemma 2.

Case 1 Assume k, p > 0 (similarly for /, g > 0). Then x —u = 2km — 2P is an
integer.

Case 2 Assume p < 0 <k (similarly for k <0< p,g<0<land! <0 <gq).
Then

(Zk_pm — r)2 + (21_1’n - Z‘I_I’s)2 = (2_1’0)2.
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Since both 2=P0 and 2X~Pm — r are integers, 21=Pyp —24-Ps isalso an integer. There-
fore, by Corollary 2, 277 divides 2¥=Pm — r. But since k — p > —p, 277 divides
2k=Ppm. Hence 2~7 divides . But this is impossible since r is odd.

Case 3 Assume p <k <Oand g <[l <0.Leta=—k, b=—p, c=—[ and
d=—q.Then0 <a <band 0 < ¢ <d and (1) becomes

2 2
m r n S 2
(27_27) +(?_2_d> =

Assume without loss of generality that b > d. Then
(Zb_“m — r)2 + (Zb_cn — 2}7_ds)2 = (2h0)2.

Since all the terms in the above equality are integers and 2°((20), by Corollary 2,
2b1(26=%m — r). But since m and r are both odd, this is possible only if b = a, and in
this case 2b|m —r,ie.,

m r  m-r

X—M=2—a—2—b=2—bez O

Theorem 2 The graph GO (Q?) is bipartite.

Proof Assume by contradiction that it contains an odd cycle, say (x1, y1), (x2, y2),
ki li 0.

ooy (¥2041, y2¢41) for some t € N. Let x; = Zmi and y; = 2’1—1”’ for some k;, I;, ni, pi

e€Zforl <i <2t+1andm € Z and n;, p; and m are odd. Therefore, (2k1n1, 2l P1),

(2k2n2, 2h D2)s.ns (2k2f+1n2,+1, 212f+1p2,+1) is also an odd cycle in GOdd(QZ). By

Lemma 3, (2kin; — 2ki+1n,-+1), (2"’ pi — it Pi+1) € Z and they have different parity

for all 1 <i <2t + 1 where indices are taken mod (2¢ + 1). Thus we have

2t+1
> (2% =25 i) + (2 pi = 27 pig1) = 1 mod 2,

i=1

since there are 2¢ + 1 terms on the left hand side and each of them is odd. On the
other hand,

2t+1
D (25 =25 i) + (2 pi = 25 i)
i=1

2t+1 2t+1 2t+1 2t+1
i=1 i=1 i=1 i=1
a contradiction. Therefore, G99(Q?) is a bipartite graph. g

3 Choosability

A graph G is x-choosable if for every assignment of an arbitrary set of colors of
cardinality « to each vertex of G it is possible to properly color G in such a way
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that each vertex receives a color from its assigned set. As noted in the introduction
the odd-distance graph contains finite regular subgraphs of arbitrary large minimum
degree, and hence it is not finitely choosable.

In this section we first prove that the odd-distance graph GO%4(R?) is Ro-
choosable, while the odd-distance graph GO44(R3) is not Rg-choosable.

3.1 Choosability of G944 (RR?)

Let S be a set. For a cardinal «, we denote by S=* the set of all subsets of S of
cardinality at most «. In particular, S=Y0 denotes the set of all countable subsets of S.
Similarly, S<%0 denotes the set of all finite subsets of S.

Definition 2 Let G be an infinite (not necessarily countable) graph and « be any
cardinal. We say that G has the k-property if there is a function F : V(G)<N —
V(G)=* such that for any infinite subset X C V(G) of cardinality at most « and for
any y which is connected to all vertices in X, there exists a finite subset X’ C X such
that y € F(X').

We will prove that if an infinite graph G has the «-property then it is «-choosable.
We then show that the odd-distance graph G94(R?) has the Ro-property and hence
is countably choosable.

Theorem 3 Let k > Ry be a cardinal number. If G has the k-property then it is
k-choosable.

Proof Let F be the function from the definition of the «-property. Assuming the well
ordering property of sets, let {xy}, be a well ordering of the vertices of G where «
are all ordinals such that @ < A and A is the smallest ordinal of all ordinal types of
cardinality |V (G)|. Let Ly be the list of colors of size k assigned to the vertex x. For
each ordinal « such that @ < A define the set V,, inductively as follows:

L. Voo={xs,8 <a}.
2. Vant1=Van UZ€V<NO F(Z).

3. Va == U;.ZO:O Va,n~
Observation 1 For any integern € N, |V | < |ot| + k.
Proof The claim can be easily proved by induction.

For the base case n = 0, the claim is true, since |Vy 0l = [{xg, B < a}| = la| <
loe] + .

For the inductive step assume that |V, ,| < |a| + «. Since |Va<,,§°| = Vgl <
|| + «, and since for every finite Z, |F(Z)| <k, |Vyn+1| < ||+« + (Jo| + )k =
loe] 4+ k. O

Observation 2

1. The sets {Vy}o<a form a nested sequence of subsets of V(G).
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2. Uy Va =V(G).
3. Forevery o suchthat a < A, Vy is closed under F, i.e., for every finite set X C V,,
F(X)CV,.

We now use transfinite recursion on « to define a family of colorings ¢, of the
vertices in V,, such that:

(C1) Forevery x € Vy, ¢pq(x) € L.
(C2) If o > B then ¢, extends ¢g, i.e., ¢y agrees with ¢g on Vg. This is well defined
since Vg C Vi by Observation 2.

If @ <k then a simple greedy coloring algorithm can be used to assign the valid
color for each vertex of V,. If « is a limit ordinal then define ¢, = UV <o Oy Itis
easy to see that both (C1) and (C2) hold for ¢,,. Finally, assume that « = 8 4 1 for
some ordinal 8. By Observation 2, V,, = Vg W (V, — V). Let ¢y (y) = ¢ (), for all
y € Vlg.

Let G’ be the induced subgraph of G on V,, — V. For every y € V(G'), we will
construct a list L, € Ly such that |L|| = k. Note that any list-coloring ¢ of G’ from
these lists is compatible with ¢g, i.e., ¢ and ¢g together form a coloring of V.
We achieve this by removing all colors from the list of y € V(G’) that are assigned
to its neighbors in Vg. Let Xy, = {x € Vg; xy € E(G)}. For every y € V(G), let
L;, =L, —{¢p(x); x € X,}. It remains to show that |L/y| = k. This is obviously true
if |Xy| < k. We now show that |X,| > k cannot occur. Since G has the «x-property,
there is a finite subset X, C X, such that y € F(X}). But X, C X, C Vj. Since Vg
is closed under F, F (X ’y) C Vj. Hence, y € Vg but this contradicts the choice of y.

We now use transfinite induction to construct the desired coloring of G. Let G be
an infinite graph. Assume that G has the x property and V (G) is well ordered then
G is k-choosable. The proof proceeds by transfinite induction on A, the ordinal of
the well ordered set V(G). For the base case, as noted before, if A < x then G is
k-choosable.

G’ is a subgraph of G and V(G’) is a well ordered subset of V(G). The lists L/y
have cardinality . We wish to use the induction hypothesis to prove that G’ can be
properly colored using colors from the lists L/y. For that we need to show that G’ has
the «-property and the ordinal of V (G) is less than A.

Let the well ordered set V(G’) have ordinal A’. First, we have |V (G')| = |V, —
Vgl < |Vul < || + k. Since || < |A] and k& < |A[, it follows that |V (G')| < [A[, and
therefore A’ < . Second, define a function F” as follows: for every S € V(G')<N0, let
F'(S) = F(S) N V(G). To verify the «-property for G’, consider an infinite subset
X C V(G’) of cardinality at most «, and a vertex y € V(G’) which is connected to
all vertices in X. Since G has the «-property, there exists a finite set X’ C X such
that y € F(X’). By definition, F'(X’) = F(X’)NV(G’), and hence y € F'(X’). This
proves the «-property for G'.

Therefore, by induction hypothesis on G’, G’ is k-choosable. Let s be a coloring
of G’ from the lists L/y. We define ¢ (y) = ¥ (y), for all y € V, — Vg, which com-
pletes the definition of ¢, on V,,. Now, it is trivial to see that both properties (C1) and
(C2) hold for ¢.

To complete the proof define the coloring ¢ of G from lists L, as ¢ =

U\(x\<k¢0!' O
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Fig. 2 A subgraph of
GO (R3). The points on a TV4n2 + 4n
circle belong to set A and the
vertical line contains the points
in B

Theorem 4 The integer-distance graph GY (R?) has the Ro-property.

Proof For every finite set X = {x1, ..., xx} let
X, ifk=1,
F(X)= .
{y:3Ixi,x; € X,d(y,x;),d(y,x;) €N}, otherwise.

Clearly, |F(x)| < R®p and if X is an infinite countable set and there exists y such that
yx € E(G) for every x € X then by definition of F, for any finite subset X’ C X with
at least two elements, y € F(X'). a
Corollary 3 The integer-distance graph GN(R?) is Ro-choosable.

Corollary 4 The odd-distance graph G (R?) is Ro-choosable.

Note that this is best possible since arbitrarily large complete bipartite graphs are
subgraphs of G4 (IR?) and their choosability is growing with their size.

Corollary 5 The unit-distance graph GV (R?) is Ro-choosable.

3.2 Choosability of GO44(RR3)

We will show that the odd-distance graph G944 (R3) is not Rg-choosable.
Theorem 5 The odd-distance graph GO (R3) is not Ro-choosable.

Proof Consider the set of points
A={(x,y,0):x2+y* =1}
and

B= {b,,:(O,O,\/4n2+4n) n EN},
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cf. Fig. 2. Note that for any @ € A and any b, € B, d(a, b,) =2n + 1, an odd integer.

Since |A| = 20, there is a one-to-one correspondence i between A and the set of
all infinite subsets of N. For each vertex of GO44(R3), we define the list of available
colors as follows. For every a € A, let L, =¥ (a). Foreachn e N, let L,, = {n,n +
1,n+2,...}. For all other points of GP94(R3) let the corresponding lists be N. Let
f be an Ro-coloring of G4 (R3) with respect to these lists of colors. It follows from
the definition of Lj, with b, € B that f(B) is infinite so that there is a pointa € A
such that L, = f(B). But since the distance from a to any point in B is odd, f is not
a proper coloring, a contradiction. g

Corollary 6 The odd-distance graph GO (R3) does not have the Ro-property.

Acknowledgement The authors wish to thank the referees for their remarks, corrections and sugges-
tions.
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