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ABSTRACT. We will show that ¥V = K implies that there exist saturated (or
completely separable) almost disjoint families on sets of any infinite cardinality.

1. INTRODUCTION

Definition. For a family 2 C [X]?, let I, be the following ideal: x € I, & x
is almost covered by finitely many elements of 2(. (“almost” means “except for
finitely many points”).

Let I = B(X) — I, (= the positive sets modulo this ideal).

Definition. An almost disjoint family 2 C [X]” is called saturated if for all
Y €I, thereexistsan a€%aC?Y.

Definition. Let S(x) abbreviate the statement “there exists an infinite almost
@ 9

disjoint saturated family %A C [x]" .

[BDS] exhibit several conditions that imply that every almost disjoint family
on w can be refined to a saturated family: CH (or M A) are sufficient, or even
the following consequence of M A: “Every maximal almost disjoint family on
® has 2“ many elements.”

The question whether S(R,) holds is Problem 37 in [EH1], but [EH2] men-
tions Baumgartner’s result CH — VnS(R)).

[K] considers a related problem: Let us call an almost disjoint family
c [x1° w,-saturated if it is saturated with respect to all uncountable sets,
i.e. every uncountable Y C X contains an element of the family. [K] shows
(from V = L) that Vk < Nw‘ there exists an w,-saturated family on « .

[HJS] prove that a finite support iteration of length w, of Hechler reals will
yield a model in which

Vi S(k)
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holds, and the question is asked, whether the same is in fact true for every model
for ZFC, or even for L. We will prove that under following assumptions (1)-
(3), Vk S(x) will hold:

(1) S(w),

(2) Vk:k>cf(k)=w—-0,,

(3) Vk:k>cf(k)=w—

3¢ C [k]“, card(¢)=k", VX € [k]“IF e ¢ X CF.

Remark. (1) is implied by CH. The failure of either (2) or (3) is a large
cardinal assumption: If the covering lemma holds for K, (2) and (3) will be
true. (For (3) it suffices to have an inner model satisfying GCH for which the
covering lemma holds. Of course, for k¥ > 2, (3) just says k” = k")

The proof will be done by inductively constructing an increasing sequence of
saturated families on ordinals @ - a. Successor steps can be handled by Con-
dition (1). Limit steps of uncountable cofinality are trivial. For limit ordinals
of cofinality w that are not cardinals, a construction will be given in §3. For
cardinals of cofinality w, we will use (2) and (3) from above in §4.

Thanks to Lajos Soukup for suggesting Condition (3) instead of x¥“ = k*,
and for correcting an error in §4.

2. DEFINITIONS, NOTATION, AND A FEW SIMPLE FACTS

2.1. Notation

X, X,,...: infinite sets.

X,y,...: countable subsets of X, i.e. elements of [X]“.

2, B, ...: almost disjoint families of countable sets, usually C [X]”.
a,a;,...,b,b,,...: elements of almost disjoint families.

Y,Z...:subsetsof X.

2.2. Definition. Let Y C X . An almost disjoint family 2 C [X]? is called
saturated with respectto Y if Y €I, or 3aeAaCVY.

A is saturated on Y if 2 is saturated with respecttoall Z C Y.

2 is saturated if 2 is saturated on X = [JA. (When we talk about a
saturated family 2 C [X]%, it is understood that 2 is saturated on X . But the
statement “ A is saturated on Y ” does not by itself imply 2 C [Y]”.)

It is easy to see that a saturated family must be a maximal almost disjoint
family.

2.3. Fact. If A is saturated on X, and B is saturated on Y (X and Y
almost disjoint), € =AUDB then € is saturated on X UY (assuming € is
almost disjoint).

2.4. Fact. If A is saturated with respect to Y , and 2 C ‘B, then B is saturated
with respect to Y .

2.5. Definition. For 2 C [X]”, Y C X, let
AY ={anY:a e, any infinite}.
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2.6. Fact. If A<k, then S(k) — S(4).

Proof. Let 2 C [k]” be an infinite saturated family on x. Let X be a subset
of x of size A such that A} X is infinite. (If A > w, any set of size A will have
that property. Otherwise, let 2 C 2 be countably infinite, and let X = (J2'.)
Then 2A[X is an infinite saturated family on X .

2.7. Fact. An almost disjoint family %A C [X]” is saturated iff it is saturated
with respect to all countable subsets y of X .

Proof. Assume that 2 is saturated with respect to all countable y C X. Let
Y € X be uncountable. Then Y € I; ,sowe havetofind aCY,aed. It
is clear that 2 is a maximal almost disjoint family. Hence there are infinitely
many sets a,, a,, ... in 2 that have infinite intersection with Y. Let y =
YNUa;. y cannot be almost covered by finitely many sets b,,... , b, € 2
(otherwise each a; would have infinite intersection with some b, ). Since 2 is
saturated with respect to y, y (and hence Y ) contains some a € «A.

2.8. Fact. If 9 is saturated with respect to X , and saturated with respect to Y ,
then A is saturated with respect to X UY .

2.9. Fact. If S(w), then every partition of a countable set into infinitely many
countable sets can be extended to a saturated family.
Proof. It is enough to find some saturated family extending some partition of
some countable set (into infinitely many countable sets): Take any infinite satu-
rated family 2 on w, let g, a,, ... bedistinct elementsof A. Let X = Ua

/ . ’
B =AX. 'Get B by replacing each a; by a;, = q, - UN ;- Then B’
saturated (since Iy = Iy .)

3. EXTENDING SATURATED FAMILIES
3.1. Fact. Let A bean ordinal, cf(A) > w, let (X ﬂ) p<i be an increasing family
of sets, and let A, C A, C--- CAy--- besaturated familieson X, X, ,... ,X,,
respectively (i.e. Ay saturated with respect to all subsets of X 5 but not
necessarily Ag S [X ﬂ]“’). Then Uﬁlﬂ is saturated on X =X 5
Proof. Use 2.7, and note that every countable set C X is in fact C X 5> for
some f <A4.

The corresponding fact is not true for cf(A) =w. (Let A=U4,, 4,,, >4,
and let y be an infinite set such that Vn yN4, is finite. Then y cannot contain
any set in J2 5= UQH , nor can it be covered by a finite union of such sets.)

However, the followmg lemma holds:

3.2. Lemma. Let cf(d) = w, let (X ﬂ) B<i be an increasing family of sets,
and let %, C A, C--- C Ag - be saturated families on X, X, ..., Xﬁ,
respectively, and let Yo < A%, C Ug[X ﬂ]“’. Assume there exists a saturated
SJamilyon X = s X Then there exists a saturated family %, 2 |J sy on X.
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3.3. Corollary
Skx) — S(¥),
Yu<iSu) — S@A), ifcf(A)>o.

Proof. Build a chain of families 2, on ®-a by induction, starting with a
saturated family on w.

For successor stages, let 2, = 2%, U, where B is any saturated family
on w-(a+1)-w-a. (A, will be saturated by 2.3.)

If o is a limit ordinal of uncountable cofinality, let

2%, =2,
B<a
(This works, by 3.1.)
If a is a limit ordinal of countable cofinality, let 2, be a saturated family
extending |J pea U (Lemma 3.2 applies, since the cardinality of a is <k or
< A, respectively.)

For the proof of 3.2 we may assume w.l.o.g. that A = w. We may also
assume that all (X,,, — X,) are infinite: If X - X is infinite (for all
k) for some infinite increasing sequence (n, k e w) work with the family
(Xnk : k € w) instead of (X, : n € w). Otherw15e, there is an n; such that
Vn > n, (X,.,—X,) is finite. Hence for n > n,, A, =92, . If X - X, is
finite, then 2, is saturated on X . Otherwise, let A, = A, U 8, where *B is
saturated on X X, . Then 2 is saturated on X and extends all & s,

Some technology for the proof of 3.2:

3.4. Definition. If f is a function on 2 (2 an almost disjoint family C [X]”),
and Va € A f(a) is an almost disjoint family (not necessarily infinite) C [a]®,

then let f, () = U,eq f(a@)-

3.5. Fact. f () is almost disjoint. If A is saturated on X , and if for all a € A
f(a) is saturated on a, then f, () is saturated.

Proof. It is clear that f, () is almost disjoint.

To show that f,(%) is saturated, consider any y € [X]”. Since 2 is satu-
rated, there are two cases:

Case 1. If y D a, for some a €, then y Db, forany b € f(a). (f(a) is
not empty, since it is saturated on an infinite set.)

Case 2. If y 2 a, forall a €, then y C" a,U---Ua,, for some sets
a,...,a, €A. Let B = f(a)U---U f(a,). Then B (and, by 2.4, also
f.(2) ) is saturated with respect to y, by the following argument:

Let y' =yn(a,U---Ua,). Then, by 2.3, B is saturated with respect to y’.
If ) Db forsome b e B, thenalso y 2 b, andif y €I, thenalso y € I,
since y is almost contained in y’.

For the following, we fix a family (X, : n€w) as in the hypothesis of 3.2.
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3.6. Definition. Let y € [X]”.

y is called bounded, if 3ny C X, .

y is called thin, if Vnewy n(X,,, — X,) is finite (or Vnewyn X, is
finite).

y is called thick, if y is not bounded, and Vrnew y N (X,,, — X,) is either
infinite or empty.

3.7. Fact. Every y € [X]? is either bounded, thick, thin, or the union of a
bounded set and a thin set, or the union of a thick set and a thin set. Hence,
by 2.8., a family 2 is saturated iff it is saturated with respect to all bounded,
thin, and thick sets.

By assumption, (J2, contains only bounded sets, and it is clear that J®2,
(as in the statement of 3.2) is saturated with respect to all bounded sets.

3.8. Fact. Let 2 be a saturated family on X. Then there exists a saturated
family B on X containing only thin, thick and bounded sets.

Proof. For a € A, let f(a) be a finite saturated family on a, defined as follows:
If a is thin, thick or bounded, then let f(a) = {a}. If a = bUc, where
bnc =3, and b and c are thin, thick or bounded, let f(a) = {b, c}. (By
3.7, this covers all cases.) Now let B = f, ().

3.9. Lemma. Let A be a saturated family on X . Then there exists a saturated
family B containing only thin sets and bounded sets.

Proof. By 3.8, we may assume that all sets in 24 are bounded, thin, or thick. If
a € A is bounded or thin, let f(a) = {a}. Otherwise let f(a) be a saturated
family extending the partition on a induced by the representation

a=JX,,, -X,)na
new
Then all sets in f(a) that are not of the form an(X,,, — X,) are thin. Now
let B=/f(A).

3.10. Remark. Clearly, the family 8’ = all thin sets in B is saturated with
respect to all thin subsets of X .

3.11. Lemma. Let 2 be an almost disjoint family on X consisting only of thin
sets. If 2 is saturated with respect to all thin sets, then A is saturated with
respect to all thick sets.

Proof. Assume that y is an unbounded thick set that contains no set in 2.
This will yield a contradiction.

Construct a sequence (a, : n€w) of sets from A as follows: Given g, ... ,
a,_, let a, € 2 be a set different from all the a, (i < n), such that yna,
is infinite. (a, exists: Consider the set y —J;_,a;. This set is thick, so it
contains some thin set x. This set x either contains a set in A, or is covered
by finitely many of them, so in particular it meets some set a € 2 infinitely
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often, so a ¢ {a,,... ,a,_,}). Let
z=J@,ny-X,).

n
Then z is thin:
znX,=@,ny-x,)nx, cJa,nX, = finite.
n n<k
Since z C y, z contains no member of 2. Therefore it is in I :
2z bu---Ub,, b et
Now consider any a,:
a,Ny-X,C buU---Ub,.

Since a,Ny—X, isinfinite, for some k (a,Ny—X,)Nb, must be infinite. But
then a, N b, is infinite, and since both a, and b, are in the almost disjoint
family 2, a, = b, .

This implies that {a, a,, ...}, an infinite set, is contained in the finite set
{b,,...,b,}, acontradiction.
3.12. Lemma. Let B be a saturated family on X containing only thin sets and
bounded sets. Let %, C 2, C --- be saturated on X,, X,, ..., containing only
bounded sets. Let

B' = {a €B:ais thin}.

Then 2 =B' U4, is saturated.
Proof. 2 is an almost disjoint family. Clearly |J2, is saturated with respect
to all bounded sets, and B’ is saturated with respect to thin sets. By 3.11, B’ is
also saturated with respect to thick sets. By 2.4 we get that 2 is saturated with

respect to thin, thick, and bounded sets. But every y € [X]” can be written as
a finite union of thin, thick and bounded sets, so by 2.8 we are done.

Proof of 3.2. Let 2, C 2, C --- be saturated on Xy, X,, ..., and assume
that B is saturated on X. By 3.8 and 3.9 there exists a saturated family B,
containing only thin and bounded sets. By 3.12 we can find a saturated family
2=8B, U, on X extending U, .

4. REACHING CARDINALS OF COUNTABLE COFINALITY

Lemma. Let A > w, cf(A) = w, and assume Yu < AS(u).
Assume that (2) and (3) from §1 hold. Then S(A).

Proof. Let (C,:a < A", a limit) be a O-sequence, i.e. assume that the fol-
lowing hold for all limit ordinals o < A™:

C,Ca

C, closed unbounded in o.
card(C,) < A.

¥7eC, C,=C,ny,
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where card(C) is the cardinality of a set C, and C’ is the set of limit points
of a set C of ordinals.
Let (4, :n€w) be an increasing sequence of regular cardinals with limit 4.

Let k= min{k : card(C,) < A.}. Let {x, : B < A"} C [A]” be a covering
(o1 a k B
family, i.e.
vxe[A]”3B:xC Xg.
By induction on « <A™, we will define
(A :kew), %°c|JI4)"
kew
such that for all o the following will hold:
(a) A, CA;,,, card(4;)=4,, A, CA;.
(b) VB <a:3k'Vk >k 4l C 4.
(¢) alimit—Vye C,Vk >k, A C A;.
(d) 2A” is an almost disjoint family.
(e) A" is saturated with respect to all subsets of A,‘:, for all k.
(f) VB <a:ofco”
(8) a=f+1— 3kx, C4,.
We will construct these families by induction on «.

Case 1. a=0.

Let Az = 4, , and let 2[2 ClA - Ak_l]“’ be a saturated family on 4, — 4, _,
(which exists by assumption), 2° = Us ng .
Remark. Since 4 =J, Ag , (a) implies A =J, 4; forall a.

Case 2. a a limit of uncountable cofinality.

C. must be unbounded in «.

Let, for k <k, , A} = A .
Forany y, <7,,7,, 7, € C, wehave y, € C;z . Hence by induction hypoth-
esis (c)
Azl C A]’;z

for all k > ky2 . (Notice that ky2 <k, since Cy2 ccC,.)
Let for k >k,
£=U 4.
y€C,
then card(4;) < card(C.)-A, <4, -4, = A, . Hence (a) holds.
Let ’
= o=
7€C, B<a

By 3.1, A is saturated on every A} , so (e) holds.
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(d) follows from the induction hypotheses (d) and (f).
(c) and (f) are true by construction.
(b) follows from (c) and the induction hypothesis.

Case 3. a alimit, cf(a) = w, and C; is cofinal in «.
As before, let for k <k_, A} = A,(:, and for k > k_ let

4= 4.
y€C,
then card(4;) < card(C;) + A = A . Then (a)-(c) hold.
Let 7, < 7, < --- be an increasing sequence in C;, cofinal in a. Let
B,=Ay,,. Then
() B,CB C-, A=|JB,
n<w
Let
a=Jax= o,
kew B<a

then 2 is saturated with respect to all bounded subsets of A, and 2 contains
only bounded subsets of 4. (“bounded”, “thin” and “thick” in this paragraph
always refers to the representation (x).) There exists a saturated family B, -C
[4; — A7 _|1° (since card(4}) < 4, by (a)). Use 3.9 and 3.10 to find a family
B, of thin subsets of 4} —A;_, that is saturated with respect to all thin subsets
of A7 — A4;_,. Let
2" =2uU | B,
k€w

2A” is almost disjoint (hence (d)), because sets in 2 are bounded and sets in
‘B;c are thin. As in 3.12 we can use 3.11 to show that 2% is saturated with
respect to all subsets of all 4, ’s. This implies (e). (f) is clear.

Case 4. o limit, C. bounded in a

Let B, =sup C; ,and let B, < B, <--- be increasing with limit «.

Let k, =0, and for n >0 let k, be the first number such that

k,>k,_,,

(x1) Vk >k Al aPn

(Such a k, exists, by (b)).
Note that this implies:

(x2) Vm < nvk >k, : Aln Al

> AL = AP, and let

o= o = o
ncw

B<a

Now let, for k, <k <k
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Then we have
(x3) Vk >k, Al C A5,
Proof. Let k, <k <k, . Then n> m. Now apply (x2).

We have to check that (a)-(f) are satisfied for «.

Since any y € C. is < B,, we have for all k > k,(=0), 4] C A,'f° C 4;.
This proves (c).

For any f < o, let g < B,, then (by (x3)) for sufficiently large k, A,f -
A,f" C A, . This proves (b).

To show (a), note that A; C A4; +1 follows easily from the construction if
k +1 is not of the form k, ,. If k+ 1=k then

n+1?
Ap= AP C AP C AT =4,
where the second inclusion follows from (x1).
A% is saturated on each A4, since A; = A,f for some B < a, so we can
apply the induction hypothesis (e) for #. Hence (e) holds.
(d) and (f) are clear.
Case 5. a asuccessor. Let a=f+1.
If for some k X, C A% | then let A; = Af forall k,and 2% = 2%,
Otherwise, let B C [xﬂ]w be a saturated family that contains all infinite sets

of the form XgN (Af - A,f_l) . Let 8’ be the family of all thin sets in B, with
respect to 5
x5 = J(4, N xp).
k

Let p
a
Vk A, =4, U Xgs
2 =2’ uB'.
Then A% is an almost disjoint family, and it is saturated with respect to all
subsets of Xg .
This finishes the construction of the families (%A%). Let 2 = J2*. By (f),
2 will be an almost disjoint family. To show that 2 is saturated, consider any
x € [A]”: Forsome B <A™, x C Xg. By the last sentence in Case 5, A is
saturated with respect to x.

Conclusion
V =K — VK S(k)

and in fact
(1)-(3) from § 1 — Vx S(x).

Proof. Assume not, and let A = min{x : =S(k)}. Clearly A is an uncountable
cardinal. By the result in §3, A cannot be a successor cardinal, and it cannot
have uncountable cofinality. By CH, A > w. Since by definition of A we have
Yu <A S(u), the construction in this section shows that S(1), a contradiction.
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