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Abstract. A model in which strongness of k is indestructible under x* —
weakly closed forcing notions satisfying the Prikry condition is constructed.
This is applied to solve a question of Hajnal on the number of elements of
{212 < 2}.

Strong cardinals were introduced by Mitchell [ Mi]. H. Woodin was the initiator of
using cardinals of this type in forcing constructions. As far as we know, all such
applications were to reduce the strength of propositions known to be consistent
assuming the existence of cardinals which are supercompact, huge, etc. Starting
with n strong cardinals we shall construct a model satisfying the following: for
some cardinal 4, A<A® <A < .- < A" and 2=, , for every ic w.

This answers a question of Hajnal. Hajnal [E-H-M-R] and later, and
independently the second author [S1], observed that the set {1°|2° < 1} is always
finite. It is unclear how to apply supercompactness without appealing to
strongness for this kind of results. The difficulty is that by Solovay [So], the
Singular Cardinal Hypothesis holds above a strongly compact cardinal.

The construction of the model is based on the following indestructibility
principle:

There is a model in which the strongness of « is indestructible under x*-weakly
closed forcings satisfying the Prikry condition.

This is similar to the Laver indestructibility of supercompactness by k-directed
closed forcing notions [L]. The forcing notions we allow are to some extent more
closed, but on the other hand the use of forcing notions like those of Prikry,
Magidor, and Radin is allowed.

1. The Basic Notions

Let us sketch the basic definition and facts about strong cardinals that we are going
to use. We refer to the papers of Baldwin [ B], Mitchell [Mi], and the book of Dodd
[D] for a detailed presentation. The approach below follows Baldwin [B].
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A cardinal k is §-strong iff there exists an elementary embedding i: V— M with
critical point k so that M2V,. A cardinal x is strong iff it is f-strong for every
ordinal S.

A function f: *k— V has support in x (where xC J) if there is f': *xk— V such that
f(a)= f'(a]x)for every ae *k.If X C*x then X has support in x if there exists X' C*x
such that for every ae?«, ae X iff a|xe X'. For f having a finite support define
supp(f) to be n{x<A|f has a support in x}. Similarly for supp(X).

Let P;(*x)={X e P(*k)|X has a finite support}. If U is an ultrafilter on (the
Boolean algebra) P,(*x), then Ult(V, U) denotes the ultrapower of V by U using
only functions of finite support. If it is well founded, then let us identify it with its
transitive collapse. The following definition and two propositions are due to
Baldwin [B].

Definition 1.1. An ultrafilter UC P/*u) is (x, 4)-normal iff x <A and

(a) Ult(V,U) is well founded and i is the canonical embedding of V in it.

(b) x is the critical point of i.

(c) For all a<A [h,]y=a, where h,:*k—k is defined by h(a)=a,.

(d) If v<y then i(v)<A.
We shall deal only with ultrafilters satisfying u=x«. If X'={a[supp(X)lae X},
then let c¢X be the subset of "k such that (yg,...,7,—1)€cX iff
((@g>Y0)s s (A1, Pu-1) €X',  where apg<a;<...<a,—; and supp(X)
={0lgy o0y Uy—1}-

Proposition 1.2. If U is (x, A)-normal then
XeU iff supp(X)eiy(cX)
(where supp(X) is taken to be an increasing sequence ).

Proposition 1.3. Let j: V— M (transitive ) with critical point x, and let A>«. Then
there is a (x, A}-normal ultrafilter U and a elementary embedding k:Ult(V,U)-»M
such that the following diagram commutes and k|2 is the identity map.

14 ! M.

PNUI(V,U)

Furthermore, there is only one such (x, A)-normal U.

Let us call a (x, A)-normal ultrafilter U over Pf(}'K) p-strong, if V;CUIt(V, U).

If xis B-strong, then by Proposition 1.3, there exists a (, f)-normal ultrafilter U
over Py(*x) which is f-strong. Note, that if cf., >, then Ult(V, U} is closed under
k-sequences of its elements.

Let us describe now the way of iterating Prikry type forcing notions, which was
introduced in [G1] and generalized in [S2]. Let (P, <, £, be a set with two
partial ordersso that <, € <,i.e,p< g—>p=qforeveryp,qe P.{P, < )isused as
a forcing notion. If for every pe P and every statement ¢ of the forcing language
there exists ge P p< ,q, g decides o (g || 6), then let us say that P (or more precisely
(P, £, £,) satisfies the Prikry condition. Let a be a cardinal. Call P a-weakly
closed if (P, <) is a-closed. By Prikry [P] an a-weakly closed forcing satisfying
the Prikry condition does not add new bounded subsets to a.
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Define now the iteration of forcing notions of such kind.

Let A be a set of inaccessible cardinals. Denote by A' the closure of the set
Au{a+1|ae A}. For every o€ A' define 2, by induction. Suppose that for every
BeAlua, (P, <, £, is defined. Let 2, be the set of all elements p of the form
{p.lye g} where

” (1) g is a subset of anA;
(2) g has an Easton support, i.e., for every inaccessible f<a, f>|domgnf|;
(3) for every yedomg

ply={pslBeyng} e,

and p|y|z=—"p,is a condition in a j-weakly closed fgrcing notion @, satisfying the
Prikry condition and if " is the least element of A above 7, then |Q | <7

Let p={p,lveg), g=<g,l7€ f) be elements of Z,. Then p=q (p is stronger
than g) if the following holds:

(1) g2f

(2) for every yef

plyl#—"p,<q, in the forcing Q,”
(3) There exists a finite subset b of f so that for every ye f—b
plyl#—"p,=q, in the ordering <* of Q,”.

Let p,=q if p=q and the set b in (3) is empty.
It follows from [G1], that (Z,, <, <) satisfies the Prikry condition.

2. Making the Strongness of x Indestructible

Let k be a strong cardinal. Assume GCH.

Our aim will be to define a forcing which makes a strongness of k indestructible
under x *-weakly closed forcings satisfying the Prikry condition. The construction
will be similar to those of Laver [L]. The point will be to show that x remains
strong in forcing extensions.

The following lemma was proved by Laver [L] for a supercompact x and a
supercompact ultrafilter U on [A]~*, but actually his proof works also for a strong
K.

Lemma 2.1. Let « be a strong cardinal. Then there is f :x—V, such that for every x
and every AZ|TC(x)| (where TC(x) is the transitive closure of x), there is a
(x, A)-normal A-strong ultrafilter U on P{*k) such that (iy f)(x)=x.

Let us fix some f:x—V, as in the lemma. Let A be the set of all inaccessible

cardinals 9§ <k so that ¥ is closed under f. Define A’ as in Sect. 1. We define by

induction an iteration (£, Q,|a€ A" and also ordinals 1, a€ A'. Suppose that

a e A' Py are defined for every fe A'mo. If o is a limit point of A', then let 2, be the

limit of the #’s as it is defined in Sect.1. Set 4,= ) Az Suppose that o is a
B<a

successor of fin AL If o f+1, then let Q= {p}, #, =P, * Qg and A, =max (, A).
Suppose that a=pf+1. Set Q,={¢} unless



Sh:344

38 M. Gitik and S. Shelah

(1) f(B)=<Q, 1), where Ais an ordinal and Q a #;-name of a forcing notion so
that ||5-“Q is §- “weakly closed forcing satisfying Prikry condition and /> |Q|”, and

2 /1</3 A <B.

If (1) and (2) hold, then let @, =0 Z,=%;*Q; and 1,=/.

Set 2, to be the limit of 2,’s of Sect. 1.

Suppose that ¢lz—(Q, =9 =¢) is a K*-weakly closed forcing notion
satisfying the Prikry condition.”

We want to show that k remains strong in V?+<*2, It is enough to show that for
arbitrarily large A k remains A-strong. So let A be a regular cardinal above
max(x, TC(Q, <¢ <9)). Using Lemma 2.1, find a (x, A)-normal, A-strong
ultrafilter U over P(*x), so that iy(f) (x)=<<Q, < <Q <%>,>. Denote iy by i and
Ult(V,U) by M. Also let us drop the upper index Q from <% and <%

We call a subset D of a forcing notion (P, <, <P « -dense if it is dense is the
ordering <% Notice, that if P satisfies the Prikry condition, then the set {pe P|p| o'}
is *-dense for every statement ¢ of the forcing language.

Lemma 2.2. There is a sequence {D,|a<x*> so that for every a<x*

(1) D,eM,

(2) in M, ¢llz=“D, is a *-dense subset of {P,)/P+{"

(3) for every D € M so thatin M q,') I “D, is a * -dense subset of (P,)/P,+1
there exists a<k™ s.t.in M llz——D2D,”

+1 ~_~

Proof. Consider the following set X ={De M|in M ¢|— “Disa dense *-dense
subset of i(#,)/#,..,” and there exists a function g: k—>2P(V,) so that D =i(g) (x)}.
Let {D,la<k*) be an enumeration of X. Let D be as in (3). Since De M and
M=Ult(V, U), for some g: x"—>P(V,) and some Ky oons Ky 1y K<Ky <o <Ky g <2
l)=i(g)(x,x1, ...s K, 1) The forcing {(2,)/P, . | is,in M, A*-weakly closed Define
=O{ig) (K, 0y vy Oy K <O <o <Oy <A, UK, 0y, 0y—y) IS @
ﬂkﬂ-name of a *-dense number of z(g’x)/ +1). Then D’e M, it is *-dense in
(22, .1 and, since A=i (< Jalk>)(x), D'eX. [

Let G * H be a generic subset of Z, * @ over V. Since V,EM, <@, <, _*> eM
and 2, ., =P, * Q. Also V'5""1C M[G * H]. (Clearly G * H is also a generic subset
of #, ., over M). Define in V[G % H] a sequence <r,|oa<x™* ) so thatr,e D,[G * H]
and for every fZa r,<r,. Clearly (r,Jx<B)> e M[G « H] for every f<x™. We use
the fact that (D,|e< B> eM for B<x* which holds since Vn*M <M.

We would like now to extend U to an ultrafilter U* over #,(*x) in V[G, H].
Notice, that 2,(*«) in sense of V[G] is the same as Z,(*x) of V[G, H], since Q does
not add new subsets to x. Let U* consists of all X € #(*x) so that for some #,-name
Xof X, a<x* and peG+H,in M

p, 1> Iz (supp(X)) € i(cX).
Clearly, U* is an ultrafilter over Z,(*«) extending U.

Lemma 2.3. Ult(V[G * H], U*) is well-founded.
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Proof. For every countable or finite aCA in V[G * H] consider U, over [x]*?@
defined as follows:

XeU,ifffor some peG, * H,a<x*,a #-name X of X and a #, , ;-name g of
a,in M

bty aciX).
The standard arguments show that U, is a x-complete ultrafilter in V[G, * H].

Denote Ult(V[G = H],U,) by M, and the canonical embedding by i,. If aCbC 4,
|b| £Xy, then there is an embedding k,,: M,— M, making the diagram

in M

V[G, H] |

. M,

commutative. Just set k([h]y )=[h"]y, where h'(x)=h(x]|a).

It is easy to see that (M, 7,|aSbh<, |b|<N,> forms a direct system with a
well-founded limit and this limit is isomorphic to Ut(V[G* H], U*). [

Denote the transitive collapse of Ult(V[G * H], U*) by M* and iy, by i*. In
order to finish the proof we need to show that V;I6*HIC M*, Let us prove first the
following.

a

Lemma 2.4. V, in sense of V is contained in M*.

Proof. Let g:[k]"—>V, be a function of V[G,H] so that for almost all
o <... <01 <K g(&o, ..., %,-1)EV), . Let ae[A]"

Claim. For some he V i*(g) (a)=i*(h)(a).
Proof. Let g be a Z,-name of g so that in M

Pl “ilg)(@eV;”.

Since the forcing above A is A*-weakly closed, the set D={pe 1(9,‘)/9,c +| for some
teV, pl-i(g) (@)= £} is *-dense. So by Lemma 2.2, for some a <™ D,SD. Then
thereare pe GxHand te V,lso that {p,r> Iz z(g)(d)—t Since V,C M, te M and
there is h:[x]">V, in V so that ih)(a)=t. But then i*g)(a)
=i*(h)(a). [J of the claim.

Hence every element of Vi, |axyao in M* is represented by some
h:[k]"=V,, h(og, ..., o, — )€V}, which belongs to V. Since U*2U, it implies that
for every such hi(h) (a)— i*(h) (a) Also every element of V, is of the form i(h) (a) for
some h,a as above. So V,C M*,

The lemma implies that U* is (x, A)-normal ultrafilter.

Lemma 2.5. U* is A-strong.

Proof. Since VY'CH=V,[G,H] it is enough to show that G*HeM* By
Lemma 24, l*(f)(K)—l(f)(K) {Q,2>.80, 2,y =2, *Q also in M*. Consider the
function g: x— V,[G] so that g(x)=G, * H where G,=Gn#, and H,=GNQ,. Let
us show that i*(g)(x)=G=*H. It is enough to prove that G* H El*(g)(ic) Let
peG.,xH. Find HW:x"->%, HeV and Ko<k <-<K,_;<A so that
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(W) (Kg, ..., Kn—1)=D. Let h:*k—P, be defined by h(a)=Hh(al{xq, ..., k,-p) for
every a€*x. Consider a set

X ={ae*k|ha)€ G * Hyo} -
Clearly, X € Z{(*x) and suppX ={k, ...,k,_}- Now, in M
p”WJ{KO’ (ERE) Kn—l} Ei(CX)

since plipy PG *H,, and i(H)(x,,...,k,—)=p. Hence XeU* and
{Kop s Ky_ 1} €1%(X). So i*(W)(xg,....K,_1)€i*(g)(x). But by Lemma24
)Y (Ko .or Ky ) =W ) (Ko, .. s Ky —1)=p. [

We have thus completed the proof of the strongness of x in V[G* H].

Let us mention in conclusion two possible generalizations of the present
construction to higher cardinals.

The following cardinals were introduced by Baldwin [B]: k is 1-hyperstrong iff
K is strong; x is (f+1)-hyperstrong iff for every xeV there exists j: V—M,
crit()=x xeM and M=k is S-hyperstrong; if y is a limit ordinal, then x is
y-hyperstrong; iff x is p-hyperstrong for every f<y; k is hyperstrong iff x is
p-hyperstrong for every f. Under the same lines it is possible to make the
hyperstrongness of k indestructible under x *-weakly closed forcing satisfying the
Prikry condition.

Let AC*k. A cardinal « is called A-Shelah if for every fe A there exists
j:V—=M, crit()=«x and M2V, For A="k such cardinals were defined in
[S-W1]. It is possible to make the property of being A-Shelah indestructible under
k*-weakly closed forcing satisfying the Prikry condition. Also starting with a
Shelah cardinal k it is possible to construct a generic extension V[ G] where being a
(*knV)-Shelah is indestructible under x*-weakly closed forcing satisfying the
Prikry condition.

H. Woodin showed that adding Cohen subsets to x may preserve the
strongness of k. It is possible to incorporate his construction in above. This will
provide a model in which a strongness of « is indestructible under x*-weakly
closed forcing notions satisfying the Prikry condition and the forcing adding any
number of Cohen subsets to .

Notice, that by Mitchell [Mi] it looks like collapsing k* to k destroys even
measurability of x unless there exists an inner model with cardinals stronger than
strong,

3. An Application to a Question of Hajnal

Hajnal, see [E-H-M-R], and Shelah, see [S1, p. 164], showed independently that
the {1°]2° < 1} is always finite. Hajnal asked if this set can contain more than two
elements. '

Theorem 3.1. Let 2<new. Suppose that there are n strong cardinals. Then there
exists a generic extension satisfying the following:

(a) GCH below R,

(b) for some A A< AP < AP <o <A,
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Proof. Letnbefixed. Suppose that xy <k, <--- <k, are strong cardinals and GCH
holds. Using Sect. 2, define a generic extension V; of V so that for every i<n the
strongness of k; is indestructible under «;" -weakly closed forcing satisfying the
Prikry condition, (e.g., go up by induction. The forcing above «;_, is k" ,-weakly
complete). Note that as in Levy-Solovay [L-So] a forcing of power <« does not
destroy strongness or indestructible strongness of x. Let A=x,. Using Woodin
method (see [G2]). Blow up 2* to A¥®*Y preserving the strongness of 4 by
Kk, ;-closed forcing. Now use the Magidor forcing [Ma] with conditions above
k,—, to change the cofinality of 1 to w,. Denote the combination of these two
forcings by P,. P, is a k,_ ;-weakly closed forcing satisfying the Prikry condition.
So all ks (i<n) remain strong in V.

Now, in the similar fashion, define P, _; which is x,_ ,-weakly closed, satisfies
the Prikry condition, blows 2*»-* to A*” and changes the cofinality of ,,_, to w,_;.
Then P, * P, _, is a k,/_ ,-weakly closed forcing satisfying the Prikry condition. So
all x;’s with i <n— 1 remain strong in V»*#»-1 Continue, define P,_, and so on.
Let V, =V Pn-12*Po Then,in V,, A%=47, A°1=27",..,A%=1*"*D So V, is
the desired model. [J

Working harder, it is possible to project the above to X, . Namely, the
following holds.

Theorem 3.2. There is a generic extension of a model with n strong cardinals so that
(a) 8, is strong limit cardinal
(b) W, <Ny <N <o <Nom,

Proof. Extend V to V; as above. Define P, to be the Woodin forcing for making
2n=p ™+ D and x, =k, “r. It is possible to define an ordering <* on P, so that
(P, £, £*> will be x;/_ ,-weakly closed satisfying the Prikry condition (or more
precisely this will hold above some condition). So the strongness of ;s (i<n)
would not be effected in V{» Choose P;js for i<n in the same fashion.

V,=VPe*ProrxxPo will be as required. [
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