
Existence of Endo-Rigid Boolean Algebras 

In [Sh 2] we answer ing  a ques t i on  of Monk have exp l i ca t ed  t he  n o t i o n  of "a  

Boolean  a l g e b r a  with no e n d o m o r p h i s m s  excep t  the  ones  i n d u c e d  by 

a t t r a f i t t e r s  on  i t"  (see  §2 here)  and  prove the  ex i s t ence  of one  with c h a r a c t e r  

d e n s i t y  ~0, a s s u m i n g  f irs t  O1% and  t h e n  only CH. The idea  was t h a t  if h is an 

e n d o m o r p h i s m  of B, n o t  a m o n g  the  " t r iv ia l"  ones,  t h e n  t h e r e  are  pairwise dis- 

jo in t  d~ e B with h ( d n )  ~" dn. Then  we can,  for some  S c ~, add an  e l e m e n t  x 

s u c h  t h a t  d~ ~ x for  n e S, x CI d~ = 0 for  n ~ S while fo rb idd ing  a so lu t ion  

for  |Y  N h ( d n )  = h ( d n )  : n e S] 13 ~Y F~ h ( d n )  = O : n ¢ S] ,  F u r t h e r  

ana lys i s  showed  t h a t  the  po in t  is t h a t  we a re  o m i t t i n g  pos i t ive  quan t i f i e r  f ree  

types .  Con t inu ing  th i s  Monk s u c c e e d s  to prove in ZFC t he  e x i s t e n c e  of s u c h  

Boolean  a lgeb ra s  of c a r d i n a l i t y  2 l% and  dens i t y  c h a r a c t e r  L =~°. In his proof  he  

(a) r e p l a c e s  s o m e  uses  of the  c o u n t a b l e  dens i ty  c h a r a c t e r  by the  I~ 1- 

c h a i n  cond i t i on  

(b) generally it is hardto omit < L ~° many t~pes but because of the spe- 

cial character of the types and models involve, using 2 I% almost disjoint sub- 

sets of co, he succeeds in doing this 

(c) for another step in the proof (ensuring indeeomposability - see 

Definition 2.1) he (and independently by Nyikos) find it is in fact easier to do 

this when for every countabe I ~ B there is x 6 B free over it. 

The question of the existence of such Boolean algebras in other cardinali- 

ties remains open (See [DMR] and a preliminary list of problems for the hand- 

book of Boolean Algebras by Monk). 

We shall prove (in ZFC) the existence of such B of density character A and 

cardJnality A I~ whenever A>I~ O. We then conclude answers to some other 
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ques t i ons  f rom Monk's  list, ( c o m b i n e  3.1 with 2.5). We use a c o m b i n a t o r i a l  

m e t h o d  f rom [Sh 3], [Sh 4] , it is r e p r e s e n t e d  in s ec t ion  t. 

In [Sh i], [Sh 6] (and [Sh 7]) the author offers the opinion that the com- 

binatorial proofs of [Sh I], Ch. VIII (applied there for general first order 

theories) should be useful for proving the existence of many non-isomorphic, 

and/or pairwise non-embeddable structure which has few (or no) automor- 

phism or endomorphism or direct decomposition etc. As an illumination in 

[Sh 6] a rigid Boolean algebra in every k > M 0 was constructed. The combina- 

torics we used here relay on [Sh I], Ch. VIII 2.6 and it amounts to building a 

model of power A I% omitting countable types along the way, the method is 

proved in ZFC, nevertheless it has features of the diamond. It has been used 

also in Gobel and  Corne r  [CG] and  Gobel and Shelah  [GS1], [GS2]. See m o r e  on 

the  m e t h o d  and  on r e f i n e m e n t s  of it in [Sh 4] and [Sh 3] and  ma in ly  [Sh 5]. 

§ 1 The c o m b i n a t o r i a l  p r inc ip le  

Con ten t :  Let k > m be fixed infinite cardinal .  

We shall  deal  with the  case  cf  A > ~ 0 ,  A~°=A~, and usua l ly  ~ = ~ 0 .  

Let L be a set  of f u n c t i o n  symbols ,  e a c h  with ~ ~ places,  of power --~ A. Let M 

be the  L-a lgeb ra  f ree ly  g e n e r a t e d  by T ~  s ~>k( = 1~:~7 a s e q u e n c e  < w of 

o rd ina l s  <A)  (We cou ld  have  as well c o n s i d e r e d  T as a se t  of u re t e -  

men t s ,  and  let M be t he  fami ly  H<=,(T) of se t s  h e r e d i t a r i l y  of c a r d i n a l i t y  

~- ~ bui ld  f rom the  u r e l e m e n t s ] .  For  7 / e  T LJ cA let  orco (7/) = t~ ( i ) : i  < ~(~)] ,  

for a sequence = < #> let 0re0 = U for = e let 

orco (77) =orco (~) and orco (< a/:i < ~ff>) = [j orco (a/), and similarly for a set. 
i<~ 

1.2 Explanation: We shall let B 0 be the Boolean Algebra freely gen- 

erated by ~:~ • T], /~ its completion and we can interprete/~ as a subset 

of ~/~2 (each a e/~ has the form I,J Tn where "r n isra Boolean combination of 

members of T, so as we have in L M0-place function symbols there is no 

problem). As the 7/ e T may be over-used we replaced them for this purpose by 

x,9 (e.g. let F 6 L be a monadic function symbol, x,7 : F(~?)). 
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Our de s i r ed  Boolean  Algebra  B will be a s u b a l g e b r a  of B~ c o n t a i n i n g  I? 0. 

1.3 Def ini t ion : 

1) L e t / m  be f ixed v o c a b u l a r i e s  (= s i g n a t u r e s ) ,  I I~ [ --- ~, Ln C Ln+ 1, (with 

e a c h  p r e d i c a t e  f u n c t i o n  symbo l  f in i t a ry  for  s impl ic i ty ,  l e t  Pn c L~÷I -L  n be 

m o n a d i e  p r e d i c a t e s .  

2) Let  Tn be the  f ami ly  of se t s  (or  s e q u e n c e s )  of the  fo rm 

I ( f e , N e ) : £  - n I sa t isfying 

a) f e  : ~ a ~ -* T i s  a tree embedding i.e. 

(i) ft~ is l eng th  p r e s e r v i n g  i.e. rl , fe(~7) have  t h e  s a m e  leng th ,  

(ii) f ~  is o r d e r  p r e se rv ing  i.e. fo r  r/ ,v c e ~ ~, r/ < v iff r e ( r / )  < r e ( v ) .  

b) f e + 1  e x t e n d  f ¢  (when 1~÷1 _ n )  

c) W e is an L~-mode l  of power  <- ~ , lNel  C I~/~], where  L~ C L e. 

d) Le+ 1 ~ L ~  = L~ a n d N ~ +  a rL~ e x t e n d s N ~  

e) i f P m  e / ~ + l , t h e n  Pm u~= IN mt w h e n m  < ~ - - < n  and  

f) Rang ( r e )  - tJ Rang (fro) is i n c l u d e d  in ]Nel-  k) INto I. 
m <e m <e 

3) Let  ~ be the  fami ly  of pa i r s  ( f , N )  s u c h  t h a t  fo r  some 

(]~,N~)(£ < ~) the  following holds:  

(i) I ( fe ,N~) :£  < h i  be longs  t o ~  f o r n  < ~. 

(ii) f = u f e ,  N =  U Nn, (i. e. Igl = u 1g~t,  

L(N) = UL(Nn), and  g r L(Nn) = LJ gm ~ n( Nn) 

4) For  any  ( f , N )  c ~o  le t  ( fnNn) be as above (it is e a sy  to  show t h a t  

(fn,Nn) is u n i q u e l y  d e t e r m i n e d  - n o t i c e  d),e) in (2),) so for  (f'~,N a) we ge t  

( f  ~,N~) 

:5) Le t  Fn = ~(fn,Nn): for  some  ( f e , ~ ) ( E  < n ) , l ( f e , N e ) : £  ~ n ]  c ~n and 
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we adopt conventions of 4). 

6) A branch of Rang (f) or of 7' (for f as in (3)) is just 77 c ~A such 

that for every n < ~, 77 r n c Rang (f). 

1.4 Explanation of our Intended Plan (of Constructing e.g the Boolean 

Algebra) 

We will be g iven W = t ( f a , N ~ ) : ~  < or(*){, so t h a t  eve ry  b r a n c h  7/ of f a  

converge to some {'(a), {'(a) non-decreasing (in ct). We have a free object 

generated by T (B 0 in our case) and by induction on a we define B a, 

increasing continuous, such that Ba+ I is an extension of B a, a a c Ba+I--B a 

(usually Ha+ I is generated by B a and a a, and a a is in the completion of 

B0). Every element will depend on few (<--~)members of T, and cta 

" d e p e n d s "  in a p e c u l i a r  way: the  se t  Ya C T on which  it " d e p e n d s "  is 

y O U  Ya 1 where  yO is b o u n d e d  below ¢(a)  (i.e. yO C ~># for some  ~ < {'(a)) 

and  Ya 1 is a b r a n c h  of f a or  s o m e t h i n g  s imilar .  See m o r e  in 1.8. 

1.5 Defini t ion of t h e  Game: We define for  If C ~ a g a m e  Gm (If), which 

las ts  w-moves.  

In. the  n-th move:  

Player  £ Choose f n ,  a t r e e - e m b e d d i n g  of n ~  in to  nak, ex t end ing  U f~ ,  
I~ < n  

s u c h  t h a t  Rang ( fn ) - -  U Rang ( f~)  is d is joint  to U IN~[ ; t h e n  

p l a y e r / / c h o o s e s  N n such  t h a t  I ( f~ ,N~) :g  ~ n ]  c ~  n- 

In the  end p l aye r  I wins if ( U f n ,  U Nn) c W. 

1.6 R e m a r k :  We shal l  be i n t e r e s t e d  in F] s u c h  t h a t  p l a y e r  ] wins (or a t  

l eas t  does no t  l o s e ) t h e  game,  bu t  W is " th in" .  S o m e t i m e s  we n e e d  a 

s t r e n g t h e n i n g  of the  s e c o n d  p layer  in two r e s p e c t s :  he c a n  fo rce  (in the  ~z-th 

move)  Rang ( fn+ l )  -- Rang ( f n )  to be ou t s ide  a " smal l "  set ,  and  in t he  ze ro  

m o v e  he can  d e t e r m i n e  an a r b i t r a r y  ini t ia l  s e g m e n t  of the  play. 

1.7 Defini t ion : We define, for If c T~, a g a m e  Grn'(If)  which las ts  r~- 
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moves .  

In the zero move 

p l a y e r  I c h o o s e  f 0 ,  a t r e e  e m b e d d i n g  of 0~m to  °~A (bu t  t h e r e  is on ly  

o n e  cho ice ) .  

p l a y e r  I I chooses lc  < ¢ 0 a n d t ( / ~ , N ~ ) : g  <--k] c ~ , a n d X  0 c T ,  IXoI <A- 

tn t he  n - t h  m o v e ,  n > 0: 

p l a y e r  I c h o o s e s  f~+n ,  a t r e e  e m b e d d i n g  of (~+n)~m in to  (~+n)~A, wi th  

Range  f ~ + n - -  U Rang f £  d i s jo in t  to U Ne. Lt u X~. 
£ <;~ +n ~{ <k +n ~ <n 

p layer  f f  c h o o s e  N~+ n s u c h  t h a t  i ( / ~ , N £ ) : ~  -< k + n ]  E ~ + n  and  

Xn c T ,  IX~I <X.  

1.8 Remark: What do we want from W?: First that by adding an element 

(to B0) for each (f ,N) we can "kill" every undesirable endomorphism, for this 

it has to encounter every possible endomorphism, and this will be served by 
¢-r 

"W a barrier". For this W = oz0 is O.K. but we also want W to be thin enough so 

that various demands will have small interaction, for this disjointness and 

more are demanded. 

1 . 6  D e f i n i t i o n  : 1) We call  W ~ T~ a strong barrier if p l a y e r  I wins in 

Gm(W) a n d  e v e n  Gm'(W) (which j u s t  m e a n s  he  h a s  a winn ing  s t r a t e g y . )  

2) We cal l  W a barrier if p l a y e r  II does  n o t  win in G m  (W) and  e v e n  does  

n o t  win in Gin'(W). 

3) We cal l  F / d i s j o i n t  i f  for  a n y  d i s t i nc t  ( f ~ , N  ~) c F~ (~ = 1,2), f l  a n d f 2  

h a s  no  c o m m o n  b r a n c h .  

1.7 The  E x i s t e n c e  T h e o r e m :  1) If A I % : A  ~, c f  A > I %  t h e n  t h e r e  is a 

s t r o n g  d i s jo in t  b a r r i e r .  

2) S uppos e  k [% : ;k ~, c f  A > t~ 0. Then  t h e r e  is 

W = ~(fa,Na):a < (x*] CFo a n d  a f u n c t i o n  ¢ :  or* -~ k s u c h  t h a t :  
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(a) W is a s t r o n g  disjoint  bar r ie r ,  m o r e o v e r  for  e v e r y  s t a t i o n a r y  

S C I~ < A:  c f  ~ =M0] I ( f a , N a ) : a  < a*, ~'(a) c S] is a dis joint  ba r r i e r .  

(c) c f  (~(a)) =M 0 f o r c t  < a * .  

(d) Eve ry  b r a n c h  of f a  is an i nc reas ing  s e q u e n c e  c o n v e r g i n g  to ¢(a).  

(e) If V7 is a s e q u e n c e  f r o m  T (of any  l eng th  7 < g+), T(~') a t e r m ,  

(~') = 7 a n d  r(g/) c N  a t h e n z / C N  = N T .  

(f) If ( ( a )  = ~(fl), a + g  t%-</~ < a* and  7/ is a b r a n c h  of f #  t h e n  • ~ k ¢ N a 

for s o m e  ]c < ¢0. 

(g) If ~ , = A  ~we  can  demand :  ifz~ is a b r a n c h  of f = and  ~Trk cIV# for  

all/c <c0 (where  a , f l <  a*) t h e n  N a ~ N # ( a n d  even  N~ c N ~ i f M = H < ~ . ( T ) . )  

§2 Pre l iminar ie s  o n  B o o l e a n  Algebras  

We review he re  s o m e  easy  m a t e r i a l  f rom [Sh 2]. 

2.1 Defini t ion : 1) For  any  e n d o m o r p h i s m  h of a Boolean  Algebra  B, le t  

E z  K e r ( h )  = | x l u x 2 : h ( x l )  = 0, and  h ( y )  = y for eve ry  y - x2]. 

Ex K e r * ( h )  = Ix c B : in B / E x  K e r ( h ) ,  below x / E x  K e r ( h ) ,  t h e r e  a re  

only f in i te ly  m a n y  e l e m e n t s ] .  

2) A Boolean  Algebra  is endo- r ig id  i f  for every  e n d o m o r p h i s m  h of 

B, B ~  Ex K e r ( h )  is f ini te  (equivalent ly :  1B E Ex K e r * ( h ) ) .  

3) A Boolean  a lgeb ra  is i n d e c o m p o s a b l e  i f  t h e r e  are  no two dis jo in t  ideal  

Io,I  1 of B, e a c h  with no max im a l  m e m b e r  which g e n e r a t e  a m a x i m a l  ideal 

( l a o U a l : a  o c Io,a 1 c I1~ ). 

4) A Boolean a lgebra  /7 is t~vcompae t  if for pairwise d is jo in t  

d n c B ( n  < ¢o) for s o m e  x c B ,  x N d2n+l = O, x (~d2n = d2n.  

2.2 L e m m a  : 1) A Boolean a lgebra  /7 is endo-r ig id  i f f  e v e r y  

ph i sm 

below). 

endomor- 

of B is the endomorphism of some scheme (see Definition 3.3 
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2) A B o o l e a n  a l g e b r a  B is  e n d o - r i g i d  a n d  i n d e c o m p o s a b l e  i f f  e v e r y  

e n d o m o r p h i s m  of B i s  t h e  e n d o m o r p h i s m  of s o m e  s i m p l e  s c h e m e  ( s e e  Def 

2 .3  be low) .  

2 .3  D e f i n i t i o n  : (1)  A s c h e m e  of a n  e n d o m o r p h i s m  of B c o n s i s t s  of a 

p a r t i t i o n  a 0 , a l , b  0 . . . . .  bn_ 1, c o . . . . .  era_ 1 of 1, m a x i m a l  n o n p r i n c i p a l  i d e a l  I£ 

b e l o w  6~ fo r  ~ < n ,  n o n p r i n c i p a l  d i s j o i n t  i d e a l s  I~ , f~  b e l o w  c£ w h i c h  g e n -  

e r a t e s  a m a x i m a l  i d e a l  b e l o w  c~ fo r  ~ < m ,  a n u m b e r / c  < n ,  a n d  a p a r t i t i o n  

b o . . . . .  b~_ i ,  c~ . . . . .  c m _  1 of a o kJ boLJ " ' "  kJ b~ - l -  We a s s u m e  a l s o  t h a t  

[k+m >O------->a 0=0], [(n--It) +m > 0 ~a i = O] and except in those cases 

there are no zero elements in the partition. 

(2) the scheme is simple if rfL = O. 

(3) The endomorphism of the scheme is the unique endomorphism 

T:B -~ B such that: 

(i) Tz = 0 w h e n z  < a 0 o r z  6 I~,~ < / c ,  o r z  E 7  2 ,£  < m .  

(ii) Tz = z  w h e n z  < - a  1 o r z  e I £ , k  -<£ < n  o r z  E / ~ , ~  < r n .  

( i i i )  T(b~)  = b~ w h e n  ~ < / c .  

(iv) T(6¢) = be kJ 6~ w h e n  k -< ¢ < n .  

(v) T(e¢)  = c~ U c¢ w h e n  g < m .  

2 .4  C la im:  If h i s  a n  e n d o m o r p h i s m  of a B o o l e a n  A l g e b r a  B , a n d  

B / t ~  K e r ( h )  i s  i n f i n i t e  t h e n  t h e r e  a r e  p a i r w i s e  d i s j o i n t  d n e B ( n  < ~ )  s u c h  

t h a t  h ( g n )  ff cl n. By e a s y  m a n i p u l a t i o n  we c a n  a s s u m e  t h a t  h ( g n )  N dn+l ~ O, 

a n d  i f /5 '  s a t i s f i e s  t h e  e . e . e ,  t h e n  [dn:f~ < rg] i s  a m a x i m a l  a n t i c h a i n .  

2 .5  L e m m a  : 1) E v e r y  e n d o - r i g i d  B o o l e a n  A l g e b r a  B is  H o p f i a n  a n d  a n d  

d u a l  H o p f i a n .  E v e n  B + B is  H o p f i a n  ( a n d  d u a l  t t o p f i a n )  b u t  n o t  r i g id ,  

P r o o f  : E a s y  to  c h e c k  u s i n g  2.2, 2.3. 
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§3 T h e  C o n s t r u c t i o n .  

3 .1  Main T h e o r e m  : Suppose  A > 80. Then  t h e r e  is a B.A. (Boolean  Alge- 

b ra )  B s u c h  tha t :  

1) B sa t i s f i e s  t h e  c.c .c .  

2) B h a s  power  X ~°, a n d  d e n s i t y  c h a r a c t e r  A. 

3) B is endo- r ig id  and  i n d e c o m p o s a b l e .  

P roof :  We c o n c e n t r a t e  on t h e  ea se  e f  ( A ) ~ 8 1  (on the  case  

c f  A = ~  0 see  [Sh 5, §2, §3]) we sha l l  u se  T h e o r e m  1.3, and  l e t  

W =~(f  a ,Na ) : a  < a ' ~ ,  t he  f u n c t i o n  ¢, ~ a n d  T =  ~>A be as t he r e .  

S t a g e  A: Let  B 0 be t h e  B.A. f r e e l y  g e n e r a t e d  by [x,~:~ 7 E TI, l e t  x,1 = a T 

and B~ be its completion. For A ~ B~ let <A>/~ be the Boolean subalgebra 

A generates. As B 0 satisfies the c.c.c every element of B~ can be represented 

as a countable union of members of B 0, so w.l.o.g. B~ £ ~/~. We say z E B~ is 

based on Jc°>X if it is based on Ixv:vc dI [i.e. X= tJYn, each Yn is in the 
n 

subalgebra generated by Ixv • u E J]] and let d(x) be the minimal such I. We 

shall now define by induction on a < a*, the truth value of "a eJ ", ~Ta, and 

m e m b e r s  aa,bn a, cr~,da,T~n of B~ s u c h  t h a t  l e t t ing  

B a = < H  O,a~:i < a , i  e J > B S :  

1) ~Ta is a b r a n c h  of Rang (fa),~7, X ~ ~7~ for  fl < a.  

2) i f a • J ,  t h e n  for s o m e ~ < ~ ( a ) :  

~a = u ( ~  n ~.~) ~here  < ~ : m  < . >  is a ~ a x i m a l  antichain of non 
m 

ze ro  e l e m e n t s  (of t~0 ) ud__(d~n) C ~'>~, ~-~ • < x p "  ~Ta r m < p,p • T>B 5, and  

3) if a e d ,  b~,d.n= e N~ ,  cna,T ma • N a ( h e n c e  e a c h  is b a s e d  on 

|xv:v  e ~>A,v • Na]), and a = b n (~b m = 0 for  n # m .  

4) f o r f l  < a ,  fl • d , t ?a ,  o m i t p p =  Ix C~ b n " = c n  = : n  < ~ l .  

R e m a r k :  Many t i m e s  we sha l l  wr i t e  f l < a  < a *  or  w C a  < a "  i n t e a d  

~ • a A J ,  w c a  N J .  

Sh:229



99 

B e f o r e  we c a r r y  t h e  c o n s t r u c t i o n  n o t e :  

3 .2 C r u c i a l  F a c t :  Fo r  a n y  x c B a t h e r e  a r e  k ,~  < ¢, a n d  a o < • • " < a k 

s u c h  t h a t  ¢(a0)  = ¢ ( a l )  = ¢(a2)  . . . . .  ¢ (a~)  = ¢, x is b a s e d  on  I x v : v  E ~>~ or  

a f  
v c d ( T  m) ,  f o r  s o m e  g --- It, m < c01, b u t  fo r  s o m e  ~l < ¢, a n d  fo r  no  m < co a n d  

g E l0 . . . . .  k l i s x  b a s e d  o n l x u : ~ T a ~ t m  ~ v c ~ > / q .  

S t a g e  B. Let  us  c a r r y  t h e  c o n s t r u c t i o n .  F o r  ~ < A,w ~ a* l e t  

Z~,~ = Iv:v • ~>~ or v e U _~(r&)t 
<co 

TE~v 

We le t  a c J i f f  INal  c B a , N  a = (Bg r I N a l , h a )  w h e r e  h a is a n  e n d o m o r p h i s m  

of Bg t ] N a l  ( h e n c e  m a p s  Nn a i n t o  Nn a fo r  n <co) a n d  t h e r e  a r e  d a c N g  fo r  

m <co, dr~ # 0, dr~ (3d /~  = 0  f o r m  ~ g ,  s u c h  t h a t  f o r  s o m e  $ < ¢ ( a )  e a c h d r ~  

is b a s e d  on  ~>~, a n d  t h e r e  a r e  a b r a n c h  ~Ta of R a n g  ( f a )  a n d  T~n E N a ( m  < co) 

as  in 1), 2) above ,  s u c h  t h a t  if we a d d  U ( Ta  ( 3 d l ~ )  t o  B a, e a c h p ~ ( f l < a )  is 
n <~0 

s t i l l  o m i t t e d  as  well  a s  I x  O h a ( d ~ n )  = ha(d~n  ('IT a )  : m < cot a n d  ~ dm a : m < co> 

is a m a x i m a l  a n t i c h a i n .  

If a E J we c h o o s e  ~a,dr,a,Tm,a s a t i s f y i n g  t h e  a b o v e  a n d  le t  b ~  = h a ( d ~ ) ,  

em a : h a ( 4  ~ 0 7-~). 

The B o o l e a n  a l g e b r a  B is Ba, .  We sha l l  i n v e s t i g a t e  i t  a n d  e v e n t u a l l y  p r o v e  

i t  is e n d o - r i g i d  ( in  3.11) a n d  i n d e c o m p o s a b l e  ( in  3.12) (3.1(1),  3.1(2) aide 

t r iv ia l ) .  

No te  a l so  

3.3 F a c t :  1) For  v E ~>X, x v is f r ee  o v e r  Ixn:~7 E ~>k,~/ # v] h e n c e  a l so  

o v e r  t h e  s u b a l g e b r a  of B~0 of t h o s e  e l e m e n t s  b a s e d  on Ix~:~7 c ~> A,v/ # v~. 

2) For  e v e r y  b r a n c h  7? of f a  s u c h  t h a t  71 #~75~ fo r  f l < a , ~ < ¢ ( a ) ;  

a n d  f in i te  w ~ a  t h e r e  i s  k s u c h  t h a t  I P : 7 / t k - ~ P C T ]  is d i s j o i n t  t o  

F r o m  3.2 we c a n  c o n c l u d e :  

3 .4  F a c t :  If ~ < ¢(~) ,~  < a,  I c T f in i te  t h e n  e v e r y  e l e m e n t  of B a, b a s e d  
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o n I  U ~ > ~ i s i n B #  

3.5 N o t a t i o n :  1) Let  B ~ be t he  s e t  of a E Bg s u p p o r t e d  by  ~>~ 

2) F o r a  c B $ , ~ < ~ l e t p r t ( x  ) = N I a ~ B t : x ~ - a ~ .  

3) For/~ < k l e t  e(~) = M/n ~Y:(2(7) > ~1- 

4) For  Y < a"  l e t  B<v > = <[xn:r  t e °>¢(7) I U [x#:fl < 7 1 > ~ .  

~) Fo~ z c o>x, ~ c . ' ,  le t  e ( ± , ~ )  = ( 1 = . :  n ~ Zl U~=p:# ~ ~ n J I ) .  

6) ~o~ ~ < x let e m = < I = , :  n e ~>~l u I=0: ¢(#) -< ~I> m- 

3.6  F a c t :  1) B~ is a c o m p l e t e  Boolean  s u b a l g e b r a  of B~. 

2) p v t ( x )  is well  def ined  for  x c_ -f~0. 

3) if ~o < ~l < k, x c B~ t h e n p r t o ( p r t l ( x ) )  = pr to(x  ). 

4) If ~ < k, ~z .C T is f ini te  t h e n  for  t h e  f u n c t i o n  

P r t , ~ ( x )  = (5 lY e <Bt U [xu:  u e w ] >  : x  ~-Yl is well def ined.  

3.7 Fac t :  1) For  x E Ba., ~ < X, the  e l e m e n t  p r ~ ( x )  be long  to  

2) For  x E Ba., ~ < A, w E ~>(~+1), t h e  e l e m e n t  p r t , w ( x  ) be longs  

to  B(~>~,w). 

Proof :  1) We p rove  th i s  for  x E B . ,  by i n d u c t i o n  on  a ( for  all ~). 

C a s e  i: a = 0, or  e v e n  (VI /<  a )  [¢(1/) <- ~]- 

Easy;  if x=~-(a  0 . . . . .  an_ 1, xuo . . . . .  xv,,,_, ) w h e r e  T is a Boo lean  t e r m ,  

a f c  B[t], u~ c°>/~--~°>$ ; by t h e  r e m a r k s  above  w.l.o.g, x = (3 ~-e, 
lg < n ÷ r a  

T e ~ l a c z , l - a ~ l  when  g < n ,  r~ ~ [xu~_~,l-x~e_~ ] when  n <-e  < n  + m ,  a n d  t h e  

s e q u e n c e  <xu0 . . . . .  x~,~_~> is wi th  no r e p e t i t i o n , t h e n  c l e a r l y  

p r t ( x )  = (3 T ¢ e  B[t]; 
I g < n  
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C a s e  ii: a l i m i t .  

T r i v i a l  a s B  a =  g B~. 
IB<-  

C a s e  i i i :  a = f l  + 1.  

By the induction hypothesis w.l.o.g, x ~' B~. As x c B a there are disjoint 

eo,el,e 2 e /~p such that x = eoU(elnal~ ) U (e2-a~). It suffices to prove that 

Pr~(e0), Pr~(el n a~), prt(e2-a~)e B[~], the first is trivial and w.l.o.g, we 

concentrate on the second. There are ~0 < f(fl) and /¢ < to such that e I is 

based on J ~1">k- ~p : ~78[k <~ p e~>A]and each d~(n < ca) is based on ~>~0- 

By Case i, we can assume ~ < f(fl) hence w.l.o.g. ~ < ~0, and by the induction 

hypothesis and 3.6(3) it suffices to prove prto(elnc~) e B[t]. W.l.o.g. 

e l n d  ~ = 0 f o r  m < Jc a n d  n o w  c l e a r l y  p v ~ ( e t n a ~ )  = e 1 a s  

Prto(el  N d~  A T e )  = e l  N d ~  f o r  m - > k  , ( b e c a u s e  d ~ , e l  a r e  b a s e d  on  J ,  

~>~0 C J a n d T ~ i s b a s e d ° n ~ > h - J a n d i s  > 0 ) .  

2) S a m e  p r o o f .  

3 .8  L e m m a  : S u p p o s e  I ,w  s a t i s f i e s :  

(*)I,w I e ~>A, w c a ' ,  I is  c l o s e d  u n d e r  i n i t i a l  s e g m e n t s ,  a n d  f o r  e v e r y  
a a a < a ° i f  A (~Ta~m e I) t h e n  "rrn,d m a r e  b a s e d  on  [ a n d  b e l o n g  to  B ( I , w ) .  

r n < e ~  

T h e n  f o r  a n y  c o u n t a b l e  C c B a ,  t h e r e  is a p r o j e c t i o n  f r o m  < B ( I , w ) ,  C> BS 

o n t o  B ( I , w ) .  

P r o o f  : We c a n  e a s i l y  f i n d  I ( * ) , w ( * )  s u c h  that w C w ( * ) C a * ,  

] w ( * ) - - w [ _ ~ 0 ,  I C I ( * ) C ' ~ > A ,  II(*)--I[<--l.l o a n d  if a e w ( * ) - - w ,  t h e n  

~.m,dma a e B( I (  *) ,w( *)). L e t  w ( * ) - w  = [ a ¢ : £  < ~ l ,  a n d  we d e f i n e  b y  i n d u c t i o n  
a~  

o n  JZ a n a t u r a l  n u m b e r  k~ < ~ ,  s u c h  t h a t  t h e  s e t s  [v  e~>A : v a p p e a r s  i s  T m 

f o r  s o m e  m > k¢ ]  a r e  p a i r w i s e  d i s j o i n t  a n d  d i s j o i n t  t o  i .  Now we c a n  e x t e n d  

t h e  i d e n t i t y  on  B ( I , w )  t o  a p r o j e c t i o n  h 0 f r o m  B ( I ( * ) , w )  o n t o  B ( I , w )  s u c h  

a f  
t h a t  if ~ < ~ , m  > k~, t h e n  ho(T m N da~) = 0. Now we c a n  d e f i n e  b y  i n d u c t i o n  

o n  a • (w(*)-w) u[O,Xl a p r o j e c t i o n  h a f r o m  B ( l ( * ) , w  U ( w ( * )  n a ) )  o n t o  
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B ( I , w )  e x t e n d i n g  h a for  fl < a ( a n d  fl < ( w ( * ) - w )  ( j  IO]). For  a = 0 we h a v e  

de f ined ,  for  a = A we g e t  t h e  c o n c l u s i o n ,  a n d  i n  l i m i t  s t a g e s  t a k e s  t h e  u n i o n .  

In  s u c c e s s i v e  s t a g e s  t h e r e  is n o  p r o b l e m  by  t h e  c h o i c e  of h 0 , a n d  t h e / c g ' s . )  

3 .9 Claim:  If B' is a n  u n c o u n t a b l e  s u b a l g e b r a  of B e ,  t h e n  t h e r e  is a n  

a n t i c h a i n  ldr,:n < a~ t C B' a n d  for  n o  x • B,  x (3 dan  = 0, x O d a n + l  = d~ f o r  

e v e r y  n p r o v i d e d  t h a t  

(*) n o  one  c o u n t a b l e  I ~ ~>k is a s u p p o r t  fo r  e v e r y  a • H', 

P r o o f  : We n o w  d e f i n e  by  i n d u c t i o n  on  a < t o l ,da , f  =, s u c h  t h a t :  

(i) I e C ~> X is  c o u n t a b l e .  

(ii) U I# ¢:/a a n d  for  a l i m i t ,  e q u a l i t y  ho lds .  
#<e 

(iii) d e 6 S '  i s  s u p p o r t e d  by  Ia+ 1 b u t  n o t  by  I a. 

T h e r e  is n o  p r o b l e m  in  th i s .  

By (iii) for  e a c h  a t h e r e  

I 2 ~e+1-&> T a , T  = e < ~'~:~7 C s u c h  that 

are < i.> 
",-~ n ",-~ = o, "2 n ,-~ -~ a . ,  

By F o d o u r ' s  l e m m a  w.l .o.g,  r ° = r o (i .e.  d o e s  n o t  d e p e n d  on  a ) .  F o r  e a c h  a 

t h e r e  is n ( a )  < a) s u c h  t h a t  

2 " ( & + I - M  n'~(a)~'x> m 

Again  by  r e n a m i n g  w.l .o.g,  n ( a )  = n ( * )  for  e v e r y  a .  Le t  fo r  

n < ~ , d  n = d n -  U dE, T n =1" 0 ~ CI "c~ ~ ' r  1, s o e a s i l y d  ~ e B ' ,  < d ~ : n  <co> 
ig<n £ < n  

is an antichain, ~n_d n and r n e<a,/~ en(*)~A>B~. Suppose x •B 

Z • fC],X ( ) d  an = O, X ~ d 2n+l  = d 2n+l .  H e n c e  for  n < ~, x O r a n  = 0, 

z ~ T 2 n + l  = T 2 n + l .  B u t  by  3.8 ( for  I = n(*)~A), t h e r e  is s u c h  x i n  

< a,1:~ 7 e n(')aA> SS' an easy contradiction. 

So we have proven that for every Mgcompact B' C Be,, some countable 
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I G ~>~ s u p p o r t  e v e r y  x E B'. 

3.10 Claim: No inf in i te  s u b a l g e b r a  B' of B a .  is ~ l - c o m p a c t .  

P r o o f  : Suppose  t h e r e  is s u c h  B' , and  le t  ~ be  m i n i m a l  s u c h  t h a t  t h e r e  

is s u c h  B' c B[~]. 

P a r t  I: if (*) a) B' £ / ? a "  is l~ t -cornpact  a n d  inf in i te  and  

b) B' c B[,q, 

t h e n  

e) for  e v e r y  ~ < ~  a n d  x E B ' - t y : l z  E l? '  : z < - - y  I is f in i te l ,  t h e r e  is 

x l c B ' , x l - x  s u c h  t h a t  for  n o y  c H i C  l , y  N X  = x l .  

So a s s u m e / ? ' ,  sa t i s f i e s  a) and  b) b u t  t h e y  fail c) for  ~ < ~ a n d  x c B', where  

lY:Y ~ x , y  c l?'] is inf ini te .  So for  e v e r y  z c B', t h e r e  is g (z )  c Hie] s u c h  t h a t  

g ( z )  N X  = z  N X  ( use  x t = z  N x ) .  Let  H a be the  s u b a l g e b r a  of Hie] gen-  

e r a t e d  by  I g ( z ) : z  c B' I. C lear ly  IY < H' :y ~< x I = I t  n x : t  c l?~l. Let  

x"  = p r ¢ ( x  ), (i t  is in B[~] by 3.7(1)) a n d  le t  

B b = ~t N x* : t  c B  a] U I t U ( 1 - x * )  :t c . /?a] .  Clear ly  B b is a s u b a l g e b r a  of 

B[¢], and  l - x *  is an a t o m  of B b ; H  b is in f in i te  as t h e r e  a r e  in B '  d i s t i nc t  

x n <-x,  so g ( x  n) c H  = h e n c e  g ( x n )  N X "  c B  b, as x <-x* and  

[n  # m ~--------~ g ( x n )  n x # g ( x m )  n x]  c l e a r l y  

[n  # m ~-----~ g ( x n )  N x"  # g ( x n )  F3 x ' ] .  We shal l  p rove  t h a t / ~ b  is ~ l - e o m p a c t ,  

t h u s  c o n t r a d i c t i n g  t h e  c h o i c e  of ~. Let  d• ~E B b be pa i rwise  d is jo int ,  a n d  we 

wan t  to  f ind t c H b, t n d2n = O, t N d2n+l = dan÷l  (for  n < co). Clear ly  

w.l.o.g, d n ~ x "  (as l - x "  is an  a t o m  of Bb).  So d n = t  n N X "  for  s o m e  

t n c B a, h e n c e  eas i ly  tn  N x c B'  so fo r  s o m e  x n c B', x n <- x and  

tn  N X  = X n N X  = x  n . S o x  n = g ( x n )  N x . F o r n  # m ,  

x ~ n x ~  = (t~nx) n (t.~nz)-< (t~N z°) n (t.~nz*) = d ~ N d . ~  = 0 

As B' is ~ l - c o m p a c t  t h e r e  is y E B', y N X2n = O, y ~ Xan+l = X2n+l. Now 

g ( y ) , d n , t  n b e l o n g s  to  B[¢] a n d  (as x n --< x ~ x*):  

(i) g ( y )  N d s n  N x = g ( y )  n t 2 n  N x = 

g ( y )  N x s n  N x = y  n x z n  N x  = 0 .  
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(ii) g ( Y )  ('1 dan+i  K~ x = g ( Y )  ('1 ten+l(Sx = g ( Y )  ('~ xan+ l  N x = 

y ~'~ xan+l(~X -- xan+l ( '~x  = t an+l (~X = dan+l {~x. 

Now b y  t h e  d e f i n i t i o n  of z* =pr¢ (x ) ,  [ r  E B[¢] ^ r (h x = 0  ~ rF~x*  

(as  1 - T  E B[(;], x --< l---r) h e n c e  by  (i) ( fo r  r = g (y)  n dan): 

(iii) g ( y )  C~ dan (~ x ° = O. 

= 0 ]  

Also b y  t h e  d e f i n i t i o n  of x* = pr{(z ) :  

r l , r  a e B[(] ^ f l A X  = ra(~z ~ r l (Bz"  

( a s  rl--~c e E B[¢],x -- 1 - - ( r l - - r e )  ) h e n c e  b y  (ii) 

( iv) g ( y )  (h d a n + i  KI x* = dan+ i  (3 x* .  

= TaFIx  

B u t  d~ ~-- z* ,  so  f r o m  (iii) a n d  (iv) ( g ( y )  (~ x*) (~ dan = ' 0 ,  

(g(Y)  I~ X*) (~ dan+l = d a n + l  , a n d  g ( y )  E B ~ h e n c e  g ( y )  n x* E B b. So B b is 

~ l - c o r n p a e t  t h i s  c o n t r a d i c t s  t h e  m i n i m a l i t y  of ~, so we f in i sh  P a r t  t. 

P a r t  lI: if B 1 is l ~ l - c o m p a c t  / ~ ' C B  e , B e = < 8  t U { z t >  t h e n  B e is 1~ 1- 

c o m p a c t .  

The  p r o o f  is  s t r a i g h t f o r w a r d .  [If d n E B a a r e  p a i r w i s e  d i s jo in t ,  l e t  

i e B i. = n u for  some c w.l .o.g n d i =  0 for  

n # m  - o t h e r w i s e  r e p l a c e  t h e n  by  dn l -  U d ~ ;  S i m i l a r l y  d~  C~ d ~  = 0 ,  f o r  

n # m So t h e r e  are y~ E B l, y~ N dffn O, y~ N d ~ + l  ~ = = d a n + l  = dan+l, a n d  

( y i  (h z )  kJ (Y a - z )  is  t h e  s o l u t i o n . ]  

P a r t  Ill. ~ c a n n o t  be  a s u c c e s s o r  o r d i n a l .  

P r o o f :  L e t  B'  s a t i s f y  (*). 

S u p p o s e  ~ = ~+1,  a n d  b y  3.9 t h e r e  is a c o u n t a b l e  7 c ~>~ w h i c h  s u p p o r t  e v e r y  

a E B'.  w.l .o.g.  I is  c l o s e d  u n d e r  i n i t i a l  s e g m e n t s  a n d  k = I I - ° > ~ ]  is m i n i m a l .  

Now P a r t  I c a n  be  a p p l i e d  wi th  < B R ] , I a n : ~  / E ~J~>B6'  f o r  a n y  f i n i t e  w C I of 

p o w e r  < k i n s t e a d  B[¢] ( u s i n g  3.7(2) i n s t e a d  3 .7(1)) .  So b y  a p p l y i n g  P a r t  I ( t o  

< B [ ¢ ] , l a ~  : 77 E w]>B8 ) we c a n  add  t o  i t s  c o n c l u s i o n :  
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d) f o r  e v e r y  f i n i t e  w C I , lwl < ts-~>¢l a n d  x E B'  fo r  w h i c h  

~y E B ' : y  <-- x ] i s  i n f i n i t e ,  t h e r e  i s  x i E B ' , x  I <- x s u c h  t h a t  f o r  n o  

Now S--~>~ " is inf in i te [oLherwise let B" = ~B 'u l an : l ?  E I--~>¢1> s~, easily i t  

i s  i n f i n i t e  a n d  t ~ l - c o m p a c t  b y  P a r t  II a n d  t h e n  we a p p l y  P a r t  I : f o r  

1 -  ~>{" = [70 . . . . .  ~7~-1] a n d  fo r  u E [0 . . . . .  / c - 1  I, l e t  xu  ~ I  n ~x,1 ~ : £ e u l  N 

| l - - x ~ : ~  < / c , I ~  ¢{ u~  so  x u E B " ,  1 = U l Z u  : u  C [0 . . . . .  / c - l l l ,  h e n c e  f o r  

s o m e  u ,  [ y  E B" " y <--= x u { i s  i n f i n i t e ;  ¢ ,x  u c o n t r a d i c t  t h e  c o n c l u s i o n  of  P a r t  I. 

As B' i s  t e l - c o m p a c t ,  f o r  a n y  x c B'  s u c h  t h a t  [y  c B ' : y  ~ x I i s  i n f i n i t e ,  x 

c a n  be  s p l i t t e d  in  B '  to  two e l e m e n t s  s a t i s f y i n g  t h e  s a m e  i .e .  x = x 1 U x2; 

x l  n xa  = 0, | y  (: B '  • y - x~I  is  i n f i n i t e  fo r  t h e  I~ = 1,2. L e t  

I - ~>{" = [~£:g  < c0i, so  we c a n  f i nd  p a i r w i s e  d i s j o i n t  e n E B', [y  E B'  • y <- en] 

i s  i n f i n i t e ;  n o w  b y  d) a b o v e  fo r  e a c h  n we c a n  f i n d  dan ,dan+ l ,  s u c h  t h a t  

en = dan  U dan+l ,  d a n  n d a n + l  = 0 a n d  t h a t  f o r  , n o  

y ~<nE¢l u la .~  ~ < ~ I > ,  V n (da~Uaa~+,) = da~÷~. As B' is ~l-co~paot 
t h e r e  is  y E B '  s u c h  t h a t  y N (dan u d a n + l )  = dan+l f o r  e v e r y  n .  So fo r  n o  n 

As y E B '  c l e a r l y  y E H [ ¢ + l  ], b u t  y is  b a s e d  on  ~>{" U t a ~ :  ~ < c ° l  so b y  

3 .7(2)  y E ~ B [ ¢ ]  U [a,7~:tZ < a ~ l > B ~ ,  h e n c e  b y  S t a g e  B f o r  s o m e  n , 

y E/kB[¢] U l a n e  :g < n l ) ~ ,  cont rad ic t ion t o y  n ( d a n  U dan+l)  : da'n+l" 

P a r t  IV: L e t  B', s a t i s f y  (*) of P a r t  I. By 3 .9  f o r  s o m e  c o u n t a b l e  I C ">~, 

e v e r y  b E B'  i s  b a s e d  on  I. By P a r t  III ~ i s  n o t  a s u c c e s s o r  o r d i n a l ,  so  n e c e s -  

s a r i l y  c f ( ~ )  =i~0, l e t  F / ( B ' )  = [x c B' : [y  c B ' : y  <- x~ is  f i n i t e ] .  N e x t  we s h a l l  

show:  

(**) fo r  s o m e  f i n i t e  w C t7  " ~(7)  = ~{ a n d  x "  c B ' - F i ( B ' )  fo r  e v e r y  y < x ° 

f~om B', for some ~ ~/X UB~ j  Ulao:~ ~ ~ t > ~ ,  ~ n ~ "  = y .  
t<t 

S u p p o s e  (**) fa i l ,  a n d  we d e f i n e  by  i n d u c t i o n  n < ¢0, x n , y n , w  n s u c h  t h a t  : 

(i) x~ c B', 
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(ii) I-U x~ ¢ F/(B' )  
• /, < 'n  

(iii) w n C 17 : ¢(7) =/ : ]  is finite. 

( i v )  W n C %On+ 1 

(v)  Yn -- x ~ , y n  E B'. 

¢<~- 
---- ?J r , -  

F o r n  = 0  1 ¢  F/(B') .  

For  e v e r y  n le t  w n be a finite s u b s e t  of IV : ¢(7) = ~l e x t e n d i n g  U w~, 
JZ < n  

s u c h  t h a t  for  e v e r y  g < n  , ~e,Ye e ( u q ¢ l  u ia.:a e ~t)B~- Then as 
~<~ 

1 -  U xt q[ Fi(B'),  and as B' is S l - eompac t ,  t h e r e  is x n <<- 1 - U X  ~ , x  n e B ' ,  

1 -  U x~ q' F~(B') and  x n ¢ Fi(B').  Now as (**) fails, wn,x n does  no t  sa t i s fy  the  

r e q u i r e m e n t s  on w,x*  in (**), so t h e r e  is Yn c B ' ,  Yn ~ xn s u c h  t h a t  for no 

A s B ' i s l ~ l - c o m p a c t ,  for s o m e  z ° E B', z* N x n  = y n  for  e v e r y ~ . A s z *  c B '  

for  s o m e  finite w* C e(~), z* c ( UB[¢] U laa :a C W*]>BS. As w ° is finite, 

for  s o m e  n ( * )  <c0, w ° (3 ( U wn) C w n ( .  ). Let ~ <  ~ b e  s u c h  t h a t : d ( d n  a) Co>~  

~or ~ ~ < . ) + ,  U ~ ' ,  ~ < ~  and ~ , W  ~ ( B m  U I~.:~ ~ . ( . ) + ~ I ) ~ S  for 

- ' ~ ( ' )  + ~ a~d ~" c<BE¢ a U /~ . :~  c ~ ' ] ) ~  By aS  we can easily get 

c o n t r a d i c t i o n  to (vi). So (**) holds. 

r¢~ 
Let  t o . . . . .  t m c BR] be s u c h  t h a t  U t e = l  and  ( V l Z m m ) ( V a c w )  

[ t ~ - - a  a v  t~ n a a = 0 ] .  There  is an lZ_<rn s u c h  t h a t  ~y (3 t~ :y  <_x" and  

y c B't  is infinite,  t t  is c l ea r  (by P a r t  II) t h a t  B* = < B',t~> ~ is I l l - compac t :  

also x" ( 3 t ¢  c B ' - F t ( B " ) .  Now if y c B ' , y  <--x* (3 t~ t h e n  for s o m e  

y'  c B' ,y  = y '  N t~ and  w.l.o.g, y '  _< x*, so for  s o m e  

z c <  U B [ t , ] u | a ~ : a c w l > ~  z N x *  = y '  h e n c e  z N ( X *  N t e ) = y ,  and  by 
~<~ 
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t h e  c h o i c e  of t~,  fo r  s o m e  z '  c U B[¢], t h e  e q u a t i o n  
¢<~ 

z '  K~ (x* K~ tt~) = z A (x* F~ t~) = y  h o l d s .  

So B " ,  x °* ~ l x "  • tt~ s a t i s f y  t h e  r e q u i r e m e n t s  in  (*). Now we u s e  (c) of 

P a r t I .  A s c f ( ~ )  = ~ 0 , 1 e t ~  = U ~n, a n d  we d e f i n e  by  i n d u c t i o n  o n n  < c o , x n , y  n 

such that : 

(i) x~ c 17', x. -< x'* 

(ii) x** -- Y xi ¢ PL(B") 
I~<rL 

( i i i )  y ~  E H', Yn <- xn  

( iv)  fo r  no  z c HR~ ], z N xn  = y n .  

As B " i s  I ~ l - e o m p a c t ,  f o r  s o m e  z* c B" , z "  C1 xn  = Yn f o r  e a c h  n .  

Now a s  B",x** s a t i s f y  (**), fo r  s o m e  z °° c U B R ]  z ° N x * * = z ' *  A x * * -  So 
¢<t 

f o r  s o m e  n z*" c BIG] ,  c o n t r a d i c t i n g  (iv) a b o v e .  T h u s  we h a v e  f i n i s h e d  t h e  

p r o o f  of 3.9. 

3 .11 Cla im:  B a .  is  e n d o - r i g i d .  

P r o o f :  S u p p o s e  h is  a s  c o u n t e r e x a m p l e ,  i . e . h  i s  a n  e n d o m o r p h i s m  of 

B a .  b u t  B a , /  Ex  K e r ( h )  i s  i n f i n i t e ,  a n d  we s h a l l  g e t  a c o n t r a d i c t i o n .  

C l e a r l y  if fo r  s o m e  a ,  N a = ( IN*  I ,h  ~ Na) ,  h m a p s  N* N Ha" i n t o  i t s e l f  a n d  

a c d ( s e e  S t a g e  B) t h e n  h ( a a )  r e a l i z e s  t h e  t y p e  Pa,  c o n t r a d i c t i o n  ( b y  s t a g e  A, 

B a.  o m i t s  P a . )  So we s h a l l  t r y  t o  f ind  s u c h  a w h i c h  s a t i s f y  t h e  r e q u i r e m e n t s  in  

S t a g e  B fo r  b e l o n g i n g  t o  J.  We a s s u m e  N a = ( I N a l , h a ) ,  I Na[  ~ H a ,  

h a = h t N a, h a m a p s  N a I~ Ba  o n t o  i t s e l f ,  a n d  N #  c o n t a i n s  s o m e  e l e m e n t s  we 

n e e d  a n d  s o m e w h a t  m o r e  ( s e e  l a t t e r ) .  As W is  a b a r r i e r  t h i s  is  p o s s i b l e .  We 

t h e n  wil l  c h o o s e  ~Ta, a n  c 0 - b r a n c h  of f a , d i s t i n c t  f r o m  77a fo r  fl < a [if  

fl + 2 t % -  a t h i s  fo l lows ,  t h e  r e s t  e x c l u d e  < 21% b r a n c h e s  of f a b u t  t h e r e  a r e  

3 ~ '  s u c h  b r a n c h e s ] ,  a m a x i m a l  a n t i c h a i n  < d n  : n < co> of B a, d n ~ N ~ ,  a n d  

T ~ C N  a i n  < x v : ~ t n < v C T > B  ~, a n d  l e t  b n = h ( d n ) ,  c n = h ( d ~ ( ~ T ~ ) ,  
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Pa  = I x N bn = c n  " n  <c0{, and  aa = U (dn N Tn) c B ~ .  All shou ld  have 

supcrs r p  ( w h e r e  Z = < * • < b u t  w e  u s u a l l y  

o m i t  t h e m  or  wr i te  aa[Y ,d  ], pa[~ ,d]  e tc .  

The c h o i c e  of d,Y (and  Wa which  is d e t e r m i n e d  by  ~) is done  b y  l is t ing the  

d e m a n d s  on t h e m  (see Stage B) and  showing a so lu t ion  exists .  The on ly  prob-  

l e m a t i c  one  is (a) ( omi t t i ng  p~  for  ~ ~ a)  and  we p a r t i t i o n  i t  to t h r e e  cases  : 

(I) ¢(fl) < #(a)  or  ¢(fl) = ¢(a) ,  B + 2~° <- a,  

(II) ~ (~)  = C(a) ,  ~ < a < ~ + Z  ~°. 

( m )  t~ = a .  

We shal l  p rove  t h a t  e v e r y  Y,d a re  O.K. for  (I), t h a t  for  any  fami ly  

|(di,~?i,Y*):i < 2t%| (77 a b r a n c h  of f a  e tc . )  with pai rwise  d i s t i n c t  ~?i's, all 

e x c e p t  < 2 ~° m a n y  are  O.K. for  i n s t a n c e  of (II), and  t h a t  t h e r e  is a fami ly  of 

2 s° t r ip les  (d,~7,~) sa t i s fy ing  (IlI) with pai rwise  d i s t i n c t  ~?¢'s. This c l ea r ly  

suffices.  

Case I: ((fl) <¢(a)  o r ( ( ~ )  = ~ ( a ) , f l + g  #°<--a. 

Suppose  som e  x c < B = , a a [ Y , d ] >  ~ r e a l i z e s  Pa" Clear ly  t h e r e  is a par t i -  

t i on  ( e ~ : ~  < 4> of 1 (in B=) s u c h  t h a t  x = e o U ( e l n a a [ Y , d  ] )U(e2 -aa[~ ,Z] ) .  

Choose  ~ < ( ( a )  l a rge  e n o u g h  and  f ini te  w C a so t h a t  

[{'(fl) < ("(a) ~ {'(fl) < ~], t in ,ha(t in)  bna, are  based  on  izv :v  e °>~i ( for  n < ~) 

and  c~(E <r~) ,e0 ,e l ,e2 ,e  a a re  based  on J =  I v c T : ~ T a r / c  ~ y], w h e re  /c <aJ 

also sa t i s f ies  s u c h  t h a t  ~?a(k ) > Sf, Tqa [ k ¢ Np. 

We claim: 

(*) t h e r e  is m < ~ s u c h t h a t b m ~  n ( e i u e 2 ) -  u d n  # 0 .  
n-~./* 

For suppose (*) fail, then as a=[T,d] N ( U d~) e B=, 

( c l u e 2 )  N U dn = 0 (o the rwise  l e t  

w.l.o.g. 

Sh:229



109 

eo = eo U(e~ n a,,[<~.] r~ u ¢ . , ) u ( e e n  u a,, -a~['<d. ]) 

e ;  = e l - -  U dr~ , 

e~ = e 2 -  U dn ) .  

so  if x r e a l i z e s  p ~  t h e n  so  d o e s  e 0' b u t  e 0 ~ B a  c o n t r a d i c t i n g  a n  i n d u c t i o n  

h y p o t h e s i s  . So  (*) h o l d s .  

Now a s  <dn:n  < c 0 >  is  a m a x i m a l  a n t i e h a i n  in  B a, fo r  s o m e  £ < ~ ,  

d e o ( b ~ m f q ( e l u e a - - u d n ) )  #0" N e c e s s a r i l y  £ > k .  So fo r  s o m e  e ¢ ~ 1 , 2 ] ,  

d~z (q bmP c ~ e e # 0 -  As x r e a l i z e s  p B , x  lq (rig (q bm~ ( q e ~ )  = d ~ z f q c ~ e  ~ 

w h i c h  i s  b a s e d  o n  J .  B u t  we  k n o w  t h a t  x C~ (d~zl'~b~ Nee) i s  

d~  C~ bmP f~ e l c ~ a a [ T , d ]  = de. n b~m C~ elC~r~. (if  a : l )  o r  

d~znb~m(qean(1-aa[Y',d]) : 4¢Z (q b~mne2fql--"r~Z (if  ~ : 2 ) .  As d~z N b~mne~ # 0 

is  b a s e d  on  J,  {~ > k,~a(k ) > ~, Te is  f r e e  o v e r  J,  ( s e e  F a c t  3 .3(2) )  n e c e s s a r i l y  

x N (dczNb~m nee)  i s  n o t  b a s e d  on J ,  c o n t r a d i c t i o n .  

C a s e I I : f l  < a < f l  + 2 ~°. 

We s h a l l  p r o v e  t h a t  if r/~Z,Y ~z a r e  a p p r o p r i a t e  ( f o r  {~ = 1 , 2) a n d  ~71 ~ ~72 

then p~ cannot be realized in both < Ba,a [~e ,d . ]>  BS" 

As t h e r e  i s  a p e r f e c t  s e t  of a p p r o p r i a t e  r / ' s  i t  wi l l  s u f f i c e  t o  p r o v e  t h a t  f o r  

eaoh  -branoh of Rang(S  ") for some appropriate • < S a , " ' > a  omit  

Pa = Pa[Y, ~] w h i c h  wil l  b e  in  d o n e  i n  C a s e  Ill.  

N o t e  t h a t  I ~  = [e c B a • fo r  s o m e  

x (q b~  (q e = c ~  N e l  is  a n  i d e a l .  

x ~ e f o r  e v e r y  n 

The  d e t a i l s  a r e  e a s y .  

C a s e  Ill :  fl = a .  

Th i s  c a s e  is  s p l i t t e d  i n t o  s e v e r a l  s u b c a s e s .  L e t  71 a b e  a n y  ~ - b r a n c h  of 

f a , 7 ;  a # ~ ? ~ w h e n e v e r l ~ < a  < f l  + 2  ~°. L e t  I* = u[d_.(h(x)) :x  c B a l .  We s h a l l  
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a s s u m e  ] t*I  -- ~0 -----> I* GNU', so in th i s  c a s e p a i s  o m i t t e d  by  Ba+ 1 or  Be,- i f f  

i t  is o m i t t e d  by  Ba  (by 3.7(1)). As a c c o m p l i s h i n g  o u r  a i m  is e a s i e r  we shal l  

i g n o r e  t h i s  c a s e  (work  as in III 4 a n d  use  qu i te  a r b i t r a r y p ~ .  

S u b c a s e  HI 1.: For  s o m e  p" c T, and  a* E B a - E x  K e r ' ( h )  for  e v e r y  

p,p* <$ p E W for  s o m e  T E < xn: p <~ ~7 c: T> BS, "r(~a* # 0 = h ( T N a *  ). 

As we a re  i n t e r e s t e d  no t  in ( f a , N a )  i tself ,  b u t  in  h ,  by  us ing  GIn'(W), 

w.l.o.g, p* c Range  ( f a ) .  By 8.9 (for  Rang (h),  wh ich  by  a s s u m p t i o n ,  is inf in i te)  

a n d  e a s y  m a n i p u l a t i o n s  (see  2.4 a n d  [Sh 2]) t h e r e  is a m a x i m a l  a n t i c h a i n  

< d n : n  <to> of B a. such that for no x c B a, x N h(dan ) =h(d2n ) and 

x (~ h ( d a n + l  ) = 0. W.l.o.g. ~dn:n < a~] C N ~ .  

It suf f i ces  to prove the conclusion for any to-branch 77a of 

Range (fa),p. <71a ~, I~7 .18< a]. We define by induction on n, T n EN a, 

T n e <xn:7?arr~ < ~7>/~0, Tn # 0,1 and  h(T2~ ) = 1 , h ( T 2 n + l  ) = 0. (poss ib le  by  t h e  

a s s u m p t i o n  of s u b e a s e  Ill 1), so we f inish th i s  s u b c a s e .  

S u b c a s e  I I I2 .  For  s o m e  a" e B a, ~ h ( x ) - - a ' : x  c ]3. ,x <-- a"  I is inf ini te .  

C lea r ly  B~ = [ h ( x ) - - a "  : x E B a , , x < - - a *  ~ U[I - ( h ( x ) - - a ' ) :  

x c Ba, ,  x <-- aa] is a s u b a l g e b r a  of B a. (with a* a n  a t o m ) .  By a s s u m p t i o n  (of 

t h i s  s u b c a s e )  B a is inf ini te .  So by  3.9 t h e r e  a r e  e n E B a, pa i rwise  dis joint ,  and  

~(3x E Ba)  A (x  ~- e2n A X (~ een+l  = 0). As a* is an  a t o m  of B a w.l.o.g. 

e n < - - 1 - - a * ,  h e n c e  t h e r e  is d n -~ a"  (in Ha,  ), s u c h  t h a t  h ( d n ) =  e n.  Clear ly  

h ( d n -  U dn )  = en - U e¢. = e n , so w.l.o,g, t h e  d n a re  pa i rwi se  d is jo int .  So by  

e a s y  m a n i p u l a t i o n  for  s o m e  < d n :n < ~ >  the  fol lowing holds:  

(i) go = i-~" 

(ii) < d n :n < ~ >  is a m a x i m a l  a n t i c h a i n  of Ba. .  

(iii) fo r  no x -- l - a * ,  x (~ h ( d 2 n + a ) - a "  = h ( d 2 n + 2 ) - a * ,  

z N h ( d e n + l ) - a "  -- 0 
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We c a n  a s s u m e  thai: dn, h(dn) 6 N~. 

Let 7 0= <'rn°:n < a~> be a suitable sequence, (for our 7/a) then so are 

= < for  <  where 

T 2 r ~ + l  m T2~%+1 ' 

---- T2~+I --T2~ + I, 

T~ = I__T0%, TETz8 +1 = I_T~+I ' 

Suppose for each E <4, in </Ta,aa[~,d]>B5 there is an element y~ 

which s a t i s f i e s  y~Z N h(d~) -a* = h(T~C~dn)-a* for  1 -< n < ~. W.l.o.g. 

y~-<  t - a *  = d o h e n c e  y~  e B a. Now ( y ° g y l )  n (YeUYS) • Ha  c o n t r a d i c t  (iii) 

above.  

S u b c a s e  l]I 3. For  s o m e  a* 

p, p* <{p c T  t h e r e  is 

h ( r N  a*) N a" = r•a*.  

c Ba,-Ex Ker*(h), and  p* e T, for  e v e r y  

r e <Xv: p <: V C T> BS s u c h  t h a t  

C lea r ly  t h e  f u n c t i o n  h ' : B  a . t a  ° - * B  a - t a "  def ined  b y h ' ( x )  = h ( x )  n a *  

is an e n d o m o r p h i s m ;  W.l.o.g. t h e  a s s u m p t i o n  of s u b c a s e  III 2 fail h e n c e  

| h ( x ) - a *  : x  < a * l  is f inite,  h e n c e  the  r a n g e  of h' is in f in i t e  (as  

a* ¢ Ex Ker*(h), so by  2.4 t h e r e  is x - a *  s u c h  t h a t  h(x)  N a * - x  # 0; we 

know t h a t  d ( x )  is c o u n t a b l e ,  h e n c e  for  s o m e  p*',p* <p'* e T a n d  

~:p** <{ v c T{ is d i s jo in t  to  _d(a*) U d ( x )  N d(h(x)) .  Now by  t h e  h y p o t h e s i s  

of s u b c a s e  IIl 3 we Can eas i ly  find T• e <x~:p*" <{ v e T>B B , wi th  pa i rwise  dis- 

j°int---d(Tn) and  h ( T n N a * )  n a* =-r• N a*.  So 

h(. .  n x ) n ( ~ ' - ~ )  = 

h( (w  n ha') N z) N (a'-x)= h(Tnna" ) n h(x) n (a*--x)= 

( h ( v n N a ' )  N a*) N h(x)  N ( a * - x ) =  (Tnna') n h ( x ) N ( a * - x )  = 

It  is # 0  [as  _d(rn) n ( / ( x ) u d ( h ( x ) ) u d ( a * ) )  = ¢) and  h(x) n a* -x  # o , 

T n # 0], and  for  d i f f e r en t  n we g e t  d i f f e r en t  va lues .  So 

Sh:229



112 

~h(y (~ x)  (~ (a*--x) : x •Ha . I ,  is inf ini te .  H e n c e  I h ( y f ~ x ) - x ;  y • Ba. I is 

inf ini te ,  l ead ing  to  t h e  a s s u m p t i o n  of S u b c a s e  III 2 (with x h e r e  for  a* t h e r e ) .  

S u b c a s e  ]II. 4. Fo r  s o m e  p* ~ T, a n d  a* ~ t~a. -- Ex Ker*(h) fo r  e v e r y  

W.l.o.g. t he  h y p o t h e s i s  of s u b c a s e  III 1 fail, h e n c e  

~h(Tf~a*) ' T c < x v :  p* ,g v c T>B$1 is inf ini te .  As also w.l.o.g, t he  h y p o t h e s i s  

of s u b c a s e  III 2 fail  we ge t  ~h(~f~a')  c ~ a * ' T C ( x v : p "  < y • W > ~ ]  is 

inf ini te ,  So by 3.9 we we c a n  find d n E < x ~ : p *  < ~ y • T > ~  s u c h  t h a t  

<dn:n < ~0> is a m a x i m a l  a n t i c h a i n s  in B~, a n d  t h e r e  is no x < Ba. ,  

x f~h(d2n ) =h(den) ,  x N h(d2n+~) = 0 ,  a n d  d o = l - a * .  

As b e f o r e  we c a n  a s s u m e p "  • R a n g ( f ' )  and  d n e N g  f o r n  < ~ .  We sup-  

p o s e  via q' Ivip " ~ < a ]  is an  e0-branch of f a,p* ~ via. 

For  a n y  s u i t a b l e  7, if y [¢ .Z]  • < B~, .aa[¢ .d . ]>/~  sa t i s f i e s  

"r n e<x,,'p*<--~'C T) 1~o and y[Y,d] Nh(dn)=h(TnNdn), (for every n) 

then by 3.3 we easily get y[~,d] • B a, and then get contradiction by trying 

four Y's, as in subcase III2. 

B u b c a s e  HI. 5. The re  a r e  p * c  T and  a t o m l e s s  c o u n t a b l e  s u b a l g e b r a  

Y C B a. and  pa i rwise  d is jo in t  c~ c Y(~ < c0) s u c h  t h a t  for  e v e r y  ~ and  

P~ • IP" P" < P c Wl for  s o m e  T¢ c < x v : p ¢  <i ~ c T>B],  t h e  following holds:  for  

no  x • B$ is _d(x) C Iv:p~ "g' v c T{ and  

Let  < d n " n < ¢o> be  a m a x i m a l  a n t i c h a i n  of B=.  s u c h  t h a t  dzn = c2n. 

So w.l.o.g. Y U ~dn : n  < ~ l  ~ N $ , P *  e R a n g ( f ~ )  (us ing  Grn'(W)), a n d  

e v e n  p* ~ via, and  e a c h  N~  is  c losed  u n d e r  t h e  f u n c t i o n s  h a n d  p~ -, ~-~ ( impl i -  

c i t  in t h e  a s s u m p t i o n  of t he  s u b c a s e ) .  

We can now choose by induction on n, T n c Nn a, 

Sh:229



113 

such that 

(*) (a) for even  n ,  for no x • H~ based  on I v : W a r n  "~ v e T I  is 

why is this su . ic ient?  We let ~ = <  ~ . :n  < ~> ,  and v = < ~ : ~  < ~> .  So 

assume some y [ v , a ] • < B = , = . [ v , a ] ) a  realizes p=[~ ,~] ,  i.e. sat isnes  

Y[~,d]  N h(cln) =h(d~N'rn) for  every  n .  As y[Y,d]  e < B a , a a [ Y , d ] > B B  for 

some  pairwise d is jo in t  e0[Y,$.],e i [v ,d] ,ea[w,d]  • / ? a ,  

For some  m(*)<co, _d(e0[v,d]) u d ( e l [ ~ , d ] )  u d ( e ~ [ T , d ] )  is d is joint  to 

Iv:~?arm(*) < v c T] (see 3.3(2)). 

Now we c o m p u t e  for n even > m ( * ) :  

= y [Y,d]  N h(dn) n cln-'rn (by the  choice  of y[V,d])  

= (~o [v ,~ . ]u (~ [~ ,Z ]  n a~[v ,z ] )  u ( ~ [ v , ~ ] - ~ [ ~ , ~ . ] ) ) n h ( g , ~ ) n ~ . - n ~  = 

= (~o[~,~.] n h  (~,~) n~,~ -r,~) U((~ ~[e,~] naa [~3 . ] )  n h ( ~ ) n ~  - ~,~) U 

But a~[~ ,d ]  N ~ = ~n N dn h e n c e  

(e ~[e,~, ] na~ [v ,  ~])  n4,~ = (e ~[e,~, ] n ~ )  n ~  

(e =Iv, d-]-a~[e, ~,]) N~,~ = (e e[~, Z]--'r,~ ) n4,~ 

Hence 

((e ~[v, a-] -..r,~ ) n h  (d,~) n,~,., - ~  ) 

But the second term is zero and in the third the first --T n is redundant, so 

z = (e 0[V, d] nh (d~) nd~ --~n ) u(e 2 n h (d~) ndn -~n) = 
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= (~ o[~,d] u e  2[~,~]) n h  (d,,) n~,~ -~-,~ 

We can  c o n c l u d e  

(% [~ ,d ]  U ~ 2[~,d]) n h ( d . )  n Q - r .  = h ( a .  n r n )  r i d .  - r ~  

c o n t r a d i c t i n g  t h e  c h o i c e  of T n. 

To f inish Case Ill ( h e n c e  t he  proof  of 3(10) we n e e d  only  

Why t h e  five s u b c a s e s  e x h a u s t  all p o s s i b i l i t i e s ?  

Suppose none of Ill I-5 occurs. By not subcase III 1 for some p0 c T, 

a) h('r) # 0 for every T c <xn:p ° < ~7 c T>s~. 

Let Y be the <xp0~<~>:i <co>Bg. As Y is countable, for some i(*)<~, 

|v :p0 ̂  <i(.)> <$ v c T] is disjoint to u|d_(y) U d__(h(y)) :y c YI. As "not sub- 

c a s e  IH 5" for  so m e  p ' ,  p0 ~ < i ( . ) >  < pl  e:T, a n d  

(b) t h e r e  are  no pairwise d is jo in t  non  ze ro  c~ c Y(g < o),  su c h  t h a t  for  

e v e r y  p~,pl ~ p~ c W for  some $g E <xv :p~  < ~ c T>BS, t h e  following holds: 

(*) fo r  no  x c B~,_d(x)  ~ [~:p~ ~ ~ c W i and  

Clear ly  

c) u [d _ (y )  U _ d ( h ( y ) )  : y  c YI is d i s jo in t  to  I v : p  1 <: v c WJ. 

Let  Z = [ c  c Y: fo r  s o m e p ) , p l < ~ p 2  c W f o r n o  T C < x v : p  1 < ~ v C T > B  ~ does  

(*) of (b) ho ld  (with ¢ ,~ i n s t e a d  e~,~g)l. 

By (b) a m o n g  any  ~0 pairwise dis joint  m e m b e r s  of Y, a t  l ea s t  one be long to  Z. 

It is qui te  easy  to  def ine  Yn ~ Z( (n < ¢o) s u c h  t h a t  

[Yr, e Ex Key* (h)  ~ y~ e Ex Ker(h)] ,  [ m  < n ~ Yr. C~Ym = 0], and  for  

e v e r y  y ~ Y- |01  for  some  n ,  y N ( U Y~) # 0 or  Yn <- Y. So (by the  cho ice  of 
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Y) < Y n : n  < co> is a m a x i m a l  a n t i c h a i n  of B~. We shall  show yn e Ex Ker(h) ;  

fix n for  a while, and  suppose  Yn ¢ Ex Ker (h ) ,  and  l e t  ptn,pl < p n  1 e T be such  

that for no T • < x v "p~ < u • T> s~ does (*) of (b) hold. 

Now for eaoh ~ • < ~:pl < ~ c T)~ as y~ • Z, clearly [as (*) of (b) fail 

for y~,-r (and pl)] for some x I (5 B~0, d__(xl) (2: lu" p~ ~' u • T] and 

x l  0 h ( Y n )  C% Yn - T  = h(y,~(3"r)(3y~ --T.  Applying the  fa i lu re  of (*) of (b) for  

yn , l -T ,p in  we ge t  x 2 • He °, __d(x2) C ~u p n  1 ~' u • t  I and  

xe (3 h ( Y n )  (3 Yn-(1--T)  = h ( y  n (3(1--T))(3y~--(1--T); n o t e  t h a t  

h (y n (3T) <-- h (yn ), and  h (y n O(1--T)) = h ( y n ) - h  (yn (3T). By t h e s e  e q u a t i o n s  

and  as Yn h(Yn) ,Xl ,X2  are  based  on lu "p~ ~' u e Tt (by (c) and t h e i r  cho ice  

resp . )  c l e a r l y  for  some  p a r t i t i o n  of 1, e 0T,e 1T,eaT,e 3v • B~, based  on 

[u:p 1 "/~ u • TI: 

(i) h ( ' r ~ y n ) O y  ~ = e~ r U(e  ~r (3r)  U ( e J - - r ) .  

Now for  any  "r,a c <xu:p  I ~, v6- T>,  easi ly  (as h is an  e n d o m o r p h i s m ) :  

(ii) h ((T U~) (3V~) nV~ =(h (r ny~) ny~) n (h ( .  (3y~) (3 y~). 

(iii) h ( ( 'cUa) (3Yn ) NYn =(1% ('r (3Yn ) AYn  ) U( h (a OYn ) C'~Yn ). 

We can  apply  (i) to  T,a and  also to "r()Or,TU0r, and  s u b s t i t u t e  in (ii) (iii). 

We get that 

(~0 e~ (3 e{ =0 if d(T) {~_(a) =0, T,u E<zv:p I <~1,1 6T>B B (otherwise 

substitute (i) in (ii) and intersect with e ~ •e ~) and get 

(h((TNcr) AYm) N(e~ A e~) = (e~--T)N(e~--~) =e~ N'rff N (TUff), and 

by the assumptions on the d(e~), d__(e~'),d(T),d(a) we get 

( h ( ( ~ - n ~ ) n y . )  n y~) n (eJ  n ~ )  ¢ 
<l:~ - ~ ( x )  c l , . , -p~ < ,., e Wl U (",-n-)> ~ oontradiotion to (i) for o-n~). 
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So l e t  I r i ' i  < aJ  be m a x i m a l  s u c h  t h a t  d ( % )  a r e  pa i rwise  d i s jo in t  

e 2 # 0 ,  a n d  c < x  v : p ~  < v c T  BS, t h e n  a < ~ 0 , ,  and  we c a n  c h o o s e  pn  2 

s u c h  t h a t :  

~.~ < aa ~ v, and [7 ~ { =.:~.~ < ~ ~ ~)  ~ ----> ~ = 0]. 

Next  we c a n  g e t  

(~) e ~ C~e $ = 0 (if d_(r) CLd_(a) = 0, and r,a c < x v:P~ < ~' c T> ~ ). 

The proof  is s i m i l a r  to that of (a) ,  us ing  rr3a,  

As B~ sa t i s f i e s  t h e  btl-c.e, we c a n  find ~T~:i < co i C <x,,:pen < v C T>B 8, s u c h  

t h a t  ( in BS) e~ ~ * O e ~ '  = u { e ~ : r c < x v : p e n  < v c T > ~ l  for  e = 0 , 1 .  We c a n  
~,<~ 

find pna,pn 2 <$pn a c T, such that u_d(r ¢) is disjoint to {r,:pn a <; ~ c TI. So for 
- ~<~ - 

< > • , everyTc xv:p~<~vcT ~,e$--<e 0 (by the choice of e0), ande$c~e{ r~ =0 

for/ < ~o (by (~)) hence e~r C~e~ = 0, hence 

(7) e~  -< ~ ; - e ; .  

S i m i l a r l y  

(~) e~  - < e ~ - e  0. 

Now we c a n  p r o v e  t h a t  e ~ = e ~ when  _d(r) f~ d ( a )  = 0, 

r ,a  C < xu:pan <~ v E T> ~ ,  ( r e p e a t  t he  p roof  of (a)  i n t e r s e c t i n g  with  e ~ - e  ~ or  

wi th  e {7 - e  ~). By t h e  t r a n s i t i v i t y  of e q u a l i t y  e ~ = e ~' w h e n  

r, ac<x~:pn a <r,~T>4. So let e I C B=. be the common value, so 

(*) h ( ~ n y . ) n  y .  = e~  u ( e ,  n~ )  for ~ c<= . :p~  < ~ c T ) ~  8 ; and e~ _< y . - ~ , ,  

Let  e 0 = y r , - e l ,  s o y  n = e o U el ,  eo C~ el  = O. 

s o e ~  < - e o f o r e v e r y - r c < x v . p a n  < ; v c T > B  [. 
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As Yn ¢ Ex Ker*(h), a t  l e a s t  o n e  of t h e  e l e m e n t s ,  e0,e  1 is  n o t  in  

Ex Ker*(h). As n o t  s u b c a s e  III 2, f o r  I~ = t , 2  t h e  h o m o m o r p h i s m  g~  f r o m  

B a .  [ e~ t o  Bao t ( 1 - e £ ) ,  glT(x) = h ( x ) - e £  ( fo r  x = e ~) h a s  a f i n i t e  r a n g e .  H e n c e  

f o r  s o m e  i d e a l  ~Tof B$ y n / ~ i s  a f i n i t e  u n i o n  of a t o m s  a n d  

for every T~< xv:p~ < ~' E T> N 

f o r ~  = 0,1 h ( T N y n )  c~ e~ = h(~c~e£) (] e~ 

h e n c e  h ( r n e ~ ) N e  ~ = ( eJU(e  ~R~))  n e~. 

so (for    T>B8 

h(Tr~e0) n eo = e$ 

h(T( ' le l)  UI el  = Tf~el 

If e 1 ¢ Ex Ken*(h), we g e t  c o n t r a d i c t i o n  t o  " n o t  s u b c a s e  III 3" [ u s e  pn  a f o r  

p"  t h e r e ,  n o w  f o r  a n y  p, pn  a <$ p c T c h o o s e  p a i r w i s e  d i s j o i n t  

T~ c < x ~ ' p < v c T > B $  f o r  ~ <~0 now b y  t h e  c h o i c e  of ~ fo r  a t  l e a s t  o n e  

6,~-~ c .~7, s o  T~ i s  a s  r e q u i r e d  t h e r e ] .  So a s s u m e  e 0 ¢ Ex Ker*(h) a n d  g e t  c o n -  

t r a d i c t i o n  t o  " n o t  s u b c a s e  III 4" [ fo r  s o m e  ~ < m < ~ Xp~^<£>-xp~^<n > is  in ~ ,  

u s e  pn  3 ^ < a > ,  e o N (Xp2^<~>--xp2^<n>) f o r  p * , a *  w i t h  a l a r g e  e n o u g h ] .  

So fo r  e a c h  n , y  n c Ex Ken*(h) ( t h e  Yn w e r e  c h o s e n  a f t e r  (b) )  h e n c e  

Yn E Ex Ken(h), ( b y  t h e i r  c h o i c e )  so  l e t  Yn : Y n  ° U Yn 1 ( b o t h  i n  Ba. ), 

h ( y n  °) = 0 ,  h ( x ) = x  fo r  x-----y~,  x c B a . .  L e t  [ c T  b e  a c o u n t a b l e  s e t  s u c h  

t h a t  d_(yn°),d_(y~) c I, a n d  fo r  x c Ba.. d_(h(x-yn)K~yn) ~ I (by  " n o t  s u b c a s e  

I l l  2", f o r  e a c h  n we h a v e  o n l y  f i n i t e l y  m a n y  e l e m e n t s  of t h i s  f o r m ) .  

We can easily show that for every x cB a, for some a cB$ based on 7, 

h(x)-x =a-x, [as <Yn "n < co> is a maximal antichain in Ba,, for this it 

C suffices to show that for every n < ~) there is a n c Ba*, a n < Yn such that 

(h(x)-x) n Yn = an-x; But (h(x)--x) f~ Yn is the union of 

(h(x  C~Yn) - x) n Yn w h i c h  is  z e r o  as  (Vz ~ y n ) h ( z )  <- z a n d  of 

(h (x -Yn ) - x )  (~ Yn w h i c h  we k n o w  is  b a s e d  a s  w a n t e d ]  So 
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h(=)=~$U(~1 ~ n = ) u ( ~ - z )  

• < .  > • w h e r e  e a c h  e~ i s  b a s e d  on  I ,  e~ " g < 3 p a i r w i s e  d i s j o i n t  e£ c Bg .  As i n  t h e  

a n a l y s i s  a b o v e  of h(x  f~Yn)f~ Yn, p o s s i b l y  i n c r e a s i n g  I ,  a p p l i e d  t o  x c B ,  w i t h  
a 

_d(x) I~ I = 0, we g e t  e~ = 0 ,e~  = e l, If e 1 C  Ex Ker*(h) we g e t  c o n t r a d i c t i o n  

t o  " n o t  s u b c a s e  III 3.". So 1 - e  1 ¢ Ex Ker*(h) a n d  a p p l y  " n o t  s u b c a s e  I l l  4 / '  

So we f i n i s h  t h e  p r o o f  of  3.11; so  B a-  is  e n d o - r i g i d .  

3 .12  L e m m a  " /?a"  is  i n d e c o m p o s a b l e .  

P r o o f  : S u p p o s e  Ko,K 1 a r e  d i s j o i n t  i d e a l s  of Ba- ,  e a c h  w i t h  n o  m a x i m a l  

m e m b e r s ,  w h i c h  g e n e r a t e  a m a x i m a l  i d e a l  of Ba , .  F o r  {~ = 1,2 l e t  [dn~:I~ < c0] 

b e  a m a x i m a l  a n t i e h a i n  ~ K~ ( t h e y  a r e  c o u n t a b l e  a s  Bao s a t i s f i e s  t h e  c . c . c . ,  

a n d  m a y  b e  c h o s e n  i n f i n i t e  a s  K~ # t0] ,  B a -  i s  a t o m l e s s ) .  L e t  K b e  t h e  i d e a l  

K0 U K t  g e n e r a t e s .  

Now, e .g .  f o r  s o m e  ~ < X ,  ldn~:g < 2 , n  <~o] C B [ t  ]. C l e a r l y  a < t > c K  o r  

1 - a < ~ >  ~ K.  F o r  n o t a t i o n a l  s i m p l i c i t y  a s s u m e  a < l >  c K. So a < t  > = b ° u  b l ,  

b ~ c  K~. Now prt;(b ¢~) c B[~] a n d  i s  d i s j o i n t  t o  e a c h  dn 1-~, ( a s  b ~ a n d  is, 

dn  e c Bi t ] , ) ,  so  b y  t h e  m a x i m a l i t y  of [dnt-e:n < col, pr t (b  ~) i s  d i s j o i n t  t o  e v e r y  

m e m b e r  of  K I _  g. As K o u K  1 g e n e r a t e  a m a x i m a l  i d e a l ,  c l e a r l y  prt (b  ¢~) c K~ 

[ o t h e r w i s e  prt(b¢~ ) = 1 - c  1 U c2, fo r  s o m e  c 1 c K 1, c 2 C K  2, a n d  t h e n  c 1-~ is  

n e c e s s a r i l y  a m a x i m a l  m e m b e r  of K I _  e, so  K I _  e i s  p r i n c i p a l  c o n t r a d i c t i o n ] .  
2 

So prt(b  o) U prt(b  a) < 1 b u t  1 = pr t (a  <t>) = U Pr~(bf~) c o n t r a d i c t i o n .  
2=0 

3.1.3 T h e o r e m  : In  3.1 we  c a n  g e t  2 ~t% s u c h  B. A. s u c h  t h a t  a n y  h o m o m o r -  

p h i s m  f r o m  o n e  t o  t h e  o t h e r  h a s  f i n i t e  r a n g e .  

P r o o f  : Le f t  to  t h e  r e a d e r  ( s e e  [Sh 4, 3 ]). 
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