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Abstract. We prove the consistency of a singular cardinal A with small
value of the ultrafilter number uy, and arbitrarily large value of 2*.

0. Introduction

Cardinal invariants are defined, traditionally, on the continuum. For
some invariants, the continuum is the Cantor space “2, for others it is the
Baire space “w, and sometimes it is the family of infinite sets [w]”. All these
definitions can be generalized to uncountable cardinals, rather than w. Here
we deal with the ultrafilter number, i.e., the minimal cardinality of a gener-
ating set for some uniform ultrafilter (the detailed definition is given in the
beginning of the next section).

We concentrate on the case of a singular cardinal A, aiming to show the
consistency of uy = AT no matter how large is 2*. Naturally, for handling
successors of singulars we employ methods of pcf theory. We refer to the
monograph [6] and the survey papers [1], [3] for general background in this
subject. The consistency of the assumptions of the main theorem below is
ensured by the forcing construction of [4]. We quote the pertinent result
(this is Claim 3.3 of [4]):

THEOREM 0.1 (Product dominating A-reals). Assume there is a su-
percompact cardinal in the ground model. Then one can force the exis-
tence of a singular cardinal A > cf (\) = k, a limit of measurables A = (\; :
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i < k) such that 2) = \F for every i < k and both products [, \i/J2d and
[Lic A /JPY are cf (Y)-directed for some prescribed Y = X\t+. O

REMARK 0.2. The proof of this theorem in [4] is phrased for A > cf ())
= w, using Prikry forcing. But as indicated in Remark 3.2 there, the same
proof can be rendered for the general case of A > cf (A\) = k > Ny using Magi-
dor’s forcing. For a survey of Prikry and Magidor forcing, we suggest the
excellent work [5]. So we phrase the theorem in the general setting, but the
reader should bear in mind that the full explicit proof for the above theorem
is written in [4] just for singulars with countable cofinality.

We indicate that the main part in the forcing of [4] is an iteration of
length Y. In the new universe we have

tcf(H)\i,<E> :tcf(HAj,@) = cf (T),

1<K 1<K

so one can choose T as a large enough ordinal of cofinality AT in order to
get the desired true cofinality of these products. This important point will
be used in the main theorem below.

Our notation is standard. For cardinal invariants we follow [2], and the
pcf notation is due to [6]. All the filters and ultrafilters in this paper are
non-principal. In most cases we also assume that the filter (or ultrafilter)
is uniform. It means that each member of the filter has the same cardinal-
ity. Suppose B is a collection of sets. B has the finite intersection property
if N{B¢: ¢ < n} is not empty for every finite subfamily {B,: ¢ < n} of B.
A collection of sets generates a filter iff it has the finite intersection property.
In order to get uniform filters, we add the demand of strong finite intersec-
tion property, which means that the size of the intersections is the size of
the sets in B.

If A,BC X then A C* B means that |A\ B| < A\. We denote the di-
agonal intersection by A, so if {A, : a < k} is a collection of subsets of
then A{A,: a <k} = {5 <k:BENucp Aa}. Recall that if A is a singu-
lar cardinal, ()\;: i < k) a sequence of regular cardinals which tends to A
and (HKH Aiy < gvd ) is Y-directed, then 2* > Y. In particular, 2* > T for
arbitrarily large prescribed T in Theorem 0.1.

We thank the referee for the nice work, comments and suggestions.

1. The ultrafilter number

We commence with the following definition:

DEFINITION 1.1 (The ultrafilter number). Let A be an infinite cardinal,
and F a uniform filter on A.
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(N) A base A for F is a subfamily of F such that for every B € F there
is some A € A with the property A C* B.

(3) The ultrafilter number uy is the minimal cardinality of a filter base
for some uniform ultrafilter on .

Let us phrase the following general observation:

CrLAM 1.2 (The magnitude of uy). uyx > X for every infinite cardinal X.

PROOF. Suppose A < P(A), |A] £ A, A is closed under finite intersec-
tions and endowed with the strong finite intersection property. We try to
show that A does not generate an ultrafilter. For this, we have to designate
a subset Y of A so that no member of A is almost included in Y or in A\ Y.

We shall define a function f: A — {0,1} so that

VAe A, |Anfr{oh)|=]Anf ({1} ] =X

If we succeed then we are done. Indeed, set Y = f~1({0}) (hence A\ Y
= f71({1})) and notice that (A C* Y) A (A C* A\ 'Y) holds for every
A € A. So we need to create the function f.

Let (A4; : i < A) be an enumeration of the members of A such that each
A; appears A\-many times. By induction on i < A we pick an ordinal a; so
that if 4 € {24,25 + 1} then o; € 45\ {a. : ¢ <i}. This can be rendered
simply because |A;| = A while |{ae : € <i}| <A

Now for every a < A let f(«) be one iff there exists an ordinal j such
that o = apj41, and zero otherwise. Notice that f(a) equals zero whenever
« = anj, so by the process of choosing the a;-s we are done. [

For one of the assumptions in the main theorem of this paper, we need
an ultrafilter which is generated by a C*-decreasing sequence of sets. We
shall use the following:

LEMMA 1.3 (Almost inclusion generating sequence). Suppose \; is a
measurable cardinal, and U; is a normal ultrafilter on X\;. Assume that
2%\ = X1, Then there exists a C*-decreasing sequence (A; o @ o < AI) which
generates Uj.

PROOF. Choose an enumeration {B, : v < A\;} of U;. For every v < \;"
let A; o be A{B,: v < a}. By the normality of U; we know that A; , € U;
for every a < )\f.

By the very definition of the diagonal intersection, if ag < oy < A} then
Aj o, €F A o, hence the sequence (4;, : a < )\f) is C*-decreasing. Choose
any B € U;, and let v be an ordinal such that B = B,,. For o = v + 1, B, ap-
pears in the diagonal intersection which defines A; o, so A; o C* By = B as
required. [

We can state now our main theorem:
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THEOREM 1.4 (Bounding the ultrafilter number). Assume that:
) k=cf(\) <A,
) E is a uniform ultrafilter on k,
) A\ is a strong limit cardinal,
) (N\i 1 i < K) is a sequence of reqular cardinals which tends to X,
) Ui is a uniform ultrafilter over \; for every i < k,
(€) for every i < k there is a C*-decreasing sequence (Ajqo : o < 6;) which
generates Uj,
(77) X\ = tef ( Hi</€ )\Z'a <E ) and X0 = tef ( Hi<n 0i7 <E )
Then 115N § XX Xo-

PROOF. For every i < k we fix a sequence (A;, : a < A]) as ensured by
Lemma 1.3. Let f = (fa : @ < x3) be a cofinal sequence in (HK,_/v Aiy <E )
and g = (gg : B < xg) a cofinal sequence in (HKN 0;,<p ) Denote J{\; :
Jj < i} by Ac;. We are trying to define a collection B of subsets of A so that
IB| < x3 - x5 and B generates a uniform ultrafilter.

For each a < x5,8 < xgand Y € E, set

B.gy = {C <A (H’L EY)Aci SC< M) NCE Ai,gg(i) ANC > fa(l)}

Let Bbe {Bagy : @ < xx, B <Xxg, Y € E}. Bis asubset of P(\) since
every B, gy is a subset of A\. The cardinality of B is as required (i.e.,
bounded by x3 - xg), as 2" < xx - Xa-

Stage A: B generates a uniform filter. For this, it suffices to show that
B has the finite intersection property. Suppose {Bq, 3,y, : £ < n} is a finite
sub-collection of B. Let a be sup{ay +1: ¢ < n}. It means that f,, <p fa
for every ¢ < n, hence one can choose a set Z} € E (for every £ < n) so that
i € Z} = fa,(i) < fali). Set Z1 = yen Z¢, and it follows that Z; € E.

A similar process can be applied to the ‘big product’ of the 6;-s. Let
B be sup{f;+1: £ <n}. By the nature of g we have £ < n = g, <g g3
For each £ < n choose a set Z7 € E such that i € Z7 = gg,(i) < gg(i). As
above, let Zo = (N, Z2, 80 Z3 € E.

If i € Zo then A; 4 ;) € Ai,gﬁ[ (i) for every £ < n, but we need a full in-
clusion rather than almost inclusion. We can arrange this by eliminating the
small exceptions. Fix a pair (4,£) so that i € ZZ, and let ¢; ¢ € [A] =N satisfy
Aj gty \tie & Az‘,g@é(z‘)- For every ¢ < n we define a function hy € ;.. A; as
follows: hy(i) = sup (t;¢). Now for every ¢ < n choose an ordinal v, < x5
such that hy <g f,,. Define for every £ < n

Z} = {z <K Ay \ fr (i) S Ai,gﬁe(i)}‘

Clearly, Zg’ € E, hence also Z3 =, Zg‘ € E. We define Z = 71N Zy
NZzand Y =,., YN Z, and since we have a finite amount of intersections
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Y € E. Pick any i € Y. We claim that N{Ba, g, v, : { <n}N[Ai, Ni) € Us,
in particular this intersection is not empty. Indeed, B,y & Ba, g, v, for
every £ < n, so Bogy & (W Ba,g.,v, : £ <n}, but By gy N[Aci, Ai) € U; so
the finite intersection property is established.

Moreover, since Y € E we have (\{By, 8, v, : £ < n}N[Aci, Ai) € U; for
k-many i-s, and since each U; is uniform we conclude that the size of this
intersection is \. It follows that B generates a uniform filter.

Stage B: B generates an ultrafilter. Let X be any subset of A\. For ev-
ery i < k there is some t; € {0,1} such that X N \; € U; & t; = 1, so there
exists t € {0,1} such that {i < k: t; =t} € E. Without loss of generality
t =1 (upon replacing X by A\ X if unfortunately ¢ = 0). We denote the set
{i<l€: ti:1}byY1.

For every i € Y7 we choose an ordinal 3; < 0; so that A; 5 C* X NA;.
Clearly, A; 3 C* X N \; for every 8 € [B;,0;). We choose an ordinal 5 < x3
such that Y2 = {i € Y7 : g3(i) > 8;} € E. By the definition of the relation
C* we know that \; > sup (Ai,gﬁ @) \ X ) for every i € Y3. Consequently, one
can choose an ordinal o < x5 such that

{ZEYQ fa()>sup( i,90(1) \X)}GE

Now we can finish the proof by noticing that B, gy, & X. For this, let
¢ be any member of B, gy,. It means that ¢ € [Ac;, \;) for some i € Y3,
and ¢ € 4; g, \ fa(i). By the fact that i € Y3 £ Y7 we infer that A; g C*
X N, s0 A; g € XN A as well. By the fact that i € Y3 we have f,(i) >
sup ( 4,95 (i \X) so ¢ € X and the proof is complete. [

We can state now the following corollary:

COROLLARY 1.5 (Large 2* and small uy). Suppose there is a supercom-
pact cardinal in V. Then it is consistent that there exists a singular cardinal
so that uy = AT while 2* is arbitrarily large.

PROOF. Let A be a singular cardinal, limit of measurables (\; : i < k),
2N = /\j' for every i < k, and choose any regular cardinal 7 above A. Denote
A by 0; for every i < k. By virtue of Theorem 0.1 (and the remarks after
1t) we may assume that x5 = xg = AT, while 2* > 7.

Choose a normal ultrafilter U; on )\ for every i < k. Lemma 1.3 pro-
vides us with generating C*-decreasing sequences for every such ultrafilter.
It follows that all the requirements in Theorem 1.4 are at hand, hence its
conclusion holds, namely uy = A", so the proof is accomplished. [

Let Sp, (A) be the spectrum of cardinals which realize the size of a base
for some ultrafilter on A. The case of A = R was investigated to some extent
(see the recent paper [7]). We may wonder what happens in the case of an
uncountable cardinal. In particular, we can ask:
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QUESTION 1.6. Is it consistent that Sp, ()) is not a convex set?

It seems that the methods of proof in this paper might be useful, and we
hope to shed light on it in a subsequent work.
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