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FORCING THE FAILURE OF CH BY ADDING A REAL

SAHARON SHELAH AND HUGH WOODIN

We prove several independence results relevant to an old question in the folklore
of set theory. These results complement those in [Sh, Chapter XIII, §4]. The
question is the following. Suppose V k= “ZFC + CH” and r is a real not in V. Must
V[r]1E= CH? To avoid trivialities assume X} = R},

We answer this question negatively. Specifically we find pairs of models (W, V)
such that W k= ZFC + CH, V = W[r],rareal, XY = XY and V = —1CH. Actually
we find a spectrum of such pairs using ZFC up to “ZFC + there exist measurable
cardinals”, Basically the nicer the pair is as a solution, the more we need to assume in
order to construct it.

The relevant results in [Sh, Chapter XIII] state that if a pair (of inner models)
(W, V) satisfies (1) and (2) then there is an inaccessible cardinal in L; if in addition
V= 2% > N, then 0% exists; and finally if (W, V) satisfies (1), (2) and (3) with
V= 2% > R, then there is an inner model with a measurable cardinal.

DEeFINITION 1. For a pair (W, V) we shall consider the following conditions:

1)V =W[r],rarea, R} =RXY, W= ZFC + CH but CH fails in V.

(2) W= GCH.

(3) W and V have the same cardinals.

THEOREM 1. Assume ZFC. Then there is a pair (W, V) of generic extensions of L
satisfying (1). In fact W has the same cardinals as L and the only cardinals that are
collapsed in passing from W to V are X, and R ;. Furthermore V may be chosen with
2% arbitrarily large.

PrOOF. We start with ¥, = L. Fix 4, any cardinal of L with cof(4) > w,. Let P,
denote the Cohen type forcing conditions for adding A subsets of w,, ie.
P, = {f:dom f - {0,1}|dom f < 4, dom f countable}.

Suppose G, is a generic subset of P, over ¥, and let V| = V,[G,]. Since F, is
countably closed and satisfies the ¥, chain condition, V; and ¥, have the same
cardinals and reals.

Let P, denote in V; the following variant of Namba forcing. Conditions are
subsets T < w5 such that for each se T, {t € T |t extends s} is of size N,. The
ordering on P, is the obvious one: for T}, T, € P,, T, is stronger than T, (T} > T,)if
T, T,
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We claim that P, satisfies the ¥, chain condition in V. This follows by a standard
chain condition argument; one simply shows that the iteration P, * P, has the X,
chain condition in ¥;. The situation is identical to that with P, replaced by Namba
forcing (for more details see Claim 4.3 in [Sh, Chapter XI]).

Assume G, is a generic subset of P, over V; and let V, = V|[G,]. All of the
standard fusion arguments for Namba forcing work for P;; in particular since CH
holdsin V;, V, and V| have the same reals. Further the only cardinals of V; that are
collapsed are ¥, and &5, which in V, have cofinalities w and w, respectively.

Note thatin V, any countable set A of ordinals can be covered by aset X € V; with
XVt < N3

Define forcing conditions P, in V, as follows. Conditions are pairs (4, X ) such that
A< X < A, Aiscountable, X e V,,|X|V* < R%'and A n Yisfiniteforeach Ye V,,
|Y|¥* = K. The ordering on P, is given by (4,, X,) < (A4,, X;)if A, € 4,, X, € X,,
and 4, n X, € A4,.

We claim that P, has the ¥, (= X}') chain condition in ¥,. Suppose not and let
(A, X,) (« < N%') be an antichain in P,. Let X = { J,X,. Choose X* € V, with
X < X*and | X*| = X}'. Choose in V; a map n: X* — R that is one-to-one and
onto. For each «, let B, = n[A4,] = {n(p)|B € A,} and let Y, = n[X,]. It is easily
seen that each (B,, Y,)is a condition in P, and that(B,, ¥,) (x < ¥&,)is an antichain in
P,. Each Y, is a subset of N, and has ordertype < RY%' < N,. Hence we can find
yo < N, and a subset S & N, of size X, such that for all oy,0,€ 8, Y,, n Y,, € v,.
The cardinality of y, is X, and CH holds; therefore there are a,,a, € S with a; # o,
and B, Ny, =B, Ny, But then (B,,Y,) and (B,,,Y,,) are compatible, a
contradiction.

We show that forcing with P, over V, adds no new reals. Before proceeding we fix
some notation in ¥}, since this is where we shall eventually be working. For T ¢ P,
and se T let (T), = {t € T|t extends s}. Similarly if S<= T let (T)g = {te T|t
extends some element of S}. Suppose T € P, and f: T— Zis afunction from T into A.
T and f determine in a canonical fashion a term of a countable subset of 4. We
denote this term by G,. Conversely suppose 7 is a term in V{! for a countable sub-
set of A. Then for each T' e P, there is T = T, f:T — 4, such that T |-G, = 1.
From this it follows that if T € V%1 is a term for a condition (4, X) € P, then for each
T e Py one can find T>T', f:T - 4 and Y < 4, for which |Y| =N, (in V})
and T |-(G,,Y) e P, and (G,,Y) = (4, X)".

Now suppose b is a term in V52 for a real. We regard b as a term for a subset of w.
Fix (4, X) € P,. We seek (4, X’) = (4, X) such that (4’, X') determines b. To find
(A’, X’) we work in V}, so choose terms for b, (4, X) in V?* and fix T e P,.

Construct an infinite sequence (T, fo, X050 -+» {Tns>Sv> Xn,Sns..., Where
Ty € P, Xy < 4 of size X,, Sy © Ty is an antichain and fy:(Ty)s, = Xy € 4, such
that:

(DT < Ty << Ty <--is an increasing chain in P,.

(2) Foreach N, M, Sy < T,, and is of size ¥,, each element of Sy, , extends some
element of Sy and for each s € Sy, {t € Sy, |t extends s} is of size N,.

0B) To H(Gy,, Xo) = (4, X).

@ Ty IF“<Gpy U -+ U Gy, Xy decidesOeb,..., N eb”.

(5) For s, t € Sy, s # t, range (fy [ (Ty)s) N range (fy [ (Ty)) = .

(1) and (2) guarantee that | Jy Sy is a condition in P; that lies above each Ty.
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Suppose {Ty, fx, Xy, Sy is given: we find {Ty 11, fy+ 1, Xn+ 15 Sn+1)-

Choose Sy +; & Tyan antichain in Ty satisfying (2). Enumerate Sy . ; inlength ¥,
Sy 8., < N,. By induction on « construct a sequence < /% T% X*) such that
T* < (Ty)s, is a condition in P, Xy € X* < 4, X* of size X,, f*: T* - X* < J,
T*|-“¢Gpy U -~ U Gy U Gpay X*) decides 0 € b,..., N + 1 €b”, and finally such
that range () N Xy N ((p<o X#) = .

Set Ty+y = s TP U So U " U Sy, fysr = oS and Xy, = | J, X Itisclear
that {Ty+ 1, fu+1> Xnv+1-5v+ 1 18 as required.

Let T® = | Jy Sy. Hence T® € P, and T® > Ty for each N. We claim that

T |-*Un Gras Un Xn> € Py

For this it suffices to see that for each Y = Awith |Y| = R, T® -“({y G;,) N Y is
finite”. It is routine to verify that condition (5) guarantees this. Finally, from all of
this it follows that T* - “{| )y G;,, | v Xy decides b” and therefore forcing with P,
over V, adds no reals.

Suppose G, is a generic subset of P, over V,. Let V; = V,[G,]. V; and V, have the
same cardinals and reals.

Let (ay: N < w) be the cofinal “Namba” sequence through R% defined by G,. Let
Py € V; be a c.c.c. forcing notion for coding the sequence (xy: N < w) by a real. Since
CH holds in V; one can use the technique of “almost disjoint” forcing to define P,
(see [JS] for further details).

Let a* be a real generic over V; for Py, and let V, = V;[a*]. Let (r,;a < ) be a
generic sequence of Cohen reals over V,. Each r, we view as an infinite sequence of
zeros and ones, i.e. as a function from w onto {0, 1}.

Let fo = Jseeof> A* = (J{4]|(4, X) € G, for some X}. Thus f, is a function,
fo:A—>{0,1}, and A* is a subset of A with size 1. A* has the additional property that
foreach Y € 4, Ye V,,|Y|"* = 8!, 4* n Y is finite. The key point is that for each
(open)dense set D = Py, D € V,, thereisadenseset S < D, S € V,,, such that forevery
feS and any g e Py, if {B|f(B)# g(p)} is finite and domf = domg, then g € D.
Using this fact we define a functionf¥: 1 — {0, 1} such that f} determines a V-
generic subset of P,. Define f§ by:

13B) = rdN) if B = wh° o + ay for some « € 4%,
O fo(B)  otherwise.

Let Z = {B| fo(B) # f§(B)}. For each Y € V, with |Y|"° = R{°, Y n Z is finite.
Hence f} does determine a ¥-generic subset of P, as desired.

Let W= V,[f§] =LI[f§1, V = Vol f%,a*] = L[f% a*]. Within V, (ay: N < )
can be computed from a*, and from this r, can be computed for each « € A*. Hence
VE 2% =},

This completes the proof of Theorem 1. O

If we work within a theory stronger than ZFC then we can find a pair (W, V)
satisfying (1) and (2). Specifically we prove the following:

THEOREM 2. Assume ZFC and that there is an inaccessible 2-Mahlo cardinal in L.
Then there is a pair (W, V) of generic extensions of L satisfying (1) and (2).

Proor. The proof of this is very similar to the proof of the next theorem (Theo-
rem 3). Let x be an inaccessible 2-Mahlo cardinal in L. Using an Easton style
product, force over L to add a generic subset of A* * for every inaccessible cardinal A
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that is less than « (use the appropriate notion of forcing as defined in the proof of
Theorem 3). Let L, denote the generic extension. Thus GCH holdsin L, and x is an
inaccessible 2-Mahlo cardinal in L,. Using Theorem 7.3 of [Sh, Chapter XI] one
can force over L, to make x:¥,, in such a way that in the generic extension L,[G]
there is a closed unbounded set C < &, of inaccessible cardinals of L,. Using this
the proof is similar to the proof of Theorem 3. O

We now leave the confines of L in order to find even nicer pairs (W, V). Our goal is
a pair satisfying (1), (2) and (3), and we will use measurable cardinals. First we use 0*
to improve Theorem 2. Theorem 2 has the defect that for the pair (W, V') produced
we can only make 2% = X, in V.

THEOREM 3. Assume ZFC and that 0% exists. Then there is a pair (W, V) satisfying
(1)and (2), W < L[0%], Visa(c.c.c.) generic extension of L[0*] and further V may be
chosen with 2™° arbitrarily large.

ProOF. Fix A a regular cardinal in L[0*] with 1 > R0,

Suppose d is a cardinal in L, § < A. Define a partial order P;in L by

B={feL|f:(a)—{0,1}forsomed < a < é** where(5,a) = {f|6 < B < a}}.

Define a partial order P in L by P = {F € L|F is a function with domain a set
of limit cardinals in L, [Dom F n k[* < x for every inaccessible cardinal  in L,
Dom F < A and F(d) € B}.

Both P, and P are ordered naturally, i.e. B, is ordered by inclusion, P as a product
with restricted support.

Let k, = RHO*1 4, is an inaccessible cardinal in L. Let Q denote the partial order
of forcing conditions for collapsing all cardinals <k, to w. Take for Q the usual
Levy conditions so that forcing with G makes g, ;.

By Beller, Jensen and Welch [BJW] there is a set G, x Gg € L[0*], G, < P,
G, € Q such that G, x G is a generic subset of P x Q over L.

Choose C € L[07], C < 4, a closed unbounded set of inaccessible cardinals of L.
It is easy to verify that for each F € P, dom F n C is finite.

Suppose (r,: & < ) is a generic sequence of Cohen reals over L[0*].

Let Fy = { Jreg, F. Thus F, is a function F,:dom F, — {0, 1}, where dom F, =
Us<2(6.(6%%)*) (6 a limit cardinal in L). For each 6eC let (a3:N < w)e
L [0*] be a cofinal sequence through (6* *)L. Define F¥ by:

rs(N) if f=as 6€C,
Fy(f) otherwise.

Much as in the proof of Theorem 1 it is easily seen that F§ determines a generic
subset of P over L. Callit G§. Similarly it follows that G} x G is a generic subset of
P x @ over L.

Let W = L[G} x Gpland V = L[G} x G,,0%].

It is clear that r; € L[G}¥ x G,,0%] for each 6 € C; hence V= 2% = 4. V is also
clearly a c.c.c. extension of L[0*], V = L[0*,(r,:a < 1)). 0

We now use measurable cardinals to find a pair (W, V) satisfying (1), (2) and (3).

THEOREM 4. Assume ZFC + GCH and that there are A many measurable cardinals
(A > ¥,). Then there is a pair (W, V) of cardinal-preserving generic extensions of the
universe satisfying (1), (2) and (3) with 2%° = L in V.

F§(B) = {
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Proor. Let V, = “ZFC + GCH + there are A many measurable cardinals,
A > N,”. Working in ¥, fix a set S of measurable cardinals, S of size 1 and such that
no element of Sis a limit point of S. Define a notion of forcing P, in V; as follows. For
each x € § fix a normal measure y, on k. Let Q, denote the corresponding partial
order of Prikry conditions. Put P, = {F € V,,| F: S — V, such that F(x) € Q, for each
Kk € S and F(x)is a condition in the form of a subset of « for all but finitely many «}.
Thus P, is the usual “Prikry” style product of the Q,.

Suppose G, € P, is generic over V. Let ¥V, = V,[Gyl. Thus V, and V; have the
same cardinals and reals. V; = GCH, so by Beller, Jensen and Welch [BIW] it is
possibie to force to find a real, a*, class generic over ¥ such that V; < L[a*]
(V, € Vy[a*] will suffice) and such that Vy[a*] (= L{a*]) is a cardinal-preserving
extension of V.

Let (r,: o < ) be a generic sequence of Cohen reals over L[a*]. As usual each r
we view as a function from w onto {0, 1}.

G, may be interpreted as a A-sequence (s,:a < 1), where each s, is a Prikry
sequence through k,, the ath element of s. For each o < 4 define a subsequence s}
of s, by s} ={B|B =s,N) and r(N)=1}. Thus s} is the subsequence of s,
corresponding to r,. It is routine to show that (s*: « < A) defines a generic subset G}
of P, over V,.

Let V = V,[G§] and W = V,[GE,a*]. Thus V and W are cardinal preserving
extensions of V,, W= GCH and V = 2% = 4, |

There are endless possible variations of Theorem 4. We state one and leave the
others to the reader’s imagination.

Using the methods in the proof of Theorem 4 one can find a pair (W, V) such that
W, V have the same cardinals, V = W[r] for some real r, W= “ZFC + GCH” and
V&= “CH + 2% is large”.

The essence of all of this is that if one allows inner models of large cardinals then
there seems to be very little that can be deduced about V[r], for r a real, even given
that V and V[r] have the same cardinals and that V' = GCH.

In closing we suggest another problem. Suppose V[r] is a cardinal-preserving
extension of V obtained by adding a single real and that GCH holds in V. Can GCH
fail everywhere in V[r]?

a
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